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THREE CAVEATS FOR LINEAR STABILITY THEORY: 

RAYLEIGH-BENARD CONVECTION 

H.S. Greens ide 

Plasma Phys ics Labora to ry , P r i n c e t o n U n i v e r s i t y 

P.O. Box 451, P r i n c e t o n , NJ 08544 

Recent t h e o r i e s and exper iments c h a l l e n g e t he a p p l i c a b i l i t y of l i n e a r 

s t a b i l i t y theo ry near t h e onse t of buoyancy-dr iven (Rayle igh-Benard) 

c o n v e c t i o n . This s t a b i l i t y t h e o r y , based on smal l p e r t u r b a t i o n s of i n f i n i t e 

p a r a l l e l r o l l s , i s found t o miss s e v e r a l i m p o r t a n t f e a t u r e s of t h e c o n v e c t i v e 

f low. TTie reason i s t h a t t he l a t e r a l bounda r i e s have a profound i n f l u e n c e on 

t h e p o s s i b l e wave numbers and flow p a t t e r n s even for t h e l a r g e s t c e l l s 

' s tud ied , fclso, t h e n o n l i n e a r growth of i n c o h e r e n t u n s t a b l e modes d i s t o r t s the 

r o l l s , l e ad ing t o a s p a t i a l l y d i s o r d e r e d and sometimes t e m p o r a l l y n o n p e r i o d i c 

flow. F i n a l l y , the r e l a t i o n of t h e skewed v a r i c o s e i n s t a b i l i t y t o t he o n s e t 

of t u r b u l e n c e (nonpe r iod ic time dependence) i s examined. L inea r s t a b i l i t y 

theo ry mav no t s u f f i c e t o p r e d i c t t he o n s e t of t ime dependence i n l a r g e c e l l s 

c l o s e t o t h r e s h o l d . 
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1. Introduction 

Instability is an essential feature of driven dissipative systems as .ne 

driving is increased. Examples of increasing complexity are a buckling beam, 

a convecting fluid, and a fusion plasma, where the driving is an increasing 

force, a. temperature gradient, avid an ohmic current, respectively. When the 

driving and dissipation are no longer in balance, small fluctuations can 

grow. What these fluctuations grow into raises several fundamental issues 

that lie at the forefront of current efforts to understand nonlinear 

nonequilibrium systems. 

These issues are somewhat different depending on whether fluctuations 

lead to a stationary state or to , tine-dependent but statistically steady 

state. When an unstable system evolves into a stationary state, one would 

like to know on what time and length scales this evolution occurs. Often the 

physical system is large in some sense and one would expect a significant 

degeneracy of possible stationary states. Calculations and experiments show 

that this intuition is incorrect. Boundary conditions and nonlinear terms 

sometimes allow only a small number of states to be attained, so that a linear 

analysis can be misleading. 

Similarly, when fluctuations grow and a system becomes time dependent, 

one would like to understand the relation between the spatial structure and 

the temporal evolution. That th ire is a relation is evident since the - • are 

often long-wavelength instabilities that are sensitive to the cell geometry 

and to the spatial patterns. These instabilities mav not be intrinsically 

time dependent; the imaginary part of the fastest growing eigenvalue cculd be 

zero. A temporally nonperiodic evolution could then arise only from the 

interaction of incoherent spatial modes. 1*113 interaction is most interesting 

when the growing fluctuations no longer have small amplitude so that a 
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nonlinear analysis is needed. A linear stability theory may then be 

unsuccessful in predicting the onset of time dependence. It is not yet known 

how to generalize the linear theory to handle this difficult nonlinear regime. 

In the following, we will discuss these issues of pattern formation and 

of the onset of turbulence in the context of converting fluids [1,21. This 

choice has little to do with the practical and widespread applications of 

thermal convection to engineering, meteoroloqy, astrophysics, and geology. 

Instead, Rayleigh-Benard convection comes closest to satisfying the 

physicist's ideal of a clean experimental system in which a careful comparison 

can be made between theory and experiment. 

This system is ideal in several ways. First, the boundaries of the fluid 

cell are static and homogeneous and are easily controlled. Cnly the dynamics 

of the fluid can introduce a time dependence. Second, the complexity of the 

flow increases slowly with the driving. Subsequent instabilities are easily 

isolated and studied. Third, the spatial modes are readily and quantitatively 

observable, e.g., by laser Doppler velocimetry [31. Finally, the primary 

instability, in which the motionless conducting fluid breaks up spontaneously 

into convecting rolls, is a continuous transition that occurs with a 

distinguished length scale (roughly the deoth of the fluid). There is then a 

small parameter, the closeness to onset, in which the fluid equations can be 

expanded. Further, only a few length scales enter even for large driving. 

Significant theoretical progress can therefore be made. 

This experimental and theoretical simplicity can be contrasted with 

current attempts to understand the stability and confinement of fusion plasmas 

[41. While similar questions of pattern formation and the onset of turbulence 

arise, comparison between theory and experiment is difficult. The boundary 

conditions are hard to control and sometimes vary with time, the spatial modes 
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of the plasma are not easily determined, and the complexity of sixteen 

interacting fields often disguises the underlying physical mechanisms. 

An experimental cell for studying Rayleigh-Benard convection can be 

characterized by three dimenslonless parameters. The Rayleigh number, R, is a 

combination of physical constants which compares the strength of the driving 

(buoyancy forces) to the strengths of the two dissipative mechanisms, 

viscosity and thermal conduction. When the driving is large compared to the 

dissipation (i.e., there is a large enough vertical temperature gradient), the 

fluid becomes unstable to infinitesimal perturbations and breaks up into 

convection rolls. The critical Rayleigh nun1- ;r for this instability is 

denoted by Rc. It depends on the wave number of the fluctuations, being a 

minimum for a critical wave number, K Q (roughly the reciprocal of the depth of 

the fluid). 

Subsequent instabilities of the rolls, at higher values of R, depend on 

the second dimensionless parameter, the Prandtl number a. This is the ratio 

of the viscosity to the thermal conductivity. For large (or infinite) a, the 

fluid velocity is not a dynamic variable. The fluid motion is then determined 

by the nonlinear diffusion of heat, a scalar quantity. For small a, the fluid 

motion is dominated by advection of momentum, a vector quantity. For 

intermediate a, which is the case for many gases, the advection of heat and 

momentum both play a role in the fluid motion and the dynamics of the fluid is 

rich. In particular, for intermediate <j, rolls can become unstable to a 

skewed varicose instability which has been strongly implicated with the onset 

of turbulence and with the increase of roll wavelength with increasing R [5]. 

The final dimensionless parameter is the aspect ratio, T. It is the 

ratio of a typical lateral (horizontal) dimension to the depth of the fluid. 

T measures the influence of lateral boundaries on the convecting flow. For 
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small r, the walls are close compared to the depth of the fluid; only short 

wavelength modes can be excited. In snail aspect ratio experiments, discrete 

symmetry breaking transitions are seen as the Rayleigh number is increased 

[6]. Stationary states occur over a large range in R; the spatial modes often 

have the symmetry of the cell geometry ("71. Time dependence is usually first 

observed in the form of periodic or quasiperiodic flow, while nonperiodic 

behavior occurs only for values of R large compared to R c. The behavior for 

these small r boxes seems well described by models with few degrees of 

freedom, e.g., by strange attractors. It is not yet known, however, how to 

predict the sequence of bifurcations and the onset of time dependence either 

in the simple models or in experiments, except for the few universal scenarios 

so far discovered [8]. 

Large aspect ratio experiments are less understood and are more 

intriguing. Discrete transitions are rare as R is increased. The stationary 

states are disordered, consisting of defects and curved rolls; the flow often 

has no particular symmetry [5]. The onset of time dependence is sometimes 

nonperiodic and can occur quite close to onset (9, 101. We note that although 

the physic3 is unlikely to be understood by dynamical models with few 

variables, the number of independent modes participating in the nonperiodic 

flow may be estimated in the near future if recent algorithms can successfully 

be applied fl 1-13], 

The b^sic assumption in the linear stability theory of convecting rolls 

is that the theory is relevant for large aspect ratio cells, with the 

calculations being more accurate as the cell si2e increases. The work of 

Busse and collaborators [I] has indeed been useful in many experiments for 

interpreting the possible secondary instabilities and their dependence on R, 

<j, and K (the roll wave number). However, as experiments and theory become 
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nore sophisticated and thorough, more and more physics is being discovered 

that seems to lie outside the predictions of the usual stability theory. It 

is not yet clear how relevant or "universal" these inconsistencies ate for 

re~earch=rs studying other nonequilibrium ayatens. For example, some of the 

physics o£ convecting fluids is peculiar to the boundary condition that the 

rolls are normal to the sidewalls. Ihis paper is therefore best summarized as 

three caveats about linear stability theory: 

(1) Linear stability theory does not predict correctly the possible 
stable wave njmbers in one-dimensional convection cells. 

(2) Linear stabilxiy theory does not predict correctly the resolution 
of spatial degeneracy in two-dimensional cells, in which the rolls 
can bend through large angles' of order one. 

13) Linear stability theory does not predict correctly the onset of 
time dependence in large cells. 

These three statements might seem too strong; in some cases of Rayleigh-Benard 

flow, linear stability theory is qualitatively correct. We shall see in the 

following sections, though, that for each caveat, linear theory does miss the 

essential physics. 

In Sec. 1, we discuss the first of these caveats and explain how the 

boundary conditions can have a profound influence on wave numbei selection, no 

matter how large the aspect ratio. In Sec. 3, we discuss numerical 

simulations that illustrate the second caveat. Experiments and these 

calculations suggest that the motion of defects (irregularities in the rolls) 

and not the growth of unstable modes resolve the spatial degeneracy of the 

fluid. In Sec. 4, we discuss experiments and numerical simulations of the 

onset of turbulence in large cells. Finally, in Sec. 5, we summarize the 

previous sections and discuss what future experiments and calculations are 

needed to further our understanding. 



-7 

2. One-Dimensional Geometries 

The simplest cages to examine in which boundary conditions and 

nonlinearities affect the predictions of linear stability theory are one-

dimensional geometries. Hare the wave number but not the orientation of the 

rolls can change. There are two geometries that are readily studied both 

experimentally and theoretically. Thr< first is a long narrow rectanqular 

cell, in which the rolls evolve to be parallel to the shorter side. The 

second is axisymmetric convection in a large cylindrical cell, in which the 

rolls can be made to form concentric circles. The question is then to 

determine wVwvfc wave manners are possible in the final stationary state, and 

how these wave numbers depend on R, a, and the initial conditions (if there is 

hysteresis). 

An alternative way of posing this question — one that is closer to the 

theme of this workshop — is to study the sensitivity of the final stationary 

state to fluctuations in the initial conditions. We assume that the initial 

conditions sr'j somehow restricted to evolve only into one-dimensional rolls. 

For example, an experiment could start with parallel or concentric rolls of 

varying wavelenqths. The subsequent evolution for fixed R would then consist 

of a gradual adjustment of the local wave number while preserving the roll 

shape. 

We first discuss wave number selects ..n near onset in a. long rectangular 

cell. If the shorter side is not too much longer than a roll diameter, it is 

found in numerical simulations [141 and is predicted for experiments that the 

cross-roll, zigzag, and skewed varicose instabilities are unable to grow. 

These are the only instabilities that can destroy the one-dimensional array of 

rolls by introducing transverse structure [1], For a long narrow cell, one 

would then expect the local wave numbers away from the lateral walls to be 
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restricted by the one-dimensional Eokhaus inatability. The stability diagram 

(see Fig. 1) predicts a finite band of stable wave numbers for a given value 

of r, the reduced Rayleigh number, R/Rc - 1. The width of the Eekhaus stable 

band increases as r / near onset. 

At first thought^ the lateral boundaries should only have a qualitative 

effect on the linear stability theory. The idea is that only the rolls 

nearest the walls feel the influence of the boundary conditions, which require 

the fluid velocity to vanish. Thus the amplitude of the convection is 

diminished near the walls but only on a length scale comparable to a roll 

diameter. If there are N rolls in the system, the linear stability theory 

should be vrong for wave numbers that differ only by order 1/N from the edge 

of the stability hand. In particular, the theory should be asymptotically 

correct as the aspect ratio and the number of rolls become arbitrarily large. 

ft recent calculation by Cross et al. shows that this simple picture of 

the influence of the boundaries is seriously wrong [15], Although the 

amplitude of convection indeed changes only near the walls, the phase of the 

rolls can wind or unwind by large amounts when the amplitude of convection 

decreases anywhere in the cell to aero. this leads to the creation or 

elimination cf rolls near the sidewalls and a concomitant change in the local 

wavenumber. Thus no matter how large the cell is, phase winding near the 

walls will strongly influence the possible stationary wave numbers in the 

center of the cell. The hand of stable wave numbers for infinite aspect ratio 

is not continuously attained from finite cells. 

The quantitative calculation, based on higher order corrections to the 

amplitude equation first studied by Segal [16], and Newell and Whitehead (17]r 

shows that the lateral boundaries severely restrict the band of stationary 

solutions near onset. In fact, the band grows linearly with r. This is shown 
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in Fig. 1 for a simple model of the onset of convection, the Swift-Hohenberg 

model [181. For the full Bousaineaq equations, the stable band still grows 

linearly with r, but is asymmetric. The, exact shape depends on the thermal 

conductivity of the gide walls and on tht Prandtl number, a [151. 

The crucial property that allows phase winding and the collapsing of the 

stability band is that the amplitude of the periodicity (e.g., the envelope if 

the maximum velocity of the locally sinusoidal rollfj) goes to zero somewhere 

in the cell. If the amplitude is not zero at the we-lls (this can be achieved 

by creating a small horizontal thermal gradient with a hot wire glued along 

the perimeter), the phase does not wind and the Eckhaus stability band should 

be recovered. In Couette flow, where a one-dimensional periodic flow also 

occurs, the amplitude of the Taylor vortices does not go to zero at the top 

and bottom of the cylinder. And indeed, wave numbers consistent with the 

predictions (if infinite aspect ratio linear stability theory are found [19]. 

Cross et al. 's remarkable result has not yet been tested in Rayleigh-

Benard experiments, although it has been confirmed numerically for the Swift-

Uohenberg model. For mathematical simplicity, these authors assumed stress-

free horizontal boundary conditions, which are difficult (but possible) to 

realize experimentally [20], The small band of stable wave numbers and its 

linear increase in size with r should remain qualitatively correct for the 

more common rigid boundary conditions. It remains r^ be demonstrated by 

experiment that there is a range in R near onset in whxch these predictions 

can be observed and that the two-dimensionality of the cell's corners does not 

affect these conclusions. 

An important but subtle point of this analysis is that a finite band of 

stationary wave numbers remains even after the effects of the lateral walls 

are consider"d. This raises the question of whether a unique roll wave number 
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is ever selected, so that the band collapses to ?^ro width. The answer is 

yes. However, extra experimental or mathematical constraints must be imposed 

to achieve thx- goal. These recent results are sufficiently interesting that 

we briefly review them here. 

The first way to force a unique wave number is to eliminate the lateral 

boundaries in a devious way. Kramer et̂  al. [21] showed that thisi could be 

done by introducing a slow spatial gradient in the bifurcation parameter (here 

R) in such a way that a subcritical flow (R < R c) is gently connected to a 

supercritical flow (R > R_). these authors then showed that a unique wave 

number is selected away from the boundaries in the middle of the supercritical 

region. while this has not heen verified for convection, Ahlers et al. have 

shown that excellent aqreement is found in Couette flow [19], The small 

deviations from theory arising from the finita magnitude of the parameter 

gradient can be explained by adding a forcing term to the equations [22). 

Kramer et al.'s clever scheme should be useful to test the influence of the 

boundary conditions for many other nonequilibrium systems. 

The other case where a unique wave number can be forced is in 

axisymnetric c<- .v ction. Here the wave number of the rolls is predicted to 

approach a unique value away from the center of curvature [23, 24J. ft recent 

elegant experiment by Pocheau and Croquette [25] has tested these 

predictions. They first found that a constraint of a hot wire glued along the 

perimeter was needec to prevent the circular rolls from breaking up into a 

less symmetric pattern, '.'hey then discovered the surprising result that even 

with the this constraint, the circular rolls are unstable to a symmetry-

breaking instability that displaces the center of the rolls a tiny distance 

away from the geometric center of the cell; a small but finite band of wave 

numbers is found. Presumably still another constraint, such as a small disk 
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at the center of the cell, could guarantee axisymmetry and restore the 

uniqueness of the wave number. Further experiments would be of interest. 

3. Pattern Formation in Two-Dimensional Cells 

The difficulties of using linear stability theory to -understand pattern 

formation can be illustrated by the simple two-dimensional Swift-Hohenberg 

model. This equation shows most of the qualitative features observed in large 

u convection experiments near onset [14] without the complexity of three-

dimensional flows, several interacting fields, advection, or temporally 

nonperiodic behavior. Further, this equation is variationally derived from a 

Lyapunov functional so that much of the physics can be understood by the 

minimisation of a functional integral (2t]. 

The stability diagram ror this equation is given in Fig. 1. The band of 

stable wave numbers is limited on one side by the Eckhaus and on the other 

side by the zigzag instability. For a givsn K inside the stability band, no 

instability appears as r is increased to larger values. No qualitative 

difference is predicted for small r (<<1) and 'arqar r (=1) evolutions, 

except that a larger band of wave numbers should enter the final pattern, 

allowing more highly curved rolls. The time for the evolution to become 

stationary should be of order a horizontal thermal diffusion time, since this 

is the time for disturbances at one end of the cell to diffuse to the other 

end. This diffusive time should scale with the square of the aspect ratio. 

Numerical simulations show that the pattern formation is far more 

complicated than that suggested by Fig. 1. For large square cells, starting 

from rantiom initial conditions of all length scales, a complicated transient 

is found (see Figs. 2 and 3!. After a few vertical diffusion times, only 

wavelengths near the critical value remain, with the wave numbers roughly 
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filling the stability band. (The distribution of wave numbers at any time can 

h." calculated by a spatial Fourier analysis as shown by Gollub et al. [27).) 

Subsequent evolution is dominated by the motion, interaction, and annihilation 

of defects, and cannot be interpreted in terms of the growth and saturation of 

various linear instabilities. 

Hear onset, the transient leads to the elimination of most defects and 

eventually to a symmetric state with curved rolla focusing op diagonally 

opposite corners (Fig. 2). Repetitions of this nunerical experiment with 

different random initial conditions leads to the same final state,- there seems 

to be only one stationary pattern near onset accessible from random initial 

conditions. This result sharply contrasts with the large spatial degeneracy 

suggested by the eigenfunctions of the linear equation at onset [28j. The 

time scale to become stationary is of order 50 horizontal diffusion times, far 

lonqer than a diffusive time scale. The later part of this long evolution is 

governed by slow adjustments near the wall of grain boundaries (a one-

dimensional rather than a point defect). The presence of concentric rolls 

focused on corners and the slow adjustment of qrain boundaries towards th*- and 

of the evolution are features seen in many simulations and experiments near 

onset [29?. 

For larger values of r (in Fig. 3, r = 0,9), the pattern formation is 

qualitatively different. The same initial conditions lead to a much shorter-

lived transient (less than a horizontal diffusion time). The final state has 

no particular symmetry and many defects are present, with rolls curving 

sharply over large angles. (As in Fig. 2, the rolls are still normal to the 

boundaries.) The spatial degeneracy is now much larger; repetitions with 

different starting conditions lead to different final states. The evolution 

is thus more rigid in that the final state is not very different from the 
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early pattern after a few vertical diffusion times; the motion of the defects 

seems highly constrained. A Fourier spatial analysis shows that only half the 

band of stable wave numbers 13 filled in the stationary state, so that some 

kind of wave number selection is occurring [14]. The details of this 

mechanism are not yet understood and require further study. 

ftii important insight into the difference between these small and large r 

evolutions can be obtained by using periodic boundary conditions to eliminate 

the rigid lateral walls altogether. (Although this cannot be achieved 

experimentally, a two-dimensional generalization of Kramer et al. 's soft-

boundarv conditions (21] might be a good approximation.) A numerical run near 

onset with the same geometry and with the same initial conditions as Figs. 2 

and 3 hut with periodic boundary conditions (not shown) leads to a short-lived 

transient (less than a horizontal diffusion time) in which all defects are 

eliminated and straight or wavy parallel rolls survive [Id]. Thus the defects 

are forced by the lateral walls [26]. Also, the time scale to reach a 

stationary state is not due to the interaction of defects alone but is 

specifically due to the interaction of defects with the lateral walls. 

Simulations for r=0.9 with periodic boundary conditions give results similar 

to Fig. 3. This shows that the rigid evolution is due to the immobility of 

the defects and is not due to an r-dependent pinning by the lateral wail. 

Thus the lateral wall is crucial in determining the time scale of evolution 

near onset and in forcing the presence of defects in the final stationary 

state. 

The above simulations and laboratory experiments emphasize the importance 

of defect motion. One might inquire whether an understanding of the dynamics 

of isolated defects or of simple configurations of interacting defects would 

help to understand the pattern formation. Another deeper side to this inquiry 
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is to learn how to derive laws of motion for defects and how these laws select 

wave vectors when no free energy or Lyapunov functional is known. For 

equilibrium systems, the motion and selection always minimizes the free 

energy. Close enough -to onset, there is a free-energy-like functional which 

is again minimized by the dynamics [26, 301. For larger r,""however, the 

possibility of nonperiodic behavior demonstrates that no such functional 

exists. Thus a careful quantitative study of defects may give insight about 

how to generalize dynamics to non-potential systems. 

Our understanding of defects has recently made significant progress. 

Simulations and experiments show that the flow is dominated by the motion of 

two classes of defects: dislocations, a point defect in which a roll ends 

abruptly; and grain boundaries, a one-dimensional defect in which a patch of 

rolls with one orientation joins onto a patch with a different orientation. 

Examples are given in Figs. 2 and 3. Dislocations can move either by climbing 

parallel to the local roll axis or by gliding perpendicular to this axis. 

Simulations show that gliding is much more important and that there is an r-

dependent barrier that prevents gliding at higher values of r [14]. This 

qualitatively explains the1 difference in the final states of Figs. 2 and 3, 

and of states with periodic boundary conditions. 

An analytical theory relating the gliding velocity and barrier hei ht to 

the lo-;dl roll curvature (and perhaps to details of the flow far from the core 

of the dislocation) has not yet been derived. The much simpler climbing 

motion is better understood, at least near onset. Siggia and Zippelius [31. J 

have shown that compression of the rolls drives climbing at a constant 

velocity, with a simple relat-'-n between the velocity ami the compression. 

The dislocation climbs in auch a way so as to select a wave number that is 

marginally stable to zigzags. (There is also experimental evidence [32] that 
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grain boundaries act to select wave numbers marginally stable to zigzags.) 

Further from onset, there is still a preferred wave number but corrections 

from the generation of vertical vorticity must be taken into account [24, 33]; 

marginal stability is no longer a selection principle (341. Further 

experiments and simulations would be helpful in unraveling the role of defects 

in wave number selection and pattern formation in the parameter space of 

Rayleigh number, Prandtl number, and ai:>ect ratio. 

4. The Onset of Turbulence 

The final caveat we discuss — the onset of turbulence in large aspect 

ratio cells with moderate Prandtl number fluids — is also the one for which 

there is currently the moat serious discrepancy with linear stability 

theory. For fluids with a -• 1, Basse and Clever [35] have calculated the 

linear stability of infinite parallel rolls (Fig. 4). This calculation shows 

that there is a finite hand of stable wave numbers near onset and that this 

stable region vanishes above a certain (o dependent) value of R (about 3R for 

a 2 5). 

Figure 4 suggests that a stationary state is possible {although not 

necessary) in a large cell close to onset since there is a band of stable wave 

numbers. That a stationary state is also necessary is suggested by a 

calculation of Schulter, Lortz, and Busse [36]. These authors showed that 

superpositions of rolls in a Boussinesq fluid are unstable near onset so that 

no spatial multiperiodicity is possible, only locally singly periodic rolls. 

Thus fluctuations in the form of rolls lead to unstable superpositions which 

must decay to periodic rolls whose wave number eventually lies inside the 

stability band and is stationary. Also, as pointed out previously, Busse [30] 

and Cross [26] have shown that near onset, to lowest order in an expansion in 
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r=R/Rc - 1, the dynamics are governed by a Lyapunov functional which forces 

all initial conditions to eventually become time independent. 

For R greater than 3RC, the vanishing of the stability band (Fig. 4) 

predicts that rolls become unstahle, either to an oscillatory or skewed 

varicose instability. (The latter actually has greater significance since 

wave numbers close to K become unstable to the skewed varicose as R. is 

increased.) ^s discussed in the introduction, the onset of instability does 

not necessarily imply the onset of a statistically steady time dependence 

since the shewed varicose eigenfunction is not intrinsically time dependent. 

A nonlinear analysis is required to understand the resulting flow. It is also 

important to recognize that the absence of a stable band of wave numbers is 

not equivalent to the onset of turbulence since a. stationary state of defects 

and curved rolls is possible. 

Experiments show that the onset of time dependence is a complicated 

function of o, f, and qeometry. For simplicity, we first discuss rectangular 

and then cylindrical geometries. For moderate p rectangular cells , no time 

deprndence is seen even after the skewed varicose instability appears (6K An 

initial state of parallel rolls undergoes a complicated transient which leads 

to parallel rolls of a smaller wave number. T̂ iis wave number as a function of 

R seems to trace the skewed varicose instability boundary as R is increased. 

For large r, there is aqain no time dependence near onset [5]. Instead, there 

is a complicated long-lived transient leading to a defected stationary state, 

as described in the previous section. A clear tine dependence occurs only for 

values of r of order 5, which corresponds rather accurately with the onset of 

the skewed varicose instability [35j, ihe time dependence manifests itself 

spatially as a local pinching off and rejoining of rolls, a short wavelength 

phenomenon that is not related to the linear eigenfunctions of the skewed 
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varicose instability! Thua this instability leads to stationary or time 

dependent states depending on the aspect ratio and the initial conditions. 

In medium aspect ratio cylindrical cells, there is always a stationary 

state close enough to onset [9, 37, 38). This state becomes unstable at much 

smaller values of R than those predicted by Fig. 4. The instability leads to 

an oscillatory time dependence [39) but with a period of order a horizontal 

diffusion time and is thus unlikely to be related to the oscillatory 

instability of Busse [1], which has a perioa of order the much shorter 

vertical diffusion time. The spatial structure of this oscillatory state is 

presently unknown (as is the case with all the cryogenic experiments using 

liquid He) because of the difficulties of seeding the fluid with light-

scatteriiig impurities. As R is increased, the following lequence is often 

found: a stationary state, an oscillatory state, another stationary state, 

then a different oscillatory state, and eventually turbulence. The value of R 

for whi^h turbulence is first observed decreases with increasing aspect ratio, 

suggesting that larger cells are more susceptible to nonperiodic flows [38). 

The observed sequence of transitions does not seem to follow Fig. 4 even 

qualitatively. 

For a very large aspect ratio cylindrical cell (f ~ 60), the fluid 

becomes turbulent for r as small as 0.1 and no value of r is found for which 

the flow becomes stationary [9], Thus the onset of convection and the onset 

of nonperiodic motion are the same. This result seems completely at odds with 

the linear stability analysis and with the lowest order calculations of Busse 

[301 and Cross [26]. It also seeras incompatible with the trend established in 

large rectangular cells. The 3patial nature of this turbulence is not yet 

known for reasons mentioned previously. Recent optical experiments with water 

at the same Prandtl number (= 3) in large cylindrical cells of half the 
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diameter (r 2 30) shewed no turbulence near onset [39], in accord with Gollub 

at al.'s work on rectangular cells [5]. The spatial flow was, in Fact, in 

remarkable accord with the simulations of Greenside and Gcrughran [14] and 

Manneville [40], and with the analytical wort of Cross [26], strongly 

supporting the lowest order perturbation calculations: all defects eventually 

anneal out leading to a single domain of parallel rolls, with a few cross 

rolls near the lateral walls. Ttie discrepancy between this optical experiment 

and Ref. 9 is disturbing. Further optical experiments on still larger cells 

will be necessary to understand why convecting fluids can become time 

dependent so close to onset. 

5, Conclusions 

In the previous sections, we have discussed three clear cases in which 

analytical, numerical, and experimental studies of Rayleigh-Benard convection 

near onset seem to contradict the physics suggested by a linear stability 

analysis of infinite parallel rolls. In one-dimensional geometries (long 

narrow rectangular cells), the lateral walls strongly restrict the band of 

possible wave numbers no matter how large the aspect ratio. In two-

dimensional cells, the lateral walls require rolls to be perpendicular to the 

boundaries and force the presence of defects, which dominate the evolution. 

The time and length scales suggested by a linear stability analysis (Fig. 1) 

are relevant only for the earliest part of the evolution (much less than a 

horizontal diffusion time). Finally, in the fourth section, we saw how the 

fluid can become turbulent as soon as it starts to convect in a large enough 

cylindrical cell. Details of the flow are lacking because of the difficulties 

of observing liquid He ^.t low temperatures. 
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These three oases should be useful as warnings to investigators who use 

linear stability theory to understand the physics of driven dissipative 

systems as 3 function of the driving. Boundary conditions can have a profound 

influence on the time and length scales of the evolution, on the possible 

spatial degsneracy, and on the onset of temporally nonperiodic behavior. The 

lateral walls v.d the nonlinear growth of fluctuations disrupt the local 

periodicity of the cellular flow, introducing defects. The fundamental 

element of linear stability theory, the periodicity of infinite parallel 

rolls, is therefore lost and the linear analysis breaks down. There is no 

comprehensive understanding of the consequences of this disruption of 

periodicity. For this reason, further experiments and theories on different 

physical systems are needed. 

Only the third case raises a fundamental issue which is presently 

unresolved: how are we to understand the existence of turbulence close to 

onset in large cells? Experiments and simulations suggest that the answer 

involves defects and geometry in a complicated way. Turbulence near onset is 

seen only in the largest cylindrical cells [9], while an unambiguous 

relaxational evolution toward3 a time-independent state is seen in all other 

cases. Optical observations of the skewed varicose instability [5] show that 

the nonlinear growth leads to a defected pattern, with dislocations constantly 

appearing and disappearing as rolls pinch off and rejoin. A similar behavior 

is suspected for fthlers and Behringer's experiment [9]. The significance of a 

cylindrical as opposed to a rectangular geometry, the difference of a factor 

of 2 in aspect ratio for the presence of turbulence [39) , and the peculiar 

role of the skewed varicose instability are not yet understood. 

Theory has not yet been successful in going beyond the linear stability 

theory but has given some insight. Several global details of the evolution 
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near onset, such as the presence of focal singularities (concentric curved 

rolls with a corner of the cell as a focus) and the long nondiffusive time 

scale to become stationary, can be derived using an elegant rotationally 

invariant generalization of multiscale perturbation theory [29]. simulations 
J 

have shown [14, 40] that the absence of a Iyapunov functional is not a 

sufficient criterion for the onset of nonperiodic behavior, even for large 

cells with defects. Other simulations of the Boussinesq equations [3 3] or of 

simpler model equations which include the generation of vertical vorticity 

[41,42] can reproduce the qualitative features of the time-dependent 

experiments [5], but have not explained why some initial conditions lead to 

stationary states while others give nonperiodic behavior. A first modest step 

will be a systematic study with controlled initial conditions and controlled 

perturbations of model equations that are far simpler than the Boussinesq 

equations but have some of the same ingredients, such as a skewed varicose 

instability [43]. Such studies are currently under Way. 
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FIGURES 

Fiq. 1, Linear stability diagram of Infinite parallel rolls of wave number 

K as a function of the reduced Rayleigh number, r=R/R - 1, for the 

Swift-Hohenberg model [18]. (This equation accurately models 

convection near onset for infinite Prandtl number fluids [14]. > 

The labels refer to the neutral (N), cross-roll (CR), Eckhaus (E), 

and zigzag (SZ) instabilities, respectively [1]. The shaded area 

is the region of stable wave numbers. The large bar at r = 1,0 is 

the band of stable wave numbers for one-dimensional cells without 

lateral boundaries. The smaller bar is the band of stable wave 

numbers in the presence of lateral boundaries [15]. 

Fig. 2. Evolution of the Swift-Hohenberg model near onset (r = 0.1) in a 

large square cell of aspect ratio 16 at three consecutive times (in 

units of a vertical diffusion time). The evolution is dominated by 

the motion, interaction, and annihilation of defects, regions where 

the local periodicity of the rolls is undefined. A one-dimensional 

defect, a grain boundary, is easily seen in tne lower left and 

upper right corners of (b). The time scale to atciin the 

stationary state in (c) is far longer than the diffusive time scale 

suggested by linear stability theory. The final state (c) is 

independent of the random initial conditions. 
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Fig. 3. Evolution of the Swift-Hohenberg model away from onset {r = 0.9) 

for the same cell and initial conditions as Fig. 2. The final 

stationary state, (b), is now reached on a much shorter time 

scale. The final state has highly curved rolls and many defects 

compared to Fig. 2c. ft point defect, a dislocation, is evident on 

the lower right side of (b). The final state is similar to the 

flow at early times, (a), suggesting that the evolution is 

constrained. Simulations show that this constraint arises from r-

dependent barriers to dislocation gliding [14]. 

Fig, 4. Linear stability diagram of infinite parallel rolls of wave number 

K as a function of the Rayleigh number, R, for the Boussinesq 

equations. The calculation was done for a Prandtl number of 7 

[1]. The labels are the same as for Fig. 1 except for the 

oscillatory (OS), the skewed varicose (SV), and the knot (K) 

instabilities [1]. The area of stable wave numbers is shaded. 

There is a stable band of wave numbers near onset that vanishes for 

R > 3RC. The sXewed varicose instability seems to play an 

essential role in wave number selection (6) and the onset of 

turbulence [5], 
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