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ABSTRACT. An 'analytical equation for the electronic stopping of ions 
in solids for non-relativistic velocities, that has no adjustable 
parameters, i s obtained in a semi-phenomenological manner. The very 
good agreement with experiment gives support to the physical argunents 
used in i t s derivation. 

Q&itAjLA-SÇ 

RESUMO. Users rrahejhj mhttrmmaoi uma equação analítica, sem parâmetros 
ajustáveis, para a perda de energia eletrônica de íons em sólidos. 0 
excelente acordo apresentado numa comparação sistemática com a experi
ência dá suporte aos argumentos semi-fenomenológicos utilizados em sua 
formulação. 

* Work partially supported by FINEF and CNPq* 
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The study of the penetration of charged particles 

through Matter has. heen the subject of continuous thcorc* 

tical and experimental effort for wore than fifty years' '. 

However, as is well known, the many-body character of the 

problem imposes serious difficulties to fully understand 

the various mechanisms that participate in the slowing 

down process of the projectile as its velocity changes 

during penetration. There have been many efforts of empir 

ical or semi-empirical character' 'to generate an equa

tion valid for all velocities and ion-target combinations. 

Recently, Burenkov et al* ' developed a semi-classical 

theory for the inelastic energy loss of heavy ions valid 

for a wide range of energies, while Sugiyama* ' proposed 

a composite formula for the electronic stopping in the in

termediate energy range. 

Tn this work we report an equation for the electronic 

stopping of ions valid for non-relativistic velocities, in 

all solid targets. Being the problem of such a complicated 

nature, we have not derived our equation from first prin

ciples calculations but Tathcr from a semiphenomcnological 

analysis of the different mechanisms that participate in 

the slowing down process, taking into consideration the 

well known results of the plane wave Born approximation* ' ' 

(PWBA) for excitation and ionization, as well as those from 

low-energy stopping theory, e.g. the Lindhard1 ' and 
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Firsov1 * theories. While the Lindhaxd theory evaluates 

the interaction of a. moving charge with a uniform free-

electron gas via a complex dielectric response function, 

the Firsov model views projectile and target as Thomas-

Ferii atoas whose electrons exchange Momentum and produce 

a net "drag force" on the projcccilc. Both theories predict 

a velocity-proportional dependence of the stopping cross 

section and describe a limiting situation in the low 

velocity region. 

Let us start by recognizing the probabilistic charac

ter of the stopping cross section and base the first part 

of our discussion on the probability of certain events 

such as, excitation, charge exchange, ionisation, etc. to 

occur while the projectile moves through the medium. The 

subdivision of the electronic stopping curve in three sepa_ 

rate regimes*- " ' obeys the fact that there arc different 

processes which participate in the energy loss phenomenon 

more or less dominantly, according to their probability to 

occur. At high energies, ionisation of individual atoms 

becomes the main source of energy loss; as the projectile 

slows down, other processes such as electron capture and 

loss and excitations become important and, at low velo

cities, the mechanisms leading to a velocity-proportional 

behaviour become increasingly important. Let us call (A.) 

the events dominating in the high velocity regime e.g. ibni 
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sation, and (A?) those associated with all the others 

degrees of freedom occuring in the low velocity region. 

Ve now assume that the events of type A. and À- constitute 

our complete space of events and that they are not Mutually 

exclusive. Then, according to the Addition Theorem of pro 

bability theory*- ', the probability of occurrence of at 

least one-of the events, for any velocity, is: 

HA^Aj) » PCAj) • P{A2> - PÍA^Aj}, (1) 

where PiAj) (P{A2» is the probability that A ^ A ^ occur 

and P{A1,A2) the probability that both, A. and A, occur 

s imultaneously. 

We postulate, at this stage, that the electronic stop

ping cross section for the whole velocity range will have 

the sane structure as that of Eqn (1), in view of its pro

babilistic nature. Our next task is then to construct OUT 

stopping power formula based on this postulate and some 

reasonable physical assumptions. 

An ion of atomic number l.t moving through a medium 

will tend to capture and lose electrons depending on its 

velocity (v). For low ion velocities the probability for 

the ion to be neutralized is high and, as its velocity in

creases, the chances to capture an electron become smaller; 

the rate of energy transfer then may be such that the ion 
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becomes stripped of most of its remaining electrons. This 

behaviour is observed in experimental studies of charge 

fractions for ions moving in several media* ' ' which 

indicate that the average charge, c, may be well described 

C - 21ll-e"
BU), (2) 

where o*Z- and u«v/v ;v is the Bohr velocity. From 1 o o 

this expression it is apparent that Z.e"*11 corresponds 

to the average number of electrons carried by the ion. 

Hence,the probability for the ion to remain in a particular 

charge state, as a function of velocity, can be approximated 

P y e*oU (3) 

It is, therefore, reasonable to assume that this phe

nomenon may play an important role in the energy loss 

process. In fact, we will assume that the dominant mechanism 

of energy loss in the low velocity region is that of momen

tum exchange between the electrons carried by the projectile 

and those of the medium, and that the "drag force" then ap

pears as a result of the charge "condensed" by tho moving 

ion. Based on these assumptions, the contribution of this 

mechanism to the energy loss may be interpreted in the fol-



s 

lowing way. When the projectile velocity is high, it rapidly 

loses most of its electrons due to the succcsive interactions 

while traversing the target material; thus, the ion is essen

tially bare and the frictional force becomes a minimum. As 

the projectile velocity decreases electrons start "conden

sing" around the former thereby increasing the frictional 

force. Although this assertion appears to be «ore in agree

ment with the semidassical model of Firsov» it is by no 

means in disagreement with models based on the free-electron 

theory once we recognize the fact that an induced charge dis

tribution may be associated to a point charge embedded in an 

electron gas* '; this situation giving, in turn, the effect 

of a condensed charge. 

On the basis of these considerations it is then clear 

that the friction term (Ku) is modulated by the probability 

that the projectile had condensed a given number of electrons, 

For protons, the part of the electronic stopping cross sec

tion (S_) associated to this term reads as 

P 

St - Kue"u. (4) 

For velocities in the range 1íuíZl
 3Akhiezer and Davy-

dov* ' predict a dependence of S. given approximately by 

S.« Ku • 8»a^IHZ*u
2/9, (4a) 
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where 2, is the number of external electrons in a target 

atom, with orbital velocity of the order of v , I., is the 

hydrogen atom ionisation energy and a» the Bohr radius. 

Ve will use this equation as the asymptotic limit in the 

low velocity region for our general expression for S£. In 

order to proceed further, we now discuss the high energy 

region. 

The basic quantum mechanical treatment for the energy 

loss of charged particles traversing matter in the high 

energy region was first given by Bethe in 1930 using the 

PWBAV '. The equation that describes the process of elec

tronic energy loss per unit path length may be written as 

».-'-í§-í<vv.. tS) 

where o. is the inelastic collision cross section to rise n 

an atom from its ground state (E ) to a state of energy E 

and N is the number density of atoms' in the target material. 

Although o may be calculated using the PWBA formalism, 

it has generally been accepted that even in this approxima

tion, the obtcntion of an analytical expression for a complex 

system is practically impossible. In order to get some idea 

of the behaviour of Eqn.(5). for a general situation, wc will 

analyze its application to the simplest case, i.e., the hy-
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drogcn ato».For this particular problem,the excitation cross 

f 181 
sections are known analytically1 ''within the PHBA.This will 

allow us to propose a functional form for S to account for 

excitation and ionisation in a «ore general situation.In g£ 

neral.for protons incident on a given target Material of a-

tomic number Z2»Eqn.(5) may be written'as 

S - S*a.IHB/u 5 c(B/Z2)/u , (6) 

where B is the stopping number which,for the case of a hy

drogen target,is given by the PWBA as* ' 

B = I (1-n'2)n"3I(u2,n) • /"l(u2,v)wdw . (7) 

In this expression n is the principal quantum number for the 

excited electron and w the energy transferred to the ionized 

electron,in units of I...The terms I(u2,n) and I(u2,w) are the 

corresponding excitation functions given by Montenegro et al% ' 

which may be rewritten as 

n*2 

I(u2,n) - A(n)**<1*4n2(1-n)~ u2}- T C__/(1*P_ua)Ç (8a) 
p*0 "1' " 

I(u2,w) - A(w)*n(1+4u2/w)-ft(u2,w) , (8b) 
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where fe(u2,w) is a function that «ay be formally expressed 

as an infinite SUM of terms of the for» C(w)u,)/{1*D(w)u2)<* 

with p,q integers such that 2q>p.Tho explicit for» of the 

coefficients that appear in the above expressions is imma-

terial for our present purposes;we simply note that they 

are not dependent on the projectile velocity,u. 

It may be easily seen from Eqns.(7-8) that for high 

projectile velocities B behaves as 

B * Xtnu2 * i - r/u2, 

where X,T and K arc also independent of u.This behaviour 

of the stopping number is apparently general,as suggested 

by tfalske' '.Furthermore,for the case of a medium of atomic 

number Z2,according to Fano* ',B may be approximated by 

B * Z2(*nbu
2 - zJ'V 2), (9) 

wheTe bs4IH/<I> and <I> is the mean ionization energy of 

the target atoms.Eqn.(4a) together with Eqn.(9) supply us 

with the proper asymptotic behaviour for the high and low 

energy regions,respectively. 

As the reader must be aware of,the complexity of the 

functions I(u2,n) and I(u2,w)(Eqns.(8)) does not allow us, 

even in this simple case,to obtain a closed analytical ex

pression for S .Our purpose now is to obtain an analytical 

form for S in a general case which,appart from being simple, 
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describe the energy loss over a wide range of projectile 

velocities.To this end,we shall assume that the part of S_ 
p 

associated to processes leading to excitation and ionisation 

of the individual atoas nay be described by a functional 

fora of the sa»e type as I(u2,n) and I(u2,w),i.e. a logarith 

»ic ter*,.Di(1+bu2))plus terms of the type cuP/O+du
2)*1. 

Within this context,in accordance with our postulate and 

using Eqn.(4),we write the electronic stopping cross section 

for protons,in its simplest form,as 

SJ = Kue"u + au"2«n(1+bu2) - c(1+du2)~ + |u%(1+eu2)"í (10) 

where the constant K is obtainable,for example,from the Lind 

hard theory,and the constants c,rf,e and { are obtained by im 

posing the asymptotic behaviour of S according to Eqns.(4a) 

and (9).We get 

*c « ab, (11a) 

d - K/c • 6/2 + zJ/9Z2, 01*).-

e « 3b2o7(Z2**M2 • b2 • d 2), (11c) 

i - ceVrf . (lid) 

We must stress at this point that the main idea in our 

strategy is that,by choosing a functional form for S based on 

physical grounds and by imposing the proper asymptotic con

ditions,also physically well fundamented,the stopping power 

function will properly describe the slowing down process in 
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the intermediate energy region,where the complexity and . 

admixture of the different processes that contribute to S 

hinders the analysis from first principles calculations. 

The success of this procedure was verified by observing 

the good agreement of Eqn.(IO) with experimental results for 

protons incident on solid targets of low and medium atomic 

number.For heavier targets,although the general agreement 

was still good,a small deficiency(t5t)was observed in the 

region between the maximum of S and the high energy domain, 

where the asymptotic behaviour of Eqn.(9) is not dominant. 

Since for this region we do not have any other subsidiary 

condition,we have introduced an act hoc term which accounts 

for the small differences observed without affecting the 

asymptotic limits.In this manner we obtain,finally,our 

stopping power function for protons ás 

sp - SJ " («u*)3/2/6b2f1+au2)* , (12) 

where s~2/3c.Note that the above equation has no adjustable 

parameters.Evidently,the important quantities to know accura 

tely are K,<I> and Z2 (although this last quantity is not 

too critical in the cair»iations).In order to avoid theorc 

tical deficiencies in K and <I>,wc have used experimentally 

based values from references 4 and 6.For completeness,Table I 

summarizes these values and the Z~ estimates,made through 

the criterion discussed earlier. 
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Figure 1 shows the results for protons incident on C 

and Ag,as an example.The very good agreement between theory 

and experiment is illustrated by this figure.A more severe 

test of Eqn.(12) «ay be performed by calculating the shell 

correction term defined as* ' 

C/Z, = Inbu* -(u2/a)S^ . (13) 
P . 

Figure 2 displays the shell correction term for Au. 

Again,the good agreement with experiment is present. 

A generalization of Eqn.(12) for heavier ions may be 

accomplished in a natural way by means of the effective char_ 

ge theory* •'.According to this theory the stopping power 

of a heavy ion of atomic number Z may be expressed by the 
HI • •' 

simple scaling relation 

SHI * 4 <-ZHin'/h- t'«J 

where S.., and Z». are the electronic stopping cross section 
* 

and effective charge of the heavy ion,respectively and S ,Z 

the corresponding values for protons in the same material and 

for the same velocity.Following the suggestion of various au 

thors' * 'for the average charge of a heavy ion and,assuming 

its validity for protons a.s well,we found (according to Eqn.(2)) 

that the effective charge term in Eqn.(4) may be written as 

Z.../Z »(1-c"ou)/(1-c"u),with o defined as be fore. Mor cover, a 

(211 
slight modification of this equation as1 ' 
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* 
ZHI 

* 

*P 

1 -

1 

c -«u 

- c"u 

1 -2ou auc 
1 -2u - - uc 
6 

(is) 

improves the quality of the predictions for S,., ,as shown in 

figure 3,where the theoretical estimates from Eqn.(14) versus 

experiment for II,He,Li and 0 ions incident on Al are plotted, 

as an example.Figure 4 shows the behaviour of- the normalized 
* 

effective charge,Z,../ZHI,as a function of reduced speed,au, 

for various ion-target combinations.These last two figures 

clearly show the excellent behaviour of Eqns.(12),(14) and 

(15) in describing the slowing down of heavy ions in solids. 

In conclusion,we have derived an equation for the elec_ 

tronic stopping of ions in solids in a semi-phenomenological 

way.Interestingly enough,the equation is simple,accurate and 

docs not need of adjustable quantities.Furthermore,a systema 

tic test of the equation against experiments shows a very 

good general agreement,which strengthens the physical basis 

on which the equation has been derived. 
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TABLE I. Values of Xa, zl and <I>b used in this work (see text) 

Z2 Z2 K <I> 

3 3 7,050 47.0 
4 4 11.232 63.0 
5 3 12.361 75.0 
6 4 13.145 79.0 
7 5 14.759 86.0 
8 6 13.250 99.0 
9 7 10.417 118.8 
10 8 .9.748 135.0 
11 9 12.700 141.0 
12 10 18.946 149.0 
13 11 20.754 162.0 
14 10 20.734 159.0 
15 5 16.148 168.9 
16 6 17.222 179.2 
17 7 25.216 170.3 
18 3 28.633 180.0 
19 9 25.736 189.4 
20 10 27.534 195.0 
21 11 25.985 215.0 
22 12 24.292 228.0 
23 13 22.383 237.0 
24 14 19.900 257.0 
.25 15 17.332 275.0 
26 16 17.582 284.0 
27 17 15.688 304.0 
28 18 17.752 314.0 
29.19 13.466 330.0 
30 18 21.034 323.0 
31 19 25.136 335.4 
32 20 27.749 323.0 
a) K»4£962A1 where A1 

reference 4.Units: 
bl Values taken from 

Z2 Z2 K <I> 

33 13 26.595 354.7 
34 16 29.348 343.4 
35 17 28.034 339.3 
36 18 32.031 347.0 
37 19 28.449 349.7 
38 10 31.671 353.3 
39 11 32.011 365.0 
40 12 33.645 382.0 
41 13 34.484 391.3 
42 14 32.101 393.0 
43 15 33.969 416.2 
44 16 30.517 428.6 
45 17 29.598 436.4 
46 18 26.170 456.0 
47 19 28.094 470.0 
48 20 29.048 466.0 
49 21 31.127 479.0 
50 20 32.026 511.8 
51 21 37.472 491.9 
52 22 34.869 491.3 
53 21 38.596 452.4 
54 18 41.124 459.0 
55 19 36.408 484.8 
56 20 39.465 485.5 
57 21 40.175 493.8 
58 22 37.417 512.7 
59 23 36.428 520.2 
60 24 35.463 540.0 
61 25 34.524 537.0 
62 16 33.615 545.9 

z 2 z 2 x <i> 

63 17 32.730 547.5 
64 18 33.670 567.0 
65 19 31.037 577.2 
66 20 27.564 578.0 
67 21 26.075 612.2 
68 22 25.336 535.3 
69 23 24.612 629.2 
70 24 23.917 637.0 
71 25 24.447 655.1 
72 26 25.121 662.9 
73 27 23.672 682.0 
74 28 22.853 695.0 
75 29 25.980 713.6 
76 30 25.331 726.6 
77 31 24.706 743.7 
78 32 22.363 760.0 
79 33 24.262 742.0 
80 34 21.524 768.4 
81 33 23.597 764.8 
82 20 26.575 761.0 
83 21 29.758 762.9 
84 22 30.767 765.1 
85 23 30.997 761.7 
86 24 30.882 733.1 
87 19 34.719 762.3 
88 20 37.502 760.1 

' 89 21 38.216 767.9 
90 22 38.521 776.4 
91 23 37.007 807.0 
92 24 36.423 808.0 

is the low energy coefficient given in 
io"X5 eV cm2/atom, 

reference 6. Units: oV 



FIGURE CAPTIONS 

Figure. 1. Electronic stopping cross section for protons 

incident on carbon and silver targets. Full -

curve, this work. Experimental points taken -

fro» references indicated in the symbol chart. 

Figure 2. Theoretical and experimental shell corrections 

for protons incident on gold. Full curve obtaî  

ned from equation (13). Experimental values 

taken from references indicated in the symbol 

chart. 

Figure 3. Electronic stopping cross section for several 

ions incident on aluminum. Full curve, this -

work. Experimental points taken from references 

indicated in the symbol chart. 

Figure 4. Normalized effective charge for some heavy ions 

as a function of reduced velocity. Full curve 

obtained from equations (12), (14) and (15). Ex 

perimental points taken from references [22-27]. 
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