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ABSTRACT. W*=dá*««ws several non-linear/processes involving the interaction 
of atoms with strong laser fields7 with particular emphasis on rhe ionization 
problem. Non-perturbative methods which have been proposed to ' ckle this 
problem are analysed, and shqvji to correspond to an expansion in the intra-
atomic potential. -tfP^namwes /the relation between tunneling, and multiphoton 
absorption as ionization mechanisms,and the generalization of Einstein's 
photoelectric equation to the strong-field caseí-* ̂ ^ &¿¿iouA"¿d-

RESUMO. Varios processos não lineares envolvendo a interação de átomos com 
campos de laser intensos são discutidos, com ênfase no problema de ionização. 
Métodos não perturbativos, propostos para atacar este problema, são analisados, 
mostrando-se que eles correspondem a uma expansão no potencial intra-atõmico. 
Discute-se ainda a relação entre absorção multi-fotonica e tunelamento como 
mecanismos de ionização, e a generalização da equação de Einstein para o efeito 
foto-eletrico, na presença de campos de laser intensos. 

*+ Lecture given by L.Davidovich at the VII Brazilian Symposium on Theoretical 
Physics. 
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1. INTRODUCTION 

The advent of high power lasers has strongly 

stimulated a great deal of theoretical and experimental work 

on the interaction of strong electromagnetic fields with matter, 

leading to the discovery of new and beautiful phenomena which 

are outside the realm of lowest order perturbation theory. 

For resonance phenomena, new effects show up at not 

too large laser intensities. For instance, under suitable 

conditions the Weisskopf-Wigner Lorentzian lineshape gets 

altered for intensities of the order' of lW/cm2,and two extra 

peaks show up (this constitutes the so called dynamical Stark 

effect)1. Also, perturbation theory predictions for multiphoton 

ionization of atoms and molecules are greatly modified, when 

intermediate resonances are present2. 

In this work, we discuss high-intensity phenomena 

which do not involve such resonances. We will be interested 

particularly in non-linear effects in Thomson scattering 

(Section 2), electron potential scattering (Section 3) and 

atomic ionization (Section 4) in the presence of strong laser 

fields. Since the first two problems have been discussed in a 

recent review by F. Ehlotzky3, we will limit ourselves to a 

brief analysis of them, just enough to pave the way for a better 

understanding of the ionization problem, which will be the main 

subject of the present work. 

Besides their intrinsic interest, these problems have 

led to new insight on many important physical processes . Thomson 

scattering is relevant for plasma diagnostics1* and for the theory 

of pulsars5. Scattering of electrons in the presence of strong 
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laser fields is a possible source of plasma heating in 

thermonuclear fusicn6, and has been considered as relevant for 

the phenomenum cf stellar opacity7. Multiphoton ionization plays 

a role in the initiation of sparking in gases8, besides being a 

method for isotope separation9. 

In order for the non-linear effects in these phenomena 

to become apparent, much higher laser intensities are necessary, 

in the range 107 - 10 1 6 W/cm2; these values have been attained 

by CO2 and Neodinium lasers, allowing these effects to be 

experimentally observed. 

2. THOMSON SCATTERING 

The origin of the non-linearities in this case can be 

understood from a classical model3. The large amplitude oscillations 

of the free electron in the strong laser field yield a periodically 

changing Doppler shift of the scattered radiation, represented by 

a phase factor of the form exp(ia sinut). But this is the 

generating function of Bessel functions: 

+•» 

exp(ia sinwt) = n J w J n(a)e
i n u t , (1) 

so we expect harmonics of the fundamental frequency u to appear. 

In fact, a purely classical nonrelativistic calculation3 shows 

that the differential cross section for the emission of radiation 

with frequency » = (n+1)« by a particle of mass m and charge e 

is given by 
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where do is the usual differential Thomson cross section, 
i n 

Eg and e are respectively the amplitude and the polarization 

of the incident field, and nK - fik - fik is the momentum 
n n 

transfer, with k and k being the wave vectors of the incident 

and emitted radiation, respectively. 

This process becomes noticeable when the argument of 
the Bessel function is of the order of its index, that is when 
e E0 

n , which requires intensities in the range 1016 -
mwc2 

- 1018 W/cra2. This fact, allied to the extreme smallness of the 

* — 2 5 

Thomson cross section (of the order of 10 cm2), makes it very 

hard to verify this phenomenum experimentally. 

3. ELECTRON POTENTIAL SCATTERING IN THE PRESENCE OF A STRONG 

LASER FIELD 

The quantum-mechanical treatment of this problem, as 

given for instance by Kroll and Watson10, has been based on 

Volkov's solution of Dirac's equation for an electron in the field 

of an electromagnetic plane wave11. 

Taking for simplicity the non-relativistic Schrodinger 

equation and adopting the dipole approximation [i.e., neglecting 

the space variation of~E(r,t), which is taken to be E(t) = 

= E0 cos urtQ , the Hamiltonian corresponding to the electron interacting 

with the laser field can be written as: 

e Er 

- - ¿ « 5 - u> 
sin t*t) 2 (3) 

admitting as plane-wave solutions 

t 

*g(r,t) = expj ¿ p.r - ̂  @ + ̂  sin u,t)* dxl . (4) 
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We see that the electronic wave function acquires 

an oscillating phase, which again gives rise to processes 

involving multiples of the fundamental frequency *>, and crois 

sections proportional to Bessel functions. 

Kroll and Watson have calculated transitions between 

these states induced by <• potential V(r), and have shown that 

the differential cross section can be written as 

p / e E0.P \ 
n P0

 nV mofiu2 / NF 

where do _ is the differential cross section when no laser 
-*• " •+ 

field is present, p arid p are respectively the initial and 
- * • • * • - * • 

the final momentum of the electron, P = p - p is the momentum 
n n o 

transfer, and we must have 

p2 p 2 

Ú = §-•*• • «> 
Even though the field is not quantized in this 

treatment, we may interpret this cross section as corresponding 

to the scattering of the electron from an initial momentum p 
-y 

to a final momentum p , with the emission (n<0) or absorption 

(n>0) of n photons. 

As compared with Thomson scattering, it is much easier 

to observe the non-linearities in this case. The cross section 

for this process is 109 times larger than the Thorosom cross 

/e 20-*n\ 
section. Besides that, for J2[ '• ) to become sufficiently 

^ n \ men»2 / 
e E0.P 

large one must have - n , which for electronic energies 
menu2 

of the order of 10 eV and >fit» ~ 0.1 eV (typical of a CO2 laser) , 

yields intensities of about 108W/cm2, for n-1. These numbers are 
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well within present experimental capabilities. In fact, the 

above expression for the cross section has been verified in a 

beautiful experiment by Weingartshofer et al12. Their results 

are reproduced in Fig.l. 

4. IONIZATION OF ATOMS BY STRONG LASER FIELDS 

a) Perturbation Theory 

For low-intensity light, we have just the ordinary 

photoelectric effect. A first-order perturbation calculation, 

found in standard text-books, yields the probability of ejection 

of an electron with momentum p and energy given by the Einstein's 

relation: 

§1 + I0 - fi« = 0 , (7) 

where Iq is the ionization energy. Again, even though the field 

is not quantized, we may interpret this result by laying that a 

photon has been absorbed. 

As the intensity of light increases, higher order 

processes become important: ionization can take place even if 

u < -p- i by absorption of n photons. We should have then: 

Ü + I0 - nfi» = 0 . (8) 

One way of approaching this problem is by using higher-

order perturbation theory. A very detailed treatment of this 

method has been given by Bebb and Gold13. The transition rates 

are obtained by evaluating the n-th order contribution to the 

evolution operator: . . 
t Si *2 

l?(n)(t) = (in)~n jdtjdt^... jdt1HI(tn)HI(tn_1)...HI(t1). (9) 
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The transition rate for an n-th order process is 

proportional to EQ , where E0 is the field amplitude, so 

long as there are no intermediate resonances. Therefore, a 

log-log plot of the transition rate versus the intensity of 

the incident field (proportional to E2) should yield a straight 
o 

line, with slope equal to n. 

This has been verified by Lompre et al11* for noble 

gases and intensities up to 1015 W/cm2(see Fig.2). On the other 

hand, Boreham et al15 and Baldwin and Boreham16 have reported 

deviations from the perturbation theory predictions, for 

intensities around 10le W/cm2. 

In fact, for very intense fields, use of perturbation 

theory becomes questionable. Non-perturbative approaches have 

been proposed by several authors, starting with the pioneer work 

of Keldysh17, whose expression for the ionization probability 

matches the experimental results of Ref.16. Keldysh work has also 

led to a better understanding of the relation between multiphoton 

and tunneling processes as mechanisms for atomic ionization. 
18 19 2 

Alternative procedures have been proposed by several authors ' ' 

However, the range of validity of these non-perturbative approaches 

has remained obscnre. 

In order to get a better insight into this question, let 

us turn to a simpler problem, that of atomic ionization in the 

presence of a static electric field. 

b) Ionization in a Static Electric Field 

If one chooses the z-axis along the direction of the 

applied electric field E, the Hamiltonian is given by (for a one-

electron atom) 
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D2 

H = §j + V(r)- eEz (10) 

where V(r) is the intra-atomic potential. The original potential 

well gets transformed into a potential barrier (see Fig.3). 

Classicaly, ionization occurs only when the top of the barrier 

gets below the energy of the bound state (equal to -IQ)> Quantum-

mechanical ly, however, the electron can ionize by tunneling, no 

matter how small is the applied electric field. 

The ionization rate W for fields which are not too 

large can be calculated by the WKB method21. One finds, for a 

hydrogen atom initially in the ground state21: 

10 B„ 2E„ 
W - 8 T k / exp(" "if* ' (11) 

where E is the exectric field due to the atomic nucleus in the 
c 

in ^ a 

first Bohr orbit (E = 2L-S- - 5 x 109V/cm) . This formula is valid 
c n" 

for E << E . c 

c) Ionization in an Oscillating Electric Field 

For an oscillating electric field, one should have 

a situation very similar to the above one if the period of the 

field T„ is much larger than the ionization time T_. 

The tunneling" time for a slowly varying field may be 

estimated from the above formula for W: 

i fi v 2 E„ 

where E stands now for the maximum amplitude of the field. 

Therefore, 

^ * £ F ( E / E c ) , (13) 
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where 

F(x) = x2 exp(2/3x) , (14) 

- E 
na c itt-\ 

Y = 1T0 ' T ' (15) 

and i» is the angular frequency of the applied field. 

The function F(x) is sketched in Fig.4. It is clear 

that, in order to have TT/T << 1, one must have y << 1. The 

parameter y has been called the adiabaticity parameter. One sees 

however that the condition y << 1 is not sufficient for having 

T/T << 1#. since the ratio E/E also shows up in the above 

expression for T_/T . 

For typical values of I0 =10 eV, ñu = lev, one should 

have 100 E c * E i Ec/10 in order that Tj/Tp << 1. 

So long as this condition is satisfied, one would think 

that the ionization rate at each instant of time should be given 

by the static WKB expression, with E replaced by the value of the 

electric field at that instant. However, the resulting expression 

should be of limited applicability, for two reasons. First, the 

WKB tunneling expression cases to be valid for E = E . Secondly, 
c 

one should not expect, in the static field situation, a time-

independent ionization rate, if the ionization time is very small. 

d) Non-perturbative Approaches 

An alternative approach has been proposed by Keldysh17 

The transition amplitude T{. is written as (for a one-electron 

atom): 

Tfi 
d3r •f(r,t)HI(r,t)*1(r,t) , (16) 

where •-(r,t) is a Volkov state (in the non-relativistic limit 
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and within the dipole approximation), * (r,t) = *f. (r)exp(ii0t/H) 

with *P.(r) standing for the initial bound-state wavefunction, 

and H (r,t) is the interaction between the electron and the 

laser field. Keldysh takes H (r,t) - -er.E(t), with E(t) = 

•*• 22 23 

= E0 cos tut. Simpler results are obtained ' , however, when 
-*• 

H (r,t) is chosen as 

HT(r,t) » - ¿ p * A(t) + - ^ - A(t)2 , (17) 
1 m c 2mc2 

with 
B0 

A(t) = — sen «at . • (18) 
u 

This is the form we shall use in the following. The two 

expressions are related by a gauge transformation, and are 

completely equivalent, so far as exact results are concerned. 

However, they yield different expressions when approximations 

are made. 

The phase modulation of the final state will again 

give rise to multiphoton processes. The transition rate from the 

initial bound-state to a final state with momentum p, obtained 

from the above expression for Tf. in the limit t •*• », can be 

. . 22,23 

shown to be ' : 

lT~ J2 +r 

where 

(N) l*i<p>l2 pÁ y ^ - « o e2E2 1 
(2w)2n 

2 

-Ç2 e2E2 

x «(§=- + IQ + ~ - Nfiu) , (20) k2m 9 , 22 
4m«zez 
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and $.(p) is the Fourier transform of the initial bound-state 

wavefunction. 

The transition rate is thus expressed as a sum 

of multiphoton contributions. The ionization threshold is now 
e2E2 

In + -
4mw2c2 

, instead of just IQ, SO that Einstein's relation 

gets generalized into 

e2E? i + I» + 4mw2c2 

The extra term 

- Nfito = 0 . (21) 

can be interpreted as a potent ial 
e2E2 

4mw2c2 

energy associated with the ponderomotive force, when the motion 

of the ionized electron is averaged over many periods of the 

applied field. This kind of energy was discussed in detail by 

Kibble21*. As the ionized electron leaves the focal region of the 

laser, this potential energy gets transformed into translation^ 

kinetic energy of the electron. For a Neodimium laser (with ñu =leV), 

one has 
e fcn -13 

(22) 
0 - 10"13 I eV 

4n»w2c2 

if the intensity I is given in W/cm2, so this term starts becoming 

important for intensities larger than 1013 W/cm2. 

In order to get a tunneling-like expression, one proceeds 

as follows. The sum over n in the above expression for wj. is 

evaluated by using the integral representation 

+• 
I 

n=-<*> 
J n ( a , J N + 2 n ( b ) - 27 

+ir 
d e e i (N6-b sine+a sin20) . ( 2 3 ) 
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The expression for wf.(p) is then integrated with respect to p, 

in order to get the total transition rate W from the initial 

state. One gets 

(24) 

00 

W - N=l 2 * 
1 

* S P « < § ¡ + *< 
• e 2 E o 

, + °- - Nfio.)|F ( p ) | 2 
4m»2c2 N 

where 

+ • i t P ) D 2 

(2ir) /2 J 

+1T 

f 1 Io 
d e « « P j 1 ITS 

e p . i 0 i 
S in e + - = - sin 

( 1 + - 1 + _EÍ_ 
u +

 2 y 2 2ml0 

261 . 

e 

(25) 
mfiu>2I0c 4 Y 2 J 

This last integral can be evaluated by the saddle 

17 2 3 

point method ' , under the conditions I0/fiu>>>l and E0<<5E . 

This l a s t condition, derived in Ref.23, imposes a high-intensity 

l imit on the region of appl icabi l i ty of Keldysh's formula. The 

integral over p i s then approximately evaluated, and the sun over N 
17 18 

is calculated by transforming it into an integral ' , in the 

limit y«l. One gets then: 

H « f (E0/Ec)exp [- | gS (i- li + ...)J . (26) 

The specific form of the pre-exponential factor in the 

above equation depends on the choice of the bound state wave 

function. Keldish17 has choran it as the ground state of the 

hydrogen atom, obtaining then f (EQ/E )a(E0/E )'
2 . Perelomov et 

al18, on the other hand, dealt with short-range potentials, 
3/ 

obtaining P(EQ/E )o(E0/E )
/ z , for unpolarized atoms» It aJso 

depends on the choice of gauge. 
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Except for the pre-exponential factor, this expression 

for W goes over into the static field one, when «o-»-0. The 

discrepancy in the pre-exponential factor between Keldysh's result 

and Eq.(11) may be due to the fact that Keldysh has not taken 

into account the long-range nature of the Coulomb field. Another 

important point which must be considered when the two expressions 

are compared is that the WKB expression is valid for E<<E , while 

Keldysh's expression should not be valid in this whole region, as 

our discussion below will indicate. 

18 19 2 0 * 

Other approaches ' ' have led to similar results, 

and have been shown in fact to be equivalent to Keldysh's 

method23, except for the choice of the gauge or the initial wave 

function. 

In the experiment by Lompre et al 1\ the region y<l 

was attained for the first time (Y=0,32 for He and -y=0,36 for Ne). 

For neon, the applied electric field was about the same as the 

critical field. However, their result was not fit by a Keldysh-

like expression (which would imply a lowering of the slope of the 

curve in the plot of the ionization rate versus the intensity of 

the applied field). In the experiment by Boreharo et al. ' , 

on the other hand, where y was in the range 0,6-0,1 and again 

E /E «1, the experimental points are fit by Keldysh's expression. 

This raises the question as to the range of validity 

of Keldysh's expression, which we shall now examine. 

e) Range of Validity of Non-perturbative Treatments 

This question has been examined in Refs. 22 and 23, 

where it was shown that the above mentioned non-perturbative 

treatments could be derived from conventional Green's function 
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formalism; within this framework, they correspond to an expansion 

in the intra-atomic potential V, which should be valid for 

sufficiently intense applied fields. 

In order to understand what kind of expansion is 

involved, we proceed as follows. Let 

H = H0 + Hj , (27) 

"0 - ^ + v<r> * (28> 

HT = " ¿ P-A + ̂ ^ * (29) 
1 mc 2mc2 

Let G(x,x') be the Green's function corresponding to 

H, Go(x,x') be the one corresponding to Ho, and G'(x,x*) the 

one associated with ?r- + H I :x stands for (x,t) . 

Let the initial state of the system be «I». (x) = 

= V. (r)e , where T. (r) is an eigenstate of HQ corresponding 

to the eigenvalue E.. Let 

*{+)(x) = ^(x) + Id^x'Gíx^x'jHjCx'J^íx') . (30) 

Then the exact transition amplitude from the initial 

iEft 

state ^(x) to a final state *f(x) - *f (r)e
 R , where #f (r) 

is also an eigenstate of H0(with eigenvalue E f ) , is given by: 

T £ i = fd*x • J w H j W ^ t x ) 

- fd^x *J(x)HI(x)* i(x) + ífd^x dI»x'«*(x)HI(x)G(x,x')HI(x»)*i(x'). 

Now the Green's function G(x,x') may be expressed in 

terms of G'(x,x') as follows: 
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,(x.x%) =G*(xtx*) + [d^G* (XjX-ÍVÍx^Gíx^x*) , (32) 

This expression can be used as the starting point for 

an expansion of G(x,x') in powers of V. Approximating G(x(x') 

by G'(x,x*)f which corresponds to taking the first term in that 

expansion, one gets for Tf. : 

T f i = jd
1^ **(x)HI(x)«i(x) + 

+ ifd^x dSc't^MHjíxjG'ÍXfX'jHjíxM^íx') . (33) 

This expression is now easily shown to yield Keldysh's 

expression for the transition amplitude when •.(x) is taken to 

be a bound state and 

[H- -E!t/| •£(x) - - ^ r - e x p Lg(p.x-^)J . (34) 

(2ir)/2 

In order to show that, one uses that a Volkov state 

3¡f (x) can be expressed in terms of the above 4>f (x) as 

?£(x) = * f(x) + íd^CíXfXMHjOOtjíx') . (35, 

Replacement of this expression in Eq. (16) yields 

precisely Eq. (33). 
18 19 20 

Expressions proposed by other authors ' ' are 

also obtained in this way, under a suitable choice of the initial 

state and of the gauge of the laser field. 

One should notice that, for very weak fields, Tf, can 

be approximated by the first term on the right-hand side of 

Eq.(33), which coincides with the first-order perturbation theory 
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result. On the other hand, for stronger fields, the second term 

on the right-hand side becomes relevant. In order for it to yield 

an accurate result, the expansion of G in powers of V must have a 

fast convergence, which means that the laser field must be 

sufficiently large. 

Thus, the so-called non-perturbative treatments should 

be valid in two non-connected regimes: either for very weak fields, 

when first-order perturbation results are retrieved (except for 

further approximations which are made when one actually evaluates 

the ionization rate, as, for instance, when applying the saddle-

point method), or for very large fields, when the first term in 

the V-expansion should yield a good approximation. 

The precise evaluation of the region of convergence of 

these methods in terms of the parameters y and E0/E remains 

however to be done. 

5. CONCLUSION 

Many other processes can be treated along similar 

lines25. Some of them have been discussed in the review by 

Ehlotzky3, where an extensive bibliography can be found. 

The experimental and theoretical investigation of these 

processes remains an area of great interest, which is further 

stimulated by the possibility of extending the techniques so far 

developed to the analysis of the interaction of strong laser 

fields with other systems of interest, like molecules and solids. 
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FIGURE CAPTIONS 

Fig.l - Energy-loss spectrum of e - Ar scattering. The incident 

electron energy E. was 11 eV and the scattered electrons 

were detected at an angle of 153 (with respect to the 

incident beam) and energy analyzed. The energy resolution 

of the spectrometer was 55 raeV. (a) Without laser field. 

The circles show the measured experimental points and 

the estimated outline of the process is drawn with a 

solid line, which was obtained by tracing out the elastic 

peak with a ratemeter and scaled to fit the maximum 

counts, (b) With laser field. A pulsed CO2 laser was 

used, with a peak power of 50 MW, and photon energies 

equal to 0.117 eV. After focusing, flux densities of the 

order Of 109W/cm2 have been achieved in the scattering 

center. The circles with error bars show the measured 

points and the estimated outline of the multiphoton 

(emission and absorption) processes are drawn in with 

solid lines obtained by scaling down the elastic peak 

as in (a) (From Ref.12). 

Fig.2 - Log-log plot of the number of neon and helium ions as a 

function of the laser intensity at the focal region. The 

ions are produced by a bandwith-limited 30-p sec laser 

pulse at 1.06 urn, with an intensity of 1015W/cm2(From 

Ref.14). 

Fig.3 - Potential barrier for static field ionization (Stark 

effect). The potential energy is shown as a function of 

z, with x and y kept fixed. The dotted line represents 



the atoiuic potential, tae dashed line the potential 

energy due to the external electric field, and the 

solid line the total potential. 

Fig.4 - Plot of F(x) = x2exp(2/3x). 
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