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ABSTRACT

We compute the one-loop contribution to the low-energy light-fermion gauge

coupling in a finite supersymmetric gauge theory with two mass scales: a heavy

mass that breaks an initial H = 4 supersymmetry down to N = 2, but respects

the finiteness, and a light mass that, for simplicity, is set to zero. We find

that the coupling grows with the mass of the heavy intermediate states. Hence

the latter do not decouple at low energies, leading to large logarithms that

invalidate low-energy perturbation theory. Consequently, further manipulations

are required to obtain a meaningful perturbative expansion.

Enforcing decoupling through finite renormallzations,that absorb the heavy

mass effects into a redefinition of the parameters of the Lagrangian,introduces

an arbitrary subtraction mass JJ, . The requirement that the S-matrix elements

be independent of JiK leads to a non-trivial renormalization-group equation

for the low-energy theory, with a non-vanishing /3 -function.
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1. Introduction.

The current interest in finite field theories is based on a number of

considerations. These include the common belief that gravity should be part

of a unified theory of all interactions. If such a theory turns out to be

non-renormalizable, then one would have to consider theories that are complete

ly finite Q 1 ~2 • All known finite models are (extended-) supersymmetric, and

the first step towards realistic model-building is to break supersymmetry ,

while maintaining finitenesg. This can be achieved via "soft" breaking terms

that satisfy certain constraints, and thus do not generate ultraviolet diver-

gences Q 2 ] . (The situation regarding the infrared divergences remains open.

See, however, C 3 D •)

Realizing the aboveprogrammerequires solving a number of problems. Aside

from those related to a realiBtic low-energy spectrum, such as the choice of

the gauge group, the pattern of symmetry breaking, etc., there are questions

of a more formal nature. Here, we wish to study the following ; in a finite

model, the A -function is identically vanishing; consequently, insisting on

finiteness, how could one end up with violations of naive scaling as predicted

in QCD and observed in deep inelastic scattering ?

Notice that this is entirely different from the situation in renormalizable

models with a hierarchy of symmetry-breaking scales. For example, in SU(S)

the mixing angle 8 receives infinite renormalization, and consequently is

uncalculable. However, if SU(S) is the low-energy sector of a larger theory

such as SO(10), then one could use the full SO(10) Lagrangian to calculate a

finite sin 8 . Therefore, it is the full Lagrangian that leads to an im-

proved answer. In the case of finite theories, we have exactly the opposite :

suppose that QCD is the low-energy sector of a finite theory. Then, computing

*arn u s i n g t n e f u l 1 Lagrangian would give the incorrect vanishing answer ,

while restricting oneself to the incomplete low-energy sector leads to the

correct and realistic result.

The basic observation of this paper is that in finite models with multiple

mass scales, the heavy sector does not automatically decouple at low energies.

This leads to large logarithmic corrections to the low-energy couplings that

invalidate perturbation theory. This forces on us a redefinition of the
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expansion parameters that leads to a non-vanishing A-function at low energies.

In Section 2, we introduce the simple model we use to make the above remark

concrete : N = 4 s<:.° -Yang-Mills with an SU(n) gauge group. The K = 4 super-

symmetry is softly Ken down to N = 2 through finite mass terms. And we

explain qualitative y why certain light-particle amplitudes are not expected

to exhibit decoupling. These are the amplitudes that would be divergent in

the absence of the heavy sector. (Recall that the latter plays the role of a

regulator in theories of that type, in the sense that they render the full

theory finite.) This is shown in Section 3 by explicit calculation of the 1-

loop contribution to the gauge coupling of the light fermions. We find that

it grows as the logarithm of the heavy masses. These heavy-mass effects signal

a violation of decoupling, and lead to the breakdown of perturbation theory

referred to above, since the effective expansion parameters are no longer

small. Consequently, one cannot rely on the predictions of such a perturbative

expansion, including that the low-energy ^3-function vanishes.

In order to obtain a sensible low-energy theory, one has to enforce decoupl-

ing. This is achieved via finite subtractions that amount to absorbing the

heavy-mass dependence into a redefinition of the parameters of the Lagrangian.

However, this introduces ambiguities in the corresponding Green's functions

which are parametrized by an arbitrary mass scale Ur : the counterpart of the

renormalization scale introduced in theories with infinite renormalizations.

And similarly, imposing the condition that physics be independent of U> , one

obtains a non-trivial renormalization group equation for the low-energy theory,

with a non-vanishing Q-function. Section 4 contains various comments on the

above result and a discussion of the situation in the presence of low-energy

chiral anomalies that are absent in the full theory. An Appendix contains our

conventions, a number of algebraic relations and other technical details needed

in the calculations.
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2. The Model.

Pure N = A super-Yang-Mills has the following physical content : a gauge

vector, 4 Majorana spinors, 3 scalars and 3 pseudoscalars. All fields are

massless and transform in the adjoint representation of an arbitrary compact

semi-simple Lie group. In terms of N = 1 superfield;;, the theory contains a

a r s-a
vector superfield, V = V G , and 3 chiral supermultiplets, $. - $. G ,

a i i a

with i = 1,2,3. The G 's are the generators of the gauge group in its

adjoint representation. The global 0(4)-symmetry of the SUSY charges ensures

that the gauge and pure matter sel-interactions are given by the same coupling

constant, g r the only parameter in the theory. The complete action for the

model is given in the Appendix; its finiteness has been proven in [ 4 , 5 ~J .

Here, we wish to break the N = 4 SUSY down to N = 2, while maintaining

its finiteness. Following Z^I > w e a d d t o t n e action an arbitrary 3-parameter

superfield mass-term for the chiral scalar multiplets. This is

tr j d 49 if. j. + h. c. (2.1)

where m is a real symmetric 3x3 matrix. S is readily seen to be gauge
mass

invariant, as §. has the gauge transformation

f. . > §. ' = exp(iA-) $. exp(-iA-) , (2.2)

/V is an arbitrary Lie-algebra-valued chiral superfield. However, it explicit

ly breaks the SU(d)-invariance of the superspaee action C ^ 3 . By various

choices of the mass parameters m, . , one controls the residual SUSY. In

general, one ends up with the following spectrum : massless gauge and gaugino

fields, as required by gauge invariaoce and the residual SUSY respectively, and

a set of fermions (f) and bosons (b) with various masses that satisfy the con-

dition

2_| m = 2
b b f

(2.3)



Here, we shall consider for simplicity the mass-matrix

ij
(2.4)

with m = m = 0 , and m ^ 0 being a heavy mass. Thus, we have a single

heavy fermion, scalar and pseudoscalar fields, all others being massless, i.e.

from now on a "light" particle will actually mean a massless one.

As for our actual calculations, we use supergraph techniques Q 7 ] , and

extract the desired component results at the end. We adopt the SUSY—covariant

gauge

gauge-filing
tr

16
J 4 4 2 - 2

d x d e D V . D V , (2-5)

and set C^ = 1 in order to avoid serious infrared problems C s H• Moreover,

explicit general gauge calculations £ 9 ] show that the 1-loop corrections to

the vector propagator and trilinear-vector vertex are finite only for that par-

ticular choice of Ot . Our superfield Feynman rules are included in the Appendix.

Next, we remark that since the theory is finite due to cancellations between

fields of different masses, one may regard the heavy sector as a regulator for

the light one. Consequently, there is an analogy with the situation in ordinary

field theories made finite by adding Pauli-Villars regulator fields. The only

difference is that in the latter case the regulators are non-physical, since

they have the same spin as the physical fields and are assigned the wrong

statistics in order to achieve the desired cancellations.* Now, in a Pauli-

Villars-regulated theory, the regulators act as virtual particles in the renorm

alization parts (superficially divergent 1-particle irreducible Feynman

amplitudes) of the physical fields. Evaluating the latter, one finds that they

are proportional to the heavy regulator mass with the same power as the super-

ficial degree of divergence. For example, a logarithmically divergent diagram

would behave as loe(m / Ut ) , where m is a typical regulator mass
reg J reg *"

and M» is an arbitrary renormalization scale. As we take m I rt>
I reg

one recovers the divergence and suitable counter-terms have to be arranged for.

From this analogy, we expect the scattering amplitudes of the light sector

of our finite theory (the analogue of the physical sector in a Pauli-Villars-

regulated theory) to exhibit similar behaviour In terms of the heavy masses,

i.e. we expect those amplitudes of the light sector that would be divergent in

the absence of the heavy sector to depend on the heavy mass with the same power

as their superficial degree of divergence. In the next section, we shall verify

this explicitly.

* Historically, all attempts made to discover suitable physical regulators were

not entirely successful Z 1° 1 • I n a sense, extended SUSY succeds in doing

exactly that, through adding fields of different spin that retain their correct

statistics.
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1. Tha Calculation.

Following the above discussion, we choose to consider the 1-loop corrections

to the light-sector gauge coupling. Furthermore, for completeness, we include

the corrections to the external lines, i.e. we calculate the CKtD-contribution

to the full Feynman 'amplitude.

We start with the corrections to the external lines. in terms of supergraphs,

we have to consider the diagrams given in Figs.l and 2.

P' = P-q

(l.a)

Fig.i

Matter gauge coupling supergraphs accounting for

1-loop corrections to the external chiral lines.

(l.b)

Matter gauge coupling supergraph accounting for

1-loop corrections to the external vector line.

-T-

m • *! #

Calculating these diagraraB and extracting the component contributions we

are interested in, we obtain :

(Fig.la)
= U 4 j | g (iC f. ]

• C J(mi ; p ) - \ K(mk, ny p ) - % Mfry n ; p
2) 2> (3.1)

(Fig.lb)
) 2 g

3 (i c f
1 a

P'
2 2

C J(m. ; p' ) - X M(m , m ; p' ) - Y2 M(m , m ; p' ) J , (3.2)

k 4 1 4 i

and

(Fig.2)
S (i C f V q»

C 6 + > j I(m. ; 3 . (3.3)

where f stands for the structure constants of the gauge group and C is

a Casimir coefficient defined through f f = C 5 . The explicit
amn bmn 1 0 ab

expressions for the functions I, J and M can be found in the Appendix,

Since we wish the external fermion to be light, we choose i = 1 and

consider the limit • CO . Keeping only those contributions that

diverge with m , we find that both corrections to the fermion and gauge-boson

2 2
propagators exhibit a log(m / p ) behaviour, in agreement with expectations

baaed on power-counting together with Lorentz and gauge invariance.
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Next, we turn to the 1-PI coupling given in Fig.3.

b

Fig.3

1-PI diagram contributing to the light-fermion

gauge coupling.

The supergraphs with non-vanishing 1-loop contributions are collected in Fig.4.

(4.a) p-q

(4.c) (4.d)

(4.e) (4,f)
Fig.4

Supergrapha contributing 1-loop corrections to

the matter gauge coupling.
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The desired component expressions T . v A
(i/c

7. )

(Fig.4a) : - 3 g3 (i C f ) « , (3 .4 )
1 6 /-» J , , 4 2 2 , 2

' (2 Jt) k + m. (k + p - q)

(Fig.4b) ; - _3_ g (i_3_ g3 (i C f ) W f
16 1 3bC Vtf J

1 , (3.5)
4 2 ? 2

(2jl) k + m. (k + p)

(Fig.4c) : 1 g3 (I C f ) f
I 1 abc j

•{

d k 1
4 2 2 2 2 2

(2JC) k {k + p) + m (k + p - q) + m
I i

2 2
+ (2p - q}.k + (p - q).q + m. ] *| - p (p - q)

C 1* . (2p - q) + p p + (p _ q) (2p - q) 3 + i £ (k+p)1

" \
(3.6)

(Fig.4d) : 1 g3 (i C f ) I

8 1 ̂  J (m
4 J 2 2 2 2 2 2

(27L) |_ k +m (k+p) +m (k+p-q) +m
K 1 1

«m )

{- - q) .k + (p - q) .p - P (p - q) +

(2p - q) + p (p _ q) 2 -it _ (k+p ) " q L , (3.7)
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(Fig.4e) : 1 g3 (i C f ) P d4k (~
- 1 abc I 7 I

and

2 2 2 2 2 2
k +m lk+p) +m (k+p-q) +m

( m \ > ] (3.8)

where tXr is an arbitrary subtraction mass. Thus, we end up with decoupled

2
amplitudes where the m dependence is replaced by a dependence on the

arbitrary mass JJL . However, one has to impose the condition that all

' 2
physics be independent of IX . This is analogous to the situation regarding

the intermediately renormalized Green's functions in a renormalizable theory
2

(they are obtained following the infinite subtractions, and depend on Uf )•

Therefore, one can similarly proceed, and end up with a non-trivial renorm-

alization-group equation with a non-vanishing /3-function. We will not go

through this here since it is identically parallel to the standard treatment

(Fig.4f) : 1 g3 (i C f ) fI 1 abc Jd k

(2JE) (k + p ) 2 (k + p -

t* • p ( p - q) k (2p - q)

1 (3.9)

To simplify the computation, we set the external momentum q = 0 and then

2 2
evaluate the leading term in m to obtain the log( m / p ) behaviour

once again. Though (3.8) has an explicit m factor in the numerator,
2

its overall behaviour is inversely proportional to m . Diagram (4f) gives

no contribution which diverges as m » M . Hence, we have verified

our initial conjecture.

These heavy-mass effects will have to be absorbed into a redefinition of

the parameters of the Lagrangian : a finite renormalization. But first they

have to be separated in a local form :

log( m / p ) = log{ ra / U, ) + log( U,2 / p2) , (3.10)

-12-
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4, Discussion.

Regarding our SUSY-breaking term : In addition to (2.1), another viable

way to introduce multiple mass scales in the N = 4 model would be through

breaking all SUSY's, keeping the fermions massless and giving masses only to

the matter scalars and pseudoscalars £ 12 J . This is done via an explicit

breaking term of the form

J 4 2
d x d e

.. K $J + h.c. (4.1)

while finiteness is still maintained to all orders £ 2 ] . Clearly, the line

of arguments of the above analysis applies here too.

Next, we turn to the issue of low-energy chiral anomalies. Since the

original massless theory is finite, it is anomaly-free. Now, suppose that

the extended SUSY is broken such that the low-energy theory has a non-vanishing

K> -function as discussed above; then, if there still is a residual SUSY, it

would demand a chiral current whose divergence is in the same supermultiulet

as the dilatation anomaly £ 14 "2 . Furthermore, the low-energy theory may

have a non-cancelling global chiral anomaly of the Adler-Bardeen type. The

question now becomes how would such anomalies emerge given that the full theory

is anomaly-free, since the SUSY-breaking is achieved through mass-terms, while

the anomalies are mass-independent. Here, the analogy with Pauli-Villars is

once again illuminating. In that case £l5 J, gauge invariance is automatic ,

while the conservation of the chiral current is violated softly through mass-

breaking terms : the masses of the heavy regulators, the analogues of m in

our case ( "Soft breaking" is used here in the original sense of Schroer
2

and Symanzik C l 7 ^ . ) However, in the limit of m ^ oO ,

6 P Q ( P and q are the external momentathese terms have the limit

in the triangle diagram) appropriate to hard, mass-independent (i.e. truly

anomalous) breaking. At the level of the Green's functions, these amount to

the generation of operator insertions of the form F F.

In our case, we expect exactly the same thing to happen. To put it

qualitatively, from the viewpoint of the effective low-energy theory, a mass

-13-

term that is larger than the momentum range of validity of the theory is effecti-

vely a hard term, since softness in the sense of Ql6, 17]] refers to the

existence of a range of momenta within the domain of validity of the model where

the mass terms are negligible.

Finally, we remark that it follows from the above analysis that once we

enforce decoupling, we are left with a low-energy theory that is just as

ambiguous, and thus requires the same renormalization conditions, as the

corresponding renormalizable theory with the heavy sector absent already at the

Lagrangian level. Consequently, it seems that the two theories are identical

at low-energies. If this is strictly true, for all such theories, it would be

disappointing, since it is obviously desirable to be able to detect the effects

of the overall finiteness even at low energies. However, a detailed analysis

in this direction is beyond the scope of this work.
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Appendix.

Our spinor algebra conventions are those adopted in Ref. £ 12

Our covariant derivatives are given by

and
Vp)

D (p) = - d - 8*
k *

(A.I)

(A.2)

The algebra of the covariant derivatives together with the component-field

expressions

i (A.3)

e = e = o

and

PD , D,]v = 2C*1 Â  (A.4)

e = e = o

have been our basic ingredients in extracting the desired component results

from the supergraph calculations of Section 3.

The complete action, S, for the N = 4 Yang-Mills theory written in terms

of N = 1 superfields C 4 H is

S = S + S + S +S
gauge gauge-fixing ghost matter-gauge

+ S
matter coupling

(A.5)

gauge
1 tr

64 g
J d29 w" W + h.c. , (A.6)

where g is the coupling constant (the only parameter of the model) and

-15-

V D 2 D exp(gV) V =

S is taken exactly as in (2.5).
gauge-fixing

S
ghost gv

+ ( cotgh % L v ) ( c - c ) (A-7)

where c' and c are Grassmann-valued chiral superfields and L stands

for the Lie derivative.

,•4 4

S tr 1 d x d 9 exp(-gV) $ exp(gV)
matter-gauge *

(A.8}

and

matter coupling J.. [$. ^ h.c.

{A.9)

i,j,k = 1,2,3 ,

5 = i G
i i a

Taking into account the superfield mass-term (2.1) with the choice (2.4)

for the mass matrix, the chiral-superfield propagators read

< T (T. $. (A.

and

$' Jj r i 4

-lG-

- e
2

(A.11)



The free vector-multiplet propagator, for 0t> = 1 , is

< T ( V3 Vb ) > = - r + i' - « 2 ) • (A. 12)

The vertex Feynman rules relevant for our 1-loop calculations are :

(g/16) (if . ) + all permutations of
abc

the derivatives ; (A.13)

la

ia

(A.14)

id
2

= (JS g ) (if if . + if if )
abe cde ace bde

(A.15)

Finally, we quote the explicit expressions for the functions K m i p ),
2 2 *

J(m. ; p ) and M(m. , n. ; p ) used in Section 3.

H(mi , n ; p ) . a log a + b log|t>| - (a - 1) log(a - 1) +

+ (1 - b) log(l - b) - 2, (A.17)

with

a (b)

2 2
Km. i p ) = M(m. , m. ; p )

and

J(mt ; , 0 ; p 2 ) .

z
p J

(A.18)

{A.19)

(A.20)

and

g (i £, . ) (i f )
v ljk abc

(A.16)
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