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ABSTRACT

Measured s t r u c t u r e f ac to r s of l i q u i d a l k a l i metals a re examined

,„ the framevork of screened-pair-potentials theory. Information on the

. - • - t ractive well in the effective pair potential is obtained from the

r a l d a t a b y an approximate method stewing from an optimized random

p ^ , - treatment of the indirect ion-ion attraction. The result, are compared

«^h a variety of theoretical pair potentials in the cases of sodium and

potassium, after a test of the method against computer simulation teta on

a model for rubidium. Results for theotheralka.lt metals are also given

and discussed. The small-angle scattering region is then examined in

considerable detail, with special attention to the possibility of a linear

term in a series expansion of the structure factor at very small momentum

transfer. Although sensitivity to both the bare electron-ion coupling and

the local field factor in the screening function is demonstrated and analyzed,

no linear term of the magnitude reported in recent X-ray diffraction

experiments is found in the present theoretical framework.
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I. INTRODUCTION

Effective pair potentials between screened Jons provide the basis for

calculations of the structural and therriodynamical properties of simple liquid

petals. These pairs potentials are commonly evaluated by treating the

electron-ion coupling through the use of the usein'opoteirtial concept and of

linear screening theory. The sensitivity of the results to the exchange

and correlation terms in the screening function and to the bare pseudopotential,

and. also to details such as the distribution of the depletion hole charge and
1 2)the inclusion of effective mass corrections, is well known ' .

Conversely, an assessment of pair potentials from liquid structure

data has been sought since the early proposal by Johnson and March

However, the simplest statistical theories of liquid structure, namely the

Born-Green, the Percus-Yevick and the hypernetted - chain approximations,
h 5)

have proved to be inadequate for this task . More sophisticated approaches

for the inversion of measured structure factors to obtain pair potentials have

appealed to the use of perturbation theories on a reference liquid of hard

spheres , improvements on Kirkwood's superposition approximation , and

inclusion of contributions form bridge diagrams in the pair distribution

function , Improvements of liquid-structure theories aimed at achieving
9)thermodynamic consistency cannot be easily extended to liquid metals, where

a structure-independent term plays a crucial role in the free energy. Of

course, it cannot be excluded that non-linear three-body interactions may

not also play a role at a sufficiently refined level of quantitative structural

detail.

We examine In this paper the connection between structure and pair
10)

potentials for liquid alkali metals through the use of a statistical approach

which adopts a one-component classical plasma of bare ions as the reference

system and handles the indirect ion-ion attraction via electronic screening

by an optimized perturbative treatment. This vork has demonstrated that in

these liquid metals the observed structure factor at wave numbers above the

main peak reflects almost exclusively the bare interionic Coulomb repulsion,

and we focus here on the structure at wave numbers below the main peak. We

are concerned with two main questions, namely (i) the extent to which the

structural data in this region are sensitive to the pair potential, the data

being approximately converted for this purpose into an effective pair potential,

and (ii) the behaviour of the structure factor S(k) at small scattering angles.

The possible presence of a linear term in the small-k expansion

S(k) = S(0) + a^k + ... vas recently suggested by Matthai and March '
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12)and seems confirmed by the X-ray diffraction patterns reported by Waseda

Matthaiand March related such a term in S(k) to the behaviour of the
dispersion curve of collective excitations in the liquid metal, but a
theoretical analysis has not been given so far even in the framework of
screened-pair-potentlal theory.

The layout of the paper is as follows. In Sec.II we outline- the

theoretical approach and i t s use in inverting structural data, testing this

against simulation data on a model of liquid rubidium. A set of theoretical

pair potentials i s briefly presented in Sec.Ill and these are then compared

with the results of the inversion of available structural data for alkali

metals in Sec.IV. Gec.V i s devoted to the discussion of the small-angle

scattering region, and concluding remarks are given in Sec. VI.

parameter I = B(Ze) /a, where a is the radius of the atomic sphere.

An optimization of the RPA is in fact indispensable and can be

achieved by imposing the physical condition that the pair radial distribution

function g(r) is zero within a suitably chosen hard-core diameter a.

This optimization scheme yields
10)

S(k) = SQ(k)/[l - nBu(k)30(k)] (£.10

where the optimized potential u(k) is determined by the conditions

u(r) = u(r) for T > a (2.5)

and

II. STRUCTURAL THEORY AND ITS APPLICATION TO THE IHVERSIOM PROBLEM

The effective pairwise interaction 'V (r) between the ions in a

liquid metal is the sum of the direct Coulomb interaction (Ze) /r and

of an indirect term u{r) due to electronic screeningj

<D
r) (2.1)

The Fourier transform of the indirect term is sometimes called the energy-

vave number characteristic and it is convenient to introduce the

normalized energy-wave number characteristic F,,(k) through the equation

u(k) (2.2)

When the indirect interaction is treated in the random phase approximation (RPA).

the structure factor S(fe) of the liquid metal is given in terms of u(k)

and of the structure factor S^fk) of the classical plasma of hare ions on

a uniform neutralizing background by

S(k) = S0{kJ/[l - n(3u(k)S0(k)], (2.3)

vhere n is the ionic number density and B = 1/kgT. Sr,M depends on the

ionic valence and on the thermodynamic state of the metal through the plasma

5u(r)
= 0 for r < a (2.6)

fRpA[u(r)] being the RPA form of the free energy density as a functional

of u(r). For reasons already discussed in Ref.10, this approach to

structural calculations is reasonable, and indeed rather accurate, for liquid

alkali metals. We shall follov Ref.10 in evaluating SA(k) from the

U*j

generalized mean spherical approximation of Chaturvedi et al. , the hard-

core diameter cr then being the distance within which the radial

distribution function EQ(r) of the classical plasma is taken to vanish.

Clearly, given SQ(k) Eq.{2.1*} can easily be inverted to obtain u(k)

from experimental data on S(k). By Fourier inversion one then obtains,

according to Eq.{2.5), the indirect ion-ion attraction u(r) in the region

of interionic distances r > a, where pairs of ions can actually be found.

The effective pair potential in the same region follows from Eq.(2.l).

An approximate implementation of the inversion scheme outlined Just

above can be based on the result ' that u{k) is very close to u(k)

up to its first node (lying at k = k^, say) and almost zero at somevhat

higher wave numbers. We therefore have the approximate result

k d k sin(kr) (2.7)
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This expression dravs attention to the structure factor in the region of wave

number below its main peak as the most important source of information on the

effective pair potential in the alkalis, in the physically relevant region of

Interionic distance.

the first hump in the potential is reasonably well reproduced when no

truncation in momentum space is operated, "but information on subsequent Friedel

oscillations is lost.

£.1 Inversion of computer simulation data on a model of liquid Bb

The approach proposed above for the inversion of structural data can

be tested "by comparing the pair potential that it yields from a structure factor

obtained in computer simulation with the pair potential which was used as

input to obtain this structure factor. Rahman has generated S(k) for

a model of molten Kb at 319 K by the molecular dynamics method, using a

pair potential evaluated "by Price et al. from Ashcroft's empty core model
i8)

and the screening function of Singwi et al. " , with an effective mass

correction to include band structure effects. It should be kept in aind that

the molecular dynamics method yields g(r) directly and S(k) by Fourier

inversion, with a likelihood of small errors in S(k) especially at small

wave numbers.

In Fig.l we report the pair potential used by Rahman together with

the results for Cp (r) and cPt(r) that we have obtained from the corresponding

S(k) by oux inversion method, using Z=l and the density and temperature

of the simulation experiment. The sensitivity to liquid-structure theory

is also illustrated in the figure by reporting the pair potentials that one would

obtain from the same structural data if one were to use the Percus-Yevick (FY)

of hypernetted chain (HNC) approximation.

Clearly, the present inversion method is reasonably accurate in

reproducing the correct pair potential in the region cf its main attractive

well, and indeed there is little difference between our results for r (r)

and for (p (r) in this region. The residual discrepancies between the
• t

output and input potentials probably arise to a large extent from

inaccuracies in our evaluation of SQ(l0 • At any rate, these discrepancies

are still relatively small compared with those of alternative procedures for

the a priori evaluation of pair potentials, as we shall see later in Sec.IV.

On the other hand, the results are much more sensitive to the input

structural data and to the details of the inversion procedure in the region

of interionic distance in the tail of the interionic potential. This is

shown also in Fig.l, on a vertical scale enlarged "by a factor 10. Clearly,

III. THEORETICAL PAIR POTEMTIALS

It is convenient to pause here for a brief presentation of theoretical

pair potentials before proceeding to the application of our approximate

inversion method to the liquid alkali metals. These pair potentials will

be compared with the results of the inversion of experimental structural data

in Sec.IV and will be used for calculations of S(k) in the small-angle

scattering region in Sec.V, The discussion will be mostly concerned with

Na and K, which have been most widely studied.

3-1 Local model potentials

A local model potential v(r) provides the simplest description for

the bare electron-ion coupling. We have considered three alternative choices

for v(r):

(I) The empty core model (ECM) of Ashcroft ' ,

for r > R

v(r) = (3.1)

for r. < ?.

involving an ionic core radius R as a disposable parameter. We have
)adopted the values of determined by Hasefrawa ami vJatabe

20)
from a fit

of electrical resistivity data through the Ziniâ . formula and used earlier in

calculations of surface and bulk thermodynar.i c properties ' . Slightly

different values are also available in the literature ' .

(ii) The modified point ion model (MPIM) of Harrison ,

2

(3.2)

with the values of the parameters a. and y determined by Wallace

the measured binding energy and compressibility oi1 the solid phase.

from



(iii) A local version of the Heine-Abarenkovmodel (LHAM) proposed by Popovic
25)

et al.

ir(r) =

-DZe2/E

for r > R

for r < B

(3.3)

with narajneters D and R adjusted to the energy of the solid phase.

in

The values of these parameters for Na and K are collected in

Table I. For these local model potentials the normalized energy-wave

number characteristic is given by

, (3.1*)

where v(k) is the Fourier transform of the bare electron-ion potential

and E(1C) is the dielectric function of the homogeneous electron gas.

The pair potential is then given by

f (r) (Ze)2

dk ( 3 - 5 )

3.2 flon-Iocal model potentials

We have also considered pair potentials constructed by the non-local

optimized model (OM) of Shaw . Several variants are possible, depending

on two physical effects.

(i) The use of model wave functions in the calculation of the conduction

electron density corresponds to a depletion of the electron density in the

ionic cores. The distribution of the depletion hole charges enters the

evaluation of F^fk) ar"^ ̂ eiuires a knowledge of the real wave function,

whereas only the total depletion charge p is available from model potential
P7) p6)

theory , Shaw assumed that the depletion hole is localized at the
Oft \

nuclei (point-like distribution) and later Appapillai and Heine assumed

i t to be uniformly distributed over an ionic sphere. Once F (k) ^ s

determined, by a procedure discussed by Shaw , the pair potential is

given by Eq.(3-5) with Z replaced by Z = Z - p . .

-7 -

(ii) The diagonal matrix element <kjv|k> , which enters the perturbation

expansion for the one-electron eigenvalues, has a wave vector dependence and

therefore cannot be fully absorbed into the structure-independent part of
pol

the total energy. This effect can be treated by introducing two

k-dependent effective masses, vhich can be approximately replaced by their

values at the Fermi energy. Appapillai and Williams have carried

through the analysis of this effect to obtain the modified F,,{k). The
a

pair potential is again given by Eq.(3.5) but now & is replaced by

Z » Z - (m/DLE)pa.

For the parameters in the bare OH potential for Na and K we have

used the values listed by Appapillai and Heine . These authors chose

the parameters so that the model potential has the same valence eigenvalues

as the spectral term values of the free ion. The same potential was used
2 22)

earlier ' in calculations of structural and thermodynamic properties.

3-3 Screening; function

The dielectric function e(k) in Eq.(3.1t) is given by

(3.6)

where X Q W i s the Lindhard polarizability and G(k) is the local field

factor, which contains the effects of exchange and correlation between the

electrons. We have used the results of Vashishta and Singwi for G(k)

in the calculations to be reported in Sec.IV below, but we shall also use
32}the results of Ichimaru and Utsumi in our discussion of the small-angle

scattering in Sec.V. The qualitative differences between these two

alternative choices for the local field factor will be discussed there.

IV. PAIR POTENTIALS IK LIQUID ALKALI METALS

Figs.2 and 3 report, for liquid Ha and K respectively, the pair

potentials that we have obtained from experimental structure factors and

compare them with some of the theoretical pair potentials introduced In the

preceding section. The structural data are those reported by Greenfield

et al. , Huijben and van der Lugt J , and Waseda ° " , There are

still appreciable differences between these data, especially In the low-k



region. Bearing in mind also the limited accuracy of our inversion method,

we have not reported separately the pair potentials obtained from the three

sets of data tut only indicated their spread in the form of vertical bars.

Our results are qualitatively similar for the two metals and a

common discussion can be given. First of all, the main attractive veil is

riasoi.atly well defined, while the subsequent oscillations are hidden in the

i.-nrcad of the data for Na and barely discernible for K. Focussing on the

uhape of the main well, the ECM, MPIM and LHAM local potential are not too

far from the data, with the ECM being perhaps preferable for Na and the

LHAM for K. Among the non-local potentials we report only the results

based on omitting both the depletion hole correction and the effective mass

correction. Inclusion of a spherically distributed depletion hole yields

an essentially equivalent pair potential, whereas the inclusion of either a

point-like depletion hole or the effective mass correction tends to deepen

the attractive well away from the inversion results.

We can therefore conclude on the basis of these results, that the

simplest version of non-local pair potentials yields close agreement with the

overall structural evidence which is available for molten Ha and K,

although some simple local potentials are also in reasonable agreement with

the data- We shall have to turn to a more detailed analysis of the small-

angle scattering region in the next section.

The structural data used in the calculations reported in Figs.2 and 3

refer to temperatures very close to the freezing point. Of course, the pair

potential extracted from the data should be independent of temperature, except

for a small effect of thermal expansion through the density dependence of

electronic screening. We have checked this point by inverting the structural

data reported by Greenfield et al. at two different temperatures, the

results being given for Na at 100°C and 200°C in Fig.lt. Similar results

were obtained for K.

Finally, we report in Fig.5 the pair potentials obtained by the present

inversion method for all the alkali metals, from the data of Waseda '

These may be compared with Shaw's OM potentials reported by Kumaravafiivel

and Evans . In the case of Li, one notices a contraction of the repulsive

part of the potential relative to the OH result, which would tend to remove the

difficulties that were met in Ref.2 in the calculation of the packing fraction

and the excess entropy for this system. The potential that we have generated

for Rb appears to "be too shallow when compared with the OM result. On the

other hand, in the case of Cs, we obtain good agreement with the OM potential
3I4)

when we invert the structural data of Kuijben and van der Lugt , but

strong discrepancies when we use Waseda's data as reported in Fig.5. Further

experimental effort seems advisable before one may attempt quantitative

analyses for Li, Rb and Cs.

V. THE SMALL-MGLE SCATTERING REGION

We turn next to a de ta i l ed analys is of the s t ruc tu re factor in the

small-k region. We sha l l present belov numerical r e s u l t s for S (k ) ,

based on the various t h e o r e t i c a l p o t e n t i a l s tha t we have presented in S e c . I l l

and discussed already in Sec,IV. However, i t i s useful t o discuss f i r s t

the low-k expansion of F^CK) and S(k),

We can wri te for t h i s purpose the expansions

(5.1)

and

G{k) =
(5.2)

The expansion (5.1) can be derived analytically, and its coefficients evaluated

numerically, for the local potentials considered in Sec.3-1. The expansion (5.2),

on the other hand, is a well known result for the homogeneous electron gas ,

with the coefficient a contributing the exchange and correlation term to

the electron-gas compressibility and the coefficient a determining the

leading density-gradient term in density functional theory for the inhomogeneous

electron gas. When these expansions are inserted in Eqs.tB-1*) and (3.6),

together with the expansion for the Lindhard function XQ(k), one has

(5.3)

37) for Sn(k), one finds that theFrom Eq.(2.3) and the low-k expansion

i

S(0) of the structure factor for k •+ 0, namely the dynamic compressibility

coefficient f,, involving the coefficients c., and a , enters the value

-10-

- 9 -



of the liquid metal through the Ornstein-Zernike relation. The various

pair potentials that we are considering do not give the same value for S(0)

and we shall be concerned "below only with the function S(k)-S(o).

The coefficients c_ and c^ in Eqs.(5-l) and {"?.2) enter to

determine the magnitude of the coefficient f in Eg.(5.3)- The best
38 39)

electron-gas calculations for a yield * a rather small negative value

for this coefficient, the Vashishta-Singwi values for G(k) being in

qualitative accord with this result. It turns out, however, that within a

range of values for ao which are available in the literature, and including
*" 22)

also the recent results of Iehimaru and Utsumi which lead to a positive

cu, the value of

the coefficient

f^ in Eq.(5-3) is essentially dominated by the value of

c_ in Rj.(5-l).

From the above discussion of the low-k expansion for F (k) in locaj.-

potential models, and bearing in mind the small-k expansion of S (k), we

expect that the behaviour of S(k)-S(0) with k is primarily determined by

the bare electron-ion coupling and does not contain an appreciable linear term.

The non-local OM potentials still lead to a behaviour of Fjj(k) which can be

closely represented by Eq.(5-3), and the optimization of the EPA leads only to

very small shifts in S(k)-S(O) at small k, relative to Eq.(2.3).

Fig.6 compares our RPA results for S(k)-SCO) in Ha near freezing

with experimental data from the tabulations of Greenfield et al. , Huijben
3^) 1£)

and van der Lugt and Waseda . Very similar results were obtained

for K and the following discussion is applicable to both systems. We

illustrate in this figure both the effect of various choices for the bare

electron-ion coupling and the effect of alternative choices for the exchange-

correlation function G(k), taking the results of Vashishta and Singvi 3 1'
32}

and Iehimaru and Utsumi as two somewhat extreme examples. In the former

case the function G(k)/k decreases monotonically with increasing k, while

in the latter it rises to a broad peak before k approaches 2k_.

A first obvious observation ts tnat there are very sizable discrepancies

between the three sets of data on the scale used in this graph. A linear term

is clearly visible only in Waseda1s data, in a region of wave number where all

our calculations yield only an approximately quadratic increase. At larger

wave numbers, the MPIM potential is closest to Waseda's data and can be pushed

to agreement with these data upon replacing the Vashishta-Singwi (VS) by the

Ichimaru-Utsumi (lU) local field factor. The results based on the ECM and
and

IltAM local potentials,Ion the OM non-local potentials are instead very close to

the data of Huijber. and van der Lugt. The results cased on the OM non-local

potentials are presenter} in the figure as vertical bars, covering the range of

values obtained by the various alternative choices for the depletion charge

and the effective mass as discussed in Sec.3,2.

VI. CONCLUDING REMARKS

The results that ve have presented in KIgs-2 and 3 for Na and K

can be looked upon as a rather sensitive teat of how different theoretical

pair potentials would fare in a calculation of the liquid structure factor,

within the optimized HPA approach based on the classical plasma as reference

fluid. As we have explicitly shown, the combined uncertainties associated

with the accuracy of the method and with the alternative sources of structural

data are still reasonably low in the region of t.hemain well of the effective

pair potential. Our main conclusion has been that the simplest non-local

model potential developed by Shaw is appreciably more accurate, in this region

of interionic distances, than the other potentials considered in this work.

The above conclusion rests, of course, on our adoption of the

Vashishta-Singwi results for the exchange and correlation terms in the

dielectric screening functions. Only the effective pair potential constructed

by the above combination of electron-ion coupling and electronic screening

should be regarded as tested in our work. An attempt to assess separately

these two ingredients in the pair potenbialon the basis of the present

structural evidence seems to us completely unwarranted.

In our further calculations in the small-angle scattering region,

we have seen that the pair-potential theory can be somewhat artificially

stretched to approximate agreement with the recent data of Waseda for

k ?J0.5 k̂ ,, but definite discrepancies remain at still lower wave numbers.

The most important step for further progress here seems to be an experimental

resolution of the discrepancies between data from different groups.
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TABLE I

KETAL

T(K)

n x 103[(au) ]

Z

a{a.u.)

kp(a.u.)

r

R>.u.)

ct(a.u. )

•y[Ryd. (a.u. )3]

V F
D

Reference for
structural data

Na

373

3.59

l

4.05

0.1)71*

208.7

l.TO

0.50

37

1.0133

0.3O79

K

338

1.88

1

5.03

0.382

185.5

2.21

0.69

66

1.1975

0.5723

Greenfield et al. - Ref.33;
Huijben and van der Lugt - Eef.31*;
Waseda - Refs.12 and 35-

•) Waseda's structure factor data are measured at 378 K for Ma and 3U3 K

for K. The values of n, a, 1 L and r are changed to the values

corresponding to these temperatures when these structure data are used.
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FIGUBE CAPTIONS

.l _ Effective pair potential from inversion of computer simulation data

on the structure factor of a model of liquid Rb at 319 K (unlabelled

full curve), compared with the pair potential used in the simulation

(dotted curve). The dashed curve reports the potential Cpt(r}

of Eq.(2.7) as obtained from the same data. The full curves labelled

PY and HMC are the results of inverting the data through the use

of the Percus-Yeviek and the hypernetted-chain theories. The

vertical scale has been enlarged by a factor 10 in the right-hand

side of the figure.

g.3 _ Effective pair potential from inversion of experimental structural

data from Ha near freezing (dots and bars), compared with the

potentials calculated in the ECM (full curve), HPIM (dashed curve),

LHAM (dash-dotted curve), and 0M (circles).

- Pair potentials for K near freezing. The symbols are the same as

in Fig.2.

- Effective pair potential obtained from inversion of the X-ray

diffraction data of Greenfield et al. 3 3 ) for Ha. at 100°C (dashed

curve) and at 200°C (full curve).

- Effective pair potential in the liquid alkali metals, from diffraction

data of Waseda 1 2> 3 5'.

- The function S(k>-S(0) as a function of k/ltj, for liquid Na DeB*^k)

freezing. The experimental data are from Huijben and van fler Lugt

(dots), Greenfield et al. 3 3' (circles) and Waseda 2 (crosses).

The theoretical results are based on the LHAM (dash-dotted curve),

the ECM (dashed curve), the 0M (vertical bars) and the MPIM (full

curves, using the VS and the IU local field factor).
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