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ABSTRACT

The dynamical structure of the Polncare gauge field theory coupled

to matter fields and some of its implications for a quantum theory of

gravity are investigated.

Essentially, the method of Belavin et al. for generating instntiton

solutions in Yang-Mills theory is transferred to the gravitational gauge

model. The result are as follows; For configurations obeying a modified

double duality Ansatz for the curvature the metrical background is determined

by Einstein-type field equations coupled almost canonically to the stress-

energy content of external fields.

Exact electrovac solutions with non-trivial torsion are derived from

the duality Ansatz. In a Euclidean space-time the corresponding pseudo-

particle solutions are expected to play a dominant role in the quantization

of gravity via Feynman's method of path integrals.
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1. INTRODUCTION

The overwhelming success in the experimental verification

of the Salam-Weinberg model (see Ref.2 for a review) of electroweak

interactions as well as the indirect empirical support for quantum chromo-

dynamics (QCD) as a coherent theory of strong interaction has increased

the believe that gauge field theories of the Yang-Mills type may

provide a true unification of all fundamental interactions.

The only obstacle for such s unification prograrmm appears to be

the universal gravitational interactions/ this was true at least by 1374 , Although

this force of every day life has found a beautiful geometrical interpretation

(7)
in Einstein's general theory of relativity , it does not fit completely

into the scheme of Yang-Mills theories. Most important it has resisted -

partly as a consequence of this - the quantization and renormalization

techniques being so successfull in the treatment of gauge models,

(8) (9)
However, after 1976,von der Heyde and Hehl were able to

devise a gauge field theory of gravity which is not only a macroscopically

viable model of gravity but is also expected to pass all criteria of a

microscopical gauge theory including an appropiate quantum realm.

Opposed to Einstein's standard theory of gravity the dynamics of

which is given by the familiar Hilbert action the gravitational gauge field

theory is much closer modelled after Maxwell's theory of electromagnetism.

In fact, already Hermann Weyl, the founder of the concept of gauge invarisnce

(10)
argued at the end of his famous 1919 paper , that the most natural

gravitational Lagrangian should be quadratic in Riemann's curvature tensor.

The so-called PoincarS gauge field theory (PG) of vo.n der Heyde and Hehl Is

based on a Riemann-Cartan space-time and consequently involves curvature

and torsion as dynamically occurring gauge field strength. The inclusion

of torsion does not only allow for a corractt macroscopic limit of

the theory but also yields a coupling to the spin of fundamental fermions

such as electrons, quarks and neutrinOB which is consistent with canonical

field theory . It is fair to presume that Einstein - would he have

known the spin of the electron and applied his equivalence principle -



would have built his theory likewise upon Piemann-Cartan spaces with

torsion.

The gravitational gauge model is based on the Poiricare group which

in flat Minkowski space is the field theoretical corner stone of

Wigner's classification of particles according to mass and spin. 1:

the modern formulation of gauge models in terms of fibre bundles the

gauging of the Poincare group is intricate and has lead a number of authors

. , . .. , (14-19)
to deviating proposals

Locally, the subgroups of translations and Lorentz rotations may

aquire a different status as gauge groups depending on the symmetry breaking

(20) (21)
involved. In a larger presentation of this subject TseytJin's view

to regard PG theory as a Yang-Mills-Higgs system has been further promoted.

On the other hand,von der Heyde's original interpretation
( 8 )

Of the FG

theory as a parallel-displacement gauge model
(22)

on an already curved

space—time background has found a profound understanding in terms of "soft

(23)
gauge algebras" . Eventually all these slightly different approaches

will merge into one coherent picture.

2. THE DYNAMICS OF THE POINCARE' GAUGE THEORY

Irrespective of the subtelties of the gauge-theoretical inter-

pretation proper, there exist a general consensus on the dynamical formulation

of the Poincare gauge field theory of gravity.

The independent dynamical varibles are the tetrad coefficients e-

and the connection coefficients f*j being antisymmetric

with respect to the last two indices. Following the conventions of the

(9)
Cologne group i,j = 0,..., 3 denote (holonomic) world indices and

«l ,k= 0,..,,3 are anholonomic (Lorentz) indices. These geometrical objects

are considered as translational (Higgs-type) fields and (Lorentz) rotational

group potentials, respectively.

The corresponding gauge field strength are the torsion

and the curvature

t
(£.2)

in Tfiemann-Cartan space (U ). D is the symbol for the exterior

covariant derivative. ^ R i c c i t e n s o r w i l 1 b e defined by F :-
Fy^i and the curvature scalar by F := F-y^.

Following the general ideas on Yang-Mills- type gauge fields

(2.3)

will be adopted as our most general, gauge- invariant Lagrangian density

for the gravitational field. It aajuires a richer structure than Yang-Mills

type lagrangians, inasmuch as it depends not only on the U -curvature

but also on the gravitational Higgs field ' el , on its associated

determinant e = det e"* and on torsion as well. The field momenta
l

canonically conjugate to translational and rotational gauge field strength

are defined by

2JL - •?.

•3 F-V *
>~Z (2.4)

Then the Euler-Lagrange equations of the gravitational field are of first

. (8)
order and take on the following, elegant Maxwell-type form ;

FIRST (2.5)

SECOND (2.6)

The external sources on the right-hand side of (2.5) and (2.6) are the

canonical momentum currents and the canonical spin currents of the matter

fields, if present. Compared to pure Yang-Mills theories with non-broken



internal gauge symmetries, additional terms arise in the field equations of

fG theory due to the universality of the gravitational interaction.

The nonlinear contribution

(27)
(2.7)

to the first field equation ccmpi"ises the energy-momentum currents of the

* * i

corresponds to the spin current of the translational Higgs fields. A

gravitational gauge fields, whereas in the second field equation

reformulation
(20)

of PG theory in terras of Lie algebra-valued diffe-

rential forms makes it particularly transparent that these equations

the
correspond formally to/coupled Yang-Mills-Higgs system rather than to pure

gauge field equations.

As equations of the some differential order the above field equations

are supplemented by the two Bianchi identities

(2.8)

(2.9)i «*?*"i?-/.)*
of Riemann-Cartan space.

The local space-time symmetries give rise to the two Noether

identities

(2.10)

~ e
(2.11)

provided that the material Euler-Lagrange equations are satisfied. In f lat

Minkowski space they degenerate to the conservation laws of energy-momentum

and angular momentum currents, respectively. This fact just i f ies physically

the identification of and J[ with the canonical tensors.

- 5 -

In order to keep as close as possible to the original Yang-Mills

theory as well as to Einstein theory of macroscopic gravity the canonical

(9)
field momenta (2.1) are usually taken as quasi-linear with regard to

torsion or curvature, respectively. In order to be open to more general

Lagrangians capable of generating an essentially nonlinear dynamics similar
(2fi)

to those proposed, e.g. by Born and Infeld in the case of electro-

magnetism, we may merely assume «£_ to be a sum of homogeneous polynomials

of degree t. and k. with respect to torsion and curvature. Applying

Euler's theorem on homogeneous polynomials to this case the Lagrangian

density may be written as

(2.12)

(9)
As an example the general Lagrangian of von der Heyde and Hehl can be

given the concise Form

(2.13)

provided the field momenta are of the following quasi-linear type:

(2.14)

(2.15)

••f* F-

From an analogy with the Cordon decomposition of the canonical

-. 6 -



(9)
currents of the Dirac field,Hehl favours the choice

A - XT 0 (2.16}

for a model Lagrangian. As we will see later en there may arise different

conditions on the secondary constants from quantization.

3. REDUNDANCE OF THE FIELD EQUATIONS

It is well known in general relativity that Einstein's field equations

and the law of covariant energy- momentum conservation are not independent

due to the contracted second Bianchi identity (2.9) in a V4.

A related redundancy occurs in the two field equations (2.5) and

(2.6) of PG . theory with respect to the canonical spin current. In

order to see this consider the anti-symmetric part of the first field

equation (2.5). In its anholonomic form it picks up an additional term

n. <* '' 1 _ A r- W *i _ * ^ * «r
Trf/SJ

(3.1)

On the other handjthe second field equation (2.6) after covariant differen-

tiation leads to the relation

(3.2)

Here the two-fold covariant derivative has been evaluated with the aid of

the formula (2.8) of Ref. (9).

Both equations being valid, a comparison yields

(3.3)

If the Euler-Lagrange equation of the gravitational coupled matter

system is assumed to be satisfied, the Noether identity (2.11) forces both

sides of (3.3) to vanish separately.

This argument may also be turned around: after insertion of the

explicit form of the antisymmetric part

Of 1* _ r* * Of'3

ii *- •• l/fl *£W| • ij * ••
(3.4)

of the energy-momentum current (2.7) the condition

.1 r

••» -

* ' '

(3.5)

on account of the field equations (2.6) and (2.7)atisures the validity of the

Noether identity (2.11).

As such, the relation (3.5) involves only the gauge fields and the

corresponding field momenta but does no longer involve the material sources.

4. SOLVING THE SECOND FIELD EQUATION BY A DOUBLE DUALITY ANSATZ

In order to solve the general field equations (2,5) and (2.6) the

(27)
Ansatz of Belavin et al. used in the derivation of the instanton

solutions of Yang-Mills theory wil 1 be -adopte*1 n-jre in an analogous form.

Already as oroposed earLier in the case of PG theory this

amounts to employing the modified double duality Ansatz

'* - T e
ufi i "5?

(4.1)

for the rotational field momenta. Similar as in a Yang-Mills theory with

the structure group SU(2) being enlarged (c.f.Rcf.29) to

- 8 -



SU(2) x SU(2) ar S0(4) this Ansatz involves the double dual curvature

tensor defined in terms of the anholonomic Levi-Civi!:a tensor £ "

(ror Lie algebra-valued forms this corresponds to the Hodge duality followed

by duality in the Lie algebra of the Lorentz group.)

It is a general virtue of such a duality Ansatz (c.f.Refs. 30-33)

that it v ill "rotate" the propagating part of the gauge field equations

into the corresponding Bianchi identity, thereby facilitating considerably

the search for exact solutions.

In the PG theory the insertion of {4.1) into the field equation (2.6)

yields

n
(4.3)

a result for which the first term vanishes identically due to the second

Bianchi identity (2.9). The addition of a double self-dual term, of constant

curvature in (4.1) is vital inasmuch as after covariant differen-

tiation it gives rise to acontribution being proportional to the modified

torsion tensor

• I

fit

By appropiately choosing the free constant j- this modified

torsion is able to compensate for part of the torsion contained in the

translational gauge field momenta. Without this device in vacuum torsion

would have been forced to vanish by our Ansatz.

With the aid of the identity

valid for any third rank tensorCdensity) being antisymmetric with respect to

- 9 -

the last two indices (4.3) may be solved for ..The result

•' * " * J (4.6)

relates the translational momenta and the densities of the torsion alge-

braically to the canonical spin density. As such it reminds us of the so-

called Cartan equation

T;;1' - (4.7)

(34, 35)
in the Einstein-Cartan theory

In the following we will restrict ourselves to a theory with quasi-

linear translational momenta given by (2.14). Then the decomposition

(4.8)

of the torsion into components being irreducible with respect to the Lorentz

group is instrumental for further analysis. These irreducible pieces

consist of the tracefree, symmetrical tensor torsion

(4.9)

the axial torsion and the vector torsion as specified above .

Using this decomposition of the torsion (c.f. Ref.33) as well as an

analogous decomposition of the spin tensor the constraint (4.6) splits into

the independent relations

(4.10)

(4.11)

and

- 10 -



f %r it (4.12)

So far the case of vanishing spin has been mainly studied.

Four cases have to be distinguished: For

(A) 'TspherjLcal"traceless torsion

a n d

has to be required, whereas for

(B) "spherical" trace torsion

is a necessary condition. For

(C) purely "axial" torsion

/ =• A^ - dj_ a n d

is mandatory in order to satisfy the second field equation*

The trivial case of

(4.15)

(D) vanishing translational field momenta, i.e. f =0 requires

(4.16)

provided solutions with non-trivial torsion are desired. For this type of

(32)
Lagrangianjstudied e.g. by Eenn et al. there arise no symmetry

restrictions on the torsion from our reduction procedure.

Note that the case of reducible spherical torsion, i.e. the combined

case (A) and (B) is possible if only if

(4.17)

- 11 -

Sflli ut* a:

holds. This condition is known to lead to the so-caLled viable set in

teleparal lei is:r theories of gravity '. This class of theories is known to

th
be indistinguishable from general relativity up to the 4 post-Newtonian

order.

As already remarked the remainder of the second field equation

resembles the Cartan equation in EC-theory . There, for a coupling to a

spinless source the torsion has to vanish on account of (4.7) thus leading

back to Einstein's theory of general relativity founded on a pseudo-

Riemannian space-time (V ). In PG theory there is a fundamental difference,

however. Since torsion has been liberated to become a dynamical field, even

in the duality-constrained case non-trivial torsion solutions can occur for

gravitational interacting systems without material spin.

5. REDUCTION OF THE FIRST FIELD EQUATION

The remaining task consists in the reduction of the symmetric form

+jx* (5.1)

of the first field equation (2.5). For later convenience the total current

(2.7)of the gravitational energy-momentum has been decomposed into the

translational current

(5.2)

and the remaining rotational energy momentum current e ̂ - •

In quasi-linear models in view of (2.13) the latter takeB the form

- 12 -



(A f+A)
The Maxwellian part of this tensor may be written in a more

convenient form by employing the identity

5.4)

(c.f. Ref.37 footnote 10, p. 541 and Ref.3i, Eq. (4.14)).

The result is

(5.5)

Into this equivalent expression the double duality Ansatz (4.1) will now

be inserted, taking into account that the operation (4.2) of taking the

double dual is involutive. After a reordering of terms we find

£ FKfi - £ [A
fi

(5.6)

Thereby a "linearization" of the sryitmetric part of the rotational

tensor has been achieved, inasmuch as the term being quadratic in the

curvature then drops out.

Moreover, due to the duality Ansatz (4.1) the occurring scalar

curvature is constant, i.e.

(5.7)

where

(5.8)

- 13 -

is a ecnstant provided our analysis has been restricted to a theory mith

quasi-linear rotational momenta given tiy (2.1b).

As the next step in the reduction procedure the symmetrized version

(5.9)

of the Cartan-type relation (4,6) is inserted into the first tera of (5.1).

Then the latter equation reads

(5.10)

The crucial step in a further processing is to note the identity (see

(4.5) of Ref. 31)

(5.11)

;= RJft "
R a n d Go((i d e n o t e t h e Einstein tensor in awhere G

V and U , respectively. Y,n is a symmetrical tensor quadratic in the
4 4 * i

torsion (c.f, Ref. 31, Eq.(4.4)). On account of this the covariant

derivative with respect to the modified torsion may be eliminated.

Provided that y ^ 0 , the reduction terminates in the Einstein-

type field equations

27
(5.12)

with an effective "cosmological" constant

2/

-A, -

*t*
(5.13)

- 14 -



(31,38)
of partially microscopic origin ,

The right-hand side of the Einstein equations for the metrical

background consists of the symmetrized (consult the next section) energy

momentum tensor

(5.14)

and ofthe additional tensor

T,, •- -(*zrX,,., + Y-A) (5.i5)

After the insertion of the Cartan-type relation (4.6) into X

it turns out that

f'?
(5.16)

for splnless material sources *) depends solely on the axial vector torsion

(5.17)

For spinning matter the additional tensor T^/^ may be completely expressed

in terms of irreducible pieces of f j n y by employing the algebraic

relations (4.10- 12).

*)Erroneously only this case has been calculated in equation (4.22) of

Hef. 28 .

- 15 -

The so-far excluded case (D) with y-0 has a different

characteristic. Since there the translateonal field moments are assumed to

vanish, Eq. (5.1) after "dualizatiun" reduces to

(5.18)

Written holonomically the canonical ensrgy-momentum tensor determines

the metric g.fc algebraically provided the term in brackets does not

vanish (c.f.'Ref. 32). Then, however, the metrical background need not be

an Einstein space, thus precluding almost entirely the corresponding

degenerate model Lagrangian on physical grounds.

6. COMPARISON WITH EINSTEIN'S EQUATIONS

(39)
In a note to the Preussian Academy of sciences Einstein gave in

1916 a rigorous derivation of his gravitational field equations from first

principles:

Assuming the gravitational action to be at most of first differential order

with respect to the metric g.f Einstein cov.Ld derive from the Hamilton

principle of least action his famous field equations

where

(6.2)

by definition is

the metrical energy momentum tensor of the material sources

(40)
Note that via Lovelock's theorem

unique in four dimensions,

- 16 -

, these metrical equations are



In his autobiographical notes (see Ref.41,p.75) Einstein remarks on

on (6.1) (without the cosmological term):

" The second member on the left side is added because of formal reason; for

the left side is written in such a way tha^ its divergence disappears

identically in the sense of the absolute differentia! calculus. The • .'it

:;i'1e is a formal condensation of all things whose comprehension in the

s ? n m o f a field-theory is still problematic. Not. for a moment, of course,

did I doubt that this formulation was merely a makeshift in order to give the

general principle of relativity a preliminary closed expression. For it was

essentially not anything more than a theory of the gravitational field,

which was somewhat artificially isolated from a total field of as yet unknown

struct ure".

Since the theory of general relativity (GFt) was formulated as

macroscopic theory of gravitation, there was originally no need to relate

the metrical energy-momentum tensor (6.2) to the canonical tensors of

classical or quantum field theory.

For a lagrangian field theory specified by

JT (6.3!

on a flat Minkowski space these are the canonical energy-momentum tensor

-̂  • v 9

and the canonical tensor

— O . y K ^ (6.4)

r (6.5)

of intrinsic angular momentum (spin).

In general is asymmetric. "This is anasthetic, and it

is a handicap if we want to use this tensor as the source of a symmetric

tensor field of rank 2 or to incorporate it into a theory of gravitation"

(12)
(quotation from Jost's standard book ).

(42) (43)
As Belinfante and Rosenfeld could demonstrate, the tensors

(6.4) and (6.5) may be combined into the following conserved symmetric tensor;

' C^V) —
(6.6)

Let us compare this procedure in QR with the physical basis of the

Poincare gauge field theory. As already noted the sources of the general

field equations (2.5) and (2.6) are the canonical tensors with the physical-*

ly expected ordering:, ene'rgy-momentum couples to the translational gauge

fields whereas spin couples to the rotational gauge fields of gravity. In

the Einstein-Cartan theory , however Toxao
+.]y the opposite happens: The

rotational gauge field strengths F** 'are controlled by energy-momentum
iJ .. 01

whereas the translational gauge field strengths F.. are determined by
1J (9)

spin. It is like putting tf Chang's cap on Li's head"

In PG theory we recognize that a similar, intertwining of translation

and rotation is the outcome from the reduction procedure: The second field

equation leads to the algebraic Cartan-type relation (4.6) whereas the first

field equation leads to a Einstein-type equation (5.12), Most remarkable,

the source of the latter equation is the covariant generalization of the

symmetrized Belinfante-Rosenfeld tensor (6.15)! This gratifying result

gives a pertinent answer to the quest of the field-theoretical meaning of

the right-hand side of Einstein's equations. Note also that for a macro-

scopic compatibility of the duality—restricted PG-theory with general

relativity

t= i
is mandatory, whenever X * is identified with the (modified) Planck

length.

The additional tensor T in (5.12) - after insertion of (4.10-12)
•1(3,

into (5.16) - yields a very weak, quadratic coupling to spin which is

. *4
proportional to *.

As in EC theory reformulated in a V this additional source
4

- 17 -
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tensor is negligibly small for most macroscopic matter configurations. In

microphysics only at very high energies it may have some impact.

Summarizing we have found the important result that a double dual

Ansatz reduces the PG gauge field equations to Einstoin-type field

equations for the metrical background in an almost canonical way.

7. COUPLING TO THE ELECTROMAGNETIC FIELD

As an example for the classical interaction of the Poincare gauge

fields with non-gravitational fields, we may consider its coupling to

electromagnetism.

This may be achieved by adding the Maxwell-Lorentz Lagrangian

density

F- (7.1)

to the gravitational Lagrangian density
6'

In every theory founded on a Einstein-Cartan manifold with torsion

there is the delicacy of nhether theminimal substitution procedure 3 ."* D.

should be applied also to the definition of the electromagnetic field strength

"" (44)
F = dA which is already a generally covariant 2-form

If we would follow the prescription of minimal coupling the modified

field strength

(7.2)

k ri • •
would not only depend on the torsion F = 21,.

1J ti g

but also on the U(l)-

gauge potentials A . The latter would also be the case for the spin tensor

- 19 -

se, (7.3)

Thereby we would destroy the invariance of Maxwell's theory with respect

to local U(l)-gauge trBnsformation.

The reason behind this is that the representation of zero rest mass

fields with respect to the Poincare group are characterized by helicity and

not by spin ( 1 3 ). Lacking a rest frame no covariant splitting of the

total angular momentum tensor into orbital angular momentum and spin is

possible for zero-rest-mass fields. Consequently, minimal coupling in terms

of an asymmetric connection is inapplicable for electromagnetism as well

(34,35)
as for Yang- Mills fields

With the choice, the spin tensor of the electromagnetic field

vanishes, i.e.

(7.4)

and the symmetrized canonical energy-momentum tensor

takes on the familiar form. For vanishing axial torsion this tensor

remains as the only source for the Einstein-type field equations (5.12) of

the reduced PG theory, since T
oift-

0 irL t h i s o a s e •

Consequently for PG theories restricted by double duality and

coupled to electromagnetism, the metrical background in view of (6.16) is

determined by Einstein's equation

Nfc

-E
ik (7.6)

whereas Maxwell's vacuum field equations in a take the form

(7.7)

- 20 -



(45 )

being familiar from generalizations (MTW, p. 570) in (pseudo-)
Riemannian spaces.

8. SPHERICALLY SYMMETRIC ELECTROVAC SOLUTIONS WITH NON-TRIVIAL TORSION

Let us consider real, static and spherically symmetric solutions of

PG theory coupled to electromagrietism. If these non-trivial torsion

solutions satisfy the duality Ansatz (4.1) the reduction procedure reveals

that the metric is given by

ds* =- (8.1)

For this spherical class it follows from (7.6) that the radial dependent

metric functions are those known from the Reissner-Nordstr^m-de Sitter

solution , (charged "Weyl-Trefftz metric"), i.e. they are given by

(8.2)

Since the solution represents a point-source of mass o( and charge Q at

rest the electromagnetic field strength has only one non-zero coaponent:

(8.3)

The preceding analysis shows furthermore that it suffice*

to solve the double duality Ansatz (4.1) in order to determine the torsion.

For simplicity we restrict ourselves to a quasilinear PG theory with

vanishing secondary constants f.. For non-vanishing torsion f = -1 is

mandat<iry and (4.1) simplifies to

.. -/> -,,l +'i* «•««*/ (8.4)

with f given by (6.16). This is exactly the Ansatz employed by Baekler

et al. . In the case of spherical and reflection invariant tensors

(combined cases A and B, c.f.Section 4) torsion has only four independent

components; in matrix notation these are (c.f. Ref.31; Eq. (7.10))

-k

(B.5)

From the duality constraint (8.4) results a system of differential

equations which, after introducing the new radial functions

6 ••= % - (8.6)

(8.7)

can be given the following concise form:

(8.8)

3.9)

(8.10)

The solutions of the system (S.B-10) may be characterized on the grounds

of separability:

Type A: G = 0 , K =. 0

Then from (8.9) the requirement 9f-+0 follows. In this teleparallelism-type

limit a solution is

h = arbitrary function of r ,

To our knowledge this is new.

- 22 ~



Type B : [ G = 0 , K 4 0 j

For ot. = Q = 0 and 3f < 0 the following solution is known
(31)

i- * T V* (8.12)

: |G j 0 , h = 0

Here (8.10) forces us to assume h= 0.

a) For Q = 0 there exists the solution

f «-
r-f/3-

(8.13)

For a Lagrangian with vanishing translational momentum a similar solution

has been found by Benn et al.

h) In the teleparallelism-type limit JJ-»O a further solution reads

3.14)

(47)
It generalizes a known solution to one with charge.

Tupe D : G , K ^ 0

(48)
Recently Lee found the solution

It generalizes a solution of PG theory first found by Baekler

in the uncharged case.

(S.15)

(49)

Solutions on metrical backgrounds admitting smaller transformation

groups have also been studied. A list of the known results in vacuum is

given in Ref.5O

Recently, a non-trivial torsion solution "living" on a charged

T4ub -NUT space has also been found

- 23 -

In view of these results it may be conjectured that in the

spherically symmetric case solutions with the double duality property (8,4)

case do exhaust the space of all solution!of PG theory . This, however,

needs to be proven.

The physical significance and interpretation of these real, exact

solutions has not yet been unfolded.

According to one atrand of ideas, the rotational gauge fieldsof PG

theory are related to the tensor forces in the tensor dominance model of

strong interaction. Then, the strong"rotons* may provide a clue for a

(52,31,20)
geometrodynamical understanding of quark and giuon confinement

More conventionally the microscopically founded PG theory should

bring us a step further in the problem of quantizing gravity. From this

angle*exact solutions may gain a rather different meaning, as we will

explain in the concluding sections.

9. QUANTIZING GRAVITY

The recent progress towards a unified interpretation of all non-

gravitational forces within the context of quantum field theory has

encouraged the view that gravity too is but a connected facet of a' simple

foundamental quantum gauge interaction.

However, quantizing gravity still presents one of the most outstanding

problems in theoretical physics. The non-polynomial character of Einstein's

formulation of the gravitational interaction hao to be blamed for part of

these difficulties.

Two major schemes are in rivalry: Canonical and covariant

quantization. Since the latter method of quantization can commonly be given

a meaning only within the framework of perturbation theory this approach appears

he rather unsuited for gravity. On the other hand^heories of gravity are

covariant theories per excellence.

This is even more true for theories which are modelled according



to the ideas of gauge field theories.

Feynman's path integral method may be regarded as the focal point

of a unification of both schemes ' . Let ^ i<P) bf- the clid^oiciil action

(54) (55)
for a yet unspecified field 4> . Then, following Feynman and DP Witt ,

She quantum-mechanical transition amplitude between the initial stfjl f—""^

'ind the final state

f'iinctioncil i n t e g r a l

of the corresponding particles LS given by t:he

- < * > > =.

Here Z denotes a normalization constant and It [tp] the appropriate

measure for the functional integration over ineauivalent field configurations

(p. In general, the integration should include a summation over globally

distinct topologies of the field configurations, (comparewith Ref, 55,p.414).

For an application of this method to gravity there are subtelties for theories

whiehlive on Einstein spaces with non-zero cosmologlcal constant. Nevertheless,

even in this case it is possible to define an appropriate generalization of the asymptotic

states such that they allow the evaluation of the above generating

functional

At present, a mathematically precise theory of path integration

can be formulated only for space-times with positive-definite signature

( + , +, +, *•); these will be referred to as "Euclidean" curved manifolds.

Physically meaningful answers can then be obtained after a "Wick rotation"

of the results of the expansion of (9.1) into the Minkowski regime.

Evsn in this "Euclidean region" the conventional Einstain-Hilbert

action which is given in terms of the metric tensor as the independent field

variable is not positive-definite (see e.g. Rei". 57). This should be

contrasted with the positive-definitness of the classical Yang-Mills action.

For this and other reasons stated earlier appears desirable (see Ref.20)

to formulate the dynamics of the theory of gravity in a much closer analogy

to Yang—Mills-type gauge models.

The most viable alternative to Einstein's general relativity which

is without this defect is the Poinc&re gauge theory based on the quasi -

linear Lagrangian density {2.13} «ith f. - 0 for simplicity. In spaces

with Euclidean signature this density reads

#G --- i*t\ A

(9.2)

In terms of the irreducible decomposition (4.8) of the torsion this

Lagrangian density may be rewritten as

** _ .- etfi r- i if

In view of the correspondence principles it is sensible

(9.3)

for

the quantization problem to restrict ourselves to the macroscopic viable set

(4.17) of PG theories. Then (9.3) reduces to

F '*

O F- F'Jj

(9.4)
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Apart from the term involving ii\c scalar cun/atajre this expression is

positive-definite as long as

A. > o (9.5)

is satisfied, A comparison with (2.16) shows that this condition is not

satisfied by the model Lagrangian of (Mil et al. being selected from the

quasi-linear class via an argument involving a classical Gordon decomposition.

Similar reservations against this model Lagrangian come from an analysis of

(58)
tha particle content of its linearized version

A further analysis is needed to settle this important point.

Gravitational configurations which minimize the classical action

under consideration are expected to give the dominant contributions to the

path integral (9.1) formulated for the quantized _poincare gauge theory (QPG).

This important issue can be studied more conveniently by modifying

the Lagrangian density (9.2) by the boundary term

JL ^ (e FVJ)

O.6)

These are of the Euler- and torsion - type. (c.f.Ref. 57} which as such do

not contribute to the field equations.

Let us compare the modified Lagrangian

/

G
(9.7)

with the expression

« + __£_

which, in a "Euclidean" space, is positive-definite by construction

From its expanded version

(9.9)

we find that it is related via

(9.10)

to the original Lagrangian density*

Let us insert here the relation (5.13) for the effective cosraological

constant as well as the trace identity

F - ft +$ F, ̂ (9.11)

Then

(9.12)

will be obtained.

For non-trivial torsion solution obeying the algebraic condition

(4.6) in vacuum ( the matter fields are not to be considered at this stage!) i t

follows that

(9.13)
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is bounded from below (c.f.Ref,59). Due to the construction of ̂ £ the

minimum is attained by field configurations obeying the modified double duality

constraint (8.4) . Then jP is reduced to 2y-times the celebrated Einstein-

Hi lbert-Lagrangian density

~ j*** [ 2" K " (9.14)

(38)
in a V with an effective ccemolqgical constant of microscopic origin. This result

would have been expected from the corresponding reduction procedure of the

PG field equations.
(60)

Compare this with the findingsof Eoulware and Deser . Within

a quite general framework they showed that the classical limit of any

acceptable quantum theory of gravitation will also have to be general

relativity with the classical Einstein-Hilbert action in terms of the metric

as its generating functional.

A ramification with respect to the choice of independent field

variables for the quantization procedure is suggested by the result (9.14):

Only the translational Higgs field e.^ and the torsional part of the

j may be subjected to quantization.

Then the metric tensor may be regarded as an auxiliary device which provides

us with a classical background. 11 is determined by the Einstein-type
(19)

field equations (5.12) without acquiring a proper dynamical role in

quantum theory. Thus the metric merely serves as a classical means in order

to determine the metrical relationship of the space-time manifold and

therefore may be regarded as a necessary precondition (almost in the sense

of Kant) for the construction of quantized field.

For comments on the difficult issue of renormalizability of
(61)

gravity theories the reader is refered to the literature

io. OUTLOOK:GRAVITATIONAL INSTANTONS WITH TORSION

According to the Cambridge school gravitational pseudo-particles
(62)

or instantons are given by non-singular, complete and positive-definite

metrics which satisfy the vacuum Einstein aquations with or without

*)

cosmological term. Solutions having a self-or anti-self dual curvature are

distinguished among asymptotically locally _F;uelidean (ALE) metrics. If the

generalized positive action conjecture holds these are the only solutions

having zero Einstein-Hilbert action. Consequently they would dominate the

path integral arising from Einstein's general relativity .

In the Poincare gauge field theory of gravity a slightly different

concept of an instanton suggests itself (c.f.Ref,30). Since this class of

theories is much more closer modelled after Yang-Mills theories those

configurations should be regarded as gravitational instantons which satisfy
duality relations such as (4.1) or (8.4). This is much more in the spirit of the pseudo-

fa?)
particle costruction of Belavin et ai. In the case of gravitation

these are formulated with respect to the double duality, thereby reflecting

the close bond of the gauge group with the base space.

The preceding analysis shows that such configurations minimize the

gravitational action derived from the PG Lagrangian (9,7) provided that

the solutions are constructed on Einstein spaces as (classical?) back-

ground manifold.

Consequently our concept of gravitational instantons does ndt imply

an antagonism to those of the Cambridge school. Since all non-trivial

torsion solutions obeying the duality Ansatz (8,4) "live11 on Einstein

space! as metrical background, many of the Riemannian instantons listed in
(57)

the survey of Eguchi et al. should be extensible to torBional instantonj

*)ln spaces with Euclidean signature the operation of forming the simple

(left) dual

z tei e ^/f
is also involutive, whereas there is no change in the definition (4.2) of

the double dual.
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in PG theory.

However, a transfer of the exact torsion solutions of Section 8 to

the Euclidean regime is usually prohibited, A direct correspondence from

space-times with Minkowski signature to those «Lt*i positive-definite signature

arise only for solutions in which the torsion components stay real after

applying Weyl's trick, i.e. the formal substitution t *itT of the time-

like variable. From the matrix representation^ (8.5) i± follows that the

0 2 3

anholonomic components f=Fi * and g= F- - = F» - are then the only

ones allowed to be non-zero.

This restricts ourselves to the type C configurations . Then the

solution

(10.1)

living on the "Euclideanissed " Schwarzschild-de Sitter universe

** - a- ¥ *«£)** (10.2)

the latter yields after integration a characteristic number, the so-called

Euler number

(10,3)

The corresponding boundary term has alrsady been sublimated into

the PG Lagrangian via (9.6). Torsion as a continuous deformation of a

metric connection |\ ^ does not yield a further means for a

topological characterization (c.f.Ref.65).

Solutions of PG theory with non-trivial torsion on real or imaginary

space-time have been obtained with the aid of a double duality Ansatz.

The question arises: Are these all?

For S0(4) gauge fields over Euclidean space the following is

(66).
known Spherically symmetric solutions which are weakly stable, i.e.

minimize locally the corresponding Yang-Mills action, are double self-

or anti-self-dual.

Further work on such highly interesting configurations resulting

from the Poincar£ gauge field theory and its relation to the spinor

(57)
structure of Dirac fields is needed.

as Riemannian background is an acceptable example of an gravitational

instanton with non-trivial torsion.

For d =o it degenerates to a de Sitter-type torsionless instanton

which, neverthless, has to be regarded as a pseudo-particle solution of the
4

full PG theory. Topologically the base manifold is then S . In the

Einstein-Cartan theory a torsional instanton solution has been obtained by

(63)
Tseytlin

Similar as in Euclideanized general relativity on a V^ these

torsional configurations are topologically characterized by the Pontryagln

(6lL)
class and the Euler class . In the case of compact, four-dimensional manifolds

*)0ue to our interpretation of /? =-VVTflt ftf 10 " cm as a strong coupling

(20)
constant it correspond rather to a microcosmoa
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