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ABSTRACT

As a powerful method to confirm the Aharonov-Bohm effect in bound states,

129
we propose the MSssbauer experiment with I nucleus fixed at the center of

toroidal magnet. With a toroid of major radius 10cm, minor radius 1.5 cm and
-8

6000 turns of coil, we estimate the energy shift -1.1 x 10 eV for the electric

current of 1 mA,

MIRAMARE-TRIESTE

February 1984

* To be submitted for publication.

•* On leave of absence from Department of Physics, Yonsei University, Seoul,

Korea,

It was suggested long time ago by Ehrenberg and Siday and also by

Ahamnov and Bohm that charged particles could be affected by inaccessible

fields in quantum mechanics unlike in classical mechanics. However, their discussions

stiJl face to many objections and call controversy, Aharonov and Bohm argued

that the potential must appear in Schrodinger equation, because there is no way in

quantum mechanics to express the interaction of the electron with the electro-

magnetic field solely in terms of field quantities. Against their argument,

4)
de Witt showed that nonrelativistic particle mechanics as well as relativistic

quantum field theories with an externally imposed electromagnetic field could

be formulated solely in terms of field strengths at the expense of having the

field strengths appeared nonlocally in line integrals. Bocchieri and Loinger

gave a discussion on ambiguities in definition of the canonical momentum operator

and proposed modification of continuity conditions on the wave function to

eliminate the Aharonov-Bohm effect. Casati and Guarneri derived a conclusion

opposite to that of Aharonov and Bohm on the basis of equivalence of the Schrodinger

equation with a system of hydrodynamical-type nonlinear equations in which only

field strengths appear. Recently, setting elementary mathematical propositions,

Roy obtained his result that physical effects of vector potential depend on

accessible fields only.

8)
In parallel with theoretical works described above, Chambers reported

the experimental evidence of the Aharonov-Bohm effect. It was pointed out by

inte

10)

9) 8)
Pryce that the tilt of the fringes in the electron interference experiment

could be attributed to a leakage field. Fowler et al. also claimed that the

tilted fringes could be fully explained by the assumption of a flux leaking normal

6)
to the axis through the surface of the iron whisker used in the experiment . In

order to keep leakage of the fields as small as possible,a tiny toroidal magnet

was used in the recent experiment by electron holography . And it was reported

-7 2
that the leakage flux was less than ch/e = 4.136x10 Gauss cm which was sufficiently

small to make it possible to check the effect. However, problems still remain unless

substantial contact of the electron with the walls of toroid and some penetrations

of the electron wave function are completely removed. Recall the argument by

12)
Strocchi and Whightsnan that the solution of the Schrbdinger equation always

has a tail which runs into the region nonvanishing field and the field, by purely
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local manifestly gauge-invariant action, produces the effects.

For the case of bound state, the charged particle can be kept well away

from the walls. The Aharanov-Bohm effect in bound state was discussed by Peshkin

14)
and Lewis . They were concerned with betatron motion of a charged particle. It

. r.'jL be easy to observe quantization of flux in superconducting rings an-;

h'-v ri junctions or betatron resonances as sharp features in the microwave

sorption spectrum.

Thus, the best tray to check importance of the vector potential in quantum

theory is to use a toroid and examine bound states* In this paper, we show that

the Mtissbauer experiment with a gamma—ray source at the center of toroid may

confirm the Aharonov-Bohm effect.

II. THEORY

Let us consider a toroid of major radius & and minor radius F, lying in

the xy-plane and centered on the z-axis. Inside the torus, we have H ^ 0, but

outside the torus, H = curl A = 0 even if A ^ 0. First, we must calculate the

vector potential created outside the torus and, then, energy shifts of the nucleus

fixed at the center of the toroid.

1) Vector potential outside the torus.

The vector potential induced by the electric current I at the distance

r is given in the differential form

(1)

of vector potential in parallel of ds is found in the form

(2)

Since components of d$ in the coordinates x',y' and t' are given by

djjj = 0 and d^ - d^-cos V, we can give the vector potentials as

^ ^

(3)

After introducing a new variable 1' = V tp and deviding the integrals into two

parts regarding integral regions, 0<T'< ir and * <V < 2 i , we adopt new variables

for the first and second parts, i.e. OS T'<.uT" = T' - — and T" = f - 2

and T<V <. 2n , respectively. Then, changeof variable f" into »" => — - - 2 o _

gives the vector potentials in the forms

,V2 - .. ,r*

in cgs unit, where ds is the line element of current and c is the speed of light.

Motice that the torus is laid in the xy-plane and centered on the z-axis. In order

to obtain the vector potential at an arbitrary space point, P(x,y,z), one must

integrate {1) along the coil in which the electric current runs. Procedure of

calculation is following: first, we calculate the vector potential at the point P

produced by a single circular current of the radius H which is on the plane

perpendicular to the xy-plane and angling by y from the x-axis. The center of the

circular current is on the xy-plane. In the geometry given in fig. 1, the element

„/=(> (4)

c J
0

Since •f is the rotational angle around the z-axis, one easily find the components

of vector potential in the x,v,z coordinates as A
* x

A cos f , A = A , sin if
x' y x1

and A = A - These results are just the vector potentials produced by a single
z z'
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loop of electric circuit. The vector potentials produced at the point P by a toraid

can be found by performing the integration with respect to 'f . With relations

f = n - e C O S ( 0 - T ) , a- esin(9-f), x = ecosB and y «e sine , we have the vector

potentials at the point P(x,y,z) as

-'A
dot z F cos z& cos<y

sin<?
(5)

where

i 21+(£-

cos (6)

and n is the turn number of coil per unit length.

The fact that the vector potentials (5) obey the Coulomb gauge, i.e.

div A = 0, can be proved straightforward, although a little exercise is necessary.

Of course, H = curl A = 0 outside the torus. In order to see explicit behaviour

of the vector potentials (5), we evaluate the integrals under the condition,

R << & (which is our experimental set up) and x,y,z<<:£ , Neglecting higher order

terms, we obtain the vector potentials in vicinity of the origin as

" X 2 c I* xz

(7)

where N - 2il n is the total turn number of coil on the torus. With these forms,

one can easily prove that H = curl A = 0 and div A = 0. The condition, x,y,z«i

can be held in a real experiment because the major radius of a torus I is of

macroscopic range and the region where the bound charged particle (proton)remains

is of order of nuclear size. Furthermore, the wave function of the proton in the

nucleus fixed at the center of the torus decreases its amplitude very rapidly as

2 2 2 1/2
r( =• [ x t y +• z ] ) increases. Accordingly, the asymptotic forms of vector

potentials given in (7) are sufficient for our present purpose.

2) Gauge

The vector potentials calculated in the previous section satisfy the

Coulomb gauge, i.e. div A = 0 and H = curl A = 0 outside the torus, although

H 4 0 inside the torus. When the gauge transformation A* A1 = A + grad X., where

x is a scalar function, is applied to the Hamiltonian for the motion of a charged

particle in existance of the vector potential, the Hamiltonian can be maintained

invariant if the wave function changes its phase as f*v' =* exp (~T~) • Thi-S fact

15)
is widely known as invariance of the theory under local gauge transformation

Now, for motion of a charged particle in a simply connected region, effects of

the vector potential appear only on the phase of wave function because A can be

given by A = grad x and then the vector potential A is removed from the Hamiltonian

16)
by the gauge transformation. Recall a beautiful mathematical theorem :

Theorem: If curl A ~ 0 in D, then A = grad X for sone it,

provided D is simply connected.

If D is multiply connected, then A is not simply given by grad Tt. Our

domain produced by a toroid is multiply connected. Therefore for this case, by

a gauge transformation, we can make the Hamiltonian invariant but not remove the

vector potential from it. Ehrenberg and Siday and also Ahamnov and Bohm

were concerned only with effects of the vector potentials on phases of wave

functions.

3) Energy eigenvalues

Since the essential point of our present discussion is whether the vector

potential plays fundamental roles in quantum theory, we are concerned especially

with the explicit appearance of the vector potential A, rather than just the magnetic
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field H, in the equation of motion. Thus the Hamiltonian for a proton bound in the

nuclear potential V(r) is given in the standard form

(8)

In order to describe the energy eigenvalues of a nucleus put at the origin where

the vector potentials are given by (7), we take the single particle model for

which the nuclear potential is given by a harmonic oscillator accompanied with the

is- and AJ^couplings, Let us divide the Hamiltonian (S) into the unperturbed i

and perturbed ones,

(9)

(10)

fll)

(12)

where C and D are the strengths of couplings. The matrix elements of %' can

easily be found as

J = \
(13)

Accordingly, what we need to do for our present purpose is to calculate the matrix

elements of 34 . In the case of a nucleus fixed at the origin, the interaction $"

can be approximated by

o"— ie1? ̂  3
~ Be ̂  3Z + (14)

arid in the spherical coordinates

where

(15)

(16)

The first order perturbation gives the result

(17)

which yields shifts in all energy levels. Therefore, we cannot observe any variation

in the gamma-ray spectra, because the gamma-ray energy is just equal to the energy

difference between two levels. Thus, we must calculate the second order terms

in perturbation. They are given in the standard form

~ni fci'm'+nim
(OJ

where the harmonic oscillator wave functions are !na,m>= R (r) Y (r).

(19)

with a= (mui/fi) t [_ (a r ) i B the associate Laguerre function, and the

zeroth-order energy is given as

"n (20)

where n' = n t- 1 and ft<A for A= 0,1,2, ... Let us calculate the energies of 2d

and lt> levels up to the second order as an example. The matrix element of J£"

contributing to these two energy levels are obtained as
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(21 )

we find the energies of 2d and lg levels up to the second order in perturbation

as

(31)

(22)

(32)

( 2 3 )

(24)

(25)

(26)

where 6^ is the Kronecker's delta. Using the numerical values,

y • ~ 0.0 11 2 0

(29)

(30)

2 2 2 2 2 2 2 2 2

where 1i e S G / i c "fml = e G /me was inserted. Accordingly, the transition energy

from 2d state to 19 state is equal to the difference of the two level energies,

(31) and (32), i . e .

Al -H = (TC -( T C - 14D)- ft 0*33 me1 (33)

when the vector potential operates. The second term in (33) is entirely the quantity

observed as energy shift due to the vector potential, and it provides an evidence

of important roles of the vector potential in quantum mechanics.

4) Mossbauer method to observe the energy shift.

One of the best way to measure a tiny shift in energies is the Mossbauer

-16
spectroscopy, which makes it possible to observe energy of order of 10 eV, so

129
far. To confirm our theory with this method, we can use the iodine nucleus, I ,

whose ground state 14 is formed by proton configuration. The first excited
"7/2

state of the iodine, 2d , at 27.77 keV above the ground state is also considered

to be formed by a proton because three protons outside the proton closed shell

are in the la shell, while the neutron shells up to lh are occupied by

76 neutrons. The life-time of the first excited state is known to be 16.8ns(a: 2x10

eV in width) , which seems to be comparatively stable. Thus,the transition energy

129

-a

o f is given by

i = EJfi- £ „ = 27.77 keV-O.t (34)
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If there are effects of the vector potentials discussed in this paper, we should

observe a shift in energy of the gamma-ray emitted during transition of I129

53
from the first excited state to the ground state.

In order to estimate this shift more quantitatively, we set up the toroid

with N = 6000 turns, R = 1.5 cm, j, = 10 cm and I = 1mA. The shift of the center of

the Mossbauer spectrum is, then, fii E = - 0.0633e2G2/mc2 = -1.1 xlO~8eV. When v

is, the velocity of mechanical oscillation in MSssbauer experiment, the energy shift

of gamma-ray due to the oscillation is given by (v/c) E + l/2(v/c)2£ , where

£ T = 27.77 keV. If the second order term is neglected, then, we obtain v = -0.012mm/sec

with ifiE = -1.1 x 10" eV. For N = lO* turns, F = 1.5 cm, £- = 10 cm and I = 2 mA,

the result is AA E = -1.21 x 10 eV which corresponds to the velocity of mechanical

oscillation, v =-0.13 mm/sec. These order of energy can certainly be measured by

the Mossbauer experiment.

5) Effects of the vector potentials on the absorber.

Suppose that the absorber of gamma-ray is fixed on the z-axis in the

distance L from the origin, where the gamma-ray source is located. Mossbauer

experiments are usually carried out wi th L = 10~15 cm. The vector potentials

produced by the toroid at the point of source can easily be obtained from (5)

by replacing z by z + L. For R « * and x,y,z«Jt (notice that z + L 8s !. ), the

same procedures of integration as given before yield

3-TtNflR1

K -- (35)

For L = t, the value corresponding to G givne in (12) is now

- 11 -

(36)

Accordingly, effects of the vector potentials on the absorber turn out to be

negligibly small, i.e. 1/64 times compared to the effects on the source.

III. DISCUSSIONS AND CONCLUSION

It has been shown that observation of energy shift in the gamma-ray

spectrum possibly confirms the significance of vector potentials in quantum theory

although they are nothing more than mathematical tools introduced for convenience

in classical electromagnetism.

-8
The energy shifts in the order of 10 eV is actually not difficult to

measure by the Mossbauer method. However, there is another shift of this order

of magnitude, i.e. isomer shift which is mainly due to the sensitive change of

18)
nuclear charge distribution occuring during transition . Notice that the charge

distribution of the excited nucleus must be different from that of the ground state

nucleus. Yet, we can distinguish the energy shifts due to the vector potential

from the isomer shifts because the former are dependent of the electric current

flowing in the toroid.

Another point for which one may worry is that penetration of the nucleon

wave function into the inner region of toroidal magnet where the magnetic flux

threads may produce the energy shifts. If it is so, one should have different

type of pattern of gamma-ray spectrum, because interaction of the nucleus with

magnetic field yields level splitting and, thereby, shows characteristic spectrum

having many peaks, i.e. the usual gamma-ray spectrum in Mossbauer experiment with

magnetic field. As was mentioned before, it is not nercssary to worry about penetration

of the wave function in practical experiment because the proton in the nucleus

is kept well away from the walls of torus. Furthermore, one can arrange the

experiment to keep leakage flux as small as ch/e

The interaction of the proton magnetic moment n and the back-ground

-8
magnetic field, H,is given by -U iH, and it yields a shift 0.3x10 eV only for

H = 1 K gauss. The background magnetic field is usually much smaller than 1 K gauss

- 12 -



in the laboratory.

Thus, we have established that the Mossbauer experiment provides a

clean and powerful tool to confirm importance of the vector potentials in quantum

theory.
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FIGURE CAPTION

Fig. 1. Geometry, We find the following useful relations from this diagram.

2 2 2 2 2 .2 „ _ . . . . . 2 2 _ 2 2 2 2
- 2uRcos(Tt-t-fl), u = z + f ,£ s x + y

Fig.l
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