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A B S T R A C T 

These lectures offer a self-contained review of the role of neutrinos in cosmology. 
The first part deals with the question 'What is a neutrino?' and describes in a historical 
context the theoretical ideas and experimental discoveries related to the different types of 
neutrinos and their properties. The basic differences between the Dirac neutrino and the 
Majorana neutrino are pointed out and the evidence for different neutrino 'flavours', 
neutrino mass, and neutrino oscillations is discussed. The second part summarizes 
current views on cosmology, particularly as they are affected by recent theoretical and 
experimental advances in high-energy particle physics. Finally, the close relationship 
between neutrino physics and cosmology is brought out in more detail, to show how 
cosmological constraints can limit the various theoretical possibilities for neutrinos and, 
more particularly, how increasing knowledge of neutrino properties can contribute to our 
understanding of the origin, history, and future of the Universe. The level is that of the 
beginning graduate student. 
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I N T R O D U C T I O N A N D A C K N O W L E D G E M E N T S 

In these lectures, it is m y intention to produce something like a self-contained body of information which will 
enable a reader with little or no familiarity with the subject to end up with some understanding of the role of neutrinos in 
cosmology. Various kinds of theoretical physics are needed to follow the subject matter, but nothing, I think, is 
introduced that is beyond a beginning graduate student. Each of the three sections starts at a relatively 
unsophisticated level, so a reader who bogs down towards the end of any given section should take heart—the load will 
lighten. There was a time, not so long ago, when cosmology was in disarray, if not in disrepute. George Bernard Shaw 
might have said, "Those who do do, those w h o don't do cosmology." N o more! It is, in m y view, a wonderful and 
wonderfully instructive branch of physics. 

I a m most happy to thank m y friends and colleagues, John Bell, Gerald Feinberg, and Lincoln Wolfenstein for, on 
the one hand asking m e to give such lectures and, on the other, for m a n y discussions on cosmology and for critically 
reading these notes. 
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P a r t 1: W H A T I S A N E U T R I N O ? 

I thought that I would begin this series of lectures by reading to you from Pauli's original paper in which the 
neutrino was proposed. I went to Pauli's collected works and, as many of you m a y already know, there is no such paper. 
The suggestion that such a particle might exist appeared in a letter that Pauli wrote to Hans Geiger and Lisa Meitner on 
4 December 1930. Geiger and Meitner were at a physics conference in T ü b i n g e n — a conference to which, it appears, 
Pauli had been invited, but which he had not attended because he wanted to go to a dance in Zurich. The letter con
cludes1*: 

'Nothing venture, nothing win. A n d the gravity of the situation with regard to the continuous beta spectrum is 
illuminated by a pronouncement of m y respected predecessor in office, Herr Debye, who reluctantly said to 
m e in Brussels, "Oh, it is best not to think about it at all... like the new taxes". O n e ought therefore to discuss 
seriously every avenue of rescue. So, dear radioactive folks, put it to the test and judge.' 

The crisis to which Pauli is referring is the experimental fact that there is a continuous distribution of electrons 
emitted in beta decay. Namely, if one calls N(T) the relative number of electrons emitted with kinetic energy T, 
experiment shows that typically N(T) looks like Fig. 1.1. Note that N(T) is zero above an "end point" energy T m a x , 

N(T) 

T End point 

Fig.1.1 

which reflects the fact that the kinetic energy of the electron is limited by the difference in rest masses of the parent 

nucleus A and the daughter nucleus B. 

In a typical ß decay, 

A — • € + ••• 
the "visible" particles are A, B, e. If these were the only particles, we would be dealing with a two-body decay, 

which, in the rest frame of A, would have momenta (see Fig. 1.2) that add up to zero and are uniquely determined by the 

Fig. 1.2 
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rest masses m A , m B , and m e. So that in this case N(T) would look like Fig. 1.3. All the electrons would have the same 

N(T) 

T 
Fig. 1.3 

energy. Pauli suggested that instead of 

the decay might be 

where X was one, or more, electrically neutral particle. 

By 1931, Pauli had presented his idea of the X particle in public at a meeting of the American Physical Society in 
Pasadena, California. H e summarized what he had said then in a 1933 Solvay Congress report. H e wrote 2 ): 

'In June of 1931, during a conference in Pasadena, I proposed the following interpretation [of 
ß-decay] : the conservation laws hold, the emission of beta particles occurring together with the emission of a 
very penetrating radiation of neutral particles, which has not been observed yet. The sum of the energies of the 
beta particle and the neutral particle (or neutral particles, since one does not know whether there be one or 
many) emitted by the nucleus in one process, will be equal to the energy which corresponds to the upper limit of 
the ß spectrum. It is obvious that we assume not only energy conservation but also conservation of linear 
momentum, of angular momentum and of the characteristics of the statistics in all elementary process.' 

H e goes on: 

'With regard to the properties of these neutral particles, we first learn from atomic weights that their mass 
cannot be much larger than that of an electron. In order to distinguish them from heavy neutrons, E. Fermi 
proposed the name "neutrino". It is possible that the neutrino proper mass be equal to zero, so that it would 
have to propagate with the velocity of light, like photons. Nevertheless, their penetrating power would be far 
greater than photons with the same energy. It seems to m e admissible that neutrinos possess a spin \ and that 
they obey Fermi statistics, in spite of the fact that experiments do not provide us with any direct proof of this 
hypothesis.' 

I would call the reader's attention to the sentence, 'It is obvious that we assume not only energy conservation, but 
also conservation of linear momentum, of angular momentum, and of the characteristics of the statistics in all 
elementary processes.' Pauli's insistence on maintaining these conservation laws was the key intuition. In contrast, in 
1924 Bohr, in one of the very few misguided physical intuitions of his career, had suggested that in quantum 
mechanical phenomena such as ß decay, energy conservation might not hold in each event, but only in some statistical 
sense. O f this Pauli said in the same lecture, 'This hypothesis does not seem to m e to be either satisfying or even 
plausible.' The other striking reference in the sentence is to angular m o m e n t u m and statistics. I would remind you of a 
little history. 

In 1920, in order to solve the problem that there had to be more particles in the nucleus than protons—the 
problem of the "missing nuclear mass"—Ernest Rutherford suggested that this electrically neutral mass consisted of 
protons and electrons tightly bound to each other. So a nucleus would contain Z protons and A — Z proton-electron 
combinations, where A is the atomic weight. In 1932, when James Chadwick discovered the neutron, what he thought he 
had discovered was just this proton-electron combination. H e dismissed the idea that the neutron might be something 
else, with the phrase3': 

'It is indeed, of course, possible to suppose that the neutron m a y be an elementary particle. This view has little 
to recommend it at present, except the possibility of explaining the statistics of such nuclei as 1 4N.' 



and observe that if we introduce the mass of the proton and suitable factors of h and c w e can write the pure number 

V 
Yukawa related the product gg'/m* to Fermi's G. In Yukawa's theory, since g expresses the strength of the strong 

nuclear force and g' the weak force, 

Thus, whilst Yukawa was the first to introduce an intermediate boson to mediate weak interactions, it was radically 

different from the W found at C E R N , since Yukawa's particle had both strong and weak couplings. 

The next development that I wish to call to your attention was due to Fermi's brilliant and strange student Ettore 

Majorana (1906-1938). In 1937, Majorana 7' proposed a neutrino that was identical to its antiparticle. It is well known 

that some Bose particles such as 7T°'s and /s are identical with their antiparticles, while the K ° is not identical with its 
antiboson, the K?. As far as I know, until Majorana made his suggestion, it was assumed that a neutral fermion such as 

the neutron had to be distinct from its antiparticle. For example, in units of eft/2 m p c , the neutron has a magnetic 

moment of ~ —1.91 whilst the antineutron has a magnetic moment +1.91. The process of going from particle to 

antiparticle — charge conjugation — is, in terms of the fields y/ that represent these particles, something like going 
from y/to its complex conjugate y*. Since y for a spin-| particle is a four-component object, \¡/a, the charge conjugate 

y/c is related to yi by 

vV*=A€C^# (12) 

where C is a 4 X 4 matrix and r¡c a phase. A Majorana neutrino has 

V j / * = (1.3) 

whilst a so-called Dirac neutrino has 

f f f • 
Majorana neutrinos have some charming properties8'. Take parity, for example. The parity operation on a spinor field 

is defined by 

y fC£,0 = ft, p ^(-5,T) (i4) 

where P is another 4 X 4 matrix and np is a phase. O n e can show that for a Majorana neutrino np= ±i. For a Dirac 

neutrino there is no such condition and this phase is arbitrary. Thus a state of two Majorana neutrinos, v M, which has 

orbital angular m o m e n t u m 1 and total angular m o m e n t u m 1—the iPl state — has even parity which is counter 

intuitional since P-wave states usually have odd parity. In the same vein, if we consider a process such as y-» v + vc the 

final state must have total angular m o m e n t u m 1 and therefore can be 'S^ 3 D P

 3P,, or 'Pj. For a Dirac particle, since v 

vc there is no Pauli principle restriction on these states. All four can be realized. In the Majorana case, since v = vc, 

the only possible state consistent with Pauli antisymmetry is the 'P^ A corollary to this is that in the electromagnetic 

scattering of neutrinos a Dirac neutrino can have four form factors—allowing for parity violation—whilst a Majorana 

neutrino can have only 1. Specifically, for Dirac neutrinos, 

4lcr>l k|»c») =V<*'>L X. 
* Ê í I 1) <T. U + G.U'K. v &,{;') 
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with 

whilst for Majorana neutrinos 

From all this one would think, naively, that the difference between Dirac and Majorana neutrinos would stand out 
experimentally like a sore thumb. I will explain later why, to this day, we still do not know which kind of neutrino actually 
exists. 

The next stop on our neutrino tour d'horizon is 1949. That year, several physicists noted that the processes fi~ + 
p-»n + v and /i"->e" + v + v c could also be described by a four-Fermi interaction such as /?-decay. If this was done, 
then the Fermi constants deduced from the experimental rates for these processes were about the same as Fermi's 
G — t h e notion of the "universal" Fermi interaction. Indeed, one of the groups [Lee, Rosenbluth and Yang 9'] noted that 
one could explain this universality by assuming there was an intermediate meson coupled to all particles with the same 
strength. This could not be Yukawa's n meson, which coupled differently to nucléons and leptons (for example, 
see Fig. 1.10).In Yukawa's scheme, leptonic and hadronic processes would have different effective strengths, whereas 
the new scheme illustrated by Fig. 1.11 would have one universal coupling, such as electric charge. 

Fig. 1.10 Fig. 1.11 

By the 1950's, then, all sorts of theoretical arguments had been constructed concerning neutrinos, although not a 
single neutrino had ever been directly observed. This changed radically in 1953, with the experimental work of C o w a n 
and Reines10'. Their experiment is essentially the following. A fission reactor is an intense source of antineutrinos. The 
reason that it produces antineutrinos rather than neutrinos is that whatever neutrino radiation it produces is a 
consequence of the radioactive decays of the fission fragments. These fragments arise when a nucleus such as 2 3 5 U or 
2 3 8 U is split. But such nuclei contain nearly twice as m a n y neutrons as protons. Thus the fission products will be 
"neutron rich"—more neutrons than protons — and hence unstable. In order to move in the direction of 
stability—about the same number of neutrons as protons—these isotopes will convert neutrons to protons by the 
/?-decay process 

A 
and so such a reactor is a source of v°. This enables positrons to be produced via the reaction 

The Cowan-Reines scenario is to provide the V e emerging from the reactor with a hydrogenous target that is laced with a 
neutron absorber such as cadmium. In about 1 0 - 9 s after the positron is produced, it annihilates into two /s, i.e. the 
reaction 

These /s have essentially the rest energy of the electron, which is about 0.51 M e V . Meanwhile, the neutron wanders 
around until after about 10 - 5 s it finds a cadmium nucleus. It is then captured with a burst of fs. C o w a n and Reines 
were able to follow this sequence of events as it occurred and thus to observe the antineutrino. In the most sophisticated 
version of this experiment, which was done at the Savannah River Plant in South Carolina in 1955-56, the flux was 
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5 X 10 1 3 antineutrinos per square centimetre per second. But even with this enormous flux they saw only about three 
events an hour. This corresponds to a neutrino cross-section a per nucleón of about 1 0 - 4 3 cm 2. Typical nuclear strong 
interaction cross-sections are measured conveniently in "barns" which are 1 0 - 2 4 cm 2, which shows just h o w weak 
neutrino interactions are. If we recall that G E 2 / ( Ä C ) 3 is dimensionless, where E is the antineutrino energy, we see that to 
give a its proper dimensions we can write it in terms of G and E as 

If, as in a cosmological setting, these neutrinos were part of a "bath" at temperature T, then, with k being the Boltzmann 
constant, E ^ kT, so 

W e will use this formula in our cosmology. 

This brings us to the "Glorious Revolution" of 1956-57 associated with such names as T.D. Lee, C.N. Yang, 
M . Gell-Mann and R. Feynman. For present purposes our only concern is the theory of the neutrino that emerged. 
This theory11', which involves strictly massless neutrinos, fits all the presently known experimental facts except 
possibly one 1 2 ). This is an experiment on the tritium end point spectrum done by a Russian group in 1980. This group 
finds the mass of the /7-decay antineutrino to be greater than 14 eV. The experiment is not done on free tritium but 
rather on tritium in a valine molecule. T o extract the neutrino mass, one must know the molecular physics extremely 
well. At present the experiment is being repeated by other groups using molecular tritium. If the Russian result is 
confirmed, it will have decisive results for cosmology. But let us assume, for the moment, that the Russian result is not 
right and that m„ = 0. This means that a neutrino of m o m e n t u m p will satisfy the equation (we take c = 1): 

(1.5) 

( 1 . 7 ) 

so any field y/v will satisfy 
(1.8) 

If we take y„in coordinate space so that 

we m a y make the replacement 

(1.9) 

4 r 

If we introduce the three Pauli 2 X 2 spin matrices q, 

(1.10) 

we can easily prove that, as a mathematical identity, 

S T * ST * - # x (1.11) 

So we can write 

(1.12) 
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If we apply this to y/„ we have 

This means we can divide y/B's into two classes, y / L and y R , with 

(1.14) 

(1.15) 

Here 'L' and 'R' stand for left- and right-handedness, and the picture that goes along with this is to take the direction of p 

to be the direction in which a is diagonal—say the z-direction. This is shown in Figs. 1.12 and 1.13 for v L and VR, 
respectively. That is, for v L the spin is antiparallel to the m o m e n t u m and for VR the spin is parallel. But what w e have here 

s P 

Fig. 1.13 

is a theory of the free neutrino. There is nothing in these equations by themselves to tell us that the object emitted in 
jß-decay is y / L or y / R or a combination such as y / L + y / R . These all satisfy the free particle equation. In any event if w e 
study the properties of the charge conjugate y/l w e will find that it is right-handed, whilst y ¿ is left-handed. The parity 
transformation takes left-handed neutrinos into right-handed neutrinos. 

O n e of the fundamental experimental discoveries of the Glorious Revolution was that the physical neutrino is 
"essentially" left-handed. By "essentially" I mean within experimental errors that would allow a small right-handed 
component. It is convenient to call y / v the object 

(1.16) 

Since, as Eqs. (1.14) and (1.15) indicate, ̂ R and y L are two-component objects, y v has four components. W e will need 
four components if we introduce mass for the neutrino. For the massless neutrino, two components will do. To agree 
with experiment we must write the weak interaction in terms of the left-handed projection of y / v . This is true whether or 
not the y / v field has a mass. So typically there will be coupling terms like y/¡0\t/L, where O is a numerical 4 X 4 matrix. 
But there must never be terms like y/lOy/K, since no one has ever observed a right-handed neutrino. W e can assure this 
by writing 

O - O fi, (1.17) 

where P L is a projection operator that projects out the left-handed piece of any spin-| field on which it acts"
0. Thus 

fi. <K = «K 
(1.18) 

*' Readers familiar with the Dirac equation will recognize that in the weak couplings O = y^Kl +y¡)/2], so that, for example, 

since, in the usual representation 

Fig. 1.12 
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This means the following. If we define a Major ana neutrino y/M to be 

then the coupling 

(1.19) 

(1.20) 

which means that the Majorana neutrino couples just as y/L does. W e have to couple y/M like this because otherwise we 
would have right-handed neutrinos being emitted as often as left-handed ones (remember that y/l is right-handed), and 
this would violate experiment. But, in addition to the couplings, there are also kinetic energy and mass terms. If we 
consider the case where m = 0, the only terms that enter the kinetic energy parts of the Lagrangian or Hamiltonian are 
diagonal terms of the form 

where p^ is the energy m o m e n t u m and O,, is a 4 X 4 numerical matrix. It is straightforward to show that 

(1.21) 

This means that by rescaling the theories of a massless y/L with left-handed couplings and a massless yiM with 
left-handed couplings they become the same theory. So we have a theorem: 

Theorem: It is not possible to distinguish massless Majorana neutrinos from two-component left-handed massless 
neutrinos provided that all the neutrino interactions are left-handed. 

This theorem, which also includes the electromagnetic couplings81, explains why it has been so difficult to decide 
experimentally whether the neutrino produced in /?-decay is, or is not, Majorana. Indeed, if its mass is zero, the 
question is meaningless unless there are right-handed interactions. Before I remark on how a massive Majorana 
neutrino might be detected, let m e say, in this context, what is meant by a Dirac neutrino. In Eq. ( 1.16) we defined 

(1.22) 

This y/, which has four-components, is what is called the Dirac neutrino. If we write its kinetic term in terms of yi, with 
m = 0, it breaks up into 

* =(+*) - f** 4**> 
i.e. it is diagonal in y/L and V'R- Since only y/L is coupled, y/K is what Lincoln Wolfenstein refers to as a "sterile 
neutrino". It does not interact with anything and is, therefore, unobservable. So w e can rephrase the theorem to say 

Theorem: Massless Dirac and massless Majorana neutrinos are indistinguishable provided that the weak 

interactions are left-handed. 

It is clear, then, that to see a difference w e must introduce a neutrino mass. If w e do this we now find that y/L and y/R 

are coupled together by the mass. In fact Eqs. (1.14) and ( 1.15) are replaced by two new equations, namely 

(1.140 

(1.150 

which derive from linearizing the condition that 

c 1 - * l < ~ x 

(1.23) 
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It is clear that Eqs. (1.14') and (1.150 become Eqs. (1.14) and (1.15) when w e set m = 0. These equations can be 
rewritten as a single equation by calling, as before*' 

(1.24) 

Thus Eq. (1.140 and ( 1.15') are equivalent to 

where 

ot*-».t)U)«—(t) 

ï = / « »sr\ 

(1.25) 

(1.26) 

(1.27) 

This is the Dirac equation, but written in the so-called "Weyl representation" which is useful for studying the small m 
limit. It is clear from Eqs. (1.140 and (1.150 that the y/L and yrR, despite the notation, are not strictly left- or 
right-handed if m ^ 0. Each has an admixture of the other hand which is of order m/E. Since the neutrino in /?-decay is 
emitted in a continuous spectrum, like the electron, each neutrino that is emitted in /?-decay has a somewhat different 
mixture of handedness. 

W e must now adjoin mass terms to the kinetic energy terms in the Hamiltonian or Lagrangian. These mass terms 
must be invariant against Lorentz transformations which, it can be shown, means they must be of the general form 

(1.28) 

W e have, therefore, two generically different possible kinds of mass terms: a so-called "Dirac" mass, and a so-called 
"Majorana" mass. To write the Dirac mass w e combine Eqs. (1.28) and (1.24) to give 

(1.29) 

There is nothing outré about this mass term. W e could write (if it had any use) the usual theory of the Dirac electron 
this way. In particular, this mass term is invariant under changes of phase of the fields y/ -* e'V> which means that 
whilst the mass term does change left-handed neutrinos into right-handed ones, it does not violate the lepton number. 
Neutrinos cannot be transformed into antineutrinos. T o see what this means in practical terms, consider the nuclear 
level scheme shown in Fig. 1.14 which occurs among the A = 48 nuclei: calcium, scandium, and titanium. Notice that 

"21SC27 

48
22Ti26 

Fig. 1.14 

*' I do not write yf since this development is valid for any spin-J- field. 
11 



the middle level—the 4 8Sc level—is at a higher energy than the levels on the wings*'. Therefore, the 4 8Ca cannot 
/?-decay directly to the 48Sc. But what is possible is the "double /?-decay" 

a process that is expected theoretically to occur with a lifetime of 10 2 0 ± 2 years. This process, which is second order in 
the weak interactions, conserves lepton number since each lepton is balanced by a vc. But one could imagine the 
process 

—* T; • C " * e 
i.e. "neutrinoless double/8-decay". This could happen via a diagram like Fig. 1.15. 

This process produces two leptons in the final state where none were in the initial state, so it violates "lepton 
number" by two units. It cannot happen in the Dirac neutrino theory in which lepton number is strictly conserved. The 

Note that 

(1.30) 

vertex in Fig. 1.16 is forbidden in the Dirac theory although the vertex of Fig. 1.17 would be allowed. With this in mind, 
let us examine what is called a Majorana mass term 

W e wish to simplify this expression, for which we need a bit of "Diracology". 
In terms of the Dirac matrices Eqs. ( 1.26) and ( 1.27) we can define the matrix y, ; i.e. 

h * Y , W < (V °,) (1.31) 

(1.32) 

*' This can occur when the levels on the wings belong to "even-even" nuclei which are more tighly bound than the "odd-odd" middle nucleus. 
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so that 

Thus 

( i*»0 - (o 
a U 

(i-*») _ 1 « 

(1.33) 

(1.34) 

(1.35) 

(1.36) 

so that ( 1 ± y5)/2 are just the projection operators w e discussed in Eqs. (1.17) and (1.18). Thus w e can write 

^ - ^ 4 - (>•¥«) 4* • o*y g) ,f>* 

and 

(1.37) 

Using the fact that y 5 anticommutes with the four y's and the fact that 

we can easily show that 

Thus 

But consider, for example, the term y/ly/L written out, i.e. 

(1.38) 

(1.39) 

(1.40) 

(1.41) 

(1.42) 

13 



This operator has the form 

It clearly is not invariant against changes of phase y/ -» y/ e'*. In fact, if one wrote it out in terms of creation and 
annihilation operators, one would discover that it could annihilate, or create, neutrinos two at a time. This means that it 
violates lepton number by two units and therefore can contribute to neutrinoless doubles-decay. To see how this works 
we can, if m M is small compared to the energies involved in /?-decay, think of L mass as a perturbation on the rest of the 
Lagrangian. T o lowest order in m M we would then have the diagram shown in Fig. 1.18. 

n n 

Fig. 1.18 

The line in Fig. 1.18, 

V L V L 

m M 

represents the effect of the term m M y/Ly/i—the "perturbation", which is proportional to m M . Each vertex where a 
neutrino is emitted or destroyed and an electron created, conserves lepton number, but the diagram as a whole violates 
lepton number by two units since the mass term changes a v£ into a vL. The electron spectra and the lifetime for this 
process are both proportional to m2,. One of the problems in detecting this process, which has never been seen, is that 
as the neutrinos are "invisible", the signals for A -» B + e~ + e~ and A -» B + e~ + e~~ + v c + v c are sensibly the same. 
The distinction is in the nature of the energy spectra of the electrons, which is characteristic of the different phase 
spaces involved. In particular, in A -> B + e~ + e~ the spectrum of a single electron is peaked asymmetrically around 
half the m a x i m u m kinetic energy release. If w e could neglect the nuclear recoil of the heavy B nucleus, this energy 
release would simply be the rest mass difference between A and B, and each electron would come out with half that 
difference. The m o m e n t u m recoil of B smears out the spectrum. There is a claim in the literature13' that the 
non-observance of this effect in double /?-decay sets a limit on m „ e of*' 

which, if confirmed, would be a significant improvement in the known upper bound on m„, provided v is a Majorana 
neutrino. A Dirac neutrino, no matter what its mass, cannot contribute to neutrinoless double /7-decay. There is also 
the possibility of a massless Majorana neutrino contributing to neutrinoless double /?-decay if the couplings contain 
ngAi-handed currents. The reason is that then the neutrino emitted in the left-hand vertex of Fig. 1.18 would be a 
mixture of y/L and and the y/L piece could be re-absorbed at the right-hand vertex. T o add to these possibilities, 
there is the further one, that the theory— or nature—could present us with a neutrino that had both a Dirac and 
Majorana mass. This introduces a mixing problem which I will come back to when I concern myself with the general 
question of neutrino mixing. 

T o return to our history. The next year I want to consider is 1962, the year that the Columbia 

University-Brookhaven group, led by L.M. Lederman, M . Schwartz and J. Steinberger, discovered what w e would now 

call neutrino flavour14'. This was the beautiful experiment, shortly afterwards also done at C E R N , in which n mesons 
are produced in high-energy nucleon-nucleon collisions. For example, 

+ * — ? # -frTT 
Within about 1(T 8 s, in its rest frame, the n decays, i.e. 

TT " — » M " f V M

C 

We use the notation m„e to indicate that this is the neutrino associated with electron emission. 

14 



where v£ is some sort of right-handed antineutrino—right-handed within experimental error. The question these 

experiments answered is: Is v£ » v£? A n d the answer was negative. The basic idea was to allow v£ to impinge on protons 

and to observe that 

occurred whilst 

did not. Similar experiments have been done on the neutrino produced in K + + v,,. The determination of the mass 

of this muon-neutrino has been elusive. It is determined by using the known K, n, and ft masses and the conservation 
of energy m o m e n t u m in two-body decays. In the end, the neutrino mass emerges as a small numerical difference 

between large numbers, which limits the accuracy. The present experimental limit is 

The could be as massive as an electron without violating any direct experimental evidence. 
In 1976, a new lepton, the r, was discovered15', with a mass of 1784.2 ± 3.2 M e V . There are substantial branching 

ratios for this lepton to decay via 

AK~ fV* +V or t—9 e"*v* *v 
where this vis yet a third neutrino, vT. Its mass has been even more difficult to pin down. The present limit is 

Are there more neutrino "flavours"? W e do not know. 

This brings us to the subject of neutrino mixing. T w o types of neutrino mixing are discussed. There can be mixing 
within a given flavour of the different types of masses—Dirac and Majorana; and there can be mixing among the 
flavours. I will begin with the first kind. The most general Lorentz-invariant Lagrangian mass consists of three terms, 
of which we have already seen two; namely: 

*M»l?¿ +«. . <143) 

The third term, which we have not discussed before, represents the right-handed projection of the Dirac field. In 

addition to the Majorana field 

^ = +fc • «k.* (,44) 

there is a second possible Majorana field 

which could also occur. Without further guidance, theoretical or experimental, one is somewhat at a loss as to how to 
treat this LM. So far, experiment has been mute, and one can find theoretical models which allow for various and sundry 
combinations of the m,'s. T o get a feeling for what is available, let us consider the following popular model 1 6'. In this 
model, the left-handed parts of the various leptons are placed in two-dimensional vectors, i.e. 
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Let us focus, for the sake of clarity, on the electron flavour CO. 
W e know the electron has a right-handed piece e R since it has a mass; indeed a purely Dirac mass*

) as in Eq. (1.29). If 
w e want to give the neutrino a mass, we m a y adjoin a right-handed neutrino v R which will, at least in the conventional 

theories, only couple through the mass. One way of actually generating masses is through what is known as the Higgs 

mechanism 1 7'. To strip this to its bare essence, w e introduce scalar fields—so-called Higgs mesons—whose neutral 

members m a y have non-vanishing average values in the vacuum. More concretely, in this case, we introduce the 

"doublet" Higgs 

and the "singlet" neutral Higgs O . 

W e m a y now construct the Lagrangian 

(1.46) 

where h and h' are coupling constants. This Lagrangian is invariant against two-dimensional complex 

rotations — SU(2)—as well as changes of phase—U(l), so it is invariant against the group SU(2) X U(l) which is 

also the group of the now standard electroweak theory. If we call the vacuum averages 

Vi <<))•> = 

(1.47) 

and displace $° and O by these vacuum averages**' so that the physical $° and 4> have zero vacuum averages, as they 
must, w e are led to the mass Lagrangian for the neutrinos: 

This is, of course, a special case of Eq. (1.43) and, as such, could simply have been written down and examined. But it 
was, perhaps, instructive to see h o w it could arise in the context of a gauge theory. 

It is clear that L M is not diagonal in the fields. T o make the diagonalization more transparent, w e shall rewrite the 
whole free Lagrangian in the basis of 

(1.49) 

A Majorana mass for the electron would violate the conservation of electric charge! 
By "displace" we mean let the physical field for, say f be given by 
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where 

and 

This M has eigenvalues 

1 - P (1.50) 

(1.51) 

(1.52) 

(1.53) 

The states that correspond to these A's are 

(1.54) 

W e can study these formulae in a number of special cases: 

I) m = 0, so 

In this case 

4 = v « . . \ ) ' 

(1.55) 

(1.56) 

(1.57) 

Hence, w e are dealing here with a theory with a Major ana neutrino of mass zero which would be identical with a massless 

Dirac neutrino if the couplings are purely left-handed, and a second Majorana neutrino of mass M which would be 

"sterile" if it has the conventional couplings. 

II) M = 0,so 

(1.58) 
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Inthiscase ^ _ . £ ^ ^ + ^ - J 

' (1.59) 

(1.60) 

Notice that X = — m, so this is an example where w e apparently have a negative "mass". A priori this is nonsense, 
but we can save the situation as follows. For the negative mass particle the Dirac equation in coordinate space would 

read 

UM -̂/wO<¿ = ° . „,„ 
But the y¡ defined in Eq. (1.31) anticommutes with all four y's. So if w e define 

this ~<f> obeys the usual Dirac equation with positive mass. This $ has the property that*' 

«j,* =. - ^ (1.63) 

So it is what might be called an anh'-Majorana neutrino, but whether such a thing can be produced depends on the 

coupling. Let us suppose the coupling is of the usual sort. Then, for example, 

(1.64) 

In this case since the mass of both <f> and ~<f> is m, w e are simply dealing with the single four-component field v L + v R of 
mass m. So case II is nothing but a Dirac neutrino of mass m. 

Ill) m / M « 1, so 

In this case 

and 

IK 

4' * Cv«.+v;) + Ä(Vfc*v;;. 

(1.65) 

(1.66) 

(1.67) 

Since A is negative, we must once again use the device of Eq. (1.62) to define the field that propagates with a positive 

mass. Thus 

*' From the definitions, y¡ v£ = — v£and ysvK = — vR. 
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(1.68) 

Since the coupling is, we assume, left-handed, the non-sterile fields are effectively*' 

(1.69) 4\ i V . - f t V l 
and 

(1.70) 

The mass term for, say couples v L and v£, so this theory can predict neutrinoless double /?-decay. If the theory could 
arrange itself, so that Eq. (1.47) actually produced m / M « 1, w e might have an explanation for the small mass of the 
neutrino v L in /?-decay. In this case, there would also exist a very massive Majorana neutrino—with mass M — which 
might well be unstable. For example, if)'-* <j> + y. 

The most general 2 X 2 neutrino mass matrix has the form**' 

M il.) 
This could arise in a gauge theory if, along with the other Higgs, w e adjoin a triplet, 

(1.72) 

If w e call 

is invariant under SU(2) X U(l the Lorentz-invariant coupling, which is invariant under SU(2) X U(l), is***' 

(1.73) 

(1.74) 

where the r are the three isotopic spin matrices of Eq. (1.10) and h" is the new independent coupling constant. This gives 
rise to the m 2 term of Eq. (1.43) and we now have the full generality of Eq. (1.71) to contend with. N o w the eigenvalues are 

(1.75) 

(1.75') 

•> vL a: j$L + (m/M) ^L- It is vLthat is emitted in /5-decay. 
**' Hermiticity plus CP invariance guarantees that m is symmetric and real. 

***' We must have L c here since vLvL = 0. 
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with this generality we can get about anything. Depending on the parameters, w e can have Dirac neutrinos, two 
Majorana neutrinos, or a Majorana neutrino and an anti-Majorana neutrino. W e await guidance from experiment18'. 

W e m a y now turn from mixing within a given flavour to mixing among flavours19'. For simplicity, let us consider 
the case where there are two neutrino flavours that mix. W e shall call one of the neutrinos ve and the other vx; "x" might 
stand for a r or a ft neutrino, or it might stand for a flavour which has not yet been observed. Following the discussion 
that led to Eq. (1.49), we can introduce a basis 

and generate a model of flavour mixing with the Lagrangian 

W t t » V A / (176) 

where in this case 

(1.77) 

This theory will lead us to mixed Majorana neutrinos, but, if we wanted, w e could also write a theory of mixed Dirac 
neutrinos, or both Majorana and Dirac since the matrix m of Eq. (1.77) is not diagonal, neither v e L + v«, nor v x L + v^L 

will propagate as fields, or states, with a definite mass. However, according to the empirically verified theory of weak 
interactions, it is precisely the left-handed projection of v e L + i.e. v e L J that is emitted in /8-decay. That is, the/?-decay 
vertex that agrees with experience is as shown in Fig. 1.19. In short, if there is flavour mixing, the neutrino 

Fig.1.19 

emitted in/?-decay, if m x e ^ 0, would not have a definite mass. However, w e can diagonalize Eq. (1.77) and find the 

states or fields that do have definite mass. These masses, say m and m', can be read directly from Eqs. ( 1.75); namely 

5 
(1.78) 

X 
Since the matrix of Eq. (1.77) is a real symmetric matrix it can be diagonalized by a real rotation in two dimensions. Let 

us call this rotation O(0), i.e. 

(1.79) 

0 ( 0 = 
- S t * * < • * • J 
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With a little algebra, w e can persuade ourselves that 

Costs) = J!* »1+0(£>i§^ 
(1.80) 

There is nothing sacred about using m ' as opposed to m in Eqs. (1.80). It is clear from Eqs. (1.78) that 

m ' s * * t 4 **« (L81) 

so we could use Eq. (1.81) to write things in terms of m if we wanted to. W e have also given the leading terms in the 
matrix elements in the case m x e / m « 1. A s is expected, as m x e -» 0, sin 0-* 0, so in the limit there is no mixing. If w e 
begin with the basis M 4 « 

and apply O(0) to this vector, w e get the vector with the components 

(1.82) 

It is v and v' that propagate with a definite mass or, more generally, with a definite energy. By simply letting 0-* —owe 
can find v e L + v£L in terms of v and v'. Thus 

4«! - Vu -»V,* S CotfttV - »•'«•( W 0 83) 

and 

5^.1 • V ^ - €9%l1)*'+t¡*fY* . (184) 
At t = 0, in this model of/?-decay, the Majorana neutrino jieL would be emitted, corresponding to the state 

This state evolves according to quantum mechanics by applying the operator e i H t, where H is the Hamiltonian, of 
which I v) and | v') are the eigensolutions. Thus 

IO.-c-'Hr|t.0L«t"«B.M«w... 
and likewise . _ 

..IS'* *Et 
(1.87) 
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where |v') t = 0, |v) t = 0 are taken to be orthogonal and normalized. W e m a y now use Eqs. (1.86) and (1.87) to answer 
various questions. For example, if the neutrino begins life at t = 0 as | </>eL\=0, what is the probability that it will remain a 
I ̂ e L ) at t ̂  0? A n d what is the probability that it will evolve into a | ̂ x L)? Let us assume, to begin with, that the masses 
are such that both neutrinos can be emitted in a given /?-decay without violating the conservation of energy. W e can 
answer the two questions posed by using Eqs. ( 1.86) and (1.87) and computing 

r c*v^+s¿%)*lfes%s¿Nt)c»sCCc-nt1 ( 1 8 8 ) 

and 

These formulae have all sorts of interesting and plausible characteristics. T o list several: 

a) W h e n t = 0 

p4.t t.» = 1 

(1.89) 

whilst 

which is a restatement of the initial condition that at t = 0 it is that is emitted, 

b) IfE = E'then 

whilst 

which is the statement that if m = m ' then the phenomenon of "neutrino oscillations" cannot occur. 

c) At all times 

which is a statement of the conservation of probability. 

d) If E * E' 

then there is a probability that oscillates in time for finding ̂ x L if at t = 0 ̂ e L had been emitted. This is what is referred to 

as "neutrino oscillation". The customary way of expressing these oscillations is as a function of the distance from the 

source. The usual case that is studied is one in which m/p <K 1, so that the neutrino is ultrarelativistic. In this case, we 
can replace t by R, the distance from the source, and write 

• ft * ft * \ 
(1.90) 
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Thus, 

— U (1.91) 

where the oscillation length is defined by 

To observe oscillations, we must have R J> L 2 0 ). There is, as yet, no experimental evidence that such oscillations exist. 
Finally, we may consider the case in which, say, m' is such that energy conservation will not allow it to be produced 

in/8-decay. In this case 

(1.93) 
1 » J w I W 1 • H I 

and 

(1.94) 

W e would not see neutrino oscillations but rather something that would look like a change in the effective coupling 
constant which reflects the mixing. The second very massive neutrino makes its presence felt in only a ghostly way21). 

W e began this section with the question "What is a neutrino?" It should be clear from the discussion that we do 
not, as yet, know. W e do not know how many neutrinos there are and if these neutrinos are massive or massless. W e do 
not know if the potentially massive neutrinos are Majorana or Dirac, and we do not know if these neutrinos can oscillate 
among flavours. Although I have not discussed it22), we also do not know if the potentially massive neutrinos can have 
magnetic moments, or other electromagnetic properties. In short, there is a great deal we do not know about neutrinos. I 
now turn to the question of what cosmology can teach us about neutrinos and, conversely, what neutrino physics can 
potentially tell us about cosmology. 
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Part 2: W H A T IS C O S M O L O G Y ? 

In this section m y object is to arrive, as rapidly as possible and with a minimum of formalism, at a place where we 

can bring general cosmological principles to bear on neutrino physics, and conversely. I make no pretense of giving a 

general survey of cosmology1'. The striking thing about the Universe taken on the average is its homogeneity and 

isotropy. It is also expanding in such a way, it would appear, so as not to alter this uniformity. Consider, then, a triangle 

made of three galaxies (Fig. 2.1). A s the Universe expands, this will evolve into a larger triangle (Fig. 2.2). If the 

t 
A 

Fig. 2.1 Fig. 2.2 

Universe remains homogeneous and isotropic during this expansion, these two triangles will remain similar 
throughout the expansion. This means that any of the sides with length ¿(t) must be related to t0—the length at 

t = 0 — b y the equation 

where R(t) is the same for all three sides. W e can cover the Universe with overlapping triangles so that R(t) is in fact a 

universal scale factor. W e can differentiate Eq. (2.1) and derive 

(2.2) 

The quantity H(t) = R/R is called "Hubble's constant", named after the American astronomer Edwin P. Hubble who, 

in 1929, discovered this law of expansion of galaxies out to a distance of 6 X 10 6 light years. Incidentally, Hubble, w h o 

was six feet two, was an outstanding collegiate heavyweight boxer w h o had an offer to turn professional. Instead, he 

chose astronomy. H e died in 1953 at the age of 64. Despite its name, Hubble's "constant" is not constant. A measure 

of this is obtained by differentiating H(t). The so-called "deceleration parameter" q(t) is given by 

1 ( f ) = H ( f ) s (2.3) 

If q(t) were zero, Hubble's "constant" would truly be constant. By physicists' standards, the present value of Hubble's 

constant is quite uncertain. This has primarily to do with the difficulty of assigning distances to very far off galaxies2'. 

The units used by astronomers to measure H 0 , the present constant, are 
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where a parsec = 3.09 X 10 1 3 k m = 3.26 light years". Thus, the units are 1/3.09 X 10 1 9 s = 1/9.78 X 10" y. The 

present empirical value of H 0 is usually given
2' as 

— — < U < -ii „ . (2.4) 

It is clear from Eq. (2.2) that H ^ 1 gives some sort of time scale for the expansion of the Universe. This is sometimes 
called the "Hubble time" or the "Hubble age". If, for example, we take the upper limit in Eq. (2.4), then 

-« _ • 
(2.5) 

W e shall discuss later what to make of this number. 
Since R/R is not constant, it is very important to have a dynamical theory of this quantity. The classical physics 

argument that leads to this theory seems almost too g o o d — t o o simple—to be true. It can, however, be justified within 
the context of the full general theory of relativity1' which produces the same answer4'. For this reason, we shall consider 
only the classical argument. Imagine that the Universe is a uniformly distributed collection of mass points defined by a 
mass density pm. Consider a sphere of radius R(t) anywhere in the Universe (Fig. 2.3); R is a function of time since the (3 

Fig. 2.3 

Universe is expanding. Because of the extreme symmetry of this problem, the gravitational field acting on a mass m 
located at A depends only on the masses within the sphere. The effects of the external masses cancel themselves out 
since the external masses are uniformly distributed5'. But the masses within the sphere act on A as if they were all 
concentrated at the origin. Thus, we have Newton's law: 

R * 
where G is the gravitational constant 

G - C . 4 ? * « t * I Î X | 0 * f c « ? J"V' (2.7) 

and M is the constant—in time — mass within the sphere. W e can rewrite Eq. (2.6) as follows : 

ft ft = . - G r \ R . (28) 

or 

(2.9) 

W e can integrate this equation to learn that 

(2.10) 

where E is a constant. But 
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(2.11) 
* **"" » 

so we finally obtain 

ÈL - & II R * 9 M - E ai» 

This equation has the same mathematical structure as the conservation of energy in a gravitational potential, namely: 

kinetic energy + potential energy = total energy 

W e know from this situation that there are three cases: 
i) E > 0, in which case there is no bound on R; 

ii) E < 0, R is bound in an "orbit"; 
iii) E = 0, R can just "escape". 

But here, R stands for the universal scale factor, which means: 

i) E > 0, the Universe will expand for ever; 

ii) E < 0, the Universe will stop expanding at some finite time in the future; 
iii) E = 0, the Universe is just free to continue expanding. 

In the context of general relativity, these conditions can be related to the so-called "curvature" of space. The third 
condition means in this context that space is "flat". This may, in fact, be just what our physical space is. It is certainly 
nearly so. This fact is often referred to as the "flatness problem", the "problem" being to explain why E = 0 or nearly 
so. In much of the following, I will make this assumption. It is usually not difficult to modify the arguments for general 
E. With E = 0, Eq. (2.12) reads 

(2.13) 
9 — ' • 

The pm which satisfies the equation is called the "critical density", i.e. 

a - it* 3 (2.14) 

Since we do not know H 0 , we do not know pc either, but the following parametrization is helpful: 

e t = (ihr) * ' o í * " " 1 , f c . ! 

(2.15) 

W e have derived Eq. (2.13) on fundamentally Newtonian grounds. In fact, it is m u c h more general. The density pm 

does not simply need to involve gravitating masses such as galaxies, black holes, neutrons, protons, and electrons. It 
can also involve massless objects such a photons and possibly neutrinos. For this reason, it is better to think of pm as 
the average energy density. Thus, w e shall introduce/7 = pjc1 and write 

(2.16) 

where this p has dimensions of energy/cm3. W e shall use Eq. (2.16) so extensively that it is convenient to rewrite it as 
follows. Let us define the "Planck mass" as the quantity M P , such that 

G M , - 1 (2.17) 
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Solving for M P , we have 

- f 

or 

r% = 2 . N * f © * 3, ( 2 l 8 ) 

(2.19) 
f V • - - - — - — — » • 

W e can rewrite Eq. (2.16) as 

(2.20) 

Before we consider how to use Eq. (2.20), let us examine the meaning of Eq. (2.5). If t„ is the "age of the Universe", then, 

with quantities with subscripts zero referring to now, 

(2.21) 

where we have used the boundary condition 

R ( ti) S O . (2.22) 

In the limiting case withp = 0, we have 

or 

(2.24) 

Thus, in this case 

(2.25) 

where H 0

1 is defined by Eq. (2.5). In general, from Eq. (2.6), w e have 

< O . < 2- 2 6> 

Furthermore, we are presently in an epoch with 

> 0 (2.27) 

for the expanding Universe. Thus we expect, if this were true back to t = 0, that the curve for R would look like that in 
Fig. 2.4. From the plot there (see opposite), it is clear that, subject to the conditions of Eqs. (2.26) and (2.27), H ^ 1 is an 
upper limit to the age of the Universe6'. 

T o implement the qualitative cosmodynamics, w e must know something about p as a function of R(t). The most 
important clue is the 1965 serendipitous discovery by Arno A. Penzias and Robert W . Wilson, of Bell Telephone 
Laboratories, of the three-degree cosmic radiation background. W e can summarize this discovery by saying that the 
Universe at large appears in the present epoch to be akin to a black body whose interior is filled with radiation at an 
effective temperature of approximately three degrees Kelvin. Let u„ be the energy per centimetre cubed per frequency 
for this radiation. Then, as Planck discovered at the turn of the century, 
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(2.28) 

if the radiation is in equilibrium, i.e. a black body. For this radiation, the p on the right-hand side of Eq. (2.16) is given 

J * y € l S V * C / (229) 

where k is the Boltzmann constant 

By recalling that, for a photon, its m o m e n t u m p is given in terms of its energy hv by 

we can rewrite Eq. (2.29) in terms of a dimensionless "number density" n(p) as 

(2.30) 

(2.31) 

(2.32) 

The number density per degree of freedom—there are two photon polarizations—is then 

(2.33) 
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so that the total number of photons per cubic centimetre at temperature T is7), per degree of freedom i, 

If we take T 0 = 2.7 K, wefindN¡(T 0) 199 photons/cm 3. Since there are two degrees offreedom in equilibrium, 

N = Ni Z (2 35) 

This is the average number of "fossil" photons for cubic centimetre in this room. Using Eq. (2.34) w e can write 

Eq. (2.29) as 

0 - TL* t * r * ) N < > T ) 
^1 * * o 3 o 

If we take the N(T) of Eq. (2.34) we have for the present radiation energy density per cubic centimetre 

• i * 

Çv ä 5 X 1 0 * « * > » / < • ? • 
O n the other hand, if w e take the value of pc corresponding to 75 km/(s • Mpc), we find 

. 5 

(2.36) 

(2.37) 

(2.38) 

W e see that the photon contribution to p is several orders of magnitude too small to close the Universe. In other words, 
if only photons were contributing to the energy density, the Universe would continue expanding for ever. 

A s E q . (2.34) clearly shows, 

A/CT1*»T . (2 39) 
But the only reason, essentially, that the average photon density is dropping in the present Universe is that the 
Universe is expanding: the photons are not disappearing anywhere, but rather they are being "diluted" by the fact that 
the "container" in which they find themselves, i.e. the Universe, is growing in size. But lengths scale as R(t) and 
therefore volumes scale as R3(t). Thus we must also have 

I 
# K (2.40) 

To reconcile Eqs. (2.39) and (2.40) we have the fundamental relationship which governs the expansion of the Universe 
during the period we shall be concerned with; namely, 

. (2.41) 

I will discuss the meaning of this relationship shortly, but first let us draw some consequences from it. From Eq. (2.41), 

it follows that 

(2.42) 

T * ' 
Suppose we are in a regime in the early Universe—it is not true at present—where the energy due to massless particles 
such as the photon actually dominates p. Thus, combining Eqs. (2.16), (2.29), and (2.41), we have 

T - - A T * (2.43) 
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where A is a constant, so that during this regime 

and 

(2.44) 

(2.45) 

By combining Eqs. (2.42), (2.20), and (2.29) we can write an explicit version of Eq. (2.44), namely 

where 

or 

(2.46) 

(2.460 

The quantity t P is the so-called "Planck time" which is thought to be the earliest instant of the Universe to which the 
presently understood physical theories might apply. In Eq. (2.46), N D F means the number of degrees of freedom 
associated with mass zero or essentially mass zero particles—particles such that m / T » 0 — w h i c h are in equilibrium 
at temperature T. W e will discuss shortly what "equilibrium" means in this context. For the photon, N D F = 2, i.e. one 
for each polarization. For a Fermi-Dirac particle such as a neutrino or an electron, we must evaluate the 
integral—compare with Eq. (2.29) and note the plus sign in the denominator : 



Hence, every massless Fermi-Dirac degree of freedom in equilibrium at temperature T should be reduced in weight in 
the energy density by a factor that is approximately 7/8. Thus, in Eq. (2.46), w e should write 

(2.49) 

By the way, in writing Eq. (2.46) w e are not assuming that this equation applies absolutely down to t = 0. It m a y well be 
that close to the birth of the Universe there was an extremely rapid expansion—an "inflation"—which then slowed 
down so that later R ~ y/t. This era, in which R ~ yjt, is what is called the "radiation-dominated" epoch of the Universe, 
and Eq. (2.46) will apply to it. I now want to go into the question of what equilibrium means in an expanding Universe. 

I have argued [Eq. (2.40)] that if the only particle density decrease is due to the expansion of the Universe, as 
opposed to inelastic processes, then 

Nf* g% ^ (2.50) 

For massless (or essentially massless) particles, the scaling argument of Eq. (2.34) then shows that 

(2.51) 

and thus 

" " (2.52) 

I would now like to look into this matter more deeply. To this end, I will need the following thermodynamic relation which 
can be taken as one definition of the absolute temperature T 8 ) , i.e. 

(2.53) 

where S is the entropy and E the internal energy. W e apply this in the form 

(2.54) 

Referring to Eq. (2.29), w e then have for black-body radiation that the entropy per unit volume per k is given by 

(2.55) 

where we have used Eq. (2.34). The entropy so constructed, which is the entropy per unit volume, evidently decreases as 
the Universe expands. Since volumes V scale as R 3, the total photon entropy S V goes as (TR) 3. But there have been, 
over most of the Universe's history, many, many, more photons than anything else except possibly neutrinos, of which 
there are, at present, a comparable number. The total photon entropy is therefore a good measure of the total entropy in 
the Universe. So w e can say that the condition that 

(2.56) 
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is essentially the condition that the Universe is expanding adiabatically — no "friction". The total entropy remains 
sensibly constant. W e can entertain ourselves by estimating this entropy. Let us assume, for the sake of the argument, 
that the Universe is 1.5 X 10 1 0 y = 5 X 10 1 7 s old. Since light travels at 3 X 10 1 0 cm/s, the "size" of the Universe is 
something like 1.5 X 10 2 8 cm. Thus, its volume V is about 3 X 10 8 4 cm 3. So from Eq. (2.55) with Ny = 400/cm 3 

V 5 iL IOX
 (2 57) 

W h a t is one to make of this stupendous number apart from the significant fact that it shows that in an entropy sense 

the Universe is "hot"? W e know from Boltzmann's definition of entropy that 

(2.58) 

where W is the probability of the state whose entropy is S. For a perfect gas 8 ) W ~ V N , where V is the volume and N the 
number of particles. Using this relation, w e can find N for the Universe, i.e. 

— ^ J — (2.59) 

which is another way of stating the significance of Eq. (2.55). Equation (2.59) gives roughly, the number of "cosmic" 
photons in the Universe and, also roughly, the number of neutrinos. Astronomers tell us that visible matter—matter 
they can see and count, as opposed to neutrinos and black holes—has an average density of about 5 X 1 0 - 3 1 g/cm 3, 
give or take an order of magnitude. Since the proton, say, has a mass of 1.7 X 10~ 2 4 g, the number of baryons per cubic 
centimetre is about 3 X 10~ 7/cm 3. This should be compared with the number of cosmic photons, which is about 
400/cm 3. Thus, Nj,/NB 109. It should be emphasized that this is a very difficult number to determine and that it might 
well differ from the one I have given by an order of magnitude9'. W h a t is often done is to define a dimensionless 
"specific entropy" a as the entropy of the photons per baryon. Thus 

<T Ä S / K ^ Z.kH* » * # x i o ^ Z H X I O 
(2.60) 

These baryons — apart from the speculative possibility that they might be slightly unstable—are conserved, which 
means that both N>, and N B vary as 1/R

3. This means that a is sensibly constant and that this large number has been a 
property of the Universe from close to its beginning. 

I would n o w like to return in more detail to the significance of equilibrium. It is clear that if N ~ 1/R3, then N obeys 
the differential equation m 

(2.61) 

However, N is given [see Eqs. (2.32) and (2.33)] by integrating the density n(p,T) over all momenta. W e m a y ask, W h a t 

equation does n(p,T) obey? I claim that, in the expanding Universe, n(p,T) obeys 

> T * « » # - < 2 6 2 > 

in a regime in which there are no collisions among the particles in question. I will not derive this from first principles 
here, but will examine its consequences10'. In the expanding Universe model we are considering, when there are no 
collisions, the whole dependence of n on time arises via the expansion alone in that R is a function of time. Thus, in this 
case, w e can rewrite Eq. (2.62) as 

or 
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(2.64) 

One can instantly persuade oneself that any function of R 2p, n(R 2p) will satisfy Eq. (2.64). But what about the n(p) of 
Eq. (2.33), i.e. 

Keep in mind that for any two temperatures T and T 0, T/T 0 = Rg/R in the radiation-dominated regime, so everything is 
consistent with Eq. (2.64) provided that by p we mean 

(2.65) 

where p is now a time-independent parameter that varies from zero to infinity. This means that in terms of R we should 
write 

o/P 5 R o Af. (266) 

This is as it should be since this extra factor of R 3 is needed to give the integral the right covariance property11'. Thus, 

the explicit way to have written Eq. (2.33) was 

R J * (2.67) 

So, indeed, n is a function of R 2 p and thus a solution of Eq. (2.64). Suppose now w e take Eq. (2.62) and integrate it using 

Eq. (2.66). Thus 

J V ix * R iir I • yT 

(2.68) 

Hence, any solution of Eq. (2.62), i.e. any n(R 2p), satisfies Eq. (2.61). However, what does it mean for n to be an 

equilibrium distribution? Let us approach this question by considering first the case in which R = 0, i.e. the Universe is 

not expanding. If the particles distributed in m o m e n t u m are not colliding with each other, then in this limiting case we 

have simply 
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to replace Eq. (2.62). However, in general, there will be collisions, and these collisions will influence the behaviour of n 
over the course of time. If, for example, some of the collisions are inelastic, some of the particles described by n can be 
changed into other particles altogether. In the general case then Eq. (2.69) becomes symbolically 

} T (2.690 

There are all sorts of possible collision terms, but let us consider the simplest example in which n describes 
particles obeying classical Maxwell-Boltzmann statistics and colliding elastically with each other. Then Eq. (2.69') 
becomes 

(2.70) 

W e are imagining an elastic collision in which 

conserving energy and momentum; W is related to the transition probability by normalization factors. F r o m the 

conservation of probability — unitarity — it can be shown that 

(2.71) 

If we use Eq. (2.71) and integrate Eq. (2.70) on p, we find 

"Ĵ " / (2.72) 

which we would expect since the collisions are elastic. W h a t is meant by the entropy in this language? In this language, 

S/k is defined by 1 2 ) 

(2.73) 

That the sign is right is clear if we take the "classical limit" of Eq. (2.3 3), i.e. n(p) a¡ e~ p c / k T. If w e use this limit we will get 

Eq. (2.55) with a different numerical factor, since we have not used the correct statistics. For what I now want to say, this 

refinement is irrelevant. Equilibrium is defined to be a state, a form of n(p), that maximizes S as a function of time. That 
is, for that state 
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S is stationary in time. But from Eq. (2.73) this condition implies that 

(2.75) 

But from Eq. (2.69') this implies that 

(2.76) 

This is a very powerful constraint on n(p). T o see this, let us use our example Eq. (2.70). In quantum mechanics, so 
long as some selection rule does not forbid the reaction, the function W is positive. Thus, from Eq. (2.76) we have the 
condition 

(2.77) 

or 

A I ~ . « I 
(2.78) 

In the homogeneous and isotropic medium — the Universe on the average — that we are considering, n(p) can only be a 

function of the magnitude of p. But we know a function of the magnitude of p that satisfies Eq. (2.78), namely the energy, 
i.e. 

In fact, the only solution to Eq. (2.78), given the constraints, is 

where fi maß are independent of p. Thus, equilibrium constrains n(p) so that 

(2.79) 

(2.80) 

(2.81) 

If we take ß>0, the positive energy exponent is ruled out since we insist that N = / d 3p n(p) < oo. Thus we end up with 

* \ C * ) = C (2 82) 

The quantity fi is usually called the "chemical potential" or the "degeneracy parameter". If there are several species of 

particles each with its o w n n(p)¡, then each one m a y be characterized by a different chemical potential ßr By following 

through the arguments that lead to Eqs. (2.77) and (2.78), we can readily persuade ourselves that in a collision in which, 

say, 

« » ! ' « • * ' • • ' • ' " \ > s J U , . ^ a . 4 

i.e. chemical potentials are conserved. Since w e can have processes like "bremsstrahlung", 

€ * e — 9 f 

in which a single photon is produced, leaving the other particles intact, we must have 

Since we can have particle-antiparticle annihilation into photons 
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we must have 

./Ä Ä « — >A «̂ (2.84) 

W e shall return to chemical potentials when we discuss neutrino cosmology. 

Now to the point. If we are careful about definitions and use the machinery of the general relativistic tensor 
calculus, this whole discussion goes through essentially intact for the expanding Universe. W e can show that if 
Eq. (2.76) is to be satisfied, w e must have in the classical Maxwell-Boltzmann case 

(2.85) 

with the notation of Eq. (2.65), where p is a time-independent constant and ß an arbitrary function of time. Now, we are in 
the soup! For a relativistic particle of mass m (we have put c = 1), 

E C R # ) A ]f ft\?%*A* . (2 86) 

To obtain the usual results of statistical mechanics we must make the identification 

9 = (2.87) 

where, in general, T is some function of R. But to satisfy Eq. (2.63) we must have 

The only way that this condition could be compatible with Eq. (2.86) is if T(R) had some special form. But in the general 
case there is no special form that will work. T o understand the nature of the impasse, consider the function 

(2.89) 

which would represent a Maxwell-Boltzmann distribution with a relativistic energy and a temperature T(R) which is an 

arbitrary function of R. This n(p) would make the right-hand side of the equation 

- * R 

^ (2.90) 

vanish, i.e. the Boltzmann equation in the expanding Universe. However, if w e apply the left side of'Eq. (2.90) to n(p) we 
find that the condition for it to vanish is that 

—r /p R • 
Since T is a function of R and R alone, Eq. (2.91) only has a solution if m = 0 1 3 ). In this case 
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The fact that this leads to an equilibrium solution is consistent with the condition that n be a function of R 2 p 2 . There is 
another, artificial, situation in which Eq. (2.90) admits an equilibrium solution. Let 

(2.92) 

This is artificial because the non-relativistic limit of the energy is 

and if the rest mass term is included in Eq. (2.93), the argument about to be given no longer works. T o convert the n(p) 
in Eq. (2.92), to a function of R 2 p it is sufficient to let 

* (2-94) 

This n(p) will n o w satisfy Eq. (2.62). But it is not the non-relativistic limit of Eq. (2.89), which is 

V U * ) = I Ç f X (2,5) 

and this function will not allow the left-hand side of the Boltzmann equation to vanish. In summary: except for the case 
m = 0, there is no equilibrium solution to the Boltzmann equation in the expanding homogeneous and isotropic 
Universe of zero curvature. W h y , then, does the notion that the Universe is expanding adiabatically with the photon 
temperature appear to work? To get a feeling for this, let us follow the history of the electrons in the early Universe. If we 
begin our history at T » 10 1 2 K, we have a Universe consisting almost entirely of photons and leptons and, possibly, 
gravitons. There might be other exotic particles such as axions or heavy neutrinos, but I want to begin with the simplest 
picture consistent with what we know. The electron has a mass of 0.51 M e V , which corresponds to a temperature of 
0.6 X 10 1 0 K or, for T = 10 1 2 K, mc 2/kT su 10~2. W h e n I refer to temperature here, I a m implicitly assuming that the 
electrons and photons have the same temperature in this regime, i.e. that they are in thermal equilibrium. It is this 
assumption that we are testing. Since we can neglect the electron's mass in this regime, w e can find an equilibrium 
solution to the Boltzmann equations if we can find a coupling that will equilibrate electrons and photons. By electrons I 
always mean electrons and positrons since both are present. There are various possible candidate processes, 
including 

and 

Since the electron, or positron, kinetic energies are such that k T » m, w e are in the ultra-relativistic regime. The e +,e~ 
process, which is typical, has then a cross-section of order [a(A/mc)]2 =¡8 X 10~ 2 6 cm 2. This is the cross-section; but 
what is the rate? This would be given rigorously by the right-hand side of Eq. (2.70) suitably generalized to take into 
account the correct statistics. But it is given approximately by the expression 

(2.96) 

If we focus on the rate of disappearance of electrons, then N stands for the number of positrons per cubic centimetre 

and v is the relative velocity which in this regime w e take to be c, and a is some suitably averaged total cross-section. 
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Most of the arguments to be given are not very sensitive to how this average is defined. T o find N in the massless 
regime, for each degree of freedom we must do the integral 

(2.97) 

The last approximate equality comes from Eq. (2.31). To make contact with the work of both the previous and future 
sections, let us think of the number of degrees of freedom in the following way. Using the notation of the last section, we 
can always write 

(2.98) 

If we were discussing the neutrino with only left-handed couplings, y/K would be "sterile". It would not interact with 
anything so it could not be in thermal equilibrium, and it should not, therefore, count as a degree of freedom. However, 
the electromagnetic coupling involves the current 

This interaction is what is called "left-right symmetric", which is another way of saying that it conserves parity. That 

means that each of these degrees of freedom is equally involved, so for each electron w e must count 2, and 2 more for 

each positron. This is true whether or not the electrons and positrons have mass. So 

s CA)V , 
-L » I O 

(2.99) 

t s i e K • 
To justify the use of the equilibrium distributions even at temperatures at which the rest mass is not negligible 

compared to kT, w e must have 

X K (2-100) 

Then we can neglect the term in Eq. (2.90) proportional to R/R. There will be thermal equilibrium as long as Eq. (2.100) 

holds, and as long as the reactions 

— Y (2.101) 

and 

+ _ (2.102) 
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occur at about equal rates. W h e n the photon temperature drops below k T ~ m c 2 , the reaction of Eq. (2.102) can no 
longer take place and the electrons will simply annihilate. 

Before finding R/R, it is interesting to get a bit of a feeling for the odd state of matter with which w e are dealing. 
From Eq. (2.97) we see that in this regime matter is a plasma that has a number density of about 10 3 7 particles per 
cubic centimetre. The people who try to achieve the magnetic confinement of plasmas in, say, a Tokamak machine, 
would be happy to get 10 1 6 particles per cubic centimetre in their plasmas. They would also be happy to get a T 10 8 K. 
The inertial confinement people w h o use lasers would like to confine plasmas with 10 2 0 particles per cubic centimetre at 
10 1 2 K. In the early Universe, the particles are separated from each other by a distance of ~ 1 0 - 1 2 cm, i.e. about i ~ 
Ac/kT. This means that the Coulomb energy of an electron is about e2/( ~ (kT)a. But the kinetic energy is about kT, so 
that it is m u c h greater than the potential energy. This is what gives us some confidence that we can treat this system as 
a dense gas of quasi-free particles. 

W e now wish to study Eq. (2.100) for which we need an estimate of R/R. From Eq. (2.20) we have 

(2.103) 

W e recall that each photon degree of freedom contributed to p a value 

(2.104) 

To find the corresponding number for a massless Fermi-Dirac particle, we have to evaluate J 0 dx x
3/(e" + 1). W h e n 

this is done, w e have 

"¡ - f l ; , ( 2 , 0 5 ) 

i.e. the contribution to the energy is slightly reduced by the statistics. This assumes that the Fermi-Dirac and 
Bose-Einstein particles are both massless and at the same temperature. T o find p we must count up the degrees of 
freedom. The number of these depends upon which particles are in thermal equilibrium at the temperature in question. 
If we take T <, 10 1 2 K this corresponds to k T <, 100 M e V . The assumption which is m a d e — a n d which seems 
reasonable — is that particles such as protons and antiprotons, which are substantially more massive than 100 M e V , 
have largely been annihilated by this temperature, leaving the observed NB/Ny ~ 10~9, or equivalently, N B ~ 10 2 8/cm 3 

using Eq. (2.97). This means that protons, which are non-relativistic, at this temperature would make a contribution to 
p of order N B m c 2 ~ 10 3 1 MeV/cm 3. But any of the massless degrees of freedom make a contribution to p of order 
Np-kT ~ 10 3 9 M e V / c m 3 . Thus, protons can safely be left out of the consideration of p, at least at this temperature. 
However, since N B m c 2 decreases as T 3, whilst N,, • k T decreases as T 4, there will come a temperature where the two 
contributions to p will be equal and after which the matter will dominate. To find this temperature, w e write [cf. 
Eq.(2.36)]: 

(2.106) 

Then 

(2.107) 

or the cross-over temperature, say T c , is given by 

T c 1 3 x 10* it. 
This is an approximate estimate since it ignores the effect of the neutrinos on p, which can be substantial. It is 
important to note that once matter begins to dominate p there is a striking change in Eqs. (2.43) and (2.44); namely, 
since, in this regime, 
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(2.108) 

we now have 

(2.109) 

as opposed to the radiation-dominated era where 

T ~ ± 
I 

f t (2.110) 

If we use Eq. (2.45'), w e see that this cross-over point occurs at about 10 1 2 s, which is a mere ten thousand years. For 
nearly all of the lifetime of the Universe then, its expansion has been run by massive matter. Because of this, we have 
for this case in which we assume p = pc that the lifetime of the Universe is given by t„ = 2/3(R 0/R 0). 

Back to our estimate of R/R. Which massless particles shall w e include in p at T 4 ~ 10 1 2 K ? It will not make very 
much practical difference to the orders of magnitude if we leave out a few, but surely we must include y, v, e. A s the p 
mesons have a mass of 105.6 M e V , let us leave them out since at T <, 10 1 2 K they would annihilate: p+ annihilating with 
p~. So we count 

W e shall take all the neutrinos to be massless here, and leave to the next section the question of what difference Dirac 
versus Majorana neutrinos might make, and other matters that might arise if the neutrinos are massive. W e shall also 
assume that the weak couplings are strictly left-handed a n d — w h i c h is not trivial and will be discussed later—that all 
the neutrinos are in equilibrium with the photons. Thus, w e count degrees of freedom as follows: 

Particle N 
D F 

W h y ? 

e + 2 T w o spin states 

e~ 2 T w o spin states 

Ve 1 Left-handed 

Ve' 1 Right-handed 

V? 1 Right-handed 

*> 1 Right-handed 

Vr 1 Right-handed 

1 Right-handed 

7 2 T w o polarizations 

So in this regime 

(2.111) 

Thus we m a y write Eq. (2.20) as 

(2.112) 

orforkT = 100 M e V , 
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A glance at the result of evaluating Eq. (2.99) shows that at this temperature 

R / -#» 
TT/-L - , 0 (2-114) 

/ f 
The implication of this is that at T ~ 10 1 2 K, the e + + e~ -» y + y and y + y-* e + + e~ reaction rates are so fast that the 
electrons and positrons can be correctly thought of as being in thermal equilibrium with the radiation. So even though 
n(p) = 1/exp (E/kT) + 1 is not, strictly speaking, a solution to Eq. (2.63), it fails to be a solution by terms that can, at 
least in this regime, be neglected. If we follow the ratio (R/R)/(l/r) down to k T = 1 M e V , w e find that it continues to 
remain small. Thus, throughout the regime 10 1 2 K > T > 10 1 0 K, the electron can safely be regarded as being in 
thermal equilibrium with the radiation. At about kT ~ 0.5 M e V , which occurs some three seconds after the Big Bang, 
the situation begins to change dramatically for the electrons. They begin to disappear extremely rapidly by annihilation 
with the positrons. The temperature of the radiation is now too low to allow y + y -*• e + + e~, which would equilibrate 
things. A s far as we know, the Universe is sensibly neutral electrically. F r o m this, and the fact that matter is protonic 
and not antiprotonic, we know the number of electrons that will be left over after the annihilation. W e must have, from 
electrical neutrality, 

Ol 
(2.115) 

Until the electron annihilation, the photons have been following the smooth relation T ~ 1/R but, after the annihilation, 
there will be a sudden increase in photon temperature. T o make this apparent, it is customary to assume that there is no 
change in entropy during this transaction—no "friction"—, the idea being that if the expansion were reversed at this 
point the Universe would heat up and the lost electrons and positrons would be recovered in the process y + y -» e + + 
e~. It turns out that during this period the neutrinos are leading a "life of their own". They are expanding freely with a 
temperature we will call T„ which need not coincide with the photon temperature T. In any event, the neutrinos suffer no 
entropy change, whilst the electrons are vanishing and need not be considered in the calculation done below. Thus we 
equate R 3 S before annihilation with R 3 S afterwards, something which makes sense to do since the annihilation takes 
place very rapidly. W e find, using Eqs. (2.55) and Eq. (2.105) and counting e +, e~, y degrees of freedom, 

1 if V "uc /*rr«* 

(2.116) 

(2.117) 

or 

1 

(2.118) 

W e shall file this result away for use when we discuss the history of the neutrinos. 
W h e n the annihilation is over, the cosmic positrons have essentially disappeared. The electrons that are left find 

themselves in a bath of photons with which they interact predominantly by elastic scattering. Bremsstrahlung 
processes can also occur but at a lower rate. The non-relativistic Boltzmann equations involving the elastic scattering, 
can be solved approximately1". It can be shown that even though the electrons are non-relativistic, which means that if 
they were expanding freely their temperature would drop as T ~ 1/R2, because of their coupling to the photons, their 
temperature follows very closely the photon temperature, i.e. T ~ 1/R. This continues from about t ~ 3 s to t ~ 10 5 y. 
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At about 10 5 y the photon temperature has dropped to 4 X 10 3 K, corresponding to 0.3 eV. At this point, the electrons 
can be, and are, effectively captured by the protons with the formation of atomic hydrogen. This process is known as 
"recombination", which seems like a misnomer since, until this temperature, any hydrogen atom that formed would 
have been photodisintegrated, i.e. the electrons and protons were never combined up to this point. Once again, this 
recombination takes place very rapidly. It can be argued1' that even though photons are produced during this process 
they do not distort the black-body spectrum. It is just as well that one can make these arguments since what is in fact at 
present observed appears to be a black-body spectrum. After recombination, the photon bath has been diluted to about 
10 1 2/cm 3. These photons find themselves in a medium of electrically neutral particles, the hydrogen atoms, and so they 
are able to expand freely to their present temperature of about 2.7 K. During this time, the life story of the electrons 
becomes too complex to try to follow here. Suffice it to say that, among other places, some end up in stars and some 
have ended up in the author of these notes. 

The final subject I wish to address in this section is that of the helium abundance in the Universe. Neutrinos play 
an important role here, which I will take up in more detail in the next section. I n o w merely want to sketch the subject. 
First the facts. The most significant fact is that by mass the Universe at present consists of about 
2 5 % helium. The rest is primarily hydrogen. If we take the mass of each helium nucleus to be four times the mass of a 
proton, w e easily persuade ourselves, calling N H the present hydrogen number density and N H e the present helium 
number density, that 

so that 

A» n o f f 
7! (2.120) 

i.e. the relative number of helium nuclei in the Universe is about 8%. But what is of equal, if not greater, significance is 
how this helium is distributed. It is, in a manner of speaking, ubiquitous. For example, in the Sun, which is about five 
billion years old, there is a helium abundance by mass—call it, as is customary, Y — o f about 30%. Certainly, some 
helium is to be expected in the Sun and the older stars simply in view of the "burning" process which generates the solar 
energy. In the Sun, four protons eventually get converted into a helium nucleus. But this helium production mechanism 
would not account for the Y 0.25 in the young Orion nebula and in the interstellar medium. In fact, it would not 
account for the Y 0.30 in the Sun. Nuclear fusion simply cannot generate enough helium in the solar lifetime. A H 
these measurements suggest that Y has some sort of universal character and may, therefore, be of cosmic origin. Let 
us first ask for a sequence of reactions that would lead to the formation of helium from even lighter nuclei, and then w e 
shall deal with the problem of how these interactions came about in the early Universe. The ground rule is that one 
begins with protons and neutrons and, by two-body inelastic collisions, ends up with helium. The sequence suggested is 
the following, with d standing for the deuteron, t for triton, and 3 H e for the light stable isotope of helium. W e m a y begin 
with (indeed, we must being with) 

(2.121) 

radiative capture. Once we have d there are several possibilities, namely 

«" JP (2.122) 

followed by 

(2.123) 

and there are others. The key then is the initial formation of d. It is well known that the binding energy of the d is E B = 
2.225 M e V . This corresponds to a temperature of about T ~ 3 X 10 1 0 K. It might, naively, be supposed that below this 
temperature the reaction y + d -* n + p could not take place, so that helium would form at something like a tenth of a 
second after the Big Bang and therefore that Steven Weinberg's book should have been called "The First Tenth of a 
Second" I 6 ). The reason that Weinberg does not have to change the title of his book is the following. The energy k T 
corresponds to the average energy a photon of that temperature can have. But there is always a fraction, A N r of the 
photons that can have an energy above any energy one likes. If this desirable energy is called E, then AN,, ~ 
exp (—E/kT), so as k T becomes less than E, AN,, tends rapidly to zero. But, in this case, since there are something like 
10 9 photons for each nucleón, w e can afford to have ANy « 10~ 9 and still effectively break up any deuterons formed. 
This means we can afford to have E/kT ~ 20, which in turn means that deuterium can only be formed when T ~ 10 9 K, 
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which corresponds to about three minutes; so Weinberg is saved. By the way, the alert reader m a y have wondered why 
electron-proton recombination took place at a temperature of 4 X 10 3 K corresponding to 0.3 eV, whilst it takes 
13.6 eV to ionize atomic hydrogen. The same argument applies mutatis mutandis. 

If we actually want to find the temperature at which deuterons are formed — a very important quantity — we can 
proceed in the following way. It can be argued1' that in the temperature regime in question, the rates for n + p -• d + y, 
and its inverse, are much more rapid than R/R. Hence, the deuteron can be described by its non-relativistic equilibrium 
distribution, i.e. . . Jù*f 

2 C (2 124) 

Here fi is the deuteron's chemical potential, m d its mass, and the 3 comes because the deuteron has spin 1. Then, the 
number of deuterons per c m 3 is given by . 

Vi* J -0 

In the reaction n + p-* d + y, chemical potentials are conserved, so we can write 

/ X - * ( 2 - 1 2 6 ) 

since fiy = 0. Furthermore, 

where the last two approximate equalities will be used when suitable. The customary, and most intelligent, way of 
applying Eqs. (2.125) to (2.127) here is to ask what will be the percentage of deuterons formed as compared to the total 
number of nucléons around. Let us call this number N. Then what we would like to know is N d / N as a function of 
temperature. W e shall rewrite Eq. (2.125) using Eqs. (2.126) and (2.127). The reader's indulgence is asked if, to avoid 
mystification, I write this out in detail. Thus, with c = 1 in these formulae, 

The various factors of 2 come from the fact that n and p have two spin states; otherwise the rest of the formula should 
be clear. It is conventional to call N D / N = X d ; N p / N s x p and N n / N s x„, so 

(2.129) 

W e m a y now ask at what T will the relation 
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i 
(2.130) 

be satisfied. This will be the temperature at which deuterons will form in substantial numbers. At that point, the nuclear 
reactions of Eqs. (2.122) and Eq. (2.123) will follow very quickly and helium will be formed. To find T we must know N. 
With the subscripts zero referring to present times 

(2.131) 

reflecting the fact that nucléons do not disappear — they "merely fade away" as the Universe dilutes. But if p0 is the 

present nucleonic matter density, then 

No * ^ I 3 * i o " 7 / c „ \ ( 2 1 3 2 ) 

*** 
So from Eq. (2.130), and calling the exponent z, we want that 

1 M d i v W j V 
(2.133) 

The previous argument involving the AN,, suggested T ^ 10 K as the temperature where deuterons could be produced. 
IfweputT = 10 9KinEq.(2.133),wefindz 74 — 7 7 which, while not perfectly zero, suggests that 1 0 9 K is about right. 
In his book1', Weinberg, solving Eq. (2.133) quotes a temperature of 1.2 X 10 9 K. There are clearly uncertainties in T 0 

and p0 which will affect the result. Knowing this temperature, how then do w e proceed? The basic observation is that 
essentially every neutron that is available at T ~ 10 9 K will become part of a helium nucleus, except for a negligible few 
that become parts of other light nuclei. So, if we know X „ at the critical temperature, we also know X H e since there are 
two neutrons in each helium nucleus, i.e. 

ïrtt Ä lT* . (2-134) 

But if we take m „ ^ m p =* m H e/4, we can persuade ourselves that X H e is just the fraction by mass Y of the cosmic 
helium. Thus, our entire problem comes down to finding X „ at about 10 9 K. This is the place where neutrinos make their 
most experimentally accessible entry into cosmology. It is, therefore, a subject I will take up again in the final section of 
these lectures. Here, I want simply to sketch how things work. Let us begin the story at a T < 1 0 1 2 K , after the p. mesons 
have essentially disappeared. At this time, there will be, in the main, e +, e~, y, and a comparable number of neutrinos 
and antineutrinos of various flavours. All these neutrinos can be kept in equilibrium with the electrons, provided that 
the rate for e + + e~ -» v + v for each of the flavours is greater than R/R. W e know in this regime that R/R ~ T 2 

[see Eqs. (2.103) et seq.]. W e shall argue in the next section that the rate for processes such as e + + e~ -* v + vgoes as 
T 5. Hence, there will come a temperature below which the neutrinos interact at too small a rate to remain in equilibrium. 
After they decouple, they expand freely and only influence the cosmological development by whatever effect they have 
on p and hence on R/R. But prior to this they have participated in the conversion of protons to neutrons and vice versa 
by processes such as 

V c * A ? /P » « (2 135) 
and 

T (2.136) 
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along with 

t " f V / " . (2.137) 

All these processes involve electron-neutrinos only. There is not enough energy available for, say, 

The temperature at which neutrinos are no longer effective in generating the reaction of Eq. (2.136) can be 

estimated in the way we used before. Since 

* - i. a ï M » V a K i . s xi©'" K (2139) 

it might be imagined, at first sight, that the reaction of Eq. (2.136) would not proceed for T < 1.5 X 10 1 0 K. But the 

nucléons are in a bath of neutrinos that are about 10 9 times more numerous. This means that a sufficient number of 

neutrinos are energetic enough to allow Eq. (2.136) to proceed to temperatures as low as ~ 1.3 X 10 9 K, at which point 

the neutrinos really decouple from the nucléons except for the /?-decay of Eq. (2.137). At about 1.2 X 10 9 K the 

nucleosynthesis then proceeds rapidly. T o follow this sequence of outputs in detail, what we really have to do is to solve 

the rate equation for the quantity X „ — t h e neutron fraction, i.e. 

(2.140) 

This must be done numerically and, depending on the assumptions, produces Y ~ 0.22-0.25. However, we can do 

surprisingly well with an extremely naïve calculation which has the virtue that by using it we can see h o w changing 

various assumptions can change the final result. W e proceed as follows: at T ~ 1.2 X 10 1 0 K, neutrinos in the main 

decouple; up to this point n and p have been in equilibrium and are characterized by the distributions 

(2.141) 

Therefore, w e have 

(2.142) 

W e then must decide what to do with ftp— /i„. F r o m Eq. (2.137) 

- J l A ^ * J * e - M v . ( 2 1 4 3 ) 

A s a first try w e shall simply set 

< M t - - M y - ° (2.144) 

and return in the next section to what it would mean if w e relaxed this assumption. Thus, 

X * ( |. X X I 0 ' ° V C ) CL O . X (2.145) 

But for the time between T ~ 1.2 X 10 1 0 K and T ~ 1.2 X 10 9 K, which is about 180 s, the neutron yß-decays with a 

lifetime17' 

T 2L 1 7 7 S . (2.146) 

- û t y * 
W e then have 

( T t U * I 0 * v O = 0 . 1 X t Ä O . f t . ( 2 1 4 7 ) 
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Thus, on this computation 

Considering the simplicity of the method it is remarkable that this agrees so well with the detailed computation. It 
persuades us that we must be doing something right. 
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N O T E S A N D R E F E R E N C E S F O R P A R T 2 

1) Three excellent books that give such surveys are: 

S. Weinberg, Thefirst three minutes (Basic Books, N e w York, 1977); 
S. Weinberg, Gravitation and cosmology (Wiley, N e w York, 1972); 
P.J.E. Peebles, Physical cosmology (Univ. Press, Princeton, 1971). 
In beginning this section, I will be following the arguments given in Peebles where references to the original papers 

can be found. 

A very sophisticated review is given by A.D. Dolgov and Ya.B. Zel'dovich, Rev. Mod. Phys. 53, 1 (1981). The 
present notes will aid in reading this fine review. 

2) For a discussion of these matters see S. van den Bergh, Science 213,825 (1981). 
3) This peculiar unit has to do with the measurement of the distance to the nearer stars using the angle of parallax. 

If, in its annual orbit around the Sun, the apparent angular shift in a star's parallax as seen from the Earth is one 
second of arc, then the distance of the star from the Earth is by definition one parsec. 

4) This argument, which is due to E.A. Milne and W . H . McCrea, Quart. J. Math., Oxford Ser. 5,64 and 73 (1934), 
later modified by C G . Callan, R.H. Dicke and P.J.E. Peebles, Amer. J. Phys. 33, 105 (1965), was sketched by 
T. Regge in lectures given in the Academic Training Programme of C E R N 1982-1983 (report C E R N 83-09, 
Geneva, 1983). The fundamental reason that it works is a corollary to what is known as Birkhoffs theorem. This 
corollary states that if a gravitating spherical shell is surrounded by a spherically symmetrical distribution of 
matter, the space within the shell is flat. 

5) This is a special case of Gauss's theorem which says 

Here F is the gravitational field at a surfaceS; F-dn is normal to this surface, m is the mass contained within S 
and G is the gravitational constant. In very symmetric situations, F can be extracted from the integral. 

6) It is customary to shift the time axis to correspond to the initial condition of Eq. (2.22), which means the 
asymptotic line of Eq. (2.24) should cross the t axis at negative time. 

7) T o have it handy, note that Ac = 1.973 X 1 0 _ u M e V • cm. The integral is done by expanding 

8) See, for example, F. Reif, Fundamentals of statistical and thermal physics (McGraw-Hill, N e w York, 1965), 
Chapter 3. The correct relation is 

W e are thinking of the black body radiation as being confined to a cavity of fixed volume, i.e. the Universe at a given 
instant of time. 

9) See, for example, M . Turner, Astrophysical and Cosmological Constraints on Neutrino Properties, Proc. 
Neutrino '81, Maui, 1981 (Univ. Hawaii, Honolulu, 1981), vol. I, p. 95. 

10) For a discussion of the Boltzmann equations in curved space, see, for example, J. Ehlers and R.K. Sachs, Kinetic 
theory and cosmology, in Astrophysics and general relativity, Proc. 1968 Brandeis Summer Institute (Gordon 
and Breach, N e w York, 1970), Vol. 2. If R = 0, the equation reduces to the obvious one. 

11) In general relativity the invariant volume is given by 

where g n is the metric tensor. For the so-called Robertson-Walker metric with zero curvature, which is relevant 
here, Det g = R 6sin 2 9, so d V = R 3 sin 9d9<fyp2 dp. 

12) This definition of S/k is only correct for "classical", i.e. Maxwell-Boltzmann, statistics. For Bose-Einstein 

statistics we have instead 
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while for Fermi-Dirac statistics 

both of which reduce to the classical case when n(p) « 1. 
13) It is possible to restate this result in very highbrow language. Write 

ne*) = V*<rMr* 
where /^(t) is a time-like four-vector. From the relativistic equations of motion, if m ^ 0, w e can show for the 
Robertson-Walker metric with zero curvature that/61" is a Killing vector. But this metric does not admit time-like 
Killing vectors. Q.E.D. For m = 0, ß1 is what is called a conformai Killing vector. This condition can be used to 
show that, in a suitable frame of reference, 

This is the same conclusion we reach using Eq. (2.91). See also J. Ehlers et al., J. Math. Phys. 9,1344 ( 1968). O n e 
can also persuade oneself that inserting the correct quantum statistics does not alter anything essential in this 
discussion. 

There is also a point of physics to be made here. W h e n the black-body spectrum is plotted, this is done in 
units of 

Jf -
For the photon, w e have 

A s the Universe expands, this frequency v is red-shifted 

v' = %. 
The dependence T ~ 1/R guarantees that for this spectrum 

ni*,T) = W ( * ' . T - J . 
In other words, the relative number of red-shifted quanta at the red-shifted temperature is the same as the number 

of quanta at the present corresponding frequency and temperature, if n is the Planck distribution. However, 
cosmologists want to know what, for example, is the present T. T o this end they fix p and vary T. This curve 
changes shape as T -» 0, in such a way that v m a x -• 0, where v m a x is the frequency that maximizes p

2n. In this way, 
the present T is determined to be about 2.7 K. 

14) The full expression is for v -• c 

For v -» 0 
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15) See P.J.E. Peebles, op. cit., p. 230 ff. Similar calculations were also carried out by J. Bernstein, L. Brown and 

G . Feinberg, unpublished. 
16) S. Weinberg, op. cit., 1977 (see Ref. 1). 
17) L.N. Bondarenko et al, JETP Lett. 28,303 (1978). This is the lifetime in a system in which the neutron is at rest. 

Since the neutrons here are in thermal motion, there is presumably a correction of order 
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P A R T 3 : W H A T IS N E U T R I N O C O S M O L O G Y ? 

In this section it is m y intention to bring together, as much as possible, the work of the previous sections. There 
has been so m u c h activity in this union of theoretical physics and cosmology in the last few years1' that even if I restrict 
myself to the fairly narrow area of neutrino cosmology, I cannot hope to cover the field in detail in anything short of a 
book, let alone a set of lecture notes. So, once again, I make no pretense at completeness. It is, I think, useful to begin 
our work with the life story of the neutrinos (as we did with the electrons) starting with a temperature T <¡ 10 1 3 K, at 
which temperature the p, mesons have mostly annihilated. W e know from the previous section that the Universe will 
then consist mostly of photons, electrons, positrons, and various and sundry neutrinos. In the first version of this 
story, which m a y turn out, for all we know, to be the correct one, I will suppose that these neutrinos are strictly 
massless and strictly left-handed; that there are three and only three flavours: r, n, and e; that all couplings are 
left-handed; and that all chemical potentials are zero so that, in particular, there will be just as many neutrinos as 
antineutrinos for each flavour. After we have traced out the consequences of this scenario, we can complicate it by 
changing various of the assumptions. 

At the temperatures in question, the neutrinos find themselves in a dense medium in which they encounter 
neutrinos and antineutrinos of their o w n and other flavours, as well as electrons, the odd nucleón, and photons with 
which they interact only very weakly. The first thing to observe, and this is an experimental fact for which no cosmology 
is needed, is that there is a difference in the way the v e and v% interact in this environment and the way in which the other 
flavours of neutrino interact2'. This is the celebrated matter of the weak neutral currents. In terms of Feynman 
diagrams we m a y compare the two situations by drawing the diagrams (Figs. 3.1 and 3.1') that contribute to the 
processes 

and, for example, to 

X» * * ~ ' * % • * ~ (3.1') 

Fig. 3.1 Fig.3.l' 

In process (3.1) we have the direct scattering via the Z°, plus the "charge exchange" via the W + , whilst for process 
(3.1') we have only the direct scattering. From the cosmological point of view, then, w e would expect that the v e would 
scatter more strongly than the and would thus remain in equilibrium with electrons, and a fortiori with photons, for a 
longer time—to a lower temperature—than the v,,. Our first job is to explore this matter somewhat precisely. In 
Eq. ( 1.5), we noted that the high-energy cross-section for these processes took the generic form 

or- ̂ '/cW (3.2) 

where G is the Fermi constant. Although we were not precise about it, the energy E in this equation is the centre-of-mass 
energy. W e now want to correct this formula by putting in the appropriate dimensionless constants which we take from 
the textbook of T.D. Lee2'. Thus for the reaction (3.1) we find in the limit in which m e / E < 1, 

51 



This number is derived using the Weinberg-Salam gauge theory and with the Weinberg angle taken as sin2 0 W ^ 1/4. A 
reader unfamiliar with this terminology should consult Lee's book. There is also a conjugate reaction to formula (3.1): 

V̂  + e"—>v€
c*e" (3-4) 

which has a different cross-section; namely, with the same assumptions, w e find 

(3.5) 

With this value of sin2 0 W

 3 ) it turns out that for reaction (3.1') 

(3.6) 

It is clear from examining these equations that 

< \ < «1. 3 7) 

The T-neutrino has exactly the same coupling as the/i-neutrino, so we have also for r-electron scattering 

a; = c; = . o 8) 

There is also the annihilation reaction 

6*+ e"—>v*v* (3.9) 
which is of the same order of magnitude. Let us then ask at what temperature the rate for, say, the e -v e elastic 

scattering equals the expansion rate; i.e. when the equation 

* A/a;c ( 3 1 0 ) 

is satisfied. If we are concerned about the neutrino mean free path, then N is the number of electrons per cubic 
centimetre and vice versa. W e m a y now collect various formulae from the previous sections in order to write out this 
expression as a function of the interesting physical quantities. Thus 

-*> . ( a y * "3 X 10 < w . 

(3.11) 

while in this regime, assuming three neutrino flavours, 

/V« (3.12) 
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so the rate r„ is given by 

(3.13) 

Here 

(3.14) 

and 

£i. ¿ l . f X I © A . 
^ — ' ' ' (3.15) 

O n the other hand, in Section 2 we showed that in this regime with three neutrino flavours 

4- * m (3.16) 

So if we equate these rates we have an equation for T d and, solving, find that the electrons and neutrinos decouple at a 

temperature of 

3. 5 HI© "K. (3-17) 

Readers of Weinberg's 1972 book 1' will notice that he gives a T d 1.3 X 10 1 1 K, but comments obliquely that if the 
theory he had created in 1967, the one we now use routinely, were taken into account, T d could drop to ~ 10 1 0 K. The 
rest, as they say, is history. W e see that all the cross-sections, aVg, av , etc., have the general form, where the at are 
constants, 

ire**)* 
«Jote that the decoupling temperati 

% -

(3.18) 

Each process has a characteristic a¡. Note that the decoupling temperatures are related by 

(3.19) 

from which one m a y find the slightly higher decoupling temperatures for the other neutrinos. 

This is essentially the life story of the neutrinos according to this set of assumptions. They will continue to collide 

after decoupling with the odd nucleón, which is what is responsible for altering the neutron-proton ratio that is germain 

to helium production. But, since in this regime the nucleón density N N obeys 

l/m 2 L lo" 1 N« (3 20) 

these rare collisions will have no sensible effect on the neutrino number distributions which will retain the form, for all 

flavours, 
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n¿ ( & - ^ ̂ j (3 21) 
from T„ 10 1 2 K to whatever the T„ is at the present time. It is this last point that deserves further attention. As 
discussed in Section 2, at a temperature of T ~ 5 X 109 K, corresponding to an energy of ~ 0.4 MeV, the electrons and 
positrons will annihilate in a flash. From entropy conservation we learned that 

(3.22) 

But during this process (RT„) is perfectly continuous — the neutrinos have decoupled and are expanding freely — so 

(3.23) 

But what we know is T°, the present photon temperature which is about 2.7 K. So if we want to know something, such as 
the average number of neutrinos in this room, we should, as a practical matter, write the neutrino distributions in terms 
of the photon temperature, i.e. 

~ AT*/<WT,- J . I • (3.24) 

Therefore, the total number of neutrinos per cubic centimetre per flavour is, in this picture, 

(3.25) 

where the 4/11 is the temperature factor, the 3/4 reflects the statistics, and the 1/2 is because the photon has two 
*° = 2.7 K, then N, • polarizations whereas the left-handed neutrino has only one. If we take T° = 2.7 K, then N 400/cm3, thus 

N! 54 neutrinos per flavour per cubic centimetre. (3.26) 

If we add the antineutrino for each flavour, the number doubles to ~ 108 per flavour per cubic centimetre. These 
neutrinos are at a temperature of about 1.9 K, corresponding to an energy of about 10~4 eV. Such a neutrino has a 
cross-section with nucléons a, with 

£ . / O C t Cm* (3.27) 

which means that in ordinary matter they would interact at a rate of something like 

(3.28) 

How such a cosmic background of massless neutrinos could be detected, I leave to the experts. 
This essentially completes the simplest scenario and now we can begin to relax the various assumptions and see 

what happens. W e shall begin by maintaining the masslessness and lack of chemical potential for the neutrino as well 
as the left-handed character of the coupling. Then what we can do is to increase the number of flavours. From a purely 
experimental point of view, not that much is known about the number of flavours. The best evidence comes from the 
observed width of the neutral weak boson — the Z° 4 ). Given that the Z° has its canonical theoretical mass value of 

it can be shown4' that the width of the Z — r„¿c — which is devoted to the decays 
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î* * Î Vf • V f " , (3.30) 

t 
i.e. all decays in which a neutrino-antineutrino pair of any flavour is produced (the sum is over one per flavour) is 

n o i t G , V * A / V t (3 31) 

where N„ is the number of flavours. The present experimental limit on thefull width T is 

P < U C . V , (3.32) 

from which the experimenters conclude*' that 

A/ v * 5 o r i (3 33) 

W e shall now argue that the cosmologists, given certain assumptions, can do m u c h better. The argument, which I 
shall discuss qualitatively, involves the production of helium. T o see how it works5', I will adopt the simple model 
calculation of the last section in which AT / 

y = a X , ( - n c " h (3.34) 

where T* is the decoupling temperature, At is the time from T* until that T for which nucleo-synthesis starts, and T is 
the neutron lifetime. H o w can a change in the number of flavours affect Y ? H o w does it affect X n ? Here 

\ 

"X. = (3.35) 

Suppose that X o, has been determined for some number of flavours [Eq. (3.3)]. Then varying the flavours leads to the 
Taylor expansion 

x.-x:-x:'V̂  
But what is [#Np/Nn)]/<$N„? In this model 

lAl (3.36) 

(3.37) 

The number of flavours will not change m „ — m p , which is given to us by God. But what about T*? W e first do the 

algebra and then explain the answer. Modulo irrelevant constants 

!• for*) ~%r . (3.38) 

where ̂ /N is essentially the number of neutrino + antineutrino flavours. O n the other hand, the weak interaction rate for 

electron neutrinos is 

^ ». - . (3.39) 

Therefore, when T = T*, 

*' Very recent unpublished data seem to show that this number is reduced to six or seven flavours. 
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(3.40) 

where the constant is a function of c, h, G , and so on, and is irrelevant to what follows. From Eq. (3.40) we have 

Thus 

So, 

(3.41) 

(3.42) 

(3.43) 

If we evaluate the correction term for T* = 1.2 X 10 1 0 K w e find, with N„ 6 (three for v and three for VE), 

I X „ - T**) 21 o.oî ! ¡ ¡ X £ o. o o f * SN* . (344) 

AN 
Each time we add a flavour 

I K/v = a (3-45) 

since there are neutrinos and antineutrinos of each flavour. Thus, adding a flavour can make a change in Y of a percent 
or so. If w e add flavours we increase Y. W h e n w e add flavours the Universe expands more quickly. This means the 
freeze-out, i.e. decoupling, occurs at an earlier time so that T* is bigger. This moves X „ closer to its m a x i m u m value, 
which is 1/2 when T* = °°. That is why Y increases when flavours are added, which explains the sign in Eq. (3.44). It is 
this connection that allows a tight cosmological bound to be set on N„ from the upper limit on Y. The claim is6> that for 
these massless left-handed neutrinos N„ = 3 flavours, i.e. 6 degrees of freedom counting the antineutrinos, is 
comfortable whilst N„ = 4 could be squeezed in, and any higher N„ would cause trouble. 

In addition to the effect of changing N„ on the quantity N p / N „ there is also a small effect on the exponential 
exp (— AT/T) which is folded into these detailed calculations. It was pointed out some time ago by Peebles7' that if the 
density p that determines R is increased indefinitely, Y reaches a m a x i m u m and then begins to decrease. The physics 
of this is that there is only a narrow temperature "window" in which the helium-producing fusion reactions can take 
place. If the temperature is too high, then the deuteron is photodisintegrated, and if it is too low there is not enough 
energy to overcome the Coulomb barriers, in reactions such as 

# + *\\ — * * V U * A . (3 46) 

If this window goes by too fast, less helium will be produced. Since the rate at which the window is opened and closed is 
determined by p, the result follows. In neutrino-species language6', if N„ is very large, the Y curve will turn over. 
Hopefully, more accurate experiments on the Z° width will rule out these extreme and rather unaesthetic cases of large 
N„. 

But suppose the Z° experiments reveal that there are, say, six or seven flavours of massless left-handed 
neutrinos, would the upper limit on Y force us to abandon the standard cosmological model w e have been discussing? 
The answer is No, and this has to do with the chemical potential8'. To see what is involved, let us once again examine the 
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considerations that lead to Eq. (3.37). The assumption was that, until a temperature T* was reached, neutrons and 
protons were in thermal equilibrium and were described by distributions of the form 

(3.47) 

This a was then, by the conservation equations, ultimately related to the a„ for the neutrinos, which w e set equal to zero. 
It is customary, but not necessary, to write 

***V ~ 1 (3.48) 
H T 

W e must keep in mind that this is a convention. Furthermore, since T is a function of time, even the massless 
distributions exp {— [(pc) — J/kT} will not satisfy the Boltzmann equation 

- s o , (3.49) 

unless ¿u„/kT is constant in time. Thus, w e adopt our now familiar philosophy of ignoring the time dependence of T when 

and of demanding that/i„/T be a constant from decoupling to the present. By continuity w e write this constancy as 

(3.51) 

where the superscript zero refers to present temperatures. Thus, in the simple model, setting the electron chemical 
potential to zero, É 

(3.52) 

The usual qualitative argument is now easy to state8'. Let T* be anything > 10 1 0 K. Then, as long as £ > 1.5, X„(T*) 
will have the value needed to make Y agree with experiment. Thus, any effect on T* due to the neutrino number N„ can be 
compensated by a suitable value of ¿; and no helium constraint exists on N„. This argument appears correct, but a large 
value of £„ completely changes the physics, and w e must be careful that somewhere along the way we do not get hoist by 
our o w n petard. T o illustrate what can happen, let us suppose that Ç„ » 1 for some, or all, flavours. Then each 
neutrino-antineutrino pair contributes to the energy density p. The quantity p¡, which is an even function of ffi, and is 
given by 

In the degeneracy limit w e are talking about here, we can neglect all but the neutrino contributions to p and write for the 
present energy density 
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(3.54) 

This last figure comes from assuming that p = pc, and that the present Hubble constant is 75 km/(s • Mpc). Thus we 
have the approximate inequality 

(3.55) Z.AÏ ¿ / o .V. 
Thus 

If we take kTj =* 10~ 4 eV corresponding to T° 1.9 K, then 

However, with a <j; this large, it is probably wrong to take — 1.9 K 9). The argument for this illustrates one of the 
significant gross features of the degenerate neutrino. Consider the function 

(3.56) 

(3.57) 

1 

where ¿; > 0. The function with £ < 0 will describe the antiparticle. If Ç » 1, then 

(3.58) 

(3.59) 

until pc/kT =Í I i|. So pictorially n^p) looks like Fig. 3.2. The larger | £| is, the sharper is the transition region. This 
curve 

pc/kt lgl 
Fig. 3.2 

makes clear what is meant by degeneracy. The energy levels are filled up to the level given by ¿;. It also explains how to 
find Eq. (3.53) without any work; namely, replace the Fermi distribution by a function that is unity up to pc/KT = £ and 
zero thereafter. O n the other hand, the curve for n£ takes the form nc

v ^ 0. Since the sign of Ç is arbitrary w e can always 
interchange the roles of v and v c by changing the sign of ¿; if the physics suggests it. But when w e compute any process in 
which a neutrino, or an antineutrino, is emitted, w e must average this probability over 

5 i — m c f i (3 60) 

where n is the appropriate v or v c distribution. In this way w e respect Pauli. With the choice of signs we have made 
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* - 1 - — (3.61) 

This function inhibits neutrino emission for neutrinos with pc/kT < £ O n the other hand, the antineutrino <j> is written 

(3.62) 

for £ » 1. So it will not affect anything much. In his book, Weinberg 8' notes that if ̂  » 1, then in beta-decay where 

S f C 4 C * (3.63) 

I 
~ • (3.64) 

Folding this into the usual calculation will produce a change in the beta-decay spectrum near the upper end-point that 
would look something like the neutrino having a mass. 

For our purposes the interesting question raised by the prospect of a very large degeneracy is that of the neutrino 
decoupling temperature. The point here is that a large neutrino or antineutrino degeneracy can drastically drive down 
the rate for a process like 

— ? v * v c 
(3.65) 

This, in turn, can drastically drive up the decoupling temperature which, according to recent calculations9', might well be 
for large degeneracy at T* î> 10 1 2 K as opposed to ~ 10 1 0 K. This means that there could have been several heatings of 
the photons between decoupling and the present. Indeed, these calculations9 ' purport to show that if u°/kT° > 15 then, 
after decoupling, 

\ — T 

T (3.66) 

instead of the conventional answer 

(3.67) 

In view of Eq. (3.66) one might worry that there might be too few v's around during the helium formation era to affect X n . 

However, for large positive//0 / kT°, one m a y readily compute the neutrino number n'„. So 

i n * - Ü2L ("*. x 1 

(3.68) 

If we take //0/kT° = 15, then 

Yi; C L U W j t T r ) , (3.69) 

so that the nucléons will have plenty of neutrinos to collide with prior to deuteron formation. In the same picture 
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(3.70) 

(3.71) 

Thus the lepton number for each flavour 

* 1 . 
Whether this very large lepton number is a strength or an embarrassment is in the eye of the beholder. 

The final subject we shall deal with in these lectures is that of the massive neutrino. So much work has been done 
on this in recent years that, no doubt, one could write a small book on this subject alone. So, once again, I make no 
pretense at any sort of completeness. I shall divide the subject into two parts, but shall have relatively little to say about 
the second part since such experimental evidence as there is 1 0 ) would only have a bearing on the first part. The division 
is between "light" stable neutrinos, which might have masses of between 10 eV and 50 eV, and neutrinos of masses of 
several G e V , most of which would presumably be unstable and for which there is no evidence at all. Most of our 
concern, therefore, will be centred on the light massive neutrinos for which, at least, there is some scintilla of 
experimental evidence. 

W e shall then begin—as is our custom in these notes—by tracing out the life story of stable neutrinos which 
might have masses of several electronvolts. W e start by plotting the story from T < 10 1 2 K to decoupling. W e assume 
that the weak couplings are purely left-handed, the chemical potentials are zero, and that we have only the three flavours 
e, n, and T which are actually observed. At first sight it might seem crucial to know whether these neutrinos are 
Majorana, Dirac, or some mixture. However, for the temperature regime of interest here, it does not matter. Let us 
begin by supposing that the neutrinos are all Dirac particles. W e can, in the spirit of the first section of these notes, 
always write 

ft . (3-72) 

If the weak coupling is left-handed and we ignore the effect of other couplings such as electromagnetism—to which we 

will return—then it is the mass term 

(3.73) 

that spoils the diagonalization of the full Lagrangian into left- and right-handed pieces, with the right-hand piece being 
sterile. Consider a process (see Fig. 3.3) such as 

C + V * * V . (3 74) 

There are no graphs in the usual theory where the Z° directly couples to y/R. But suppose a v R was created; then how 
could it scatter from an e? If we find such a mechanism it can also be used to create v R. Through the mass term, we 
certainly get part of the answer (see Fig. 3.4). 

Conversely, the graph 3.4 can also represent the creation of a vR. W e m a y call the related cross-section CTlr, and 

then we have approximately 

(3.75) 
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Let us feed this into the system and ask when would such vR's decouple from the electrons. W e can use the relativistic 

formalism since k T ~ M e V . Using the suitably modified Eqs. (3.13) and (3.16), w e find that the decoupling is given by 

the condition, provided w e are in a regime in which a L L ~ E 2, 

(3.76) 

Equation (3.76) is a special case of a relation given by Dolgov and Zel'dovich1'. Suppose <r L R is any cross-section for 

converting left-handed to right-handed neutrinos. It then follows that v R decouples at a temperature given by 

(3.77) TO 

which reduces to Eq. (3.76) when appropriate. If w e apply this to the case at hand, we find 

(3.78) K T 4 IL 1 0 * <r«V. 

At this stupendous temperature, the considerations of the section on extreme chemical potentials should apply, and so 

in the helium-burning region we would expect11' 

In that case, each flavour of v R adds a relative amount of 2(l/3)
4 ^ 0.02 to the neutrino contribution to p. In this sense 

we can safely neglect the "Diracness" of the light massive v. 

W e can also use Eq. (3.77) to set a bound on CTLRAJrr, keeping an open mind to the possibility that some other 

interaction might contribute to a L R . Suppose that k T d were 100 M e V and the muons were still around. W e can then 

count up the degrees of freedom for three flavours, i.e. 

AL, = 2 + V » £ * * * x a l « M. f , 

* " (3.80) 

whilst after m u o n annihilation, and after VR are decoupled, 

- 2 • Vf C « * * l = ' o î * - (3 81) 
Thus, under these assumptions, 

* ~ o. • I T ( 3 8 2 ) 

"TV 
which means 

- 2 f r . (3.83) 

This is the limit of what w e can tolerate, since numerically it is like adding a new flavour. Thus k T d = 1 0 0 M e V is the 

lower limit we can stand at which v R must decouple, and so from Eq. (3.77), at k T d ^ 1 0 0 M e V we must have 

which is a useful guide to theoretical attempts to extend the usual left-handed coupling so as to include a right-handed 

coupling as well. With m„ 10 eV we have no problem with this bound. 

W e m a y now ask how this account would have differed if v were a Majorana neutrino. In that case 
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(3.85) 

In neutron beta-decay it is y/l that is emitted along with a small admixture of y/L which comes about through the mass 
term 

(3.86) 

O n the other hand, in any beta-decay with a positron emitted, then it is y/L that accompanies this emission with a small 
admixture of W h a t this means is that the usual left-handed weak interaction equilibrates both ^ L and y/l down to 
the canonical decoupling temperature T 10 1 0 K. Thus, we should count two degrees of freedom for the Majorana 
neutrino. In practice the Dirac neutrino and antineutrino with left-handed couplings also produce only two degrees of 
freedom, although, in principle, if all the degrees of freedom were in equilibrium—which they are not—the Dirac 
neutrino could produce four degrees of freedom. This is another illustration of the difficulty of distinguishing Majorana 
from Dirac neutrinos when their masses are small compared to the kinetic energies involved. 

This raises an interesting point with respect to the chemical potential of a Majorana neutrino12'. Since the 
Majorana neutrino is its o w n antiparticle, we might imagine that its chemical potential would necessarily be zero. This is 
true, but only in circumstances that are not relevant to the regime w e have been discussing. T o see what is involved, 
suppose we are in a regime where the reaction 

" V * V * (3.87) 

is fast enough to equilibrate v's and e's. The left side of this reaction has zero net chemical potential and so then does 
the right side. In the context of the two-component neutrino theory for massless neutrinos, it is very clear what is 
involved. In this reaction a v L is emitted along with its antiparticle v£, and we have the statement that 

(3.88) 

In the Majorana case, for small mass, this is also the predominant interaction. But through the intervention of the 
mass term we can have either 

or 

V w • V w f (3.89) 

If this reaction rate were comparable to that of 

it would follow that for the Majorana neutrino 

(3.90) 

(3.91) 

(3.92) 

But in a regime where this is not true, the Majorana neutrino can presumably develop a chemical potential, although it 
need not do so. 

There is one domain in which Majorana and Dirac neutrinos do have distinctive properties, and that is in their 
electromagnetic interactions. In the first part of these notes I remarked, as an aside, that the matrix element of the 
electromagnetic current of a Dirac neutrino can have among its terms a "magnetic" form factor, 

x F C < * • - • > * ) . 
(3.93) 

W e can readily persuade ourselves that this coupling will change left-handed neutrinos to right-handed ones. That is, 

we may have diagrams such as Figs. 3.5 and 3.6. The magnetic moment comes, in turn, from a diagram such as that of 

Fig. 3.7. Thus, with h = c = 1, 
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¥ f magnetic 
*~ ^ moment 

Fig. 3.5 

Z° 

Fig. 3.6 Fig. 3.7 

(3.94) 

and so following the logic of Eq. (3.84), the magnetic scattering will now affect helium production. The neutrino magnetic 

moment can be extracted from graphs like that of Fig. 3.7 which lead to an expression, with A = c = 1 proportional to 

(3.95) 

where fiB is the electron Bohr magneton. So this estimate would suggest a v magnetic moment with a 10 eV neutrino of 

about ^ 

M V — lOm''Mi. (3 96) 
More accurate calculations which keep track of the 7t's 1 3 ) suggest that this theoretical number should be smaller by a 

factor of 100 or so. The best experimental limits on these numbers come from astrophysical arguments 1 3' 1 4' and 

suggest that if m„ < 10 ke V, 

- It My < t. 5 *»° - M * (3.97) 

The essence of these arguments is that in a dense plasma a photon propagates as if it had a mass. After all, it is only in 

vacuum that the photon has velocity c. This mass can be of order keV in the interior of stars. If the neutrino is not too 

massive, then the process 

(3.98) 

is possible via the magnetic moment. If this moment is too large, the star will lose energy too rapidly via this 
mechanism to agree with experiment and hence the bound on pv. For the Majorana neutrino, all these considerations 

are irrelevant since it cannot have a magnetic moment. 
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The light stable v's, be they Dirac or Majorana, will have essentially the same history as the massless v's until 

their decoupling at T ~ 10 1 0 K. W e must now be careful. A s we have emphasized several times, the function 

(3.99) 

is not a solution to the Boltzmann equation in the expanding Universe. It is presumably a good approximation during 
the period that the neutrinos are in equilibrium. After decoupling w e know the solution, i.e. it is r^R^). So w e will hook 
the two solutions together by continuity. The function we then want is 

Y \ C R ' # ) -

t 

(3.100) 

W e will not burden ourselves by worrying about a chemical potential. Strictly speaking, there is no temperature that 

characterizes this distribution. But we can nonetheless make use of it to compute various average quantities 

appropriate to the present. For this purpose w e shall, for simplicity, use the approximation 

(3.101) 

This makes the formulae more transparent without changing anything fundamental. Let us start by computing (p), 
where the average is defined by dividing out the particle number. Thus, 

- R 
(3.102) 

This scaling argument simply reconfirms the notion that momenta are Doppler shifted as the Universe expands. Next 
we can compute 
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(3.103) 

If we are talking about the present regime then 

R4 A» "2L A /o - #0 (3.104) 

The first approximation sign is because there is a discontinuous jump in the photon temperature after e +, e 

annihilation. After annihilation we must use 

RaT4 s RT( % ) i (3.105) 

where the T's are the photon temperatures. It is, in any event, reasonable to expand Eq. (3.103) in powers of R d/R. Thus 

4 S i V fy^ ««f c»W?«/„ï) 

(3.106) 

I would like to use this equation to discuss the celebrated15' "cosmological bound" on the neutrino mass 
o r — m o r e exactly speaking—masses. 

The total present contribution of massive neutrinos—if they exist—to the energy density of the Universe is 

(3.107) 

where the n i s n¡ are the present neutrino and antineutrino number densities, and mi is the mass of the i
th neutrino. The 

n¡'s can be computed from the statement that 

Using Eq. (3.105) w e learn that 
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(3.109) 

W e shall n o w use the hypothesis that we are exploring; namely, that the neutrinos being discussed are "light", i.e. m„ ^ 

O(eV). In particular, for all flavours we are supposing that m¡/kT d i « 1. Thus 

— ¿L *¿ x fly II «f — (3.110) 

where we divide nj,—the total number of y 's per cubic centimetre—by two, because there are two photon polarizations 
as opposed to one for the v L. Thus, the memory of the masses m¡ and the individual T d i has vanished from Eq. (3.110). 
Hence, including v and v c for each flavour, 

v i Î recovering the result of Eq. (3.56). It is not straightforward to apply Eq. (3.111) since w e do not know p, the actual 
present energy density of the Universe. The best w e can do is to lay out a spectrum of possibilities. Here we will 
consider the simplest one, and for ramifications the interested reader can study the references cited above. Suppose 
p = pc and the Hubble constant is 75 km/(s • Mpc). Then 

or 

£mi < 55 .V 
(3.H2) 

(3. Il 3) 

W e have been very generous with our assumptions here. More generally, by integrating the equation for R/R and 
making no assumptions on the relation of p to pc, w e find15' 

(3.114) 

Here H 0 is the present Hubble constant and r 0 is the age of the Universe. This equation can be used in various 

directions, depending on what we know. If all w e know is that 7 r*lo% <T. < if ml*} 
and 

Then all that can be concluded from Eq. (3.114) is that 

(3.115) 

(3.116) 

(3.117) 
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This gives us some idea of the kinds of uncertainties involved when w e use the cosmological data to set limits on the 
masses of the light stable neutrinos. One thing is clear: a neutrino with a mass of 10 eV or so could be the predominant 
influence in R/R at present, and hence could decide the ultimate fate of the Universe. T o put it more precisely, with the 
m a x i m u m acceptable Hubble constant pc » 2 X 1 0 - 2 9 g/cm 3, corresponding in energy to pc a< 1.8 X 1 0 - 8 erg/cm 3, if 
E m ¡ = 100 eV, then Eq. (3.112) shows that neutrinos will close the Universe. W e may, in this connection, ask the 
question: If neutrinos dominate p now, at what temperature did this state of affairs commence? i.e. at what temperature 
was pv = py1 By collecting various formulae we can write the condition as 

and solving 

- l o * g m ; 
with Em, = 100 eV, this is about the same temperature as the cross-over with proton dominance. If £m¡ > 4 eV, then 
the neutrinos will dominate/?. This means that the neutrinos could determine both the age [Eq. (3.114)] and the ultimate 
fate of the Universe. W h a t irony that would be for Pauli's particle which, in m a n y ways, is all but invisible unless 
extraordinary and heroic measures are taken to detect it. 

To continue the scaling arguments, we m a y ask what is (v), the average speed for a light stable neutrino in the 
present Universe: 

* J 4P W l * 
(3.118) 

W e can look at Eq. (3.118) in the limits m - » 0 and in the present Universe limit R d / R « 1. Clearly from Eq. (3.118), and 
always withe = 1, 

< V > ^ *L (3. 1 1 9) 

whilst for R d / R « 1, and using Eqs. (3.102) and (3.105) 

< v > = am 1 * 2 2 . * 4 
*ft« . (3.120) 

With m „ = 10 eV and T = 2.7 K, i.e. kT = 2.3 X 10~ 4 eV, 

a « * « • * ( 3 1 2 1 ) 

or 
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W h e n the prospect of massive neutrinos re-emerged, astronomers were delighted. The problem that had exercised 
them was the so-called problem of the "missing mass" 1 6 ). In essence the problem is this. A galaxy consists of stellar 
objects held together gravitationally and moving with some average internal velocity v. The condition that this system 
be bound can be stated in a formula that takes the general form 

(3.123) s / * V . 

Here M is the mass of the galaxy, G the gravitational constant, D is the "size" of the galaxy and p is some 
dimensionless constant of order 1 whose exact value depends on how Eq. (3.123) is derived; D and v 2 are measurable 
and thus M is determined. Under certain assumptions it is possible to determine the absolute luminosity L of the same 
galaxy, and thus form the quantity M / L . The reason for being interested in this strange quantity is to compare it with 
the MçjLQoi the Sun. It has been known for m a n y years that the M / L for galaxies are at least an order of magnitude 
larger than the M / L for the Sun. The straightforward conclusion from this is that galaxies contain non-luminous 
matter in large amounts. That there must be vast quantities of non-luminous matter is also suggested if, on theoretical 
grounds, one believes that p pc. There is simply not enough luminous matter to close the Universe. There are many 
candidates for non-luminous matter, including intergalactic gas, black holes, and, more recently, various theoretical 
chimera such as axions and photinos. The latter somehow reminds us of Oscar Wilde's characterization of fox hunting 
as "The unspeakable in pursuit of the inedible". Here w e have, perhaps, "the incurable in pursuit of the unobservable". 
Be that as it may, when it appeared that the neutrino might actually have a mass, astrophysicists embraced this 
prospect with great enthusiasm. The reason was that a neutrino somewhat more massive than the 10 eV we have 
arbitrarily assigned it, would have an average velocity quite comparable to the 300 km/s, which is the v of Eq. (3.123) 
for our o w n galaxy. This would favour the gravitational "capture" of neutrinos by galaxies such as ours, and hence lend 
plausibility to the idea that such galaxies have halos of massive neutrinos. However, 1 7' evidence of so-called "dwarf 
galaxies" has recently come to light, where the average stellar velocity is only 10 km/s. T o make cosmic neutrinos 
supply the missing mass for these galaxies it is argued that the neutrinos would have to have masses > 250 eV, which 
would violate the cosmological bound. W e probably need more precise terrestrial laboratory limits on the neutrino 
masses before we can decide what role, if any, neutrinos play in the life story of the galaxies. 

Before turning to the question of "heavy" neutrinos, there are two matters with which I would like to conclude the 
discussion of the light neutrinos. The first is the matter of the neutrino temperature. A s I have mentioned in connection 
with Eq. (3.100), there is, strictly speaking, no temperature that can be assigned to a neutrino with this distribution. 
That is, these distributions are not of the form exp (—E/kT„), where T„ is what we would call the temperature at which 
the particles are in equilibrium. W e can, however, define a T'^ through the connection, with T the kinetic energy, 

< T > a fx * ' v (3.124) 

This temperature is very likely what w e would measure with a neutrino "thermometer" sensitive to elastic collisions with 

a bath of neutrinos, from Eq. (3.106), evaluating the integral with m / k T d » 0, 

(3.125) 

or 
1/1 . — . . 

' ~ 1 " (3.126) 
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where T is the present photon temperature. If we take T = 2.7 K, w e find 

a cold day in neutrino-land! If we could actually do this measurement, we would probably not find neutrinos at this 
temperature, at least in our galaxy, where gravitational capture has very likely changed their kinetic energies if 
neutrinos are massive. 

The final matter I will take up in connection with the light neutrinos is their cross-section for elastic scattering. Let 
us recall that massless neutrinos have a cross-section of order G 2 E J . W h a t about massive neutrinos? Fermi's Golden 
Rule tells us — with h = c = 1 — that the rate for elastic scattering, in the approximation in which the energy 
dependence of the matrix element is neglected, is given by 

IM a * i r (3.127) 

Here p f is the final neutrino m o m e n t u m and E f the final total energy. If vis colliding from a nucleón of mass M , then 

(3.128) 

so 

(3.129) 

we have used the relation 

and 

(3.130) 

(3.131) 

with V| the incident neutrino speed. But this same rate per nucleón per cubic centimetre for massless neutrinos is given 
by 

Thus 

(3.132) 

(3.133) 
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For a 10 eV neutrino mass and T = 2.7 K we have E ~ 10 4 eV and v/c ~ 10 4. Thus, under these assumptions, 

(3.134) 

i.e. for a 10 eV neutrino mass we gain a factor of a million in the collision rate, bringing it up to a robust 10 _ 2 4/s. 
Whether some ingenious experimenter can figure out a way to detect cosmic neutrinos is yet to be seen. If they are ever 
detected it would certainly be a discovery of at least the importance of the cosmic photons. It would be a landmark in 
modern cosmology. 

The subject of "heavy" massive neutral neutrinos is another on which a small book could be written. In this case, 
it might well be written on water since there is no evidence that any such particle exists. In a general way for any such 
neutrino 

where pis the total energy density. 
There are three ways in which one might imagine that such a neutrino might escape the cosmic mass bound: 

i) it might be so weakly coupled that it would decouple early enough so that T„ « T F and thus 

ii) it might be unstable so that, if it has a short enough lifetime, it would have essentially decayed away before 
decoupling; 

iii) it might be so massive that it annihilated with its antiparticle early in the history of the Universe, and is simply not 
around now in sufficient numbers to matter. 
I will take up the last possibility first, since it m a y be the most straightforward to deal with. W h a t is meant by a 

massive "heavy" neutrino is one that is non-relativistic at the time of decoupling. In the absence of a chemical 
potential, such a neutrino can be described approximately by the distribution, at decoupling, 

nifi Î e"'"* 
After decoupling it would have the Boltzmann equation, satisfying the distribution 

Thus, after decoupling, 

1 7 j — c ^ 

This N has the desirable property that 

as has to be the case after decoupling. There is no other way for the particles to thin out except by dilution of the 

volume. At decoupling, then m H% 
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This exponential factor looks very potent. If T d were ~ 1 M e V , then any stable m„ ¡> 10 M e V would be all right since 
the exponential would make their number acceptably small. But, in a fundamental paper I 8 ), B. Lee and S. Weinberg 
noted that even with weak interactions of conventional strength, T d is not 1 M e V for such massive neutrinos. The 
reason is that these particles begin to annihilate at temperatures much higher than 1 M e V . Since they are fewer, the rate 
for a process such as i° + ^ 0 c -» e +e~ is less than what the simple dimensional analysis of the densities and 
cross-sections would suggest. Hence T d is substantially higher than the canonical 10 1 0 K. This pushes up the allowed 
mass by a very large factor. Lee and Weinberg discovered, by studying the Boltzmann equation, that the limit is 
pushed up from ~ 10 M e V to ~ 2 GeV. Thus, w e have the curious situation that cosmology allows stable neutrinos to 
have masses less than about 200 eV or greater than 2 GeV. In between there is a window. Is there an upper limit to the 
masses? The answer to this depends on the assumptions we are prepared to make 1 9 ). If we assume an imbalance in the 
number of i° and ̂ 0 c, as some theories might suggest, w e can set a limit on the (° simply because if they were around in 
too great numbers they would violate the cosmological bound. With specific assumptions19', a m a x i m u m mass of 
60 G e V has been suggested. 

Massive unstable neutrinos are again a very complicated subject. W e have, needless to say, no experimental 
evidence that any neutrino-like object is unstable. Thus, the theorists are free to invent decay modes and then to point 
out that these hypothetical decay modes have cosmological constraints on them. In contemplating this enterprise, we 
are somehow reminded of the m a n w h o goes into a bar with a stalk of celery in his lapel worn as a boutonnière. "You 
have a celery in your lapel", the bartender points out. " M y God!" says the man, "I thought it was an asparagus". In 
any event, among the hypothetical decay modes are—calling the heavy neutrino v H and the light neutrino v L: 

All these hypothetical decay modes could, under appropriate circumstances, cause conflicts with what w e know. 
For example, if vH's are around in sufficient numbers after a time of the order of 10

1 2 s — 1 0 0 0 0 0 years—when the 
Universe became transparent to radiation, and if they decay by photon emission, then these photons will never become 
thermalized and we should see them as distortions in the three-degree black-body radiation spectrum. Since the lifetime 
for such a radiative decay goes as the inverse fifth power of the mass of the heavy neutrino, we can use these notions to 
set some sort of bounds on the masses of the radiatively unstable heavy neutrinos, always assuming that there is an 
asymmetry between the number of v H and v¿, since otherwise they would simply have annihilated against each other in 
the early Universe. The bounds that result are similar to the original cosmological bounds. In reading this extensive 
literature, one should, perhaps, keep in mind the motto of the magnet laboratory at M I T , "Build it simple, build it stout, 
out of things we know about". 
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N O T E S A N D R E F E R E N C E S F O R P A R T 3 

1) The review article of A.D. Dolgov and Ya.B. Zel'dovich, cited earlier (see Réf. 1 of Part 2), indicates the scope of 

this activity. 

2) A n extremely clear and explicit discussion of these matters is to be found in T.D. Lee, Particle physics and 
introduction to field theory (Harwood Academic Publishers, London, 1981). 

3) The essential point is that for this value of the Weinberg angle the neutral vector current vanishes. W h e n one goes 

from the vh to the v° reaction, the V — A interference term changes sign. If there is not V this interference term 
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