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INTRODUCTION

The only substance that can be dissolved in superfluid 4He is 3He; at concentrations less than 6.5% it remains
in solution down to absolute zero. The 3He forms a Fermi fluid, with the unique property that one can vary both
its density and temperature over a wide range, enabling it to be studied from the fully degenerate regime to the
'high temperature' classical regime.

The theory of dilute solutions of 3He in 4He at low temperatures, below 1.5 K generally, is greatly simplified by
the fact that one can, in the spirit of the Landau-Fermi liquid theory, describe the low-lying excited states of the
system in terms of weakly interacting elementary excitations above the ground state. Apart from the phonon and
roton excitations of the 4He, the 3He quasiparticles form a new type of excitation, characterized at low
momentum by the Landau-Pomeranchuk spectrum:

where p is the momentum of the quasiparticle, t0 is the chemical potential of the solute 3He at absolute zero in the
limit of zero concentration, and m* is the quasiparticle effective mass. The various thermodynamic functions are
then given by the sum of a contribution due to the phonons and rotons and a contribution due to the
quasiparticles.

In this thesis, the propagation of heat pulses in dilute 3He-4He mixtures under pressure along a tube, which is
long compared to its diameter, will be discussed. At high temperatures, where the excitations are in local
equilibrium with one another, the propagation of heat pulses in the liquid is determined by the phenomenon of
second sound, which is essentially a density wave in the excitation gas. The velocity and attenuation of second
sound can be determined from the shape of the transmitted pulse. Since the number of the phonon and roton
excitations of the 4He drops rapidly to zero as the temperature is lowered, even small amounts of 3He in 4He have
a large effect on the propagation of heat pulses in the liquid.

At very iow temperatures, ihe ihciiimiiy gcnciaied plïünöns propagate ballistically through the liquid,
scattered only by the walls of the tube. In the intermediate temperature region, the collision frequency of the
phonons with the quasiparticles becomes too small to establish local equilibrium between phonons and
quasiparticles within the finite length of the measuring tube. It should be noted that, in our concentration range,
the 3He system itself is in equilibrium.

The propagation of heat pulses in the liquid is now described by a heat-conduction type equation. The solution
of this equation is determined by the effective mean free path of the phonons, limited by the 3He quasiparticles
and the boundary of the measuring tube. The mean free path for phonon-quasiparticle interaction can be
determined from the shape of the transmitted pulse.

In Chapter 1 of this thesis, measurements on the scattering and absorption of phonons will be presented,
together with a detailed description of the experimental technique and the electronic equipment.

In Chapter 2, measurements on the velocity and absorption of second sound will be presented. From the
results for the velocity of second sound in pure 4He, values of the phonon and roton parameters will be deduced.
The velocity data in the mixtures will be used to calculate values of the effective mass of 3He in superfluid 4He.
The results of these calculations will be compared with values of the effective mass obtained by other authors.
The coefficient of second-sound absorption in pure 4He will be computed from theory, making use of the
phonon and roton paranr ters calculated from the second-sound velocity data in pure 4He.

The experimental results on the scattering and absorption of phonons, as given in Chapter 1, will be analysed
in Chapter 3. The empirical expressions for the scattering and absorption rates obtained from the diffusive
phonon signals will be compared with the results of the Baym-Ebner theory, and will also be used to calculate the
coefficient of thermal conductivity in dilute 3Hc-4He mixtures. It will be shown that, apart from absorption and
elastic scattering of phonons by quasiparticles, also an inelastic scattering process is likely to play an important
role in limiting the thermal conductivity of the phonons. The coefficient of second-sound attenuation in dilute



•3He-4He mixtures will be computed from theory, making use of the coefficient of thermal conductivity
calculated from the empirical expressions for the scattering and absorption rates. The results of these computa-
tions will be compared with the experimental values of the attenuation of second sound.
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CHAPTER 1

EXPERIMENTAL RESULTS ON PHONON-QUASIPARTICLE INTERACTIONS IN
DILUTE 3HE-4HE MIXTURES UNDER PRESSURE

This work has been published in Physics B, volume 122, 1983, page 8-22.
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EXPERIMENTAL RESULTS ON PHONON-QUASIPARTICLE INTERACTIONS IN DILUTE
3He-4He MIXTURES UNDER PRESSURE
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Measurements are presented on the diffusion of phonons in dilute 3He-4He mixtures in the temperature range between
50 mK and 400 mK, at molar 3He concentrations between X = 5.5 x 10"4 and X = 1.73 x 10"3, and at pressures between
p = 0.0 MPa and p = 2.0 MPa. The detected signals are described by an absorption and scattering parameter a, determined
by the effective mean free path, and an absorption rate B.

The results for a indicate a drastic increase of the phonon mean free path with pressure. The results for 8 indicate that
the 'He relaxation rate for viscosity T„ does not depend on the pressure. A detailed discussion on the theoretical
interpretation of the parameters a and B will be given in a separate paper [1].

1. Introduction

In heat-pulse experiments in pure 4He as well
as in dilute 3He-4He mixtures, the temperature
range from the lambda point down to absolute
zero can be divided into three regions: region I,
where only second sound exists, an intermediate
region II, where second sound and diffusive flow
are observed together, and region III, where only
diffusive flow exists. If Ta is defined as the limit
between region I and region II, it is clear that in
pure 4He, T& is the temperature where the phonon
mean free path, determined by phonon-roton
scattering, becomes of the order of the wavelength
of the second-sound wave. In 3He-4He mixtures,
phonons are also scattered by 3He-quasiparticles,
therefore Td will decrease with increasing 3He
concentration. Increasing the pressure results in an
increase of the phonon mean free path, thus in an
increase of Td.

As is known from early pioneering experi-
ments in the fifties by Kramers et al. [2], a heat
pulse in pure 4He below 0.6 K propagates as a AT(z, t)= .
spreading group of phonons. In this case, the
phonon mean free path is determined entirely by wj tj1

boundary scattering, because there are only very
few excitations in the liquid.

Considering a tube, which is long compared to
its diameter, the detected signal can in general

0378-4363/83/0()00-0000/$03.00 © 1983 North-Holland
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be described as a solution of the heat-conduction
equation [3]:

(1)

where K is the coefficient of heat conductivity, C
is the specific heat per unit volume, B{T(z, t) —
To) is a heat-sink density, and To is the equili-
brium temperature. The heat-sink density has to
be introduced, in order to take account of the
energy losses that may occur in the tube or at the
walls of the tube [4].

Taking as an initial condition that

where AT(z,t)=T(z,t)-T0, and 8(z) is the
delta-function, one finds the solution of eq. (1) to
be

(2)

and (3)
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where C^ is the phonon specific heat per unit
volume. The coefficient of heat conductivity can
be written as

K = iCp|,Sl/pb , (4)

where Si is the first-sound velocity, and /,* is the
effective mean free path for phonon-boundary
scattering. Combining (3) and (4) results

a = 3z2/4/pbS| and (J = (5)

One can also apply the solution of the heat-
conduction equation in the case of dilute 3He-
4He mixtures. In this case, the phonon mean free
path is not only limited by boundary scattering,
but also by collisions with the 3He-quasiparticles.
Defining lpl as the effective mean free path for
phonon-3He scattering, one can construct a
resulting mean free path, in the simplest ap-
proximation, by writing [5]

'pb

Consequently, one now has to write

a = 3z2/4/ps,.

(6)

(7)

As has been pointed out by Baym and Ebner [6],
and experimentally observed by Niels-Hakken-
berg [4], the addition of 3He will also give rise to
an extra energy loss through the absorption of
phonons by 3He-quasiparticles.

In this paper, measurements of a and j8 as a
function of temperature, pressure, and concen-
tration for dilute 3He-4He mixtures are
presented.

2. Experimental set-up

Measurements have been carried out in pure
4He in the temperature range between 50 mK
and 500 mK, and in dilute 3He-4He mixtures in
the temperature range between 50 mK and
400 mK. The conventional dilution refrigerator,
used to attain this temperature region, has been
described in ref. 7. The experimental cell (see fig.

1) was an integral part of the mixing chamber of
this dilution refrigerator.

2.1. Experimental cell

The experimental cell consists of a copper tube
of inner diameter 15.5 mm and height 95 mm.
The cell is connected with a stainless-steel filling
capillary of inner diameter 0.18 mm and a total
length of =2 m. This capillary has been thermally
anchored to the mixing chamber, heat
exchangers, 'He-evaporator, 1 K bath, and outer
bath, before reaching the top of the cryostat. In
order to perform the measurements under pres-
sure, the cell is connected to a superleak. The
superleak consists of a stainless-steel capillary, of
length 50 cm, packed with jeweller's rouge. The
inner and outer diameters of this capillary are 2.2
and 3.2 mm. The superleak is spiralled around
the copper tube. The other end of the superleak
is connected to the top of the cryostat by a

_ -mixing chamber

^ - filling capillary

U thermometer, T i

heater. Hi
__ heater, H2

J copper
3 jeweller's rouge

superleak

thermometer, T2

indium o-ring

J stycast 1266

I sintered copper

Fig. 1. Mixing chamber and experimental cell.
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thin-walled capillary of inner diameter 0.5 mm
and length =2 m.

Inside the experimental cell, the two measur-
ing tubes are mounted on a post. The measuring
tubes, made the Stycast 1266, have an inner
diameter of 6.5 mm and a length of 25 mm and
50 mm respectively. A few small holes have been
bored into the walls of the tubes, in order to be
able to fill them with liquid. At the top and
bottom of each of the two tubes, there are two
flat resistors. The resistors are kept in position by
tightly fitting covers. The leads of the ther-
mometers and heaters are led outside the
experimental cell by commercial feedthroughs.

The heat-pulse generators were made by
evaporating a Au film of thickness «600 A onto
a mica substrate of thickness =10 \x.m (see fig. 2).
The detectors were made by mounting a slice of
a commercial carbon resistor (Matsushita ERC-
18 GJ(l/8 W) 75 Ü) of thickness «25 u.m onto a
mica substrate, similar to that of the generators.
The two generators are connected in series.

2.2. Experimental procedure

Since the experiments were performed at
known pressures and measured amounts of 3He,
it was only necessary to determine the volume of
the experimental cell. An external standard

povin leads
silver paint

.01 .02 .05 .1 .2 .5 1.02.0 5.0 1cm
T(K)

Fig. 2. Resistances of detectors and heaters as a function of
temperature. V heaters; O Tl; O T2.

volume at room temperature and a manometer
(M.K.S. Baratron, 0-1000Torr) were used to
measure the amount of 4He gas needed to com-
pletely fill the cell at a temperature above Tx.
The same system was used to prepare the mix-
tures throughout the experiments. In this way,
the volume of the experimental cell was deter-
mined as (12.4±0.1)cm:}.

At the beginning of each series of measure-
ments, the calculated amounts of 3He and 4He
were prepared, and admitted to the experimental
cell through the filling capillary. After filling the
cell completely, this capillary was valvcd off at
the top of the cryostat.

After performing the measurements at
saturated vapour pressure, the pressure in the
experimental cell was successively increased
through the superleak utilizing 4He from an
external high-pressure gas source. The pressure
in the cell could thus be varied without changing
the 3He number density. An external pressure
gauge (Wallace and Tiernan model 51B, 0-
3.5 MPa) was used to measure the pressure in
the cell. The difference between the measured
pressure and the actual pressure in the cell, due
to the osmotic pressure across the superleak, is
negligible. In order to keep the pressure in the
cell constant during the measurements, a large
liquid-nitrogen cooled charcoal trap was con-
nected to the pressurizing system.

In this way, each series of measurements could
be performed in about 40 days, without warming
the cell to temperatures above 1.5 K. At the end
of each series of measurements, the pressure in
the cell was released via the superleak. The
concentration of the mixture in the cell was then
checked by repeating a few measurements at
saturated vapour pressure. After this, the cell
was emptied, and the cryostat was warmed up to
room temperature. After pumping on the cell for
several days, the system was cooled down and
the next-higher-concentration mixture condensed
into the cell.

In this way, the overall error in the concen-
trations of the mixtures is estimated to be 3%.
The stated pressures are believed to be accurate
to within 0.01 MPa.

The exact spacings (pulse propagation lengths)

14
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were determined by measuring the known
second-sound velocity in pure 4He at several
temperatures between T= 1.5 K and T= 1.8 K
[8]. The lengths are found to be respectively
(2.496 ±0.005)cm and (4.988 ± 0.010)cm.

2.3. Thermometry

The temperature of the cell was determined by
means of a CMN magnetic thermometer, which
is attached to the outside of the experimental cell
(see fig. 1). A description of the thermometer
and the mutual inductance bridge which was
used has been given elsewhere [7,9]. The mag-
netic thermometer, as well as the detectors, were
calibrated against the 4He vapour pressure be-
tween T= 1.1 K and T= 1.9 K, using the p-T
relation on the EPT-76 (Temperature
5(1982)145). The resistance of the detectors was
measured using the I.T. Resistance bridge VS-3
with 3 |JL V excitation voltage. During each series
of measurements, the resistance of the detectors
was regularly calibrated against the magnetic
thermometer between T = 0.1 K and T= 1.0 K.
The temperature differences found in this way
never exceeded 0.5%. In the low-temperature
region, due to the thermal resistance, a tem-
perature difference occurs between the experi-
mental cell and the mixing chamber, if energy is
dissipated in the cell during the measurements.
In order to estimate this temperature difference,
we write

AT=QRK(T)/A, (8)

where Q is the total heat input into the cell,
RK(T) is the Kapitza boundary resistance for
pure 4He-copper, and A represents the area of
the cell.

At 50 mK, the resistance of the detectors is
about 80 kft, and the detector current used is
about 0.15 (xA, which gives a heat input of
3.6 nW. The resistance of the heaters is 100 ft,
and the pulse height used is about 0.2 V. For a
pulse width of 1 |xs and a repetition rate of 9 Hz,
this results in a heat input of 4 nW. For the total
heat input we thus find 7.6 nW. The boundary
resistance is estimated to be RK(T) =

(500/T)cm2K7W [10]. The area of the cell
equals about 50 cm2. In this way we find a tem-
perature difference of 0.6 mK. Since the overall
accuracy in the temperature is also in the order
of 1%, the effect of the thermal resistance may
be neglected.

2.4. Electronic equipment

2.4.1. General description
A block diagram of the electronic equipment

used for the generation and detection of the
diffusive signals is found in fig. 3. Because the
heat inputs to the detectors and heaters had to
be kept as small as possible, the detected signals
were completely masked by the noise. This made
it necessary to make use of a signal averaging
device and to repeat the pulse periodically.

Pulse generator 1 served as a triggering source

Fig. 3. Block diagram of the electronic equipment. PG =
pulse generator; D = delay unit; AC = attenuator and earth-
point adjuster; O = oscilloscope; TR= transient recorder;
A = amplifier; TCS = thermometer current supply; AV =
averager; XY = x-y recorder; CR = cassette recorder.

15



12 L.P.J. Husson et al. I Phonon-quasiparticle interactions in dilute iHe-AHe mixtures

for the delay unit D, the oscilloscope O, and the
transient recorders TRI and TR2. The delayed
pulse triggered pulse generator 2. The positive
and negative output pulses of this generator were
fed via the attenuator and earthpoint adjuster to
the heaters.

The voltage changes on the detectors were
amplified by Al and A2. These signals were
digitized by TR1 and TR2. After averaging, they
were recorded on an X-Y recorder, or stored
on a digital cassette recorder.

2.4.2. Pulse generator
The pulse generators were of the same type

(Data Dynamics Division model 5105) and had
positive and negative outputs from OV to 20 V
when terminated internally by 50 ft. In these
experiments the repetition rate of generator 1
was always set to 9 Hz. The widths of the output
pulses of generator 2 were always 1 u,s, the rise
and fall times being less than 30 ns at 20 V
output.

2.4.3. Delay
A delay time could be introduced between the

starts of the transient recorders and pulse
generator 2 to permit a good determination of
the zero level of the signal. The delay times were
set digitally and could be varied between 0|xs
and 9999 (is, with an accuracy of 0.1 \x.s.

2.4.4. Attenuator and earthpoint adjuster
The pick-up signal, due to capacitive coup-

ling between heater and thermometer, could be
so large, that the leading edge of the detected
signal was heavily distorted. By applying a posi-
tive pulse on one side and a negative pulse with
the same width and amplitude on the other side
of the heaters, and adjusting the earthpoint of
the heaters, one can sufficiently reduce the pick-
up signal. The adjustment of the earthpoint of
the heaters is done by connecting a poten-
tiometer, outside the cryostat with its moveable
contact connected to earth, in parallel with the
heaters. The attenuator consisted of two poten-
tiometers mounted on one axis, and the outputs
of the potentiometers were terminated with 50 ft
resistors.

2.4.5. Thermometer current source
A variation in the temperature results in a

variation in the resistance of a detector. This
change in resistance is converted in an ac voltage
by applying a dc current through the detector.
This current is produced by a power supply
(Philips model PE1510), and fed to the detector
via two 0.5 Mft resistors. These resistors were
also part of a RC filter (T « 5 s) which prevented
spurious ac signals from entering the ther-
mometer. For a further reduction of the ther-
mometer current, a voltage dividing network
(1:100 or 1:10000) could be introduced between
power supply and RC filter.

2.4.6. Amplifier
The bandwidths of the amplifiers (Brookdeal

type 9452) were set from 1 Hz to 1 MHz to leave
the long-tailed signals undistorted. The perfor-
mances of the amplifiers were tested, by applying
a step function at the inputs and observing the
outputs on an oscilloscope. The decay was found
to be exponential, with a decay time of 0.25 s.
Since the decay of the detected signals was much
faster, no correction had to be introduced. The
amplification of the signals was always 100 dB.

2.4.7. Transient recorder
The amplified signal of detector Tl was digi-

tized by a 20 MHz transient recorder (Datalab
DL 920), and stored in the memory using 2048
points. This resulted in a fastest time base for Tl
of 102.4 |JLS. The amplified signal of detector T2
was digitized by a 5 MHz transient recorder
(Datalab DL 905), and stored in the memory
using 1024 points. This resulted in a fastest time
base for T2 of 204.8 us. The sensitivity of both
transient recorders was kept fixed at 0.2 V full
scale.

2.4.8. Signal averager
The data of the transient recorders were

stored in the memory of a signal averager
(Datalab DL 4000), which was operated in a
split-memory mode. This enabled the averaging
of both signals simultaneously. Typically, the
signals were averaged over 8000 individual pul-
ses. After averaging, the signals could be simul-

16
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sweep=20.48ms
Delay=4000ys

sw2ep=2.048ms
Delay=200ns

sweep=204.8his
D l 2 0

100 150 t0 200

Fig. 4. X- Y recordings of a diffusive signal in pure ''He at
T = 0.305 K and p = 1.0 MPa with different time scales.

taneously recorded on an X- Y recorder (Bryans
model 26000 A3) and stored in a digital cassette
recorder (Racal Digideck model P70). Examples
of X- Y recordings of averaged signals are given
in fig. 4.

2.5. Analysis of the data

The data were analysed in two different ways.
The first method, utilizing a graphical procedure
on the X- Y recordings, is described in detail in
ref. 7. The second method consisted of a com-
puter fit, using the data of the cassette record-
ings, and resulted in the same parameters a and
/? as the graphical procedure.

3. Results

In this section, the results of the measurements
of a and /8 in pure 4He and in dilute 3He-4He
mixtures are presented. In pure 4He the first-
sound velocity is also deduced from the
measurements.

3.1. Pure "He

3.1.1. Results for the first-sound velocity
Due to the finite lengths of the measuring

tubes, and the fact that, at low temperatures,
there are only very few thermal excitations
present in pure 4He, part of the phonons in the
heat pulse reach the detectors ballistically. The
times of arrival of these phonons at the detectors
define a ballistic-pulse velocity. This effect can be
seen in fig. 4, and corresponds to the small and
narrow pulse arriving in front of the diffusive
signal at the time t = t0. The ballistic-pulse velo-
city is defined as So = z/fo, where z is the length
of the tube. In the low-temperature limit, where
no collisions among the excitations occur, the
ballistic-pulse velocity is just the phonon velo-
city, i.e. the first-sound velocity S\. Fig. 5 shows s0

as a function of temperature at different overall
pressures. The retarding of the pulse with in-
creasing temperatures, due to collisions among
the excitations is clearly demonstrated in this
figure. In the longer tube, this effect is more
pronounced than in the shorter tube, because the
mean free paths for the various types of inter-
actions between the excitations have different
temperature dependences [11]. At increasing

4 0 0

300

o
in

200-

100-

0 200 400
TCmK)

Fig. 5. Ballistic-pulse velocity as a function of temperature,
at different overall pressures.

600
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14 L.P.J. Husson et al. I Phonon-quasiparticle interactions in dilute 3He-*He mixtures

pressure, the collisions among the excitations
become less frequent. At the highest pressures,
we even find, that so is independent of tem-
perature in the considered temperature range.

In fig. 6, 5i is plotted as a function of the
density difference p-po, where po is the density
at zero pressure. We find excellent agreement
with the ultra-sonic data of Abraham et al. [12].
The measured first-sound velocity is listed in
table I.

3.1.2. Results for a
Fig. 7 shows the measured values of a as a

function of temperature at different overall
pressures for a tube of diameter 6.5 mm and of
length 2.496 cm (Tl), and a similar tube of length
4.988 cm (T2), it should be noted that a ~ z2.

For completely diffusive scattering of phonons
at the walls of the tube, one would expect a
constant phonon mean free path: /,* = d, where d
is the diameter of the tube. The corresponding
absorption and scattering parameter ad is listed
in table I.

The decrease of a with decreasing tem-
perature is explained by also taking into account
specular reflection of phonons at the boundary.
The effective phonon wavelength increases with
decreasing temperature, and because the wall of
the tube appears "smoother" for long-
wavelength phonons than it does for phonons
with a short wavelength, the effective mean free
path of the phonons should increase with
decreasing temperature. Therefore, we write
now

3 5 0

~ 300

E

200(
) 5 10 15

p-Polkgrrf3)

•

20 2

a = aa+ CaT, (9)

Fig. 6. First-sound velocity as a function of the density
difference p-po (see text). O this work; —•— Abraham et al.
[12].

where Ca is a measure for the amount of specu-
lar reflection, and is listed in table I.

In fig. 8, we have multiplied the values of Ca

by a,t(0)/ai(p), to take into account the increase
in phonon velocity with increasing pressure. As
is shown in fig. 8, the effect of specular reflection
decreases with increasing pressure, due to a
decrease in the effective phonon wavelength.
The apparent enhancement of a at temperatures
below about 100 mK, is a result of the thermal
resistance at the thermometer. At these tem-
peratures, the Kapitza boundary resistance /?K

increases rapidly with decreasing temperature.
Together with an effective heat capacity C, this
resistance defines a time constant T = RKQ
which integrates the signal, and thus appears to
enlarge a at temperatures below about 100 mK.

3.1.3. Results for @
Fig. 7 shows the measured values of /3 as a

function of temperature at different overall

Table I

p(MPa)

0.0
0.5
1.0
1.5
2,0

ïi(ms"')

238 + 2
271+3
300 + 3
323 ±4
345 ±4

Mms)

Tl

0.302
0.265
0.240
0.222
0.208

T2

1.206
1.059
0.959
0.888
0.832

C(ms K-

Tl

0.41 ±0.05
0.29 + 0.05
0.20 ±0.04
0.17 ±0.04
0.14+0.08

')

T2

1.75 ±0.08
1.32 ±0.07
1.05 + 0.10
0.72 + 0.09
0.50 ±0.10

J3(S-')

49 ±13
64±16
60±12
78±11
92 + 18

18
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pressures. It is seen in this figure, that j8 is are shown in fig. 9. It is seen in this figure, that
independent of the length of the tube, and that 0 the measured values of j8 are consistent with
is constant over the whole temperature range. /3 = 55sj(p)/si(0), indicating that the increase of j8
The values of jS are listed in table I. The with the pressure is only due to the increase of
measured values of j8 as a function of pressure the first-sound velocity with the pressure.

100 200 300 400 500

1 0 0

100 200 300 400 500
TtrrtK)

Fig. 7. Results for a and fi in pure 4He, at different overall pressures. O Tl; D T2.
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T ,

15

£ 1.0

2 is
öla
u 0 5

0 5 1.0 '.5
p(MPa)

2.0

Fig. 8. The effect of specular reflection as a function of
pressure (see text).

3.2. Dilute ^He-^He mixtures

Measurements of the temperature, pressure,
and concentration dependence of a and /3 are
presented for mixtures containing the following
amounts of -'He: «3 = 2.48 x 1(T4 mol; 4.14 x
lO"4 mol; 7.79 xlG"4 mol.

3.2.1. Results for a
In figs. 10 to 12, the temperature dependence

of a for different overall pressures and concen-
trations is shown. The dashed line in fig. 12, for
the data of T2 at p = 0.0 MPa, is calculated from
the data of Tl. The dashed lines in the figs. 10 to
12, for the data at p = 2.0 MPa, represent the
expected temperature dependence . of a
extrapolated from the lower pressures (see also
fig. 14).

l50r

2.0

Fig. 9. Results for /3 as a function of pressure. Full line
represents p = 55si(p)/si(0) (s"1)-

A best fit to the measured values of a is given by

a = a l l+CoT4 . (10)

The values of a0 and Ca for the various overall
pressures, and concentrations, obtained by the
method of least squares, are listed in tables II to
IV.

The term a0, which is due to the scattering of
the phonons by the wall, is somewhat larger in
the mixtures than in pure 4He. This indicates that
the effect of specular reflection is somewhat
smaller in the mixtures than in pure 4He. It
should be noted, that the decrease of a with
decreasing temperature due to specular
reflection is negligible compared to the term
CaT

A, for all our overall pressures and concen-
trations. A plot of Ca as a function of concen-
tration for different overall pressures is given in
fig. 13; it is seen that Co depends linearly on the
concentration. Values of CJX for different
overall pressures are listed in table V. In.fig. 14,
the pressure dependence of CJX is shown. From
this figure, we find that CJX depends exponen-
tially on the pressure, and we can calculate the
value of CJX for p = 2.0 MPa.

3.2.2. Results for p
In fig. 10 to 12, the temperature dependence of

P for different overall pressures and concen-
trations is shown.

A best fit to the measured values of p is given
by

ft = R 4- C T 2 C\W
P — "0 ~ *-$ *• • \1 -1/

The values of pQ and Q for the various overall
pressures and concentrations, obtained by the
method of least squares, are listed in tables II to
IV.

The values of p0 are, within experimental
error, the same as the values of j80 in pure 4He. A
plot of Cp/X as a function of concentration for
various overall pressures is given in fig. 15; it is
found that Q is given by

t = aX+bX2. (12)

Values of a and b for different overall pressures
are listed in table V. In fig. 16, the pressure
dependence of a and b is shown. From this

20
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Fig. 10. Results for a and /3 in mixtures containing 2.48 x 10"* mol 3He, at different overall pressures. O Tl; P T2.
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Fig. 11. Results for a and j8 in mixtures containing 4.14 x 10"4 mol 3He, at different overall pressures. O Tl; D T2.
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Fig. 12. Results for a and /3 in mixtures containing 7.79x 10"*mol 3He, at diiferent overall pressures. O Tl; D T2.
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Table II
rt3 = 2.48X10"4 mol 3He

p(MPa) oo(ms)

Tl T2 Tl T2

Q(104s-1K"2)

0.0
0.5
1.0
1.5
2.0

Table III
n, = 4.14x

5.5 x 10""
5.2 x 10"4

5.0 x 10"4

4.8 xlO"4

4.7x10""

10-4mol3He

0.20
0.15
0.15
0.15
0.20

0.90
0.70
0.60
0.60
0.80

0.37 ±0.10 1.25 ±0.10 35 1.36 ±0.07
0.12 ±0.04 0.42 ±0.06 45 0.89 ±0.14
0.055 ±0.01 0.22 ±0.02 35 0.91 ±0.05
0.030±0.01 0.09±0.02 60 0.76±0.10
(0.012 ±0.01) (0.045 ±0.03) 60 0.90 ±0.07

p(MPa)

Tl T2 Tl T2

0.0
0.5
1.0
1.5
2.0

9.2 xlO"4

8.7 x 10""
8.4 x 10-*
8.2 x 10-"
8.0x10""

0.25
0.15
0.15
0.15
0.20

0.75
0.65
0.65
0.60
0.75

0.49 ±0.10
0.22 + 0.06
0.10 ±0.02
0.05 ±0.02

2.04 ±0.15
0.74 + 0.08
0.33 ±0.03
0.18 ±0.02

35
30
35
35

(0.015 ±0.01) (0.065 + 0.04) 65

3.05 ±0.15
2.33 ±0.20
1.93 + 0.10
2.11 ±0.23
1.88 ±0.09

Table IV
n3=7.79x 10"mol3He

p (MPa) at0 (tas)

Tl T2

(SK"4)

Tl T2

0.0
0.5
1.0
1.5
2.0

1.73 xlO"3

1.64X10"3

1.56 xlO-3

1.53 xlO"3

1.50 x 10"3

0.20
0.25
0.20
0.15
0.20

0.60
0.65
0.60
0.50
0.65

1.00 ±0.15
0.28 ±0.12
0.13 ±0.05
0.07 ±0.04

(0.04 ±0.03)

(4.00 ±0.50)
1.17±0.30
0.45 ±0.10
0.29 ±0.06

(0.13 ±0.10)

40
15
20
40
50

8.05 ±0.45
6.23 ±0.57
4.90 ±0.16
4.27 ±0.28
4.44 ±0.21

Table V

p(MPa)

0.0
0.5
1.0
1.5
2.0

Q/X(sK-4)

Tl

580±60
220±40
110±40
60±30

(25 ±20)

T2

2250 ±200
850 ±150
420 ±150
210 ±100

(100 ±80)

aüOVK"2)

1.40 + 0.15
1.10 + 0.30
1.30 + 0.15
1.30 ±0.50
1.55 ±0.30

bOO'Vie2)

2.00 ±0.30
1.65 ±0.35
1.20 ±0.20
1.05 + 0.70
1.00 ±0.35
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Fig. 13. The values of C„ as a functioi. of concentration, at
different overall pressures. O Tl; D T2.

figure, we find that a is independent of the
pressure, and that b decreases linearly with the
pressure.

3,3. Conclusions

From the results of a and 0, we can derive
empirical expressions for the scattering and ab-
sorption rates of the Baym-Ebner theory [6].
The empirical expression for the scattering rate
shows the right temperature, pressure, and con-
centration dependence, but its magnitude is a
factor 2 larger than the calculated scattering rate
from ref. 6. However, this larger magnitude

2 0
X(IO3)

Fig. 15. The values of Q/X as a function of concentration,
it different overall pressures.

agrees well with the thermal conductivity data by
Rosenbaum et al. [13]. The part of the empirical
expression for the absorption rate, that is pro-
portional to X2T2, agrees well with the theoreti-
cal expression for the absorption rate from ref. 6.
Moreover, we find an extra absorption term
proportional to XT2, due to the absorption of
phonons via the 3He-boundary viscosity. A
detailed discussion on these results will be given
in a separate paper [1].

2 0

Fig. 14. The values of CJX as a function of pressure. O Tl; •
T2.

'in '
O

0 0 5 10 15 i 0

b '

o 05 10 15 20
p(MPa)

Fig. 16. The values of a and b as a function of pressure.
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CHAPTER 2

ON THE VELOCITY AND ABSORPTION OF SECOND SOUND IN DILUTE
3HE-4HE MIXTURES UNDER PRESSURE
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ON THE VELOCITY AND ABSORPTION OF SECOND SOUND IN DILUTE 3He-4He
MIXTURES UNDER PRESSURE
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The velocity and absorption of second sound in dilute 'He-4He mixtures under pressure have been measured by a
heat-pulse, time-of-flight technique. In order to eliminate path-length effects, the velocity of second sound was determined
by subtracting the simultaneously measured times of flight of single second-sound pulses over two different path lengths. At
overall pressures between p = 0.0 MPa and p = 2.0 MPa, tabulated values of the second-sound velocity are presented, in
pure 4He in the temperature range between T = ().7K and T = 1.1 K, and in dilute 'He-4He mixtures in the temperature
range between T = 0.2 K and 7" = 1.1 K at molar 'He concentrations between X = 5.5 x 1()"4 and X - 1.73 x 10~\ Values of
the absorption coefficient, deduced from the broadening of the transmitted second-sound pulses, are given, in pure 4He in
the temperature range between 7" = 0.7K and T= I.IK, and in dilute 'He-4He mixtures in the temperature range
between 7" = 0.35K and T= 1.1 K at a zero-pressure molar 'He concentration of X = 9.2x HI"4. From the data in pure
4He, values of the phonon and roton parameters were calculated. From the data in dilute 'He-4He mixtures, values of the
'He contribution to the normal-fluid density were calculated. The values of the effective mass of the 'He quasiparticles.
determined from these values, are in excellent agreement with results of other experiments.

1. Introduction

From the two-fluid model, two independent
modes of wave propagation in He II can be
derived [1,2]. The first one, called first sound, is
a density wave, as in any other liquid. The
second one, called second sound, is a tem-
perature wave, in which the two fluids counter-
oscillate in such a way that the total density
remains constant.

The velocity of second sound in dilute 3He-
4He mixtures was predicted by Pomeranchuk [3];
the first measurements of second sound in these
mixtures were reported by Lynton and Fairbank
[4]. In the case of 3He-4He mixtures, the normal
mass density is the sum of that due to the
phonons and rotons of the 4He, and that due to
the 'He quasiparticles.

The general solution for the second-sound
velocity of the second order equations of motion
may be written for small to in the complex form
[5-7]

si = si.ii (1)

where co is the frequency of the second-sound
wave, and S2M is the velocity at zero frequency.
The absorption coefficient a2, defined as the im-
aginary part of (-w/.v:), is then given by

(2)

Dingle [8] and Kramers [9] have argued that in
pulsed second-sound experiments, the transmit-
ted pulse is a Gaussian curve with standard
deviation (Pz/si.t,)1'2, and top at h - z/s2.i>, where
z is the path length. Based on this analysis, de
Voogt et al. [10] determined from their heat-
pulse experiments the second-sound velocity in
dilute 3He-4He mixtures. Their values of the
second-sound velocity were systematically lower
than those obtained by Brubaker et al. [11],
using a mechanical pulse-method. This dis-
crepancy remained unsolved, until Greywall [12],
and van der Boog et al. [13], both using a
resonance technique, confirmed the results of
Brubaker et al.

In this paper, we present a relatively simple
method to determine both velocity and absorp-

()378-4363/83/(KXKMKX)0/$()3.(K) © 1983 North-Holland
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tion of second sound from heat-pulse experi-
ments. This method results in values of the
velocity of second sound which are in excellent
agreement with the results of refs. [11-13]. The
present results of the absorption of second sound
in pure 4He agree well with calculations based on
the theoretical work of Khalatnikov [7). A
detailed analysis of the results of the second-
sound absorption in dilute 'He-4He mixtures,
will be given in a separate paper [14].

2. Experimental set-up

Since a detailed description of the experimen-
tal set-up has been given in a previous paper
[15], only a short summary is given here. The
experiments were performed within a copper
tube, which was an integral part of the mixing
chamber of a dilution refrigerator. Inside this
tube, two measuring tubes, made of Stycast 1266,
were mounted on a post. At the top and bottom

'.ci H

:S T2

Fig. I. Block diagram of the electronic equipment. PG = pulse
generator, D = delay unit, AC = attenuator and earth-point
adjuster, O = oscilloscope, TR = transient recorder, A =
amplifier. AV = averager, TCS = thermometer current
source, XY = x-y recorder, CR = cassette recorder, H =
heater, T = thermometer.

of each of the measuring tubes there are two flat
resistors, serving respectively as heater and
thermometer. The exact spacings (pulse pro-
pagation lengths) were determined by measuring
the known velocity of second sound in pure 4He,
at several temperatures between T= 1.5 K and
T= 1.8 K [16]. The lengths are found to be
respectively Z\ = 2.496 ±0.005 cm and zj =
4.988 ±0.010 cm. The diameter of both tubes is
6.5 mm.

The temperature was measured with a CMN
magnetic thermometer, attached to the outside
of the experimental cell. In order to avoid heat-
flush effects in the dilute 3He-4He mixtures, the
heat inputs to the heaters and detectors had to
be kept as small as possible. As a consequence,
the detected second-sound signals were com-
pletely masked by the noise. This made it neces-
sary to make use of a signal averaging device,
and to repeat the pulse periodically. A block
diagram of the electronic equipment used for the
generation and detection of the second-sound
signals is shown in (ig. I.

3. Pulse-shape analysis

Due to irreversible processes which take place
in a second-sound wave, a broadening of the
original input pulse will be observed in experi-
ments on pulsed second sound. An analysis of
this broadening, and its relation to the coefficient
of absorption, has first been made by Dingle [8].

If the original input pulse can be considered as
a delta function, the response can in general be
written as the Fourier integral

z, f) = =— exp{io(t-z/s-i(a))}da>.
ZTT J

(3)

Combining eqs. (1) and (3), and expanding in
increasing powers of /3, results in

x expj - (/ - J-J/pfizisiJ) }*(*, t).

d>(z, /) = 1 + terms of the order 03/z.9;>.(,)"
2. (4)
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To first approximation, this is a Gaussian curve
with standard deviation (fiz/sl.nY12 about its max-
imum at t = z/s2,i>. More recent work by Guern-
sey et al. [17], and by Worthington et al. [18],
proved it necessary to introduce supplementary
terms, representing heat sources, into the ther-
mohydrodynamical equations of the two-fluid
model. As a result, one finds, in an unbounded
region where both heater and thermometer are
small compared to their separation, that the
shape of the detected signal is determined by the
shape of the time derivative of the source power
density. However, if one considers a tube with
on one end a small detector, and on the other
end a heater, which is in a plane normal to the
axis and filling this end of the tube completely,
the shape of the detected signal will be deter-
mined by the shape of the source power density
itself. In our experimental arrangement, the
measuring tubes have a diameter of 6.5 mm, the
dimensions of the detectors are 0.7 mm x
1.0 mm, and the heaters fill the other ends of the
two tubes completely. In this particular
geometry, the response to a delta function (the
widths of our input pulses was fixed at 1 (xs) is
thus expected to be a Gaussian signal. In fig. 2, it
can be seen that our detected signals can indeed

T1
sweep =409.6ps
delay=500ps
ts=823.1ps
t t 7 O 5

4 0 0

T2
sweep =512 OMS
delayi1200ws
t2=1626.5us

99 5

UMS)
400 t2 500

Fig. 2. X-Y recordings of a typical second-sound pulse in a
mixture of concentration X = 5.5 x 10~4, at a pressure p =
0.0 MPa, and at a temperature T = 0.478 K. Full lines: Gaus-
sian curves with maximum at t = h.

be fitted very well by Gaussian curves. However,
taking the maximum of the Gaussian curves at
' = ztei.u- and calculating s2.n from this, values of
s2.u would result which depend on the path
length. The values of si.u calculated in this way
increase with increasing path length.

This phenomenon is not observed in
mechanical pulse-experiments [11], where the
second-sound pulse is transmitted to the liquid
using a mechanical second-sound transducer in
which the excitation gas density is modulated
directly by an oscillating superleak diaphragm. In
heat-pulse experiments, however, the excitation
gas density is modulated indirectly via inter-
actions of the thermally generated phonons with
the excitations present in the liquid. From this,
one might conclude that, in the case where only
few excitations are present in the liquid, a kind
of delay occurs between the electronic pulse on
the heater, and the transmitted heat pulse in the
liquid at the heater-liquid boundary. However,
from our first-sound velocity measurements in
the ballistic phonon region [15], it is clear that
the thermally generated phonons are transmitted
to the liquid without any measurable delay.
Therefore, we conclude that the measured delay
is related to difficulties in fully developing the
second-sound pulse in the liquid from this
transmitted heat pulse.

From the detected signals, we can calculate an
effective delay time Af = (/2)2 "('2)1-22/21, where
(̂ 2)2 is the time of the top of the signal at z = z*.
and (<2)i is the time of the top of signal at z = Z\.
In fig. 3, some measured values of Af are shown

100

T(K)

Fig. 3. Effective delay time \t as a function of temperature. O:
X = 1.73 x 10-', p = 0.0 MPa. A: X = 1.56 x 10"',
1.0MPa; O:
0.0 MPa.

p =p
l.50x 10"3, p = 2.0MPa; ©: pure 4He,p =
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as a function of temperature. From this figure, it
is clear that at temperatures above 1 K, where
the number of phonons and rotons present in the
liquid is large, the transmitted heat pulse
develops the second-sound pulse in the liquid
without any delay. As the temperature is
lowered, the number of phonons and rotons
present in the liquid drops rapidly, and, as seen
in fig. 3, the value of At in pure "He increases
rapidly. In the case of the dilute mixtures, the
effect of lowering the temperature is less drama-
tic, since we also have the 3He quasiparticles
present in the liquid. Moreover, the value of Ar
increases with increasing pressure, in agreement
with the fact that the effective mean free path for
phonon-3He quasiparticle interaction increases
with increasing pressure.

In addition to this apparent delay in time-of-
flight, we also found from the detected signals, at
temperatures below 1K, that the calculated
broadening is systematically larger in the shorter
tube than in the longer one. This indicates that,
during the development of the second-sound
pulse at these temperatures, there is some ad-
ditional broadening of the transmitted heat
pulse.

In order to quantitatively describe heat-pulse
experiments, and thus taking these two effects
into account, we rewrite eq. (4) as follows:

' , ' ) ,x exp{{ - (/ - £

where z'= z + Az(Az êO), thus taking the
effective path length as slightly larger than the
geometrical distance between heater and ther-
mometer. The value of A 2 can be connected to
the value of Af, using the relation Af =
(hh-ihtei/zu resulting in sZQAt =
Az(l-z2Azi)=-Az. The second-sound velocity
can be determined from eq. (5) by calculating
('2)2- (h)u resulting in

(6)

The coefficient of second-sound absorption can

be determined from eq. (5) by calculating a\-
<r2\ = fa- Zi)l3/sl,n, where a-\ and cr2 are the
standard deviations at respectively z = Z\ and
z = z2. Together with eq. (2), we find the follow-
ing expression for the coefficient of absorption:

(7)

Defining t, as the time of the half-height of the
leading part of the detected signal, one can re-
write eq. (7) as follows:

1 = Uti-tM-ih- r,)?}/2.77(z2- z,) . (8)

It should be noted here, that in deriving eqs. (6)
and (7), we assumed 03/z's2,o)1/2«l, thus taking
4>(z', t)= 1 in eq. (5). Only at the lowest tem-
peratures did the pulse shapx: of the detected
signal show deviations from the expected Gaus-
sian shape, indicating that at these temperatures
the approximation 4>(z', t) = 1 is no longer valid.

The detected signals were analysed using eqs.
(6) and (8) to calculate s2,0 and a2/<o2.

4. Second-sound velocity

From here on, we will drop the index 0 of s20,
thus taking s2 to be the second-sound velocity at
zero frequency. Values of the measured second-
sound velocity in pure 4He, as well as in dilute
3He-4He mixtures, are listed in table I.

4.1. Results in pure *He

In fig. 4, we have plotted the measured values
of s2 as a function of temperature, at different
overall pressures. From this figure, we find that
the present data are in fine agreement with those
of Worthington et al. [19]. Moreover, we find
that the heat-pulse data of de Voogt et al. [10]
are indeed systematically lower than ours at
temperatures below 1 K, in agreement with the
conclusions of the previous section. At tem-
peratures below 0.95 K, also the resonance data
of Peshkov [20] differ from our results. This effect
may be explained by the fact that Peshkov con-
trolled the operation of his thermometers ac-
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Table I

T(K) jims'1)

p = 0.0 MPa
X < 1()-6

1.126
1.071
1.044
1.017
0.973
O.%9
0.935
0.926
0.921
0.901
0.890
0.875
0.868
0.858
0.849
0.843
0.832
0.813
0.795
0.772
0.764
0.749
0.744
0.740
0.722
0.690
X = 5.5 x 10"4

1.083
1.062
1.008
0.953
0.901
0.857
0.812
0.779
0.740
0.699
0.668
0.624
0.591
0.563
0.522
0.478
0.444
0.410
0.395
X = 9 .2xlO- 4

1.200
1.154
1.139
1.120
1.078

18.30
18.37
18.48
18.70
19.24
19.46
20.26
20.36
20.51
21.36
21.77
22.47
22.94
23.38
24.22
24.58
25.34
26.79
28.21
30.49
32.08
33.7?
34.68
35.67
38.07
43.87

20.50
20.78
21.99
23.69
25.79
28.13
30.91
32.95
34.65
35.84
36.24
35.77
34.84
33.79
32.55
31.02
29.72
28.41
28.00

20.28
20.66
20.77
21.05
21.67

T(K)

1.004
0.954
0.886
0.854
0.806
0.756
0.725
0.692
0.685
0.667
0.652
0.625
0.599
0.576
0.553
0.528
0.502
0.492
0.450
0.424
0.402
0.390
0.326
0.300
X = 1.73X10-'
1.121
1.111
1.085
1.042
1,005
0.939
0.899
0.851
0.7%
0.776
0.764
0.737
0.702
0.681
0.662
0.649
0.624
0.5%
0.559
0.506
0.459
0.413
0.359
0.322
0.279
0.252
0.229
0.203
0.183

S!(ms-')

23.44
24.92
28.08
29.67
32.11
34.09
34.%
35.67
35.73
35.72
35.60
35.30
34.44
33.78
33.14
32.60
31.50
31.37
29.86
28.91
28.16
27.85
25.50
24.20

22.40
22.61
23.15
24.12
25.39
27.78
29.99
31.50
33.44
33.97
34.24
34.66
35.(X)
34.87
34.75
34.63
34.28
33.61
32.79
31.36
30.01
28.52
26.62
25.21
23.47
22.26
21.27
19.72
18.47

r(K) Sims"1)

p = 0.5 MPa
X < H)-"
1.138
1.120
1.010
0.959
0.919
0.874
0.853
().8(K)
0.797
0.775
0.763
0.744
0.725
0.717
0.699
X = 5.2xlO-4

1.116
1.050
0.997
0.949
0.894
0.859
0.824
0.781
0.739
0.701
0.664
0.628
0.599
0.570
0.540
0.510
0.485
0.465
0.443
X = 8.7 x ÏO"4

1.127
1.090
1.053
0.989
0.954
0.935
0.888
0.855
0.818
0.766
0.732
0.710
0.677
0.652
0.636
0.620

16.47
16.28
16.10
16.11
16.63
17.37
17.66
19.52
19.60
20.83
21.50
22.86
24.57
25.25
28.10

17.89
18.34
19.03
20.12
21.99
23.38
25.13
27.96
30.12
31.62
32.40
32.59
32.40
32.00
31.34
30.29
29.64
29.08
28.35

18.82
19.13
19.64
21.01
21.86
22.61
24.46
25.95
27.73
29.99
31.44
32.23
32.66
32.78
32.79
32.62

7-(K)

0.600
0.568
0.525
0.471
0.397
0.356
X = 1.64 x 10-'
1.098
1.061
1.046
0.989
0.939
0.903
0.899
0.854
0.805
0.761
0.743
0.735
0.711
0.681
0.661
0.632
0.619
0.611
0.578
0.554
0.510
0.476
0.444
0.403
0.349
0.322
0.310

sjdns"1)

32.43
31.73
30.69
29.17
27.04
25.82

20.36
21.03
21.26
22.71
24.39
25.67
25.86
27.69
30.05
31.42
31.82
31.84
32.30
32.67
32.71
32.59
32.53
32.47
31.95
31.45
30.20
29.18
28.25
27.21
25.55
24.57
24.13

p = 1.0 MPa
X < ÏO"6

1.089
X = 5.0 x 10-4

1.126
1.080
1.025
0.970
0.929
0.881
0.850
0.816
0.785
0.750
0.712
0.682
0.653
0.625
0.602
0.578

15.02

16.53
16.60
16.85
17.35
18.13
19.50
20.68
22.22
23 .%
25.72
27.65
28.76
29.68
30.25
30.52
30.41
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T(K)

0.548
0.515
0.490
0.466
X = 8.4 x 10"4

1.151
1.145
1.076
1.068
1.028
1.012
0.982
0.947
0.945
0.905
0.860
0.831
0.809
0.756
0.712
0.679
0.649
0.627
0.602
0.568
0.531
0.487
0.451
0,426
0.401
0.371
X = 1.56X10"'
1.092
1.037
0.953
0.940
0.904
0.854
0.828
0.784
0.741
0.698
0.671
0.641
0.609
0.578
0.550
0.517
0.472

„(m.")
29.92
29.44
28.87
28.28

17.36
17.35
17.65
17.70
18.06
18.33
18.89
19.66
19.74
20.84
22.64
23.94
25.45
27.50
29.13
30.07
30.63
30.77
30.59
30.22
29.81
28.%
28.15
27.44
26.70
25.62

18.72
19.43
21.36
21.75
22.89
24.90
26.03
27.95
29.29
30.33
30.84
30.98
30.89
30.54
30.03
29.45
28.56

T(K)

0.440
0.410
0.378
0.349

p= 1.5 MPa
X < 10"»
1.153
1.051
0.894
X = 4.8 x 10'4

1.123
1.012
0.947
0.938
0.905
0.859
0.826
0.790
0.753
0.706
0.674
0.663
0.637
0.604
0.574
0.545
0.520
0.501
0.483
X = 8.2 x K)-4

1.147
1.120
1.053
O.%2
0.920
0.865
0.845
0.804
0.800
0.777
0.752
0.729
0.677
0.634
0.607
0.575
0.557
0.542

*(ms")

27.74
26.95
25.91
24.87

14.75
13.90
13.35

15.64
15.62
16.17
16.26
16.85
17.96
19.20
20.70
22.47
24.84
26.14
26.70
27.56
28.32
28.82
28.99
28.82
28.64
28.34

16.36
16.42
16.69
17.61
18.45
20.08
20.87
22.75
23.05
24.03
25.06
26.03
27.87
29.04
29.23
29.36
29.26
29.14

T(K)

0.504
0.460
0.420
X = 1.53X10"3

1.088
1.036
1.009
0.946
0.896
0.856
0.804
0.774
0.739
0.702
0.675
0.654
0.635
0.609
0.594
0.568
0.541
0.511
0.476
0.457
0.425
0.406

p = 2.0 MPa
X < 10"»
1.157
1.087
0.909
0.782
X = 4.7xHT4

1.125
1.117
1.039
1.008
0.959
0.913
0.876
0.828
0.784
0.745
0.700
0.665
0.631
0.600
0.576

*(ms-')

28.83
28.15
26.79

17.48
17.%
18.35
19.62
21.04
22.41
24.63
25.83
27.19
28.24
28.79
29.11
29.33
29.45
29.36
29.29
29.09
28.68
28.31
27.70
27.03
26.34

14.33
13.72
12.42
11.68

15.00
14.97
14.75
14.70
14.87
15.25
15.89
17.23
18.66
20.39
22.65
24.33
25.74
26.90
27.41

T(K)

0.550
0.526
X = 8.0 x lO"4

1.109
1.038
0.972
0.945
0.905
0.860
0.814
0.771
0.737
0.701
0.683
0.673
0.643
0.603
0.573
0.562
0.546
0.520
0.508
0.488
0.475
0.462
0.452
X = 1.50x10"'
1.083
1.027
O.%2
0.936
0.929
0.899
0.847
0.812
0.788
G.764
0.730
0.705
0.678
0.645
0.619
0.593
0.569
0.547
0.519
0.482
0.453

s;(ms'')

27.89
27.92

15.60
15.70
16.02
16.34
17.03
18.22
19.79
21.47
23.21
24.94
25.45
25.98
26.87
27.93
28.50
28.41
28.62
28.35
28.43
28.06
27.86
27.71
27.29

16.50
16.85
17.75
18.30
18.40
19.16
20.84
22.20
23.10
24.08
25.24
26.31
27.11
27.86
28.24
28.50
28.59
28.60
28.40
27.81
27.24
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Fig. 4. Second-sound velocity measurements in pure ''He, al
different overall pressures. +: de Voogt et al. [1<>1: x: Peshkov
[20]; dottf J symbols: Worthington et al. [191; full lines:
calculated velocities (see text).

cording to the superconducting transition points
of aluminium and cadmium. Due to insufficient
purity of the aluminium, its transition was
broadened over 20 mK. If we correct Peshkov's
temperatures by subtracting 10 mK, his data are
in excellent agreement with ours. Furthermore, it
should be noted that, in the case where azla>2

becomes of the order of 2xlO-7m"'s2, our
detected signals are no longer Gaussian. In fig. 4,
this is clearly seen from the pure 4He data below
0.7 K at p = 0.0 MPa, and from the pure 4He data
below 0.78 K at p = 0.5 MPa. The full lines in fig.
4 represent calculated values of xi that will be
discussed in the next section.

4.2. Calculations in pure 4He

Landau [2] has shown that the velocity of
second sound in pure 4He is given by

pn
(9)

where ps and p„ are the superfluid and normal
densities respectively, S is the entropy per mole,
Cv is the specific heat at constant volume per
mole, and M4 is the 4He molar mass. All
thermodynamic functions consist of two parts,

one due to phonons and one due to rotons. In
order to calculate these parts, we have to know
the dispersion relation.

For small phonon momenta, the dispersion
relation can be written as

(10)

where a2 and a4 are pressure-dependent
parameters, and si is the first-sound velocity. For
momenta near the roton minimum, the dis-
persion relation can be written as

= A+(p-pnf/2fi, (11)

where A is the roton energv gap, p0 is the posi-
tion of the energy minimum, and p. is the
effective mass of trie roton. All thermodynamic
functions can now be calculated from the three
phonon parameters s\, a2, and a4, and the three
roton parameters A, p(), and fi.

The phonon part of the specific heat can be
written as

C.ph = A T3 + BTf +CT,

with

A = 477-K/503,

B = (25n)a2A{2Trkltistf,

C = 7(4aü +

(12)

where R is the gas constant, k is Boltzmann's
constant, and N is Avogadro's number.

The roton part of the specific heat can be
written as

(A/kT)il2+l(A/kTyU2}

(13)

with

D = 2 Vkfi mplA ^IQirfW,
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where V is the molar volume. The total specific
heat is then simply given by the sum of the
phonon and roton terms.

C = C ..-f- C (14)

The entropy can be calculated directly from the
specific heat. The phonon part of the entropy is
then given by

Sph = \A T3 + i,BTs + hCT1, (15)

and the roton part of the entropy is given by

5, = D{(A/kT)il2 + l(AlkT)-xa} e"**T. (16)

The total entropy is thus given by

The phonon part of the normal-fluid density can
be written as

where p is the total fluid density, and a, b, and c
can be calculated in a similar manner as A, B,
and C.

The roton part of the normal-fluid density can
be written as

Pn.r/p = d(l + 5/ikT/pl) e~MT, (19)

with

d = 2fimpil3p(2TTfl2h3kU2T112.

The total normal-fluid density is thus given by

'p. (20)

The superfluid density pt = p- p„ can be written
as

pjp = 1 - p„/p. (21)

The second-sound velocity s2 can now be cal-
culated from eq. (9), using the proper values of

si, a2, au, A, pu, and /A. The values of the molar
volume V were taken from measurements of
Greywall [21]. The values of s, were taken from
measurements of Abraham et al. [22].

The values of a2. «4, 4, p<>. and fi were cal-
culated using a least-squares fitting routine,
which simultaneously treated the specific-heat
data of Greywall [21], and the second-sound
velocity data in the temperature range between
T=1.0K and T=1.1K, both of the present
work and of Worthington et al. [19]. This rather
complicated procedure has to be used, since a
fitting routine using only the specific-heat data,
as performed by Greywall [21], yields, specially
at the lower pressures, values of A that are too
high compared to the values obtained from neu-
tron scattering experiments. These higher values
of A result in calculated second-sound velocities
that are too high compared to the data of ref.
[19], and the present data. This discrepancy can
be explained from the fact, that Greywall only
fitted his specific-heat data at temperatures
below T = 0.85 K. In this temperature region, at
the lower pressures, it is difficult to discriminate
the roton contribution from the second and third
term of the phonon contribution. At higher
pressures, where the roton contribution is even
larger than the first term of the phonon con-
tribution at T = 0.85 K, this difficulty is no longer
present, and an accurate determination of A is
possible.

The values of the phonon and roton
parameters, as determined from our fitting pro-
cedure, are listed in table II. In fig. 5, we have
plotted the present values of A and a2 as a
function of pressure. From this figure, it is clearly
seen, that the present values of A are systema-
tically lower than those obtained by Greywall;
however, at the higher pressures, the differences
become negligible. It should be noted that the
most accurate determination of the value of A at
saturated vapour pressure, obtained by neutron
scattering experiments, is given by A/k =
8.618 ± 0.009 K [23], which is in excellent
agreement with the present result. The pressure
at which a2 changes sign, that is, the pressure
above which the phonon dispersion becomes
normal, is estimated from fig. 5 to be 1.8 MPa.
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Table II

p (MPa)

0.0
0.5
1.0
1.5
2.0

dik (K)

8.62
8.29
8.02
7.75
7.51

HlmA

0.160
0.152
0.145
0.139
0.134

po/« (1010nr')

1.93
1.95
1.97
1.99
2.01

a2(.i0rxm2)

-1.15
-0.78
-0.63
-0.30

0.30

a4(10-40m4)

1.4
0.4
3.5
0.2
0.0

This value is in excellent agreement with the
phonon beam spreading measurements of Sher-
lock et al. [24], and with the sound-velocity
measurements of Junker and Elbaum [25].

We conclude therefore, that the present
analysis of the high-precision specific-heat
measurements of Greywall [21] results in values
of the phonon and roton parameters, which are
in excellent agreement with values obtained by

various other experiments. The values of these
parameters were used to calculate the various
thermodynamic functions from eqs. (12) to (21).
Using these functions to calculate values of s2

from eq. (9) resulted in the full lines shown in fig.
4. From this figure, one can see that these cal-
culated values of s2 agree very well with the
measurements of Worthington et al. [19], and
with the present measurements.

0.5 1.0
p(MPa)

Fig. 5. Values of ct2 and 4 as a function of pressure. O: this
work; D: Greywall [21].

40

35

30

25

S SO

15

10 -

5 -

p(MPa) X
o 0.0 5.5x10"4

a 0.5 5.2x10"4

& 1.0 5.0x10"4

v 1.5 4.8x10"4

O 2.0 4.7x10-"

0.2 0.4 0.6
T(K)

0.8 1.0 1.2

Fig. 6. Second-sound velocity measurements in mixtures
containing 2.48 x 10"* mol 3He, at different overall pressures.
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4.3. Results in dilute 3He-*He mixtures 4 0 ! ' i ' • ^ - \ -

In figs. 6 to 8, we have plotted the measured
values of s2 that are listed in table I. In the figs. 7
and 8, the broken curves for the data at p =
0.0 MPa indicate, that in this temperature region
the shapes of the detected signals are no longer
Gaussian, thus our analysis of the signals is no
longer valid. From these two figures, it is seen
that the present results are in excellent
agreement with those of van der Boog et al.
[13].

In the next section, we will show that our data
agree also very well with those of Greywall [12].
Since a direct comparison is not possible, we will
calculate from our velocity data the 3He con-
tribution to the normal-fluid density, and corn-

E 20 (-

1 0 >— p(MPa)
o 00
• 0.5
A 1.0
v 15
O 2.0

X
2x10-"

8 7xlO-4

8.4x10-*
8 2x10"4

8 0x10"4

0.2 0.4 0.6
T(K)

0.8 1.0 1.2

Fig. 7. Second-sound velocity measurements in mixtures
containing 4.14 x 10"4mol 3He, at different overall pressures.
+ : van der Boog et al. [131. X = 1.00 x 10 ' , /> = ().() MPa.

l :>(>,

15

10
\

p(MPa)
o 0 0 173-1O-3

D 0 5 164x10-3

A I.0 1 .56X10 ' 3

v I 5 153x'O"3

O 2 0 150xl0"3

0.2 0 4 0.6
T(K)

0 8 10

Fig. 8. Second-sound velocity measurements in mixtures
containing 7.79 x U)~4 mol 3He, at different overall pressures.
+ : van der Boog el al. [131. -f = I.73x !()-•'. p = (M)MPa.

pare the values of the effective mass of the 3He
quasiparticles with those of ref. [12].

4.4. Calculations in dilute 3He-*He mixtures

According to Landau and Pomeranchuk [26],
the 3He atoms in a dilute 3He-4He mixture con-
stitute an independent system of excitations in
addition to the phonons and rotons. The energy
of a slowly moving 'He quasiparticle of momen-
tum p in superfluid 4He at rest is given by

(22)

where en is the chemical potential of the 'He in
4He in the limit of zero concentration, and m * is
the effective hydrodynamic mass of 3He in
superfluid 4He.
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Many experiments performed around 1970
revealed, however, that, for temperatures above
a few tenths of a kelvin, there are problems in
treating the various thermodynamic quantities as
simply the sum of the 4He term and the con-
tribution from an ideal 'He-quasiparticle gas.

Measurements of the specific heat by Greywall
[27], which have recently been confirmed by van
der Zeeuw and De Bruyn Ouboter [28], clearly
demonstrate that, at temperatures above
0.245 K. the behavior of the 'He quasiparticles is
different from that of an ideal Fermi gas. It is
important to stress that this result is due to a
nonparabolic spectrum, .and is not due to •1He-
'He interactions, since the measured, nonideal
'He specific heat scales with the concentration.

At present, there is no real physical under-
standing of this phenomenon. For an extensive
review on this subject, we refer to refs. [12] and
[28].

For the present purpose, we will show in this
section that the present second-sound velocity
data are consistent with the higher-concentration
data of ref. [12]. by calculating from the velocity
data the 'He contribution to the normal-fluid
density. The second-sound velocity in a dilute
'He-4He mixture is, according to Khalatnikov [29],
given by

(23)

where S = S- X(!)SiaX)pJ- and <{>= fi,-fj.4. In
this expression, all extensive thermodynamic
parameters are taken per mole of solution, and S
is the entropy, Cr is the specific heat at constant
pressure, /a3 and JJ.4 are the 'He and ''He chemical
potentials, and Mm= XM.,+ (1 - X)MA is the
molar mass of the mixture, with Mi and M4 the
'He and 4He molar mass. The thermodynamic
functions in eq. (23) are composed of contribu-
tions from the 'He quasiparticles and from the
4He excitations. Assuming for the moment, that
there are no interactions among the excitations,
and that the 'He quasiparticles constitute thus an
ideal Fermi gas, one can write the following

expressions:

MP,\P \dx),J J

S = S40+ 5 F - RX In X - R(l - X)ln(l - X),

fi3 =/xF+RT In X,
(24)

where Clv«j, Sm, and fiM refer to pure 4He, and
C„.F, SF, and /JLF refer to an ideal Fermi gas with
number density XN/ V. The terms with In X and
ln(l - X) arise from the entropy of mixing.

For the present concentration ranges, we have
TF =£ 25 mK, where T? is the Fermi temperature
defined as

(3TT2XN\ 211

2m%k \ V )
(25)

For temperatures above 25 mK, the energy of
the 3He atoms per mole of solution is then ac-
curately given by [30]

Er= \XRT[\ +()A33(TF/Ty2]; (26)

by differentiating this expression with respect to
T, one finds for the specific heat of the Fermi
gas:

C,F = \XR[\- 0.067C7V/7T2]. (27)

As in pure 4He, one can neglect the effect of

thermal expansion in dilute 'He-4He mixtures,

resulting in

p ~ *̂ t> — Lc.40 + Lt,,F , (£&)

with Ct,,F given by eq. (27).
The free energy of the Fermi gas, FF, can be

calculated from eq. (26) using the relation pF =
5E/V, and the identity pF= -(dFFldV)TX, where
pF is the pressure of the Fermi gas. Using the
relations SF= ~(dFF/c)T)v,x and /*F =
(dFFl3X)T,v, and neglecting for the moment the
weak concentration dependence of the 'He
effective mass, the following results for S and X2
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(d(j)/9X)p.T can be derived:

= Sm- - X ) + 0.067(TF/Tf12],

X2{d<t>ldX)p,T = XRT[1

+ 0.266(TF/T)3/2].

- X)-
(29)

The last term in the denominator of eq. (23) is
negligible in the present concentration range. In
the case where the 'He quasiparticles con-
stitute an ideal Fermi gas, pjp can be calculated
from the second-sound velocity data, by using
eq. (23) together with eqs. (27), (28) and (29), and
taking the values of Cv,m and Sm as derived in
section 4.2.

However, specific-heat measurements by
Greywall [27] demonstrated clearly that, at
temperatures above 0.25 K, the behavior of the
3He quasiparticles deviates from that of an ideal
Fermi gas. From his measurements, Greywall
derived the following emperical expression for
the specific heat of the Fermi gas:

- 0.067(TF/T)3« + j8(T - Ta)], (30)

with

To = 0.245 K and HS: T<TB
0.20 K-', T>Tn.

From the fact that, at low temperatures where
the degeneracy corrections are largest, the 3He
quasiparticles behave like an ideal Fermi gas, it
is assumed that, at temperatures above 0.245 K,
the degeneracy corrections are the same as for
the ideal Fermi gas. From the empirical expres-
sion for the specific heat of the Fermi gas, one
can calculate the following expression for the

energy of the 3He atoms per mole of solution:

E3 = \XRT[\ + 0.133(TF/T)3/2 - /3TB]
+ IXR0T2. (31)

A calculation similar to that in the case of an
ideal Fermi gas leads to expressions for S and
X2(d<l>/dX)PT, which are the same as those given
byeq.(29).'

Using the relation pjp = (1 + pjpn) \ one can
now calculate the values of pjp from eq. (23)
together with eqs. (28), (29) and (30). To deduce
the 3He contribution to the normal-fluid density,
we substract the phonon and roton contributions,
which are the same as in pure 4He, i.e.,

p„,3/p = pjp - pn,4o/P • (32)

In this way, we calculated the values of
Pn.3/«3'"3 = (Piu/p)x (MJM3X) from our second-
sound velocity data. These values are plotted in
fig. 9 as a function of temperature, at different
concentrations and pressures. The full lines in
this figure all have an identical temperature
dependence. From this figure, we conclude that
the present second-sound velocity data result in
the following expression for the 3He contribution
to the normal-fluid density:

(33)

By means of a least-squares fit of the data at
T < 0.8 K, f(T) was determined as

f(T) = 1 + 0.06(T/K)2 - 0.06(T/K)4 + 0.13(77K)6,
(34)

which is in good agreement with the calculated

Table III

p (MPa)

0.0
0.5
1.0
1.5
2.0

X(IO-)

5.5
5.2
5.0
4.8
4.7

mUXVm:

2.35
2.53
2.67
2.80
2.95

, X (10"")

9.2
8.7
8.4
8.2
8.0

m lo(X)/m3

2.34
2.51
2.65
2.77
2.91

X (10"')

1.73
1.64
1.56
1.53
1.50

m%s(X)lm

2.35
2.53
2.68
2.82
2.98

2.34
2.51
2.66
2.79
2.94
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temperature dependence of p„,3 found by Grey-
wall [12]. In fitting f(T), only the data at T <
0.8 K were used, because at higher tem-
peratures pn,3 is much smaller than paAU, so that
an accurate determination of pn3 from the p„
data is not possible.

The calculated values of m *,0 are listed in table
III. In fig. 10, the concentration dependence of
m*,», at different pressures, is shown. From this
figure, it is seen that the concentration depen-
dence is weak, as noted before, in the present
concentration range. The full lines in this figure
have a slope that is extrapolated from the higher-
concentration data of Greywall [12].

The zero-concentration values of the effective
mass, m *,u(0), are listed in table III, and shown as
a function of pressure in fig. 11. From this figure,
it is seen that the present results are in excellent
agreement with the data of Greywall [12], and
also agree very well with the theoretical cal-

Fig. 11. Zero-concentration effective mass as a function of
overall pressure. O: this work; ©: Greywall [12]; full line:
theoretical curve by Padharipande and Itoh [31].

culations of Pandharipande and Itoh [31]. The
latter authors determined, using a microscopical
calculation, the pressure dependence of m*u as

w * . o = (35)

where HI 3 and m4 are the 3He and 4He atomic
masses, a is a positive constant, and nA is the 4He
number density. Taking the zero-pressure value
of m.*() = 2.34m3, one can rewrite eq. (35) as

»i.?„=/n,(l-0.573n4/«4) (36)

where n" is the 4He number density at T = p = 0.
From the present results of pn,3, we find that

our second-sound velocity data agree very well
with the higher-concentration data of Greywall
[12]. Moreover, by direct comparison with the
velocity data of van der Boog et al. [13], as
shown in figs. 7 and 8, we also find excellent
agreement with their results. Therefore, we con-
clude that the present pulse-shape analysis, as
given in section 3, results in reliable values of the
second-sound velocity in dilute 3He-4He mix-
tures, as well as in pure 4He.

4.5. Concluding remarks

For noninteracting quasiparticles, the 3He
contribution to the normal-fluid density can be
calculated from the quasiparticle energy spec-
trum, using the relation [32]

1
P l U ~ 37T2tl3kT. iy>

(37)

where /tF is the chemical potential of the 3He
Fermi gas. In the case of quasiparticles behaving
according to the Landau-Pomeranchuk spec-
trum, eq. (22), the result of this calculation is
PIU/M.I»'3= nit/nit, independent of temperature
and concentration.

At low temperatures (T=sO.25K), we indeed
find from fig. 9 that pat/n^ii is independent of
temperature. At higher temperatures, the values
of pn.3/n.i»J3 are clearly not independent of tem-
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perature. However, the actual temperature
dependence measured for each of the mixtures
is, within experimental error, identical. The
concentration dependence of p„,3/n3m3 can be
described by an X-dependent scaling factor

From these facts, we conclude that:
(1) the total effect of 3He-3He interactions is

incorporated into the X-dependence of m ffi;
(2) the excitation spectrum of the 3He quasipar-

ticles must differ from that given by eq. (22),
and can be computed from the measured
temperature dependence of pn.3/n3m3, using
eq. (37) for noninteracting quasiparticles.

The computation of the energy spectrum, using
the measured temperature dependence of both
Pn.3/n3m3 data and Cv data, is given in detail in
ref. [12]. The result of this computation is an
energy spectrum that gradually deviates from
that given by eq. (22). The computed spectrum
shows no significant deviations from the purely
quadratic spectrum of eq. (22) for values of the
momentum smaller than =0.6 A"1; at higher
momenta, the computed spectrum gradually
deviates downwards from the spectrum of eq.
(22). Whether or not the energy spectrum exhi-
bits a roton-like minimum at higher momenta
(=2 A"1) cannot be concluded from this com-
putation.

A detailed discussion on this subject can be
found in refs. [12] and [28].

is the specific heat per mole "He. The coefficient
of thermal conductivity, K, applies to a transport
of energy due to a gradient of temperature, while
the normal fluid is fixed.

Below 1 K, the coefficient of thermal conduc-
tivity arises solely from the transport of heat by
phonons, and one may write: K = KP)1. The vis-
cosity terms in eq. (38) give only a minor con-
tribution to the second-sound attenuation [6],
thus eq. (38) may be rewritten as

«2 V «ph
2 2\ C '

(39)

where V is the molar volume.
In the case of dilute 3He-4He mixtures, the

equations of motion are similar to those for pure
4He, except that the various parameters now
have values appropriate to the solution, and an
extra equation, taking into account the con-
servation of 3He. The expression for a2 will now
contain extra terms, expressing thermal diffusion
and mass diffusion, since a temperature gradient
is automatically accompanied by a concentration
gradient, and this concentration gradient will
give rise to a diffusion current of 3He.

Again neglecting the viscosity terms, Khalat-
nikov [33] calculated the following expression for
the absorption coefficient of second sound in
dilute 3He-4He mixtures:

5. Second-sound absorption

5.1. Introduction

According to Khalatnikov [6], the attenuation
coefficient a2, as defined in eq. (2), in the case of
pure 4He, is given by

Pi

where TJB is the normal-fluid viscosity, &, £2, and
(3 are the coefficients of second viscosity, and Cv

D M4RTX
si Mi

In this expression, all the parameters now take
the values appropriate to the solution, as derived
in section 4.4, D is the diffusion coefficient, and
KT is the thermal diffusion ratio.

Substituting the expression for the second-
sound velocity, as given in eq. (23), into the
terms between square brackets, one can rewrite
eq. (40) as follows:

«2 = J_Wr 2/d±\ ^ I - '
a* 2S\MA1 X \dX)p.r T&i
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in which

jg± PDRX (KT + ̂  X ̂  ƒ , (42)

note that eq. (41) reduces to eq. (39) for X = 0.
At temperatures below 0.5 K, the transport of

heat by phonons is limited mainly by phonon-
?He interactions. At higher temperatures,
however, also the phonon-roton collisions
become important. According to Khalatnikov
[33], one may treat the phonon-3He and the
phonon-roton interactions as impedances in
"series", resulting in the following expression for
the phonon thermal resistance:

f ph — f ph.qp ~"~ K ph.r , (43)

where KPh.qp is the conductivity due to phonon-
3He interactions, and Kph,r is that due to phonon-
roton scattering.

5.2. Results in pure 4He

In the case of pure 4He, at temperatures above
=0.7 K, the transport of heat by phonons is only
limited by phonon-roton collisions. An expres-
sion for the conductivity due to phonon-roton
scattering has been derived by Khalatnikov [6]:

Kph.r=

in which
I + 8TphVTpll.r

(44)

x T912 e~MT,

+

9 25
9 \fis,

(45)

(^L)(ÊlA\+(M\(£.ë2!i\
\pnsj\dp2/ \fis 11 \po dp ) '

In eq. (44), T^X is a frequency characterizing the
phonon-roton collision process, and T^ is a

frequency characterizing the approach of the
number of phonons to the equilibrium value, and
jVpt, is the number of phonons per unit volume.
In eq. (45), A, p,,, and fi are the roton parameters
as defined in section 4.2. The term between
parenthesis in eq. (44) arises because the trans-
port of heat has to be corrected for the motion of
the normal fluid as a whole, and can be omitted
here, since the coefficient of thermal conduc-
tivity, as defined in eq. (38), applies to a trans-
port of heat due to a gradient of temperature,
while the normal fluid is fixed.

At low pressures, the approach of the number
of phonons to the equilibrium value is deter-
mined by the five-phonon process. According to
Landau and Khalatnikov [34], the frequency
characterizing the five-phonon process is given
by

(46)

where the value of A is determined by the
phonon dispersion. From the results for the
phonon dispersion, as derived in section 4.2, we
estimate the zero-pressure value of r '̂t, to be

(47)

In this case, the exact value of T5ph is not im-
portant for calculating «Ph,r from eq. (44),
because TJ,*, > Tph.r, so we approximate (11 +
8Tii/Tji!,)/(l + 8Ti&/T;iJ,)»1 + ̂ . r / T ^ ) in eq.
(44).

The value of the phonon-roton collision
frequency, Tph,r, is relatively insensitive to
changes in the pressure, because the changes in
the values of S\ and A with the pressure nearly
cancel one another. The value of T>V however,
decreases with increasing pressure, due to a
decrease of the value of A. At pressures in the
neighbourhood of the cross-over pressure
(=1.8MPa), the approach of the number of
phonons to the equilibrium value is determined
by the three-phonon process, which is much fas-
ter here than the five-phonon process. However,
in the case of small phonon dispersion, there
exists no reliable numerical expression for the
frequency of the three-phonon process.
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Fig. 12. Second-sound absorption measurements in pure 4He,
at different overall pressures. Full lines: theoretical curves,
based on the work of Khaiatnikov [6].

10

ö

0 1

p(MPa) X
o 0.0 9.2.10-"

- D 0.5 8 7«10-4

1.0 84*10-"
h v 1 5 82x10-"

O 2 0 8 0«10"4

-J--l_i_L. L__J_
02 04 06 08

T(K)

Fig. 13. Second-sound absorption measurements in mixtures
containing 4.14x 10"4mol 'He, at different overall pressures.

Therefore, we calculated /cph.r only at pressures
p = 0.0, 0.5, and 1.0 MPa, using eqs. (44), (45),
and (46). The values of the various parameters in
these expressions were calculated from the
phonon and roton parameters, as listed in table
II. Using the calculated values of K^,, one can
derive the values of a-xlur from eq. (39). These
calculated values of ailto1 are shown as the full
lines in fig. 12. It is seen from this figure, that our
measured values of the absorption coefficient are
in good agreement with the calculated values.

5.3. Results in dilute 'He-4He mixtures

In fig. 13, we plotted the measured values of
ai/w2 as a function of temperature, at different
overall pressures, for a mixture containing 4.14x
10-4mol3He.

In the case of the dilute mixtures, also the
phonon-'He interactions contribute to the limi-
tation of the transport of heat by phonons. The
absorption coefficient can now be calculated
from eqs. (41), (42), and (43). A detailed cal-
culation of a2/a>2 in dilute 3He-4He mixtures,
using the results of the phonon-diffusion

experiments [15], will be given in a separate
paper [14].
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In a previous paper [1], we presented experimental data on the diffusion of phonons in dilute 'He-4He mixtures. These
experimental data were described by a scattering and absorption parameter a and an absorption rate 0. In this paper, the
experimental values of a and /S arc used to derive empirical expressions for the scattering and absorption rates of the
Baym-Ebner theory (2,3]. The empirical expression for the scattering rate shows the right temperature, pressure, and
concentration dependence, but its magnitude is a factor two larger than the calculated scattering rate from the
Baym-Ebner theory. However, this larger magnitude agrees well with the results of various other experiments. The part of
the empirical expression for the absorption rate that is proportional to X2T2 indicates that the 3He relaxation time for
viscosity r, is independent of pressure. The experimental values of a and /3 are also used to calculate values of the
coefficient of second-sound absorption; the results agree well with the measured values of the second-sound attenuation.

1. Introduction

Our experimental results on the diffusion of
phonons in dilute 3He-4He mixtures were des-
cribed, in a previous paper [1], by a scattering
and absorption parameter a and an absorption
rate j8. From their theory for the interaction
between phonons and 3He quasiparticles, Baym
and Ebner [2] calculated the contribution of the
phonons to the thermal conduction at T < 0.6 K,
for molar 3He concentrations X = 1.3 x l()"2 and
X = 5.0 x 10"2. Ignoring the scattering of
phonons at the walls of the container, they con-
cluded that the coefficient of thermal conduc-
tivity at very low temperatures is mainly deter-
mined by the absorption of phonons by the 'He
quasiparticles while the phonon-quasiparticle
scattering predominates at higher temperatures.
However, in the temperature and concentration
range where our experiments were performed
(T>50mK, X = 10"3), the phonon-boundary
scattering and the phonon-quasiparticle scatter-
ing contribute comparably, whereas the con-
tribution of the absorption process to the limita-
tion of the thermal conductivity is small.

In section 3, empirical expressions for the
scattering and absorption rates of the Baym-
Ebner theory are derived from our measured

values of a and /3. The numerical values of the
scattering rate derived from the present results
are in good agreement with the results from the
thermal conductivity data by Rosenbaum et al.
[4]. From the present results for the absorption
rate, the 3He relaxation time for viscosity can be
calculated as a function of pressure. In section 4,
the coefficient of second-sound absorption in
dilute 3He-4He mixtures is calculated, using the
theory of Khalatnikov [5, 6].

The analysis of the data on second-sound ab-
sorption, using the complete theoretical expres-
sion for the absorption coefficient, is very com-
plicated, since diffusion, viscosity, and thermal
conductivity may all contribute. In order to sim-
plify the analysis, we assume that the main effect
is due to the thermal conductivity. Comparison
of the calculated values with the measured values
of the second-sound absorption shows that this
assumption is justified in the present tem-
perature and concentration range.

2. Theory

According to Landau and Pomeranchuk [7],
the energy of a slowly moving 'He quasiparticle
of momentum p in superfluid 4He at rest is given

0378-4363/83/0000-O000/S03.00 © 1983 North-Holland
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by

e = e„ + p2l2m % , (1)

where e,i is the chemical potential of the 3He in
superfiuid 4He in the limit of zero concentration,
and m* is the effective hydrodynamic mass of
'He in superfiuid 4He. In a previous paper [8], we
have shown that eq. (1) gives an adequate des-
cription of the behaviour of the 3He quasiparti-
cles in superfiuid 4He at temperatures below
0.25 K. The zero-pressure value of m *, in the
limit of zero concentration and temperature, is
given by 2.34/n3, where m3 is the bare mass of
the 3He atom. For the present purpose, we
assume eq. (1) to be also correct at higher tem-
peratures.

At temperatures below 0.6 K, the long-
wavelength low-frequency deviations of the 4He
from equilibrium may be described by a 4He
density variation Spt{r, t), and a local superfiuid
velocity vs{r. t). Using thermodynamic and Gal-
ilean-invariance arguments, Baym and Ebner [2]
determined the dependence of the quasiparticle
energy on the local 4He density and superfluid
velocity.

To a quasiparticle, a long-wavelength phonon
looks like a uniform motion of the 4He with a
local velocity t>5. and a local density p4 + 8pA,
where pA is the mean 4He density. In this way,
Baym and Ebner calculated the effective inter-
action Hamiltonian between a quasiparticle and
a long-wavelength phonon. From this effective
interaction Hamiltonian, the amplitude for
phonon-quasiparticle scattering can be cal-
culated.

According to Baym and Ebner, the phonon-
quasiparticle scattering is characterized by five
processes: three direct and two indirect (phonon
induced) interactions. The first three processes
are analogous to those in the nonrelativistic
scattering of photons by free electrons, and the
last two processes are the scattering of a phonon
by a quasiparticle through the exchange of a
virtual phonon. Using pertubation theory, the
matrix elements for the five scattering processes
are calculated with the interaction Hamiltonian.

The sum of these matrix elements is the total
amplitude for phonon-quasiparticle scattering
from which the phonon-quasiparticle scattering
rate can be obtained.

The rate at which phonons of wave number q
are scattered elastically through an angle 0 is
then given by

(2)

where Si is the first-sound velocity, «4 is the
number of 4He atoms per unit volume, m4 is the
mass of the 4He atom, and av is the fractional
excess molar volume from the BBP theory [9].

Elastic scattering of phonons through a very
small angle does little to change the heat current
of the phonons, whereas large-angle scattering
reverses the heat current. The effective scattering
rate for thermal conductivity is thus an average
of F{q,6) times ( 1 - cos 6):

+ 1

(</) = ƒ d cos 0(1 - cos e)l\q, 0)

L f f i * V

We define a scattering parameter A(p) as fol-
lows:

(4>

where p is the overall pressure. Combining eqs.
(3) and (4), results in the following expression for
the phonon-quasiparticle scattering rate:

Ü' = A(p)Xsiq4/n4. (5)
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This scattering rate has the qA dependence
characteristic of Rayleigh scattering.

The rate at which phonons are absorbed by
the 3fie quasiparticles is calculated in a similar
way as the scattering rate. However, in this cal-
culation, the interaction between the quasiparti-
cles has to be taken into account. The reason is
that, since the Fermi velocity of the quasiparti-
cles is much smaller than the velocity of the
phonons, energy and momentum conservation
forbid the absorption of a phonon by a nonin-
teracting quasiparticle. Thus, the absorption
mechanism is determined by the viscosity of 3He.
According to Baym and Ebner, the general
expression for the absorption rate is given by

_, 4>»4PF(T) / , m$-m3\
2

abs "~ "ö +2 ' \ v /

with

(6)

(7)

where /?F(T) is the pressure of an ideal Fermi
gas, w is the angular frequency of the phonons,
T, is the 3He-3He scattering time for viscosity
and k is Boltzmann's constant.

In our concentration range (X = 10~3), we
have TF=s25mK, where TF is the Fermi tem-
perature, defined as

ft2

= 2»j?fc

213

(8)

where N is Avogadro's number, and V is the
molar volume of the mixture. In our temperature
range (T^50mK), pF(T) can then be satis-
factorily approximated by

= n3kT[l + (I81r)-1/2(TF/T)3«], (9)

where n3 is the number of 3He atoms per unit
volume, which can be written as n3 =
(«3+ nt)X = /i4X, since n3*^«4- The viscosity
scattering time T, is determined in the high-
temperature regime (T^2T F ) by solving the

classical Boltzmann equation for the 'He first
viscosity, 773, to lowest order in the effective
quasiparticle interaction, together with the rela-
tion 773 = P F (T)T , [2]. From the viscosity
experiments by Kuenhold et al. [10], we estimate
the zero-pressure value of T, to be of the order
of \i)'nK/XTs. For thermal phonons, we have
to & kT/ti, therefore WT, S> 1, and the angular
frequency term in eq. (6) can be rewritten as

W2T/(\ + = T- ' [1 + (ttstq/2irkT)2].
(10)

Using eqs. (9) and (10), together with the various
approximations, eq. (6) can be rewritten as

i 4/»4fc / ffl^-m3\
2

. , " ' r i . r* r-, v_

(11)

We define an absorption parameter B(p) as fol-
lows:

m * - »i3s 2

mA r- (12)

Combining eqs. (11) and (12) results in the fol-
lowing expression for the absorption rate:

(13)^ 1

It should be noted that, in the present tem-
perature range (T ^ 27», T, is inversely propor-
tional to XT.

We therefore find from eq. (13) that, in this
approximation, T^ is proportional to X2T2,
neglecting the small correction due to the
degeneracy term. The dependence on the
phonon wave number q is only weak, through
the correction term 1 + (tisxql2irkTf. The X2

dependence of Tab's can be easily understood from
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the fact that the absorption of a phonon by a
noninteracting quasiparticle is forbidden.

In the absence of phonon-phonon inter-
actions, the phonon thermal conductivity Kph,qp is
simply a sum of the conductivities of each mode
q; thus one may write

= 3 ƒ (14)

with

(15)

being the contribution to the phonon specific
heat of the mode q, and

'(<?) = S I / ^ K ' + Tab1,) , (16)

being the effective mean free path for a phonon
of wave number q. Using eqs. (15) and (16), eq.
(14) can be rewritten as follows:

(17)

where r^fo, T) = TZ?(q, T)+rM.q, T).
In order to compute the numerical values of

the various parameters, it is convenient to re-

write the expressions for TJ, Tabs and Kpt,,qP as
given by eqs. (5), (13), and (17), as functions of
y = hsiq/kT, resulting in

r-J = AT(p)XTY,

with AT(p) = A{p)k*lnAs\h4,

(18)

V T

(19)

and

(20)

where r^(y, T) = r^(y, T) + r^(y, 7"). The
numerical values of Ar(p) and B(p) were cal-
culated, using the values of s\ from Abraham et
al. [11], the values of n4 and av from Watson et
al. [12], and the values of m * from our second-
sound measurements [8]. The values of the
various parameters used in this calculation,
together with the calculated values of AT(p) and
B(p) are listed in table I.

The numerical values of T« can be calculated
directly from eq. (18) using the values of ^TO')-
In order to calculate the numerical values of T '̂S
from eq. (19), using the values of B(p), one has
to know the numerical values of T„. Based on the
viscosity measurements of Kuenhold et al. [10],

Table I

p

(MPa)

0.0
0.5
1.0
1.5
2.0 "

(ins'1)

238
274
302
327
348

a»

0.284

0.239

0.208

0.189
0.177

-1.01

-0.85

-0.60

-0.55
-0.52

2.34

2.51
2.66
2.79
2.94

(lOV'K-4)

1.33

0.60

0.25
0.16
0.12

B(p)

(K-')

0.083

0.058

0.046
0.038
0.032
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the zero-pressure value of TV is calculated by
Kuenhold and Ebner [13] as 6x l(r12K/XTs.
However, in the present temperature range (T 5s
27», no measurements of the viscosity in dilute
3He-4He mixtures under pressure have been
performed until now, so the values of T, at
nonzero pressure are not known.

3. Analysis of the experimental data on the
scattering and absorption of phonons

In a previous paper [1], we described our
experimental results on the diffusion of phonons
in dilute 3He-4He mixtures by a scattering and
absorption parameter a and an absorption rate
/?. The scattering and absorption parameter has
been defined as

following result:

a = au + api,

with

(21)

an=3z2/4l#,sl and api = 3z2/4/pis,, (22)

where z is the length of the measuring tube, /pb

and /pi are the effective mean free paths for
phonon-boundary scattering and phonon-
quasiparticle scattering and absorption respec-
tively. In the simplest approximation, lpi can be
written as

/-.' = ;-i + /-.i = /-' (231
'pi »sc ' 'abs *sc , V~~v

since the effective mean free path for the ab-
sorption of a phonon, /abs, is found experiment-
ally to be much larger than the one for phonon-
quasiparticle scattering, lK, in the temperature,
pressure, and concentration range where our
experiments were performed.

We now define an effective scattering time, tx,
as follows:

l! = ̂ p (a - a0) • (24)

(25)

This effective scattering frequency can be related
to the ^-dependent scattering rate, T^1, as
defined in section 2, if we assume a Planck
distribution for the wave numbers of the
phonons. In that case the relation between ?*'
and TZ.1 reads as follows:

t'J = ƒ r-J(q)n(q) dq/j n(q) óq, (26)

with

the equilibrium distribution function for the
phonons. By rewriting eq. (26) as a function of
y = hs^q/kT, one can evaluate T^1 from the
experimentally found expression for r^1. The
result for rrc' can then be written as

= AE{p)XTY. (27)

Substituting the experimentally found expres-
sion for a-a0 (ref. [1], eq. (10)), we obtain the

The numerical values of AE(j>), calculated in this
way, are listed in table II.

The experimental expression for the scattering
rate, obtained by this analysis, shows the same
temperature and concentration dependence as
the one obtained from the Baym-Ebner theory
in the previous section. The pressure dependence
of the scattering rate is shown in fig. 1. From this
figure, we find that the experimentally obtained
Ta has, within experimental error, the same
pressure dependence as the theoretically cal-
culated T^1; however, its magnitude is experi-
mentally a factor two larger than the theoretic-
ally predicted one.

This larger magnitude agrees very well with
the thermal conductivity data by Rosenbaum et
al. [4], and with the second-sound absorption
data by Brubaker et al. [14].

The experimental data on the absorption of
phonons by 3He quasiparticles may be analysed
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in the same way. Defining now an effective ab-
sorption rate, f̂ 's = /3 — A>, and accepting the
weak ^-dependence of T~b's as in the previous
section, we obtain the following experimental
expression for the absorption rate:

+ B2(p)X2)T2[l + (y/2-nf]. (28)

The numerical values of Bt(p) and B2(p), cal-
culated in this way, are listed in table II.

Comparing this result with the theoretical
expression for the absorption rate, eq. (19), it is
seen that in the experimental expression an extra
absorption term proportional to X is present. As
can be seen in table II, the numerical values of
this term, Bi(p), are, within experimental error,
independent of pressure. From these two facts,
one might conclude, that this term is due to an
absorption process in which the boundary takes
over the role of one quasiparticle, i.e. the ab-
sorption process takes place via the 'He-boun-
dary viscosity. The second term in eq. (28) shows
the same temperature and concentration depen-
dence as the absorption rate derived from the
Baym-Ebner theory in the previous section.
Combining eqs. (19) and (28), and neglecting the
small degeneracy term in eq. (19), the following
expression for the 3He-3He scattering time for
viscosity can be derived:

T, = B(p)/B2(p)XT. (29)

The numerical values of T, calculated in this way
are listed in table II. From this table, it is seen

10

10
p(MPa)

15 2 0

Fig. 1. Phonon-quasiparticle scattering rate as a function of
pressure. O: present experimental results, eq. (27); D: cal-
culated values from the Baym-Ebner theory, eq. (18).

that the values of T, are, within experimental
error, independent of pressure. The zero-pres-
sure value of T, can be compared to the one
obtained from the viscosity measurements by
Kuenhold et al. [10], although a direct com-
parison is difficult, since the phonon viscosity
may contribute considerably to the total viscosity
of these mixtures at high temperatures. Based on
these viscosity measurements, Kuenhold and
Ebner [13] calculated the zero-pressure value of
the 3He contribution to the viscosity in the high-
temperature limit as Tj3 = 1.8 x W6 Pa s, resulting
in a zero-pressure value of r, =
6.0 x lO~i2K/XTs. This value of T, is, within the
combined experimental errors, in good

Table II

p
(MPa)

0.0
0.5
1.0
1.5
2.0

AE(p)
( lOVK" 4 )

2.30 ±0.15
1.15 + 0.15
0.70 ±0.20
0.45 ±0.15
0.20 ±0.15

B.(P)
(ÏOV'IC2)

1.10 ±0.10
0.85 ±0.25
1.05 ±0.10
1.05 ±0.40
1.20 ±0.25

Blip)
(HPs-'K-2)

1.60 ±0.25
1.30 ±0.30
0.95 ±0.15
0.85 + 0.55
0.80 ±0.30

r^XTIK
(10-12s)

5.2 ±0.8
4.5+1.0
4.8 ±0.8
5 ±3.0
4.5 ±1.5
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agreement with our calculated zero-pressure
value of T„.

4. Analysis of the experimental data on the
absorption of second sound

In this section the attenuation coefficient of
second sound in dilute 'He-4He mixtures is cal-
culated from the experimental expressions for
the scattering and absorption rates, as derived in
the previous section, using the theory of
Khalatnikov [6].

Neglecting viscosity terms, Khalatnikov [6]
calculated the following expression for the ab-
sorption coefficient of second sound, «2, in dilute
3he-4He mixtures:

phonon thermal resistance:

K ph = K ph.qp ~>~ ^ ph.r * (32)

dX)p,TTS2i pCv

In this expression, all parameters are taken per
mole of solution, and ta is the frequency of the
second-sound wave, «2 is the velocity of second
sound, M4 and Mm are the molar masses of 4He
and of the mixture respectively, <f> = /u3 - /A4, with
lx->, and /u4 the 3He and 4He chemical potentials
respectively, Cv is the specific heat at constant
volume, S = S-X(dS/dX)p,T, with S the
entropy, p is the total fluid density, and KM is the
effective thermal conductivity coefficient of the
mixture defined as:

MA
(31)

where Kph is the coefficient of phonon thermal
conductivity, M3 is the 3He molar mass, D is the
diffusion coefficient, and KT is the thermal
diffusion ratio.

At temperatures below 0.5 K, the transport of
heat by phonons is limited mainly by phonon-
'He interactions, and by phonon-boundary scat-
tering. At higher temperatures, however, also
the phonon-roton collisions become important.
According to Khalatnikov [6], one may treat
the phonon-roton scattering as a distinct process,
resulting in the following expression for the

where KPh,qP is the conductance due to phonon-
'He and phonon-boundary interactions, and Kpht

is that due to phonon-roton scattering.
To illustrate the relative importance of the

different interaction processes, the various in-
teraction frequencies characterizing these pro-
cesses are plotted in fig. 2 as a function of
temperature, at two different overall pressures.
The values of the effective scattering and ab-
sorption frequencies for phonon-3He interactions
were calculated from eqs. (27) and (28), using eq.
(26). The values of the phonon-boundary scat-
tering frequency, rjj1, were calculated from the
relation T^' = sjd, where d is the diameter of the
measuring tube. The values of the phonon-roton
scattering frequency, Tph',r, and of the five-phonon
frequency, Tjph, were taken from ref. [8], section
5.2. The curve for T^ has been dashed, because
the influence of the five-phonon process differs
from the others, which can also be seen in ref.
[8], eq. (44). From fig. 2, it is seen that, for the
present concentration range, the phonon-3He
scattering frequency dominates in almost the
entire temperature region. The drastic decrease
of Trê1 with increasing pressure should be noted
here. Even at p = 2.0 MPa we still have t^ > f~b's
for temperatures above =100 mK, justifying the
assumption made in eq. (23).

To calculate the values of Kph,qp from eq. (20),
using the experimental expressions for the scat-
tering and absorption rates as given by eqs. (27)
and (28), one has to take also the phonon-
boundary scattering into account, since its con-
tribution is not negligible in the present concen-
tration range, as can be seen from fig. 2.

Baym and Ebner [2] treated the phonon-boun-
dary scattering as a distinct process, however
Rosenbaum et al. [4] deduced from their thermal
conductivity measurements that this treatment is
incorrect in the concentration range where our
experiments have been performed. In ac-
cordance with this, we treated the phonon-
boundary scattering in the same manner as these
authors, i.e. the relaxation time, rc, in the con-
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Fig. 2. Various effective interaction frequencies as a function of temperature, at two different overall pressures (see text).

ductivity integral, eq. (20), is written as [15]

T« l(y, T) = rg'(T) + Ti»(y, T) + rMy, T) . (33)

The temperature dependence of rg', due to the
effect of specular reflection, can be neglected in
the considered temperature range (T^0.35K),
and Tb' is thus taken to be equal to s,/d. In this
way, we calculated the values of /cph,qp from eq.
(20), using eqs. (27), (28) and (33). These values
together with the values of /cPh,r as calculated in
ref. [8], were used to derive the values of Kph

from eq. (32).
Calculations by Khalatnikov and Zharkov [16]

indicate that both phonon-3He and roton-3He
collisions play a role in resisting the mass trans-
port of 3He. It turns out that the contribution of
diffusion to the absorption of second sound is
negligible in the present temperature range, but
at lower temperatures a rather rapid rise of the
attenuation due to this effect must be expected.
We therefore rewrite eq. (31) as

Kelt = (34)

Using the calculated values of Kph, together with
the values of the various parameters appearing in
eq. (30), as derived in ref. [8], we calculated the
values of ajat2, which are shown as the full lines
in fig. 3.

From this figure, it is seen that these calculated

°?
ö

p(MPa) X
o 0.0 9.2x10"»
a 0.5 8.7x10-4

a 1.0 a,4x10"4

I
0.2 0.4 0.6 0.8

T(K)
1.0 1.2

Fig. 3. Second-sound absorption as a function of tem-
perature, at different overall pressures. Data points are taken
from our second-sound absorption measurements [8]. Full
lines represent calculations based on the work of Khalatnikov
[6], using our empirical expressions for the phonon-3He
scattering and absorption rates.

values of a^w2 agree very well with our
measured values of the attenuation coefficient.
As pointed out in a previous paper [8], the
values of Kph,r cannot be calculated at pressures
in the neighbourhood of the cross-over pressure
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(=1.8MPa). Since at these pressures the
coefficient of thermal conductivity at tem-
peratures above 0.6 K is mainly determined by
phonon-roton collisions, the values of a^lo)2

cannot be determined at p = 1.5 MPa and p =
2.0 MPa in this temperature range. Moreover, at
lower temperatures, where the phonon-
quasiparticle scattering is the dominant process,
the large experimental error in AB(p) makes an
accurate determination of a2/<u2 impossible.

It should be noted that at the lower pressures,
where the phonon-quasiparticle scattering
dominates the entire temperature range con-
sidered here, the theoretical values of the
phonon-quasiparticle scattering rate would result
in values of a^co2 which are roughly a factor two
larger than the measured values of «2/w

2.
From this, we may draw the following con-

clusions:
1) the contribution of viscosity to the second-

sound absorption is indeed small compared to
that due to thermal conductivity;

2) the contribution of diffusion to the second-
sound absorption is negligible, at least at
temperatures above 0.35 K;

3) the assumption that phonon-3He interactions
and phonon-roton scattering may be treated
as distinct processes is justified in the present
concentration range;

4) the measured values of the phonon-quasipar-
ticle scattering rate, which is the dominant
process in the considered temperature range,
result in values of the second-sound absorp-
tion which are in good agreement with the
measured values of a^ia2.

5. Concluding remarks

The Baym-Ebner theory [2] has played, and
still plays, an important role in the present
understanding of the properties of dilute solu-
tions of 'He in superfluid 4He. In the past years,
many experiments have been performed to check
the validity of this theory. The propagation of
heat pulses has proven to be one of the most
powerful instruments for probing the properties
of dilute 3He-4He mixtures, since it allows the

simultaneous determination of both phonon-
quasiparticle scattering and absorption in the
entire temperature region.

Based on the results of the heat-pulse
experiments in pure 4He by Kramers et al. [17],
Niels-Hakkenberg and Kramers [18] developed
a pulse-shape analysis of transmitted heat pulses
in dilute 3He-4He mixtures. Using this analysis,
de Voogt and Kramers [19] clearly demonstrated
that their results on the scattering and absorption
of phonons were in good qualitative agreement
with the calculations from the Baym-Ebner
theory over a wide concentration range.

The aim of the present experiments has been
to determine systematically the pressure depen-
dences of the scattering and absorption rates,
and to clarify the quantitative discrepancies be-
tween the calculations from the Baym-Ebner
theory and the results of various experiments.

Assuming the viscous relaxation time T„ to be
independent of pressure, we find at all pressures
that our values of the phonon-quasiparticle ab-
sorption rate agree very well with the calculated
values from the Baym-Ebner theory. From this
fact, we conclude that the absorption
mechanism, as proposed by Baym and Ebner,
gives an adequate description of the experi-
mentally observed absorption of phonons in
dilute 3He-4He mixtures, at least in the classical
limit (T»2TF).

Our experimentally obtained phonon-
quasiparticle scattering rate shows the same
pressure dependence as the one obtained by
Baym and Ebner, however the magnitude of the
experimentally found scattering rate is a factor
two larger than the one from the Eaym and
Ebner theory. In our temperature and concen-
tration range, the contribution to the limitation
of the thermal conductivity due to the phonon-
quasiparticle absorption is negligible compared
to that due to the phonon-quasiparticle scatter-
ing, so any difference between the experiment-
ally found thermal conductivity and the
theoretically calculated one can only be due to a
discrepancy in the phonon-quasiparticle scatter-
ing rate. From this fact, Rosenbaum et al. [4]
concluded from their thermal-conductivity
measurements that the Baym-Ebner theory
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underestimates the phonon-quasiparticle scat-
tering rate by a factor two, in agreement with
our results.

Guillon et al. [20] made a direct measurement
of the thermal resistance between phonons and
quasiparticles in a mixture of concentration X =
1 x 10"3 at temperatures between 35 and 60 mK.
In this temperature region, the phonon-
quasiparticle absorption contributes considerably
to the heat transfer between phonons and
quasiparticles.

Based on the results of the latter authors,
McMullen [21] showed that, at high tem-
peratures (=60 mK), the Baym-Ebner theory
underestimates the thermal conductance be-
tween phonons and quasiparticles by roughly a
factor two, whereas at low temperatures
(«40 mK), where the phonon-quasiparticle ab-
sorption is the dominant process, the measured
thermal conductance is in agreement with the
calculations of Baym and Ebner.

It should be noted here that the observed
discrepancies cannot be attributed to deviations
of the quasiparticle energy-spectrum from the
Landau-Pomeranchuk spectrum [7], since this
spectrum has been shown to give an adequate
description of the behaviour of the quasiparticles
in dilute 3He-4He mixtures at temperatures
below 0.25 K [22]. At higher temperatures, we
have not been able, within experimental ac-
curacy, to detect any changes from the expected
temperature dependences of the measured scat-
tering and absorption parameters.

We therefore conclude that the two processes
considered by Baym and Ebner, i.e. absorption
and elastic scattering of phonons by quasiparti-
cles, do not give a complete description of the
properties of dilute solutions of 3He in superfluid
4He. To bring the results of the various
experinents discussed here in agreement with the
Baym-Ebner theory, an inelastic scattering
process should be included in their theory. Based
on our experimental results, we estimate the
magnitude of this inelastic scattering rate to be
roughly the same as the one of the elastic scat-
tering rate.
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SUMMARY

This thesis presents the results of an investigation on the propagation of heat pulses in dilute 3He-4He mixtures
along a tube. The measurements were performed in the temperature range between 50 mK and 1.2 K, at molar
3He concentrations between 5.5 X 10~4 and 1.73 X 10 3 , and at overall pressures between 0 MPa and 2 MPa.

The theory of dilute solutions of 3He in superfluid 4He at low temperatures, below 1.5 K generally, is greatly
simplified by the fact that one can, in the spirit of the Landau-Fermi liquid theory, describe the low-lying excited
states of the system in terms of weakly interacting elementary excitations above the ground state.

At relatively high temperatures (T !>0.2 K in the present concentration range), where the excitations are in
local equilibrium with one i mother, the propagation of heat pulses in the liquid is determined by the phenomen-
on of second sound, which is essentially a density wave in the excitation gas. The velocity and attenuation of
second sound can be determined from the shape of the detected signal. Since the number of phonon and roton
excitations of the 4He rapidly drops to zero as the temperature is lowered, even small amounts of 3He in 4He have
a large effect on the propagation of heat pulses in the liquid.

At very low temperatures, the thermally generated phonons propagate ballistically through the liquid,
scattered only by the walls of the tube. In the intermediate temperature region, the collision frequency of the
phonons with the 3He quasiparticles becomes too small to establish local equilibrium between phonons and
quasiparticles within the finite length of the measuring tube. The propagation of heat pulses in the liquid is now
described by a heat-conduction type equation. The solution of this equation is characterized by a scattering and
absorption parameter a and an absorption rate p.

The experiments were performed within a copper tube, which was an integral part of the mixing chamber of a
dilution refrigerator. Inside this tube, two measuring tubes were mounted on a post. At the top and bottom of
each of the measuring tubes there are two flat resistors, serving respectively as heater and thermometer. The
lengths of the tubes are respectively 25 mm and 50 mm. The diameter of both tubes is 6.5 mm.

In Chapter 1 of this thesis, measurements on the scattering and absorption of phonons are presented, together
with a detailed description of the experimental technique and the electronic equipment. The values of a and /? are
given as a function of temperature, overall pressure, and molar 3He concentration.

I n order to eliminate path-length effects, a pulse-shape analysis is developed in Chapter 2, in which the signals
as detected simultaneously in both tubes are used to determine the velocity and attenuation of second sound. The
velocity data in pure 4He are used to determine values of the phonon and roton parameters. These values agree
very well with the results of other authors. From the results for the velocity of second sound in the mixtures,
values of the effective mass of 3He in superfluid 4He are calculated. An analysis of the values of the effective mass
shows that, at higher temperatures, the behaviour of the quasiparticles deviates from the ideal gas model of
Landau and Pomeranchuk. The present results agree very well with those of other authors.

The experimentally determined values of the second-sound attenuation in pure 4He are shown to be in good
agreement with theoretical calculations, using the values of the phonon and roton parameters as determined
from the velocity data in pure 4He.

The experimental results on the scattering and absorption of phonons, as given in Chapter 1, are analysed in
Chapter 3. The experimental expressions for the scattering and absorption rates obtained from the diffusive
phonon signals are found to have the same temperature, pressure, and concentration dependence as those
obtained from the Baym-Ebner theory. Experimentally, an additional absorption mechanism is found, that can
be explained by assuming that the phonons are also absorbed via the 3He-boundary interaction. Moreover, it is
shown that, apart from absorption and elastic scattering of phonons by quasiparticles, also an inelastic
scattering process is likely to play an important role in limiting the thermal conductivity of the phonons.

The experimentally obtained values of a and /3 are also used to calculate the phonon contribution to the
thermal conductivity in dilute 3He-4he mixtures. The coefficient of second-sound attenuation in dilute 3He-4He
mixtures is computed from theory, using the calculated values of the coefficient of thermal conductivity. The
results of these computations agree well with the experimentally obtained values of the second-sound attenua-
tion.
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SAMENVATTING

In dit proefschrift worden metingen beschreven van het gedrag van warmtepulsen in verdunde oplossingen
van 3He in superfluïde 4He met molaire 3He-concentraties tussen 5,5 X 1 0 4 en 1,73 X 1(H, in het temperatuur-
gebied van 50 mK tot 1,2 K en bij drukken oplopend van de verzadigde dampspanning tot 2 MPa.

De theorie van verdunde oplossingen van 3He in superfluïde 4He wordt in het temperatuurgebied beneden
ongeveer 1,5 K sterk vereenvoudigd door het feit, dat de laaggelegen aangeslagen toestanden van het systeem
beschreven kunnen worden in termen van zwak wisselwerkende elementaire excitaties vlak boven de grondtoe-
stand.

In het beschouwde concentratiegebied zijn bij temperaturen boven ongeveer 0,2 K de excitaties in lokaal
evenwicht met elkaar. De voortplanting van warmtepulsen wordt dan bepaald door het verschijnsel tweede
geluid, d.w.z. een dichtheidsgolf in het gas van excitaties. Uit de vorm van het gedetecteerde signaal kan de
snelheid en de demping van het tweede geluid worden bepaald. Zelfs een zeer kleine hoeveelheid 3He heeft een
grote invloed op het gedrag van warmtepulsen in de vloeistof, omdat het aantal 4He-excitaties (fononen en
rotonen) snel afneemt bij dalende temperatuur.

Bij lagere temperaturen wordt de botsingsfrequentie van de fononen met de 3He-quasideeltjes zo klein, dat er
geen sprake meer is van lokaal evenwicht tussen de fononen en de 3He-quasideeItjes binnen de eindige lengte van
de meetbuis. Het gedrag van warmtepulsen in de vloeistof wordt dan beschreven door een oplossing van de
diffusievergelijking. Deze oplossing wordt gekarakteriseerd door een botsings- en absorptieparameter a en een
absorptiefrequentie (3.

De metingen zijn gelijktijdig uitgevoerd in twee buisjes met een lengte van respectievelijk 25 mm en 50 mm en
beide met een diameter van 6,5 mm. De twee meetbuisjes zijn aan weerskanten afgesloten door twee vlakke
weerstanden die als fonongenerator en detector zijn gebruikt. Het geheel bevindt zich in een koperen busje, dat
bevestigd is aan de mengkamer van een conventionele mengkoelmachine, en gevuld kan worden met een
3He-4He mengsel van bekende samenstelling.

Na een bespreking van de experimentele technieken en de gebruikte electronica, worden in hoofdstuk 1 de
gemeten fonondiffusiesignalen beschreven. Uit de analyse van de gemeten signalen worden de waarden van a en
jS bepaald als functie van temperatuur, druk en molaire 3He-concentratie.

Uit vroegere warmtepulsexperimenten is gebleken dat de experimenteel gevonden snelheid en demping van
het tweede geluid afhangen van de lengte van de meetbuis. Teneinde deze 'aanloopeffecten' te elimineren, wordt
in hoofdstuk 2 een pulsvormanalyse toegepast, waarbij de in beide buisjes gelijktijdig gemeten signalen gebruikt
worden om de waarden van de snelheid en de demping van het tweede geluld te bepalen. De waarden van de
snelheid in zuiver 4He worden gebruikt om de waarden van de fonon- en rotonparameters te bepalen, deze
blijken in zeer goede overeenstemming te zijn met de resultaten van andere experimenten. Uit de resultaten voor
de snelheid in de mengsels worden de waarden van de effectieve massa van 3He in superfluïde 4He berekend. Uit
de analyse van de berekende waarden voor de effectieve massa blijkt dat, bij hogere temperaturen, het gedrag
van de 3He-quasideeltjes afwijkingen vertoont van het ideale gasmodel van Landau en Pomeranchuk. De
gevonden resultaten zijn in uitstekende overeenstemming met die van anderen.

De gemeten demping van het tweede geluid in zuiver 4He blijkt in goede overeenstemming met theoretische
berekeningen, waarbij gebruik gemaakt is van de fonon- en rotonparameters, die berekend zijn uit de gemeten
waarden van de snelheid van het tweede geluid in zuiver 4He.

De experimentele resultaten van hoofdstuk 1 worden in hoofdstuk 3 vergeleken met de theorie over de
verstrooiing en absorptie van fononen door 3He-quasidceltjes in verdunde oplossingen. De experimenteel
gevonden temperatuur-, druk- en concentratieafhankelijkheid van de interactieparameters o en /J is in overeen-
stemming met de theoretische verwachtingen. Experimenteel wordt een extra absorptie gevonden, die kan
worden verklaard door aan te nemen dat er ook absorptie van fononen plaats vindt via de 3He-wandwisselwer-
king. Bovendien wordt aangetoond dat er, naast een bijdrage van elastische verstrooiing van fononen door
3He-quasideeltjes, waarschijnlijk een aanzienlijke bijdrage van inelastische verstrooiing te verwachten is.
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De experimenteel gevonden waarden van a en /} worden vervolgens gebruikt om de bijdrage van de fononen
tot de warmtegeleiding in 3He-4He mengsels te berekenen. De dempingscoêffici'ént van het tweede geluid in
verdunde oplossingen kan dan berekend worden met behulp van de theorie en de berekende waarden van de
warmtegeleidingscoefficiënt. Het resultaat van deze berekeningen is in goede overeenstemming met de experi-
menteel gevonden waarden van de demping van het tweede geluid.
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STELLINGEN

1. De verklaring die door de Boer wordt gegeven van de aequipartitiewet voor
een systeem van harmonische oscillatoren is in didactisch opzicht onjuist. In
het algemeen is het verwarrend, dat het begrip „vrijheidsgraad" voor derge-
lijke systemen in de leerboeken op verschillende wijzen wordt geïnterpreteerd.

R. Kranig, Leerboek der Natuurkunde, hoofdstuk 7, Scheltema en Holkema, Amsterdam,
1966.

2. De vortexlijndichtheid in superfluïde 4He zoals bepaald door Martin en
Tough uit hun metingen van de demping van het tweede geluid, is niet
noodzakelijkerwijs gelijk aan die zoals bepaald uit hun metingen van het
temperatuurverschil over de stromingsbuis.

K. P. Martin and J. T. Tough, Phys. Rev. B27 (1983) 2788.

3. De toepassing van kanaalpiaten voor de detectie van deeltjes in de verschil-
lende spectroscopische meetmethoden dient gestimuleerd te worden.

G. J. Louter and J. H. Boerman, Advances in Mass Speclrometry 8A (1979) 1851, A. Quayle
(ed.), Heyden and son, London.
D. P. de Bruijn andJ. Los, Rev. Set. Instrum. 53 (1982) 1020.

4. Er bestaat een empirisch verband tussen de wijze van vullen van de Leidse
mengkoelmachine met een 3He-4He mengsel en het al dan niet regelmatig
verstopt raken van de superlekken van deze koelmachine. Het verdient daar-
om aanbeveling om tijdens dit vulproces het circuleren van "He door de
superlekken achterwege te laten.

A van den Brandt, proefschrift Leiden, 1981.
H. C. M. van der Zeeuw and R. de Bruyn Ouboter, Physica, to be published.

5. De methode waarmee Hennemann en Siegel de exchangeconstante van NiFe
legeringen bepalen, is aanvechtbaar.

O. D. Hennemann and E. Siegel, Phys. Stat. Sol. B77 (1976)229.

6. Het is zinvol om na te gaan of men bij de interpretatie van inelastische
neutronenverstrooiingsexperimenten aan PrX2 (X = Pt, Rh, Ir, Ru) verbin-
dingen rekening dient te houden met quadrupolaire interacties.

F. J. A. M. Greidanus, L J. de Jongh, W. J. Huiskamp, A. Furrer and K. H. J. Buschow,
Physica 115 B (1983) 137.



7. De veronderstelling van van Vlimmeren en Le Fever dat CsFeCl3 • 2H2O en
RbFeCl3 • 2H2O isomorfe verbindingen zijn, is aan twijfel onderhevig.

Q. A. G. van Vlimmeren, proefschrift Eindhoven, 1979.
H. Th. Le Fever, proefschrift Leiden, 1980.

8. Het aandeel van de export in het bruto nationale produkt van Japan wordt
doorgaans veel te hoog geschat.

Japanse lessen, SMO-boek 17, Stichting Maatschappijen Onderneming, Scheveningen, 1981.
The OECD Economie Outlook, Organisatie voor Economische Samenwerking en Ontwikke-
ling, Parijs, december 1982.

9. Het is tekenend voor de werkwijze van verzekeringsmaatschappijen, dat zij
doen voorkomen alsof duidelijke informatie over polisvoorwaarden hetzelfde
is als informatie over duidelijke polisvoorwaarden.
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