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NOMENCLATURE 

An, Fourier coefficients 
Bi(<|>) dimensionless function for elliptical elbows 
b, c in-plane and out-of-plane diameters for elliptical elbow* 
Ca in-plane bending-moment primary-plus-secondary stress index for 

ideal geometry elbows 
Ca' in-plane bending-moment primary-plus-secondary stress index for 

elliptical elbows 
DFFL (Dq - t), mean outside diameter (in.) 
DQ average outside diameter (in.) 
D_sv maximum outside diameter (in.) max 
Dmin minimum outside diameter (in.) 
E modulus of elasticity, nominally 29.0 x 10* (psi) 
e [1 - (b/c)2]1/', eccentricity of elliptical elbows 
f(X, ip) moment-loading stress-index reduction factor for elbows also 

loaded with internal pressure 
Ki peak stress index for internal pressure 
Mj in-plane moment load (in.-lb) 
M out-of-plane moment load (in.-lb) 
M^ torsional moment load (in.-lb) 
Mq out-of-plane moment vector (in.-lb) 
M^ torsional moment vector (in.-lb) 
P internal pressure (psi) 
R bend radius of elbow, nominally 15 in. 
r D^/2, mean pipe radios of elbow (in.) 
t average wall thickness (in.) 
Z nr't, approximate section modulus (in.*) 
a longitudinal position angle on elbow (deg) 
$ circumferential position angle on elbow starting with • • 0 at 

intrados (deg) 
( longitudinal position angle relative to a (deg) 
X tR/(r* /I — v*)» dimensionless elbow bend characteristic 
<|> PR*/Ert, dimensionless pressure parameter 
Ogg longitudinal membrane-stress index 
o. circumferential membrane-stress index 
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Og^ longitudinal shell-bending stress index 
a ^ circumferential shell-bending stress index 
OQ£ longitudinal inside-surface stress index 
OgQ longitudinal outside-surface stress index 

circumf orential Inside-surf ace stress index 
circumferential outside-surface stress index 

o B a x maximum principal stress index 
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EXPERIMENTAL STRESS ANALYSIS OF FOUR MACHINED 1C-IN. NPS 
PIPING ELBOWS WITH SPECIFIED GEOMETRIC DISTORTIONS 

S. E. Moore W. G. Dodge 
S. E. Bolt 

ABSTRACT 

Four specially fabricated nominal 10-in. NPS, 90°, long-
radius, schedule 40, carbon-steel piping elbows, welded to 
short lengths of straight pipe, were stress analyzed both ex-
perimentally and analytically. One elbow had a circular cross 
section and a uniform wall thickness, while the other three 
had either a circular or elliptical cross section with either 
a uniform or variable wall thickness. The objectives of the 
tests were primarily to study the influence of out of round-
ness and wall-thickness variations on the stresses in piping 
elbows under internal pressure and/or applied moment loadings. 
Analytical studies were made to isolate the various effects 
by comparing the experimental data with theoretical baseline 
solutions. Results of the studies showed that analytical 
solutions bated on no-end-effect 8 (NEE) theory capture the 
major characteristics of the stress distributions for elbows 
loaded with pressure and/or in-plane, out-of-plane, or tor-
sional moment loadings. Of the four second-order effects 
addressed in this study, end effects had the most influence 
on the stresses, followed in order by out of roundness, wall-
thickness variations, and pxessure-oomcnt interactions. Of 
these, the only significant increase in maximum stresses above 
those predicted by NEE theory was for the case of out of 
roundness with internal-pressure loading. 

1. INTRODUCTION 

Specific dimensional tolerances, other than those of the accepted 
manufacturing standaris, a are not included in the rules ox the American 
Society of Mechanical Engineers (ASHE) Boiler and Pressure Vessel Code* on 
the presumption that any significant effects will be accounted for in the 
design process. Rules are given is the Code* for evaluating the effects 

•The te_v "Code" as used hereinafter refers to the ASME Boiler and 
Pressure Vessel Code, Sect. Ill, Div. 1, 1980 edition. References to spe-
cific portions of the Code are identified by the Code nmbering system 
(e.g., NB-3600). 
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of out of roundness of piping products under internal-pressure loads (NB-
3683.2), but rules ore not given for out of roundness under moment loads 
or for variations in wall thickness under either internal-pressure or 
moment loadings. 

The study described in tbis report was conducted primarily to obtain 
experimental stress analysis dpta on the effects of out of roundness and 
variations in wall thickness for piping elbows with internal pressure and/ 
or applied-moment loadings. TVro other objectives were to also study the 
effects of end restraint from the sttached piping (end effects) and the 
effects of internal-pressure-loading and moment-loading interactions. 

So that these objectives could be accomplished, four nominal 10-in. 
NPS , 90°, long-radius, schedule 40, carbon-steel piping elbows were spe-
cially manufactured with controlled variations in out of roundness and 
wall thickness. Short lengths of straight pipe were welded to each end of 
the elbows to form test models. The test models were then instrumented 
with strain gages and tested with internal-pressure and in-plane, out-of-
plane, and torsional moment loads applied individually and with combined 
pressure-moment loads. Various theoretical stress analysis solutions for 
elbows losded with internal pressure and applied moments were used as com-
parative standards to isolate the different effects being studied experi-
mentally. 

The four test models and their planned dimensional variations are 
identified in Table 1.1. Figure 1.1 is a schematic of the test model 
loadings. Model ME-1 was planned to be as geometrically perfect as pos-
sible, so that the elastic-response data could be used as the standard 
baseline for comparing the results from the other models. The effect: of 
out of roundness (initial "ovaling") and variable wall thickness were to 
be determined by comparing results from models ME-2 and ME-3 with results 
from ME-1. The fourth model, ME-4, with both initial ovaling and a vari-
able wall thickness, was included to test the assumption of stress super-
position for nonlinear changes in geometry. In addition, the experimental 
results were to be compared with various theoretical solutions to help 
isolate and identify the effects being studied. 
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Tabic 1.1. Machined-albow test model* 

Model Identification Model parameters 

ME-1 Ideal torus 90°, long radius, 10.750-in. nominal OD, uni-
form wall 0.365 in. thick 

ME-2 Oval ed torus 90°, long radius, 10.750-in. nominal OD, uni-
form wall 0.365 In. thick, flattened 5-6% 
of the diameter0 

ME-3 Thinned elbow 90*, long radius, 10.750-ln. nominal OD, bore 
eocentrlc 0.093 in. minimum wall 0.272 in., 
maximum wall 0.438 in. 

ME-4 Oval ed and thinned 90°, long radius, 10.790 in. nominal OD, bore 
elbow eccentricity 0.093 in.,^ minimum wall 0.272 

in., maximum wall 0.458 In., flattened 5-8% 
of the diameter" 

o. An attempt was to be made to form an elliptical cross section with a 
m»jor-to-minor diameter ratio between 1.05 and 1.08 and with the major axis 
lying in the plane of the bend. 

The eccentricity of the bore was to be away from the center of the 
bend so that the minimum wall thickness would be along the back of the 
elbow (extrados). 

0 

ORNL-DWG 83'15388R 

x W M 

M, - IN-PLANE BENDING MOMENT 
M q - O U T O F P L A N E BENDING MOMENT 
M, - TORSIONAL BENDING MOMENT 
P - INTERNAL PRESSURE 

Fig. 1.1. Schematic diagram of test model loadings. 
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Fabrication and inspection, instrumentation, and the test setup are 
described in the next chapter. Chapter 3 described the experimental pro-
cedures and reduction of the strain gage data. Experimental results and 
comparisons with various analytical models are given in Chap. 4. Chap-
ter 5 gives a summary of the important conclusions. Wal1-thickness and 
out side-diameter measurements for each elbow model are listed in Appen-
dix A. lie reduced strain gage data and normalized stresses for each 
model and for each loading are tabulated in Appendix B. These appendixes 
are on microfiche in the envelope attached to the inside back cover. 
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2. FABRICATION, INSTRUMENTATION, AND TEST SETUP 

2.1 Fabrication and Impaction 

Each of the four teat models consisted of a specially fabricated 90°, 
long-radius, nominal 10-in. NPS, schedule 40, carbon-steel, butt-w<>lding 
elbow, with short lengths of straight pipe welded to the elbows and suit-
able end closures and loading fixtures. The elbows were made fxom ASTM 
A106 grade B carbon-steel seamless tubing with 0.420-in.-thick walls. 

Because we intended to study the effects of dimensional variations 
on the stresses, the elbows were specially fabricated (by Crane Manufac-
turing Company in St. Louis, Missouri) by a combination of forming and 
machining operations. The seamless tubing was first heated in a furnace, 
then forced lengthwise over a 10-in. long-radius forming horn, which pro-
duced a pipe bend of uniform wall thickness with short, straight tangent 
ends. While stili hot- the bend was pressed in a sizing die and finally 
given a full-anneal heat treatment. Each model was then machined on the 
inside surface to the final dimensions using special equipment developed 
by the manufacturer. The tangent stub ends were left on the elbows so 
that the,e would not be a weld joint at the elbow-to-streight-pipe inter-
section to interfere with planned strain gage sites. 

Model ME-1 was machined with a round cross section and a uniform wall 
thickness to serve as the reference "ideal torus" model. Model ME-2 was 
machined round with a uniform wall thickness, then laid on its side in a 
press, and flattened uniformly along its length to form an ovaled cross 
section with the major axis of the oval in the plane of the bend. Model 
ME-3, the "thinned" model, was machined with a round inside surface whose 
axis was displaced toward ie extrados, so that the wall thickness varied 
continuously around the circumference but was constant along its length. 
Model ME-4 was both thinned and ovaled to combine the major features of 
models ME-2 and ME-3. 

Preliminary inspection at the manufacturer's plant indicated that the 
dimensions of the elbow were not as well controlled as intended. There-
fore, after the elbows were received at Oak Ridge National Laboratory 
(ORNL), a complete dimensional profile of each elbow was developed. A 
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rectangular prid, consisting of longitudinal and circumferential linen, 
was lightly scribed at the outside surface of each elbow. The longitudi-
nal linus, called <t> lines, were located at 22.5° intervals around the cir-
cumference, starting with ^ » 0° n the intrados. The circumferential 
lines, called stations, were located at 15° intervals along the axis 
starting with station 4 at one end of the elbow and ending with station 10 
at the other end. Stations 1, 2, and 3 were assigned to the pipe stubs 
for locating strain gages. Figure 2.1 sho/rs the position of the instru-
mented stations (1 through 10) and 4> lines for one of the test models in 
relation to the loading frame. 

A complete set of wall thicknesuts and outside diameters were mea-
sured at every grid point for each elbow. These are listed in Appendix A. 
No dimensional data were obtained for the pipe stubs. The significant di-
mensional parameters of each test model are given in Table 2.1. Figures 
2.2 and 2.3 show the variation of the wall thicknesses and outside diame-
ters from their mean values, respectively. 

Although the dimensions of the elbows deviated somewhat from the 
specification of Table 1.1, they did exhibit the major features intended. 
As planned, both ME-1 and ME-3 were essentially perfect toroids with less 
than 1% out of roundness. Models ME-2 and ME-4 were essentially ellipti-
cal toroids with about 5% out of roundness. Models ME-1 and ME-2 were 
centerline bored so that the wall thickness was essentially uniform around 
the ciroumference, but random variations in wall thickness were greater 
than desired. Modsls ME-3 and ME-4 were bored off-center as planned, but 
the eccentricity was considerably less than specified so that the varia-
tion in wall thickness around the circumference was less than intended. 
Both the average wall thickness and random variations in wall thickness 
were greater than planned for all four models. 

After the dimensions of the elbows were determined, 10-in. NPS, 
schedule 40, carbon-steel pipe stubs were welded to each end of the elbow 
tangents. To ensure a proper fit at the weld, we flattened one-pipe-di-
ameter lengths of the pipe stubs to match the ovaled elbows (ME-2 and 
ME-4); one-half-pipe-diometer lengths of the stubs were tapered by grind-
ing to match the thinned models (ME-2 and ME-4). The pipe stubs were be-
tween 17 and 19 is. long, which was long enough to ensure die-out of the 
discontinuity stresses from the loading fixtures. 
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M<i A", 

Fig. 2.1. Schematic diagram of instrumented stations and <|> lines for 
elbow test models. 



Table 2.1. Significant dimensional parameters 
for elbow test models 

Parameter0 
ME-1 

Elbow 

IE-2 

model 

ME-3 ME-4 
Pipe^ 
stub 

Average wall thickness, t. in. 0.390 0.384 0.370 0.358 0.365 
Mininun wall thickness, in. 0.366 0.345 0.279 0.280 
Maximum wall thickness, in. 0.408 0.409 0.414 0.418 
Centerline eccentricity, in. 0.001 0.014 0.038 0.047 
Average outside diameter, D0, in. 10.716 10.728 10.754 10.734 10.750 
Mean radios, i, in. 5.163 5.172 5.192 5.188 5.193 
In-plane diameter, b, in. 10.354 10.560 10.356 10.560 
Out-of-plane diameter, c, in. 10.284 9.972 10.408 10.032 
Average elliptic!ty,e aspect ratio 1.006 1.048 0.991 1.041 
Percent flattening^ 0.67 5.34 0.97 4.71 
Section modulus, Z = nr't, in.* 32.660 32.270 31.334 30.271 30.917 
Bend characteristic. X = tR/(r» /I - v») 0.2300 0.2257 0.2158 0.2091 
Pressure parameter, ij>/P = R»/Ert, 3.856 3.902 4.038 4.176 
lO-'/psi 

^end radios R, modulus of elasticity E, and Poisson's ratio v. were not mea-
sured. Their values were assmed to be R = 15.0. E - 29.0 x 10', and v = 0.3. 

b Nominal dimensions. 
Q 
Ellipticity is defined as the ratio of the in-plane to oat-of-plane diameters 

of the best-fit ellipse. The shape of all four models deviated from elliptical by 
less than 1%. 

^Percent flattening is defined as ( D u z - DBin)/D0 * 100. 
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four test models. 



9 

I if INI I )fit, H i Mil', i 



10 

I.,I mi 

ANOtJl AH f'O'.ltlOrj I dcj I 90 — 1 
ANGULAR KlJilllQM (dt«l ~' 

•JA 5. 

4 5 9 0 0/' —45 90 ' O S - . . . L' 100 
* " ANGULAR POSITION (dag) ' 

Fig. 2 .3 . Outside diameter v a r i a t i o n s from the mean f o r each of the 
four tes t models. 
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Fig . 2 . 3 . Outside diameter v a r i a t i o n s from the mean f o r each of the 
four t e s t models. 
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2.2 Instrumentation 

Each model was instrumented with approximately 90 three-gage 45° 
strain rosettes, with the majority placed on the outside surface. Tho 
strain gage locations for each model are identified in Figs. 2.4~2.11. 
The orientation was such that the middle leg (gage 2) was on a circumfer-
ential line of the test model. Station 7, which bisects the elbow, was 
the most heavily instrumented, with 19 rosettes on the outside surface and 
13 on the inside surface. The stress distributions at this position cor-
respond most closely with those obtained from analytical models that ne-
glect end effects. 

Except for station 7 of ME-1, all of the strain gages were 1/8-in. 
constantan foil Micro-Measurements type EA-06-125RA-120, option W, 45° 
rosettes, mounted on a flexible polymide backing and temperature compen-
sated for use on carbon steel. H e 13 zosettes mounted at station 7 on 
the inBide surface of ME-1 were l/16-in. Micro-Measurements, type EA-06-
062RB-120, option SE constantan foil gages. A high-performance epoxy-
phenolic adhesive (Micro-Measurements M Boud 600) was used to bond the 
rosettes to the models. The adhesive was cured for 2 h at 300°F under a 
clamping pressure of IS psi. 

Gages for measuring the strain distributions along the length of the 
elbows were mounted on the outside surface at stations 1 through 6 over 
the quadrant between <l> « 90° and 180°. A few gages were also installed on 
the inside surface at station 1 to determine through-the-wal1 bending 
stresses near the middle of the pipe stubs. Other gages were installed to 
provide symmetry checks. 

When the strain gage installation was completed and checked for con-
tinuity, the instrumentation lead wires from the inside gages were routed 
through a packing gland and the model was sealed with end caps welded to 
the pipe stubs. Class 900 slip-on flanges were then welded to each end of 
the test model for mounting the model in the loading frame and attaching 
the cross-beam loading fixture. Dial gages and load cells were installed 
for measuring model deflections and applied loads. Several of the dial 
gages can be seen in Fig. 2.12, which shows ME-1 ready for testing. 
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•90* 
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F ig . 2 . 5 . S t r a i n gage l o c a t i o n s f o r t e s t model ME-1. 
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Fig. 2.6. Dimensional data for test model ME-2. 
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MODEL ME-2 
i I 

Fig . 2 . 7 . S t r a i n gage l o c a t i o n s f o r t e s t model ME-2. 
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Fig. 2.11. S t ra in gaga l o c a t i o n * f o r t e a t aodal ME-4. 
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Fig. 2.10. Dimensional data for test model ME-4. 
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Fig. 2 .11 . St ra in gaga loca t ion* f o r t ea t aodal ME-4. 



Fig. 2.12. Hodel ME-1 in the load frame with an out-of-plane moment 
loading being applied. 
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2.3 Test Setup 

All o f the models were tested In the load frame shown In Fig. 2.12. 
Overall tho load frame was 5 ft 5 in. long. 5 ft high (extendable to 6 ft 
8 in. high), and 4 ft J in. wide. The load frame was designed for appli-
cation of loads in excess of 100,000 lb. 

Each elbow test assembly was mounted in the load frame by bolting the 
class 900 slip-on flange at one end of the test assembly to a 2-in.-thick 
steel plate welded to the load frame. During moment-load testing, the 
loads were applied to the other end of the assembly by means of two 
matched hydraulic jaoks that were mounted 28 in. apart on the cross beams 
of the loading frame shown in the upper part of Fig, 2.12. Great carc was 
taken to align the jacks parallel and in a plane perpendicular to the test 
assembly so that pure bending loads would be applied. Load cells mounted 
in line with the hydraulic jacks were used to measure and balance the ap-
plied forces. The top of the test assembly was unrestrained during the 
internal pressure tests. 
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3. EXPERIMENTAL PROCEDURES 

Tho clastic response (strain gage) tests and data reduction are de-
scribed in this chapter. Evaluation of tho data is discussed in the next 
chapter. 

3.1 Elastic Response Tests 

Elastic response strain gage tests were conducted on each of the four 
models for the following loadings: simple internal pressure; simple in-
plane bending, out-of-plane bending, and torsional moment loads; and in-
ternal pressure combined with each of the three simple moment loads. Hie 
combined pressure-moment tests were conducted to examine the nonlinear 
character of the elbow response discussed by Rodabaugb and George.4 

In tbe simple pressure and simple moment tests, a complete set of 
strain gage data was obtained at zero load and then at each of three equal 
loading isorements up to the maximum. A small additional load was then 
applied so that new data could be obtained at the same load points during 
unloading. A second zero-load calibration test was then conducted and the 
strain gage data were checked for continuity, linearity, repeatability, 
and return to zero. If all of the data checked, the model was tested for 
the next load. If not, repairs were made where possible and the entire 
test was repeated. In general, however, it waa not possible to repair 
inside-surface strain gages. 

For tbe combined pressnre-moment tests, a zero-load calibration test 
was first conducted as before. Internal pressure equal to one-third P D a z 

was then applied, held constsnt, and a complete moment-loading sequence 
was conducted. Tbe pressure was then raised to two-thirds P m a x and the 
process was repeated. A similar test was conducted for the maximum pres-
sure P B a z «nd for the same pressure readings during unloading. Finally, 
the zero-load calibration test was repeated and the strain gage and load-
cell data were checked before proceeding to the next pressure-moment se-
ries of tests. 

Maximum loads for all of the tests are listed in Table 3.1. These 
loads were limited to values well within the elastic-response range. 
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Table 3.1. Maximum loads applied 
to elbow test models 

Simple loadings 

Model Pressure 
(psi) 

In-plane 
bending 
(in.-lb) 

Out-of-plane 
bending 
(in.-lb) 

Torsion 
(in.-lb) 

ME-1 1,305 94,080 94,080 94,080 
ME-2 600 188,160 188,160 188,160 
ME-3 1,305 188,160 188,160 188,160 
ME-4 600 188,160 188,160 188,160 

Combined loadings (psi/in.-lb) 

Pressure/ 
in-plane 
bending 

Pressure/ 
out-of-plane 

bending 

ME-1 1,305/94,080 
ME-2 600/188,160 
ME-3 1,305/188,160 
ME-4 600/188,160 

1,305/94,080 
600/188,160 

1,305/188,160 
600/188,160 

Pressure/ 
torsion 

1,305/94,080 
600/188,160 

1,305/188,160 
400/188,160 

generally to less than 1000 pin./in. for the highest strain reading. For 
pressure loadings, the maximum value for the circular-oross-section models 
ME-1 and ME-3 was 1,305 psi, which gave a maximum stress of about 20,000 
psi. This was high enough to give good experimental resolution but well 
below the minimum yield strength so that the response should be linear 
with load. The maximum pressure for the ovaled models ME-2 and ME-4 was 
limited to 600 psi because of the higher stresses caused by the out of 
roundness. 

The maximum moment loads for ME-1 were limited to 94,080 in.-lb. 
After this model was tested and the data were reduced, the maximum moment 
load for the other models was increased to 188,160 in.-lb to obtain better 
resolution for some of the smaller strain readings. The directions of the 
applied moment loadings conformed with the notation of Fig. 1.1, except 
for the torsional loadings on ME-1, which were in the opposite direction. 
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All of tho strain gage and load cell data were reoordod on a Datum 
Computer-Control led Data Acquisition System. The system consists of a 
data acquisition module controlled by a PDP-8/I computer with the follow-
ing capabilities: (1) magnetic tape input/output system, (2) in-core 
calculation ability for converting input signals to strain values, and 
(3) teletypewriter input and output. The unit had about 900 high-resolu-
tion input channels for strain data acquisition and additional lower reso-
lution input channels for other data. Pinal load data and strain readings 
were stored on magnetic tape for processing at the ORNL computing center. 

3.2 Data Reduction 

As noted above, the strain data were checked for gage continuity, 
linearity with load, repeatability, and return to zero during the test-
ing phase. After the tests were completed, the data were subjected to a 
rather exhaustive statistical diagnostic analysis to determine the "best" 
load-strain relation for each gage site. A diagnostic procedure described 
in Ref. 5 and the implemunting computer program LINDA were used for this 
procedure. The procedure depends only on the hypothesis that strains ob-
tained from a linear-elastic test are proportional to the loads. The pro-
cedure is therefore generally applicable to all tests of this type. Under 
the linear hypothesis, any nonlinearity in the data is considered to be 
due to ersors either in measuring or in recording the strains or loads. 
The program LINDA identifies and distinguishes between the two types of 
errors. 

In the first step, LINDA examines the data from each gage for load 
response linearity. Individual data points that do not pass in acceptance-
tolerance-band test are identified and eliminated. The linearity tests 
are repeated until all the retained data are accepted. 

In the next step, a load-variability test is conducted. Using a 
normalizing procedure, data from all the gages at each load step are ex-
amined for consistency within the data set. Ihe mean normalized strains 
and their corresponding confidence intervals are used to estimate the most 
likely values for the applied loads and the corresponding confidence 
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bands. Out-of-tolerance data are identified and eliminated, and the pro-
cess is repeated until the estimated mean loads and confidence bands con-
verge. The processed load-strain data are then used to calculate normal-
ized stresses (experimental stress indices) at each gage site using stan-
dard stress-strain-rosette formulas.* The nominal loads per 1000 psi 
stress are listed in Table 3.2. 

Table 3.2. Nominal loads used 
in stress calculations 

Model 
Norn inal loadsa 

Model Pressure 
(psi) 

Moment 
(in.-lb) 

ME-1 75.53 32.660 
ME-2 74.24 32,270 
ME-3 71.2 8 31,330 
ME-4 69.01 30,270 

a 
Nominal loads are normal-

ized values corresponding to 
Pr/t = M/nrat = 1000 psi, where 
P = pressure (psi), M = applied 
moment (in.-lb), r = elbow mid-
surface mean radius, and t = 
average wall thickness. 

The calculated experimental stress indices from each test, identified 
by gage position, are tabulated in Appendix B. The values reported for 
the combined pressure-moment tests represent only the stresses from the 
applied moment loads. The pressure stresses were zeroed out during the 
data acquisition phase of the test. It is therefore possible to directly 
compare moment-load stresses for each model with and without pressure. If 
the total stresses are desired they can be obtained by direct addition. 
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4. EXPERIMENTAL RESULTS AND EVALUATION 

As noted earlier, one objective of the present study was to obtain 
experimental data on the effects of out of roundness and wall-thickness 
variations to determine whether these effects may be important for design 
purposes. Because tbe stress distributions in elbows are unusually com-
plex, and because the effects that may be specifically attributed to out 
of roundness and/or wall thinning were expected to be small, a substantial 
analytical effort was also necessary to isolate and evaluate the effects. 
To aid in this, a number of theoretical solutions ~ and associated com-
puter programs ~ were used to analyze the test models. The analytical 
tools and tbe models and loadings that were analyzed are identified in 
Table 4.1. They include the theoretical membrane-stress solution for 
internal pressure of Lorenz;7 tbe finite—element computer program EPAGA;* 
the shell-theory computer program CURT-II,• adapted from work by Kalnins;10 

a theoretical solution for elliptical-oross-section elbows with either 
in-plane or out-of-plane moment loads by Findlay and Spence;11 the no-end-
effects (NEE) theory computer program ELBOW;"* 1 1 an asymptotic solution 
for elliptical elbows under internal pressure by Clark, Gilroy, and 
Reissner;14 and Rodabaugh's treatment of out of roundness for internal 
pressure,14 based on the work of Haigh1* for straight pipe. 

None of the above are able to completely describe the behavior of all 
four elbows with their attached pipe stubs. The widely used computer pro-
gram ELBGW, for example, is based on von Karman's theory,17 which assumes 
that deformations and stresses are constant along the length (i.e., end 
effects are neglected). The theories of Lorenz;1 Findlay and Spence;11 

Clark, Gilroy, and Reissner;14 and Rodabaugh11 are also NEE theories. Re-
cent studies by Rodabaugh and Moore,1* however, show that the stresses and 
flexibilities of elbows welded to straight pipe and loaded with bending 
moments are not only a function of end effects but also of the elbow arc 
length. Tbe computer programs CURT-II and EPACA are capable of treating 
end effects and arc length but are not able to consider out of roundness 
or variations in wall thickness. 

Results for simple internal pressure on all four test models are dis-
cussed in Sect. 4.1. Simple in-plane moment loads are discussed in Sect. 



Table 4.1. Models and loadings analyzed by various theoretical methods 

Analytical 
method 0 

Lorenz 

EPACA 
CDRT-II 
Fi&dlay and Spence 

Q.B0W 
C , Gilroy, and 

-sner 

Sodabangb 

a, 

Internal 
pressure 

ME-1.2,3.4 

ME-1 

ME-1 

In-plane 
bending 

ME-1 

ME-1 

ME-2,4 

ME-1,2,3.4 

ME-2.4 

Pressure/ 
in-plane 
bending 

Loadings 

Out-of-plane 
bending 

ME-1,2.3,4 

ME-2.4 

Pressure/ 
out-of-plane 

bending 
Torsion Pressure/ 

t orsion 

ME-1 

ME-1 

ME-2.4 

ME-1,2.3,4 

to 

ME-1,2,3,4 ME-1,2.3.4 ME-1,2.3.4 

See text for references. 
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4.2, and simple out-of-plane and torsional moment loads are discussed in 
Sect. 4.3. Moment loads combined with internal pressure are discussed in 
Sect. 4.4. All of the stress data discussed in this chapter are given 
relative to nominal values (i.e., they are given as stress indices). The 
nominal stress for pressure is Pr/t and for moment loads is M/nr't, where 
P and M are the nominal loads given in Table 3.2, and r and t are the mean 
radius and average wall thickness of the test models given in Table 2.1. 

Normalized experimental values for the longitudinal and circumferen-
tial stresses »n the outside surface of the test models are shown in Figs. 
4.1 and 4.2, respectively, for internal pressure loadings. From these 
figures it is readily apparent that the out of roundness in models ME-2 
and ME-4 had a significant influence on the stresses [Figs. 4.1(b) and 
4.2(b) and Figs. 4.1 id) and 4.2 ( d ) , respectively]. The wal1-thickness 
variations in models ME-3 and ME-4, however, appear to have had very lit-
tle influence [Figs. 4.1(c) and 4.2(e) and Figs. 4.1 (d) and 4.2 ( d ) , respec-
tively]. End effects appear to be significant only for the out-of-round 
elbows ME-2 and ME-4. 

Figures 4.3 and 4.4 show comparisons of the experimental data at the 
elbow midsections (station 7) with analytical results from the membrane 
theory of Lorenz' and the out-of-round pipe theory of Rodabaugh.1* Numer-
ical values are summarized in Table 4.2. Both of the figures show very 
little difference between the inside-surface and outside-surface stresses 
for the circular-cross-section models ME-1 and ME-3, indicating the ab-
sence of significant shell bending. See Fig6. 4.3(a) and 4.4(a) for ME-1 
and Figs. 4.3(c) and 4.4(c) for ME-3. For these models, Lorenz theory 
(normalized to Pr/t), 

4.1 Simple Internal Pressure 

1 ~ 0.5(r/R) cos <)> 
1 — (r/R) cos <p ] (4.1) 

a = 0 . 5 (4.2) 

gives good overall agreement for both the longitudinal stresses and the 
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Fig. 4.1. Experimental normalized outside surface longitudinal stress distributions for 
each of the four test models loaded with internal pressure. 
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Fig. 4.2. Experimental normalized outside surface circumferential stress distributions 
for each of the four test models loaded with internal pressure. 
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Table 4.2. Maximum experimental and theoretical 
membrane-stress and bending-stross indlcos 

at elbow mldsect 1 on» for simple 
Internal pressure loada 

Model 
Experiment'' Theory a 

Model 
"an a<t> b °ab °<t>m am a n °ab 

ME-1 d d d d 1.00 0.50 0.27 e 

ME-2 0.76 0,56 2.29 0.76 1.00 0.50 2.22 e 

ME-3 0.^0 0.49 0.12 0.03 1.00 0.50 0.42 a 

ME-4 0.91 0.68 2.49 0.77 1.00 0.50 2.10 « 

Internal pressure stresses normalized to PDn/2t, where 
P i s the nominal pressure given in Table 3.2, D m is the mean 
diameter, and t is the average wall thickness, given in Table 
2.1. Symbols: • circumferential membrane-stress index; 
Ogg, " longitudinal membrane-stress index; » circumferen-
tial shel 1-bending-stress index; oa|, - longitudinal ahell-
bending-stress index. 

^For detailed experimental data see Appendix B. 

"Theoretical membrane-stress indices frem Eqs. (4.1) 
and (4.2) and circumferential bending-stress indices from 
Eq. (4.3) evaluated at 4> « 90°. Theoretical bending-stress 
indices from Eq. (4.5). 

^Experimental membrane and bending stresses were not ob-
tained for ME-1 because the inside surface gage it ^ • 90s 

failed prior to the test. 
g 
Rodabaugh 1 1 does not give an expression for the longi-

tudinal bending stress. 

circumferential stresses, although, as shown in Table 4.2, the maximum 
circumferential stress was somewhat less than predicted by the theory. 
Equation (4.1), evaluated at <fi • 0°, is the AS ME Code equation for the 
stress index C* for nuclear Class 1 butt-welding elbows or curved pipe 
(see NB-3683.7). 

On the other hand, the figures for the out-of-round models ME-2 and 
ME-4 show a considerable amount of shell bending in both the longitudinal 
and circumferential directions [see Pigs. 4.3(fe) and (d) *n& 4.4(b) and 
(d)]. For these models, Rodabaugh's theory (normalized to Pr/t), 

< JS, A« cos + Cj> sin n<|> 
% b = 1 1 — r r r , 4 - 3 > 11=2 n 
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whore 

12 (1 - v») 
& ) ' G ) • J n - (n» - 1) ' \ T J \ e ) ' ( 4 ' 4 ) 

represents the maximum circumferential bending stress at about i> 90° 
reasonably well but does not accurately represent the bending stress all 
the way around the circumference. This is to be expected because Ref. 15 
does not include the effects of bend curvature. Consequently, the dis-
crepancy could be expected to be greater for elbows with a shorter bend 
radius (i.e. r/R < 3) and less for elbows or pipe bends with r/R > 3. 
Rodabaugh1' doMs not give an expression for the axial-direction shell-
bending stress 

The dashed lines shown in Fig. 4.4(2>) and (d) for the theoretical 
circumferential stresses (Rodabaugh) were obtained by evaluating six terms 
of the sories in Eq. (4.3), with CQ ~ 0 because of symmetry about <j> = 0°. 
Equation (4.3), evaluated for an "elliptical" cross section at <J> • 0° and 
with v - 0.3, 

1.5 \ 
(4.5) 1 + 0.455 (D /t)» (P/E) m 

plus the membrane-stress is the ASME Code equation for the peak-stress 
index Ki for elbows or bends with out of roundness greater than 0.08(t/DQ) 
[see NB-36°3.2(b)(1)]. The numerical values in Table 4.2 show good agree-
ment between the experimental and theoretical bending stress indices 
although Eq. (4.5) gives somewhat lower values (3 and 16%) than those mea-
sured for the out-of-round models ME-2 and ME-4. The theoretical values 
are somewhat higher than the experimental values for models ME-1 and ME-3. 
However, for these models the shell-beading stress is not significant. 

The asymptotic solution of Clark, Gilroy, and Reissner*4 for ellip-
tical-oross-section toroidal shells gave poor results for both ME-2 and 
ME-4. We did not attempt to evaluate their series solution. 

Analytical results for ME-1 under internal pressure were also ob-
tained with the finite-element computer program EPACA* and with the axi-
symmetric shell theory program CDRT-II.* Neither of these progrsms were 
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capable of modeling out of roundness or wall thinning, although in princi-
pal special mesh generators could have boon written for EPACA. In any 
case, it was not practicable to analyze ME-2, -3, or -4 with these pro-
grams. Comparative results from EPACA for ME-1 at station 7 are shown in 
Fig. 4.5. Out side-surface experimental stress indices at all aeven sta-
tions are compared with the CURT-II analytical results in Fig. 4.6. Both 
programs gave excellent comparisons. 

i . i ) 

E X K R lMENTAL DATA 
" INSIDE SURFACE 
• OUTSIDE SURFACE 

O H N L IJVVCI 8 3 M O W ) 

EPACA FINITE ELEMENT 

INSIDE SURFACE 
OUTSIDE SURFACE 

— V - e 

100 120 
ANGULAR POSITION (deq) 

180 

Fig. 4.5. Comparisons between EPACA finite-element and experimental 
results for model ME-1 loaded with internal pressure. 
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Fig. 4.6. Comparisons between CDRT-II shell theory and experimental 
results for the outside surface of model ME-1 loaded with internal pres-
sure. 

4.2 Simple In-Plane Bending 

Normalized experimental val ues for the axial and circumferential 
stress on the outside surface due to in-plane moment loads Mj are shown 
in Figs. 4.7 and 4.8, respectively. From these figures it is readily ap-
parent that end effects reduce the magnitudes of the stresses signifi-
cantly near the ends of the elbow. The shapes of the stress distributions 
around the circumference also ohange as a function of axial position, with 



Fig. 4.7. Experimental normalized outside surface longitudinal stress distributions for 
each of the four test models loaded with a simple in-plane moment M.. 



Fig. 4.8. Experimental normalized outside surface circumferential stress distributions 
for each of the four test models loaded with a simple in-plane moment M.. 
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the maximum axial stress moving from the sides of the elbows, near $ -
100° at the midsection of the elbow, to tho top at <f> • 180° in the pipe 
stubs (Fig. 4.7). The looation of maximum circumferential stress also 
appears to shift slightly from about <J> = 80 or 85° at the center of the 
elbow (station 7) to <\> - 90° in the pipe stubs (Fig. 4.8). The general 
shape of the stress distributions for all four models, however, appears 
remarkably similar. 

Figures 4.9 and 4.10 show comparisons between the experimental data 
at the elbow midsections for all four models and the uniform-wall, circu-
lar-cross-section, NEE theory results from Q^BCW. From Figs. 4.9(a) and 
4.10(a) for ME-1, it may be inferred that end effects have only a small 
influence on the maximum stresses caused by in-plane bending in a geomet-
rically perfect 90° elbow. This conclusion agrees with recent finite-
element parameter studies of elbows of various arc lengths welded to long 
sections of straight pipe.1* Figure 4.11 shows comparisons between the 
experimental data for the outside surface of ME-1 and the CURT-II shell 
theory analysis, which includes end effects but not out of roundness or 
wall thinning. The excellent agreement between the experimental and ana-
lytical results in Fig. 4.11 gives further evidence that the reduction in 
maximum stresses for ME-1 [Figs. 4.9(a) and 4.10(a)) is mainly the result 
of end effects. 

It is not so easy to infer the effects of out of roundness or wall 
thinning on the stresses due to in-plane bending. The comparison of Fig. 
4.9 ( b ) , (a), and (d) for ME-2, -3, and -4, respectively, indicates that 
neither out of roundness nor wall thinning had any significant influence 
on the axial stresses, because the differences between the experimental 
and analytical results appear to be about the same as for ME-1 [Fig. 
4.9(a)]. On the other hand, the comparisons shown in Fig. 4.10 indicate 
that both out of roundness and wall thinning had a significant influence 
on the maximum circumferential stresses and hence on the design stress 
index. A quantitative assessment is given in Table 4.3. 

The values shown in Table 4.3 for ME-2 and ME-4 are substantially 
less than predicted by available theoretical solutions — on the order of 
20%. Both Findlay and Spence11 and Clark, Gilroy, and Beissner14 give NEE-
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Fig. 4.9. Normalized longitudinal stresses at the elbow midsection 
(station 7) for each of the four test models loaded with a simple in-plane 
moment M.. i 
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Fig. 4.11. Comparisons between CURT-II shell theory and experimental 
results for the outside surface of model ME-1 loaded with a simple in-
plane moment M^. 

theory solutions for elliptical-cross-section elbows under in-plane bend-
ing. For out-of-round elbows with eccentricity on the order of 1, Findlay 
and Spence11 give the maximum stress index for iir-plane bending as 

n (1 + b/c)» 
Ci = 4 B1(4>) (b/c) C» ' ( 4 , 6 ) 

where (b/c) is the ratio of the in-plane to out-of-plane cross-section di-
ameters, Ca is the in-plane bending-moment stress index for round elbows, 
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Table 4.3. In-plane moment stress 
indices at elbow midsection 

In-plane moment, inside surfaoe 
at elbow midsection 

Model 
N E E Experiment Reduction 

theory® station l b (ft) 

ME-1 5.66 5.45 3.7 

ME-2 5.73 4.50 21.5 

ME-3 5.91 4.65 18.B 

ME-4 6.03 4.40 27.0 

a. 2 
N E E theory indicates no end ef-

fects as exemplified by the von Ksrman 
theory and the ELBOW computer program. 

b 
These values were estimated by in-

terpolation between adjacent gage sites 
since the maximum values did not occur 
at $ - 90° (sec Fig. 4.10). The value 
for ME-1 may be leBs accurate because 
the gage at <t> = 90° failed before the 
test w a s conducted. 

and Bx <<f>) is the function 

- 2 n -r 
Jo 

(b/c)4 sin1 <j> 

where eccentricity e is given by 

e* = 1 - (b/c)» . (4.8) 

For elbows like ME-2 and ME-4 with about 5% out of roundness (i.e., b/c » 
1.05), Eq. (4.6) gives C£ = 0.988 C3, or less than 2% reduction in the 
maximum stress. This is considerably less than the 20% observed experimen-
tally. 

At this point, we can only surmise that end effects, which are not 
included in the theories of Refs. 11 and 14, interact with out of round-
ness and/or wall thinning in such a way as to alter the stress distribu-
tions around the circumference of the elbows, as indicated by the experi-
mental data. Although a 20% reduction in maximum stresses may be only of 
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academic interest* if the eccentricity should occur in the opposite direc-
tion (i.e., b/c < 1.0) as is more likely for commercial elbows and pipe 
bends, then one might expect a substantial inoreaae in the maximum stress. 
Additional research needs to be done to clarify this point. 

For 90° elbows welded to long straight pipe, the major influence of 
end-effects is a significant reduction in the maximum stresses at the ends 
of the elbow. These effects are clearly evident in the experimental data 
shown in Figs. 4.7 and 4.8 and in the CURT-II analysis of ME-1 shown in 
Fig. 4.11. Ihese figures indicate that the maximum stresses at the elbow-
to-pipe junctions are only about half the values at the elbow midsections. 
A finite-element analysis of ME-1 with EPACA gave essentially the same 
results as CURT-II, 

Table 4.4 gives a comparison between the maximum stress indices pre-
dicted by NEE theory and the experimental values at the elbow ends. As 

Table 4.4. In-plane moment stress 
indices at elbow ends 

Stress index 
Model NEE 

theory 
Experiment 
station 4 a 

Reduction 
(%)*> 

ME-1 5.66 2.18 61.5 
ME-2 5.73 2.06 64.0 
ME-3 5.91 2.13 63.9 
ME-4 6.03 1.93 68.0 

aThe analytical EPACA and CURT-II 
results showed that the outside-surface 
circumferential stresses are only 
slightly lower than the inside-surface 
stresses, indicating very little shell 
bending at the elbow ends. Since in-
side-surface stresses were not measured 
at this location, the outside-surface 
stresses are used for comparison. 

b 
These percentage values should be 

reduced by about 5% to account for shell 
bending. 
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noted, the effect of the end restraint from the pipe stubs is to reduce 
the NEE theory stresses by about 60% for all four models. The data in 
Table 4.4 also indicate that out of roundness and wall thinning have very 
little influence on the maximum stresses at the elbow-to-pipe junctions. 

4.3 Simple Out-of-I'lane Bending and Torsion 

Simple out-of-plane bending and torsional moment loads are discussed 
together in this section because they are reciprocal loads. Por 90° el-
bows, an out-of-plane moment MQ applied at one end will be resisted by a 
pure torsional moment M^ at the other end. Conversely, an applied tor-
sional moment will be resisted by a pure out-of-plane bending moment• At 
a given cross section, the magnitudes of the out-of-plane and torsional 
moment vectors MQ and Mt are given by 

Mo = M o c o s ° + Mt 8 l n ° ' (4.9) 

Mt = Mc sin a + Mt cos a , (4.10) 

where a is the longitudinal angle in the plane of the bend and MQ and Mt 

are the magnitudes of the moments applied at the end a «• 0. 
At the elbow midsection, a = 45°, the magnitudes of the load vectors 

Mq and MT will be the same whether the applied loading is out-of-plane 
bending MQ or torsion M^. In addition, if the shapes of the cross sec-
tions are symmetrical about the midsection, then NEE theory and Eqs. (4.9) 
and (4.10) imply that the stress distributions around the elbow will be 
antisymmetrical about a • 45°. This then implies that the stresses at a «= 
45° will be identical for MQ and Mt loads, except for a possible differ-
ence in sign (+) because of the direction of loading. For other cross sec-
tions (i.e., at a s 45 + {) the stresses caused by M^ or MQ acting alone 
will be the same as those from Mc or Mt at a = 45 + £ (except, perhaps, 
for the sign). 

Figures 4.12~4.15 show the experimental outside surface stresses for 
both out-of-plane bending and torsional loads normalized to the value of 
MQ and Mt given earlier in Table 3.2. Hie corresponding experimental data 



Fig. 4.12. Experimental normalized outside surface longitudinal stress distributions for 
models ME-1 and ME-2 loaded with out-of-plane (M ) and torsional (M ) moments. 



Fig. 4.13. Experimental normalized outside surface longitudinal stress distributions for 
models ME-3 and HE-4 loaded with out-of-plane (M ) and torsional (M ) moments. o t 
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Fig. 4.14. Experimental normalized 
for models ME-1 and ME-2 loaded with out 

outside surface circumferential stress distributions 
•of-plane (M ) and torsional (M ) moments, o t 
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Fig. 4.15. Experimental normalized outside surface circumferential stress distributions 
for models ME-3 and ME-4 loaded with out-of-plane (Mq) and torsional (Mt) moments. 
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•re tabulated in Appendix B. Tho upper part of Fig. 4.12 shows longitudi-
nal stress indices for model ME-1 due to MQ on the left and stress indices 
duo to M^ on the right. The lower part of the figure shows similar stress 
index distributions for ME-2. Longitudinal stress indices for ME-3 and 
ME-4 are shown in Fig. 4.13. Similar comparisons for the circumferential 
stresses are shown in Figs. 4.14 and 4.15. 

TVro things are immediately apparent from these figures. As expected, 
the stress distributions due to MQ and Mt are quite similar. Except for 
sign differences, the stresses appear to be almost identical, especially 
at the midsections. Table 4.5 is a listing of the experimental maximum 
values at station 7 for all four models under both MQ and loadings. As 
may be seen, the maximum values from M Q and Mt for a given model differ 
only in sign because of the direction of applied loading. In addition, 
the val ues for the various stress components, ff^j, etc., are about 
the same for each of the four models, indicating that neither out of 
roundness nor wall thinning had any appreciable influence on the magnitude 
of the maximum stresses. 

The latter point is put in sharper perspective by also comparing the 
maximum stresses with NEE-theory predictions. Table 4.6 is a listing of 

Table 4.5. Maximum normalized0 experimental stresses^ 
at elbow midsections for out-of-plane bending 

and for torsional moment loadings 

aao °ai a<t>o a<t>i 
Model 

«o Mt M 0 Mt Mo Mt M 0 Mt 

ME-1 2.75 2.75 1.4 1.4 2.49 2.65 -3.15 -3.12 
ME-2 2.73 -2.7 1.3 -1.3 2.89 -2.9 -3.4 3.2 
ME-3 2.6 -2.71 1.4 -1.37 2.60 -2.7 -3.0 3.25 
ME-4 2.75 -2.95 1.5 -1.5 2.7 -2.91 -3.2 3.4 

aStresses are normalized to the loadings given in Table 3.2 
so that the results appear as experimental stress indices 

^Values reported here were estimated by interpolation be-
tween gage sites; o a and a^ are longitudinal and circumferential 
stresses, respectively. Subscripts o and i indicate outside and 
inside surfaces, respectively. 
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Tabic 4.6. Out-of-plane and torsional moment stress i n d i c e s 0 

at elbow midsection 

N E E b 
theory 

Maximum 
enti al 

ci rcumfer 
stress 

- Maximum principal 
stress 

Model N E E b 
theory 

M 0 «t 
Aver-
age 

Differ-
ence 
<%) 

Mo M t 
Aver-
age 

Differ-
ence 

(%) 

ME-1 3.32 3.15 3.12 3.135 -5.6 3.24 3.24 3.24 -2.4 

ME-2 3.36 3.4 3.2 3.30 -1.8 3.42 3.38 3.40 +1.2 

ME-3 3.46 3.0 3.25 3.125 -9.7 3.12 3.34 3.23 -6.6 

ME-4 3.54 3.2 3.4 3.30 -6.8 3.28 3.50 3.39 -4.2 

a V a l u e s reported here were estimated by interpolation between gage sites. 
See Appendix B for experimental data. 

N E E theory for M 0 loading, HLBUW computer program for elbows with 
Y - r/R = 3 gives the approximate formula: 

C10 - 1.823 k-o-**1 cos a; 0.01 < k < 1.0; a = 45°. 

the maximum circumferential and maximum principal stress indices for sta-
tion 7 and the NEE-theory predictions for out-of-plane bending. Although 
the NEE-theory values do not include the effects of shear stresses, the 
comparisons indicate that these effects are on the order of only about 3% 
and therefore can be safely ignored in relation to the maximum circumfer-
ential stress. The usual assumption in NEE theory is that a torsional 
moment on the cross section of an elbow produces a uniform shear stress of 
the same magnitude as for a straight cylindrical shell. Examination of 
the data in Appendix B, however, shows that even though the shear stresses 
are small, the distribution is not uniform around the cross section. Fur-
ther study, however, is needed before the NEE-theory assumption is al-
tered. 

The data in Table 4.6 show clearly that neither out of roundness nor 
wall thinning had much of an influence on the maximum stresses. The num-
bers indicate that out of roundness may have increased the maximum stress 
by about 3.8% (ME-2 vs ME-1) in close agreement with the predictions of 
Ref. 11 for elbows with 5% out of roundness (about 3.5% for b/c = 1.05). 
The wall thinning of ME-3 apparently decreased the maximum stress by about 
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4.1% (ME-3 vs ME-1). The effects of out of roundness and wall thinning 
together (ME-4) appear to be roughly additive as originally postulated. 

End effects appear to have a significant influence on the stresses 
for both out-of-plane bending and torsional moment loading. Although the 
maximum stresses at tho elbow midsection (Table 4.6) are only slightly 
less than predicted by NEE theory, the distribution along the length of 
the elbow is considerably different. Since produces only shear 
stresses on the cross section, Eqs. (4.9) and (4.10) predict that the 
axial and circumferential stresses will be proportional to MQ. Thus for 
out-of-plane bending, the stresses should be proportional to MQ cos a, 
with thr maximum values occurring at the elbow-to-pipe junction (i.e., at 
station 10 where a c 0); zero values would occur at the other end (sta-
tion 4) where a •= 90°. 

For torsional moment loading, the stresses should be proportional to 
M^ sin a, with the maximum values occurring at station 4 (a = 90°). The 
data in Figs. 4.12-4.15, however, show that the stresses at station 4 are 
not zero for MQ loading and apparently are not a maximum for Mt loading. 
This phenomenon is referred to in Ref. 18 as a reverse end effect. 

Figure 4.16 shows excellent agreement between the experimental data 
for the outside surface of ME-1 under MQ loading and the CURT-II analysis. 
As noted earlier the CURT-II analysis includes end effects but does not 
have the capability for considering out of roundness or wall thinning. 
The figure shows that both the axial and circumferential stresses are 
maximum somewhere between stations 8 and 9, with magnitudes of about 60 
to 70% of the maximum values predicted by NEE theory for station 10. 

4.4 Combined Moment and Pressure Loadings 

In 1957, NEE-theory studies by Rodabaugh and George4 on elbows and 
curved pipe with combined pressure and moment loadings showed that the 
bending-moment atreaaea are reduced by a nonlinear function of the inter-
nal pressure. Experimentsl data from in-plane moment tests on a large 
thin-walled long-radius welding elbow confirmed their theoretical conclu-
sions. In 1972, Dodge and Moore11 defined the moment-loading stress-index 
reduction factor f(X, i>) based on Ref. 4 and results from an analytical 
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O H N L O W f i M - 2 0 2 H 3 

A N G U L A R P O S I T I O N (degl 

Fig. 4.16. Comparisons between CDRT-II shell theory and experimental 
results for the outside surface of model ME-1 loaded with a simple out-of-
plane moment M . o 

parameter study as: 

f U , 40 » 11 * XT* i* exp (-lp-iM)]"1 , (4.11) 

where the bend characteristic X and the nondimensional pressure parameter 
ip are defined as: 

X = tR/(r* /I ~ va) , (4.12) 

ip = PR»/Brt . (4.13) 

For the elbows in the current study, the numerical values of \|>/P 
range between 3.856 x 1 0 a n d 4.176 x 10~« (see Table 2.1). Numerical 
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values of f(X, \p), corresponding to tho maximum pressures used in the com-
bined loading tests, range between 0.841 and 0.928. Thus, NEE theory pre-
dicts a reduction in the moment-loading stress index due to internal pres-
sure that ranges between 7.2 and 15.9%. 

Table 4.7 gives a listing of the experimental moment-loading stress 
indices for both zero pressure and the maximum pressures. In all cases 
but one (ME-3 with Mt), the magnitude of the internal pressure influence 
was smaller than predicted. In several cases there appeared to be a 
slight increase in the stress index rather than a decrease, as shown in 
Fig. 4.17 for ME-1 with M4. 

O H N l DWG B3 14068 

A N G U L A R P O S I T I O N titi.-i)) 

Fig. 4.17. Comparisons between circumferential stress distributions 
at station 7 for model ME-1 loaded with a simple in-plane moment M and 
with a combined moment-pressure (M + P) loading. 



Table 4.7. Maximum principal stresses0 at elbow midsection 
for moment loadings with and without internal pressure 

In-plane moment Out-of-plane moment Torsional moment 

Model fu, *> 
Mi Mi + Pi 

Differ-
ence 
<%) 

M0 M0 + Pfc 
Differ-
ence 
(%) 

Mt Mt + Pi 
Differ-
ence 
(%) 

ME-1 0.857 -5.40° -5.70c 5.6 -3.24 -3.28 1.2 -3.24 -3.35 3.4 
ME-2 0.928 -4.40 -4.50 2.3 -3.42 -3.38 1.2 3.38 3.10 8.3 
ME-3 0.841 -4.60 -4.50 2.2 -3.12 -3.22 3.2 3.34 2.70 27.5 
ME-4 0.915 -4.30 -4.00 0.7 -3.28 -3.23 1.5 3.50 3.20 8.6 

QStresses given here and in Appendix B are total stresses minus the stresses from internal 
pressure with zero moment load. Values are maximums interpolated between gage sites. 

^Pressure loads were 1305 psi for ME-1 and ME-3 and 600 psi for ME-2 and ME-4. 
Q 
These values were difficult to estimate because of the loss of several strain gages in the 

vicinity of the maximum. 
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For ME-3 with a torsional moment the effect of combined pressure 
was greater than predicted - 27.5% vs 15.9%. For this case the pressure 
effect was actually somewhat greater than indicated by the numbers in 
Table 4.7. Figure 4.18 shows the maximum and minimum principal stress 
indi ces, <*max and 0min» at the midsection of ME—3. Curves are shown for 
Mt acting alone and in combination with 1305 psi internal pressure. Both 
a m a i and «Bj_n are algebraically reduced by the pressure. In this case the 

ORNL DWG 83 14069 

X 
UJ Q Z 
& 
UJ 0C K tn 

3 0 6 0 9 0 1 2 0 

A N G U L A R POSITION (deyl 

1 5 0 180 

Fig. 4.18. Comparisons between principal stress distributions at 
station 7 for model ME-3 loaded with a simple torsional moment M and with 
a combined moment-pressure (M + P) loading. V 
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algebraic reduction was sufficiently great to shift the looation of the 
absolute maximum from <?„„,, at 52,5° to oL,„ at 112.5°. max nun 

For this particular series of tests, NEE theory and the experimental 
data both indicate that the combined pressure-moment effect is not a sig-
nificant factor for design purposes. It might also be noted that the in-
fluence of internal pressure on the moment-loading stress-index for elbows 
with attached straight pipe is more complicated than indicated by the 
relatively simple NEE theories. 
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5. SUMMARY AND CONCLUSIONS 

The experimental study described in this report was undertaken pri-
marily to measure the effects of out of roundness and wal1-thickness 
variations on the maximum stresses in piping elbows under internal pres-
sure and bending-moment loads. Two other objectives were to study the 
effects of end restraint from the attached piping (end effects) and the 
effects of the internal pressure and bending moment interactions. 

To accomplish these objectives, four 10-in. NPS, 90°, long-radius, 
schedule 40, carbon-steel piping elbows were specially manufactured and 
tested. Dimensional charact eristics of the four elbows were as follows: 

Model Cross-section shape Wall thickness 

ME-1 Circular Uniform 
ME-2 Out of round (elliptical) Uniform 
ME-3 Circular Variable (eccentric bore) 
ME-4 Out of round (elliptical) Variable (eccentric bore) 

Complete wal1-thickness and outside-diameter profiles were made for 
each elbow prior to fabricating and instrumenting the test models. Each 
test model consisted of an. elbow and two short pieces of schedule 40 car-
bon-steel pipe (round or partially flattened) welded to the two ends of 
the elbow, along with end closures and suitable loading fixtures. Each 
model was instrumented with approximately 90 three-gage strain rosettes, 
distributed on both the inside and outside surfaces at the center of the 
elbow and on the outside surface along the length of the model. Strain 
gage and load cell data were obtained with a 1000 channel computer-con-
trolled data acquisition system and recorded on magnetic tape. 

Each of the four models was tested with internal-pressure; with in-
plane, out-of-plane, and torsional moment loads acting separately; and 
with combined pressure-moment loads. At the end of each loading sequence, 
all the load-strain data were analyzed for linearity and repeatability, 
and best fit load-strain relationships were established for each gage us-
ing an ORNL strain gage diagnostic computer program. Normalized stresses 
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(experimental stress Indices) were then calculated, plotted, and compared 
with various theoretical solutions. 

Results from the experimental data show that theoretical stress 
analysis solutions based on NEE theory capture the major characteristics 
of the stress distributions for elbows loaded with either internal pres-
sure or applied moment loadB. Of the four items addressed in this study, 
end effects had the most influence on the stresses, followed in order by 
out of roundness, variations in wall thickness, and pressure-moment inter-
actions. Of these, the only significant increase in maximum stresses 
above those predicted by NEE theory was produced by out of roundness for 
internal pressure loadings. The influence of each of the four items on 
maximum stresses is discussed below. 

5.1 End Effects 

The experimental data show that end effects caused a general reduc-
tion in the stresses predicted by NEE theory, with the major reduction 
being at the elbow-to-pipe junctions and a much smaller reduction at the 
center of the bend. For internal pressure loading, end effects were most 
notable for the out-of-round models ME-2 and ME-4, where shell-bending 
stresses were present. The membrane stresses in all four models agreed 
fairly well with the NEE membrane-stress theory of Lorenz, with the cir-
cumferential membrane stresses being somewhat less than predicted. 

For in-plane moment loadings, end effects reduced the maximum 
stresses by about 4% at the elbow midsections and by about 60—65% at the 
elbow-to-pipe junctions. 

For out-of-plane and torsional moment loadings the situation is some-
what more compl icated. For these loadings, NEE theory predicts that the 
maximum normal stresses in a 90° elbow will occur at one end and that only 
shear stresses will occur at the other end. The test data show, however, 
that end effects cause a shift in location of the maximum stress to a 
point about midway between the midsection and end of the elbow and a re-
duction of about 30-40% of the NEE-theory prediction. At the other end, 
where NEE theory predicts only shear stresses, end effects produce normal 
stresses as well as shear stresses. At the midsection of the elbow, end 
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effects reduced the maximum circumferential stress predicted by NEE theory 
by about 6% but only reduced the maximum principal stress by about 2.5% 
because of the additional shear stresses on the cross section. 

End effectb were accurately predicted by both the finite-element com-
puter code EPACA and the thin-shell-theory program CORT-II for in-plane 
and out-of-plane moment loadings on ME-1. Although none of the other mod-
els were analyzed with these methods, it should be feasible to obtain good 
results with the finite-element program if suitable mesh layouts are de-
veloped. Major changes, however, would be required in the thin-shell-
theory program to accommodate the geometric variations. 

5.2 Out of Roundness 

In this study, the effects of out of roundness were deduced by com-
paring experimental data from the two out-of-round models ME-2 and ME-4 
with experimental data from the baseline model ME-1 and with analytical 
NEE-theory results. Por internal pressure loads, these comparisons showed 
that out of roundness causes a significant increase in the maximum 
stresses by introducing shell-bending stresses into the body of the elbow 
that are only partially mitigated by end effects. Reasonable agreements 
were obtained between the maximum experimental circumferential-bending 
•tress and Rodabaugh's out-of-round pipe theory. 

Rodabaugh's theory is the basis for the ASME Code stress index for 
out-of-round elbows. Consequently, our experimental data tends to support 
the validity of the Code index. Because of the limitations inherent in 
Rodabaugh's theory, however, additional theoretical development work seeds 
to be done to describe the longitudinal stresses as well as the circumfer-
ential stresses, and to include the bend radius as a parameter. 

For the three moment leads, the effects of out of roundness were de-
duced by comparing the experimental data with NEE-theory results (ELBOW) 
and with Findlay and Spence's elliptical elbow theory. The only effect 
that may be attributable to out of ronndness was a reduction in the cir-
cumferential stresses at the midsection of the elbows (ME-2 and ME-4) of 
about 20% for in-plane moment loadings. It is postulated, however, that 
if the out of roundness had been perpendicular to the plane of the bend. 
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the experimental data might have shown an increase in the circumferential 
stresses. The NEE theory of Pindlay and Spence11 predicts less than 2% 
reduction in the maximum circumferential stresses. The apparent anomaly 
suggests that additional experimental and/or theoretical work needs to be 
done before definite conclusions are reached. Essentially no reduction 
was observed in the longitudinal stresses for in-plane moment or in either 
the circumferential or longitudinal stresses for out-of-plane and tor-
sional moments. 

5.3 Variable Wall Thickness 

As far as we were able to determine from the four experimental models 
studied, a variable wall thickness has no direct influence on the stresses 
from either internal-pressure or applied-moment loadings. There did ap-
pear to be third-order effects when wall-thickness variations were com-
bined with out of roundness, but these may also be attributed to scatter 
in the experimental data. As with out of roundness, however, there was 
one anomalous case (ME-3 with M^) where the maximum circumferential 
stresses were reduced by about 20%. We do not have any analytical models 
with which to compare the experimental data. 

5.4 Combined Pressure-Moment Loadings 

Although NEE theory predicts a small general reduction in the moment-
loading stress indices as a function of increasing internal pressure, the 
experimental data failed to support that conclusion. Of the 12 elbow-
loading cases studied, only 3 showed a reduction in the absolute value of 
the principal stresses as large as predicted by NEE theory. Five cases 
actually showed a small increase. Even though the loss of several criti-
cal strain pages made comparisons difficult, the study clearly shows that 
combined pressure-moment effects are more complicated than indicated by 
the relatively simple NEE theories. Further studies of combined pressure-
moment effects should be done in conjunction with improved solutions that 
include the effects of end conditions. 
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5.5 Conolmloni 

The experimental stress analysis study of 90° elbows presented in 
this report supports the following conclusions: 

1. Analytical solutions based on NEE theories capture the major 
characteristics of the stress distributions for elbows loaded with either 
internal-pressure or applied-moment loads. 

2. End effects cause a general reduction in the magnitude of the 
stresses predicted by NEE theory, with the major reduction being at the 
elbow-to-pipe junctions and much smaller reduction at the center of the 
be nd. 

3. End effects cause a larger reduction in the maximum NE&-theory 
stresses for 90° elbows loaded with out-of-plane or torsional moments than 
for 90° elbows loaded with in-plane moments or internal pressure. 

4. Out of roundness causes a significant increase in the maximum NEE-
theory stresses for elbows loaded with internal pressure. 

5. Under certain conditions, out of roundness may cause a signifi-
cant increase in the NEE-theory stresses for in-plane moment loads, al-
though additional experimental and analytical work is needed for confirma-
tion. 

6. Wall-thickness nriations on the order of +25% of nominal appear 
to have no direct influence on the stresses for either internal-pressure 
or applied-moment loads. Theoretical studies, however, are needed to con-
firm this conclusion. 

7. Combined internal-pressure and moment loadings on 90° elbows with 
attached pipes produce a more complicated stress pattern than predicted by 
NEE theories. Further analytical studies that also include the effects of 
end conditions are needed to better understand the phenomena. 

8. The experimental data presented in this report should be a valu-
able resource for further study directed toward developing mproved theo-
retical solutions and'or improved design rules. 
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