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ABSTRACT

A simple approach employing properties of solutions of differential

equations, is adopted to derive an appropriate extension of the WKBJ method.

Some of the earlier techniques that are commonly in use are unified, whereby,

the general approximate solution to a second-order homogeneous lineer

differential equation is presented in a standard form (SF) that is valid

for all orders. In comparison to other methods, the present one is shown

to be leading in the order of iteration, and thus possibly has the ability

of accelerating the convergence of the solution. The method is also

extended for the solution of inhomogeneous equations.
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The WKBJ method has wide application in quantum mechanics where it

Is used to find the asymptotic form of the solution of a Sturm-Liouville

equation for a large value of the eigenvalue, e.g. in Kreiger et al. (1967).

A general survey of the theory and some of its applications may be found in

Bender fc Orszag (1978), FrSman & Froman (1965), Heading (1962), (197M,

Hecht & Mayer (1957).

The purpose of this work is to present a new formulation for the

generalized version (SF) of the WKBJ approximation. In their pioneering

work (Hecht & Mayer, 1957) extended the WKBJ method, using the Schvarzlan

derivative formalism, to obtain solutions to the time-independent Schrodinger

equation. They claim that, under certain conditions, theirmethod gives

results to any degree of accuracy. Unfortunately they use several

transformations, and thus leading to an indirect iteration scheme, besides

the fact that the calculations quickly become unwieldy. Again Froman &

Froman (1965) using complex variable theory,obtained equations similar to the

ones here (SF). They then embarked on a series of mappings and integrals

in order to derive an exact formula for the general solution of the Sehrodinger

equation.

The present treatment gives a simple derivation for the generalized

WKBJ method (SF) employing basic properties of the theory of solutions of

differential equations. Also the iteration scheme adapted is simple, explicit

and is a refinement to earlier ones. It is expected to improve the accuracy

and the rapidity of convergence of the resulting iteration series.

It often happens that the results provided by the first-order theory

are not sufficiently accurate. In such cases it becomes necessary to consider-

second and higher-order corrections. For instance, Kesarvani £1 Varshni

(1978, 1980) used higher-order corrections to the WKBJ method to improve the

results. They have shown that the inclusion of these corrections improves

the accuracy of the results. This is certainly in favour of the present

method (SF); since on comparing it with the normal approximative methods used,

one finds that its second-order approximation, is equivalent to the fourth-

order approximation of these methods.

Finally, we extend the present theory to obtain approximate solutions

to an inhomogeneous second-order, linear differential equation. Again, the

result is an exact approximate one.
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II. FUNDAMENTAL EQUATIONS

The WKEJ method is a useful tool for obtaining a global approximation

to the solution of a linear differential equation whose highest derivative is

multiplied by a small parameter, e say. The present treatment is merely

concerned with linear second-order differential equations. Any such equation

may be transformed to

y" + f(x)y = h(x) , (2.1)

which is a form most convenient for our discussion. To begin with, one starts

with the homogeneous equation

y" + f(x)y = 0 . (2.2)

A first approximation frequently made, is to represent the solutions y* to

(2.2) in the form

f+0 ,
(2.3)y»{i) - f" 1' 4^ erp(i )f" "it) + B

2

where i • -1, and A and B axe arbitrary constants. This expression

represents the leading-order term in the WKBJ approximation to the solution

of (2,2). The essence of the WKBJ method is to obtain a general approximate

solution to (2.2) subject to f(x) being a slowly varying function. If

f(x) were a constant, k say, then one should immediately have solutions

of the form

f* = A e
i k x + B (2-It)

In the case when f(x) is no longer constant, but instead a slowly varying

function, it might be reasonable to assumethat the solution would not be

markedly different. Therefore, the normal procedure adopted, is to assume

a solution to (£.2) of tiie form

y - e
l*(x)

(2.5)

thus transforming it into

+ f(x) = 0, (2.6)
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which i s a R i e a t t i equation for <f . A standard approach to find approximate

so lu t ions t o i t i s t o use an i t e r a t i v e method. Let us wri te Eq.(2.6) in the

form

if1 2 * f +i <t" , n = 0 , 1 , 2 , . . . , (2.7)

where <j>" is assumed to be small in relation to the other quantities. The
n

iterative process is started with the initial value

0. (2.8)

It is profitable at this stage to compute the first fourterms in this iteration,

namely,

(2.9)

or on integration gives,

where

(2.10)

,% -S/x
T3 =

v- •- { * -

~ 8

±ifX ]
J

For future reference, let us denote this method by (AM). In the literature

however, the (AM) method is seldomly used to calculate terms beyond the first-

order. The tendency is to use the method of formal asymptotic series expansion

(FE), say. This might be attributed to the fact that it leads to explicit

results (Bender &, Orszag, 1978, p.1*8?), unlike the (AM) method where more care
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is required in the order of terms to toe retained in the expansion involved,

as well as in their signs.

III. THE WKBJ APPROXIMATION

In this section we shall derive the standard form (SF) for the generalized

WKBJ approximation. If j± and y£ are two linearly independent solutions

to (2.2) then its general solution y* is known to be

where

y£(x) = y1(x) I y
 2dt

Now on choosing y. to be of the form

„ t-\ - _~l/2

Eqs.(3.2), (3.1) may he written

and

(3.1)

(3.2)

(3.3)

(3.1*)

(3.5)

respectively. How as y1 is a solution to (2.2), Eqs.(2.2) and (3.3) lead to

_« -I -5.
(3.6)

This equation cannot be solved exactly , for g(x) , except for very special

choices of f(x). On the other hand once g(x) is prescribed, both f(x) and

the general solution to (2.2) are completely determined. It is this latter

case that is utilized as a basis for the subsequent part of this work.
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Let us take glx) to be of the form

sU) (3.7)

where $(x) is an arbitrary function of x. This is a very convenient

representation for g(x) as an integrand. Bow substituting for it into

Kg.. (3.5) leads to

(3.8)

as the general solution to Eq.. (2.2). Another motive for the choice of the

form (3.7) for g(x) is the fact that when $ = kx> Eq.(3.8) reduces to
o

(2.U) in which case it is an exact solution to (2.2), with f(x) = k. from

(3.6).

From Eqs.(3.6) and (3-7) one may write

(3.9)

This equation may now be solved by the iterative process where <|> , $ are

assumed to be small in comparison to the other quantities, which they will be

for a slowly varying <̂  • Thus as Initial values of the iteration one may

take

so that, on retaining the positive sign only, Eq.(3.9) leads to

<t> ( x ) = 4 ^ = f

To pursue this iteration let us write Eq,(3.9) in the form

(3.10)

(3.11)

The second term in this iteration is then found to be

(3.13)

(3.1U)
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Eqs.(3.9), (3.13) and (3.l4) lead to

(3.15)

as the general solution to Eq..(2.2). This emphasizes the fact that (3.8)

represents the general solution of (2.2) for all orders, apart from the order

of approximation of $. It thus forms a standard form (SF) for the generalized

WKBJ approximation of exact approximate solutions to Eq,(2.2}.

IV. COMPARISON OF THE RESULTS

Let us compare the results of the previous section, the (SF) method,

with those of the (AM) and (FE) methods. To do so, it is 'beneficial to

quote the results for the formal expansion (FE) method in Bender & Orszag

{19T8} p.486, which are written in a slightly modified form to suit the present

notation. Thus the function ifi(x) in Eq.(2.5) is expressed in the form

.i -11^ _M4-

While Eqs.(2.1l) and(4.3) lead to

(4.4)

l, ) -a.

Expanding the expressions (4.4) and (4.5) one finds,

to the same order. Substituting from {4.6} into (4.3) and (3.15), one

finds that the two results are equivalent. This proves the equivalence of

the three methods, (AM), (FE) and (SF), the only difference being that the

present method (SF) has the privilege of leading in the order of iteration

in the sense that the second-order result of the (SF) method is the same as

the fourth-order one of the (AM) and (FE) methods.

(14.1)

the first four terras in this expansion being,

i = + T. S -T

Kov since e is a paramater, on taking it to be unity, one finds that the

expressions (2.1) and (4.1) for $ to be identical up to the fourth-order-

This shows full agreement "between the results obtained by the (AM) and (FE)

methods up to the order taken.

•Considering next Eqs.(2.5), (4.1) and (U.2) one may write

= (4.3)

Comparison of the terms in curly brackets in Eqs.(3.15) and (4.3), after

substituting from (3.l4), shows that they are identical. It remains to

consider the other terms. From (3.13) and (3.15) one gets

V. SOLUTION OF THE IHHOMOGEMEOUS EQUATION

The above results are further developed to obtain the general exact

approximate solution to the inhomogeneous second-order linear differential

Eg..(2.1). The solutions (3.8) to Eq.(2.2) gives the complementary function

to (2.1), so that y* given by

(5.1)

where from (3.1) and (3.B),

°i T x at.T *- >

and i|i(x) is a particular solution to (2.1), forms its general solution.

(5.2)

Once y

to Eq.(5.l) in the form

and y2 are known, one can find a particular solution
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where

V 1 0 ~ (5.

is the Wronskian of y and y . Substituting for y , y from (5.2) into

(5.3) and (5.*0j the general solution to (5.1) may be written in the form
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(5.5)

where C and D are arbitrary constants. Again apart from the approximation

in + (x), (5.5) gives the exact general solution of Eq,(2,l) to all orders.

VI. COHCLUDING REMARKS

The WKBJ method, despite its evident utility, suffers from lack of

completeness regarding, the convergence of the series solution (Kesarwani s>

Varshni, I980), and thattheae solutions fail at the turning points (Heading,

1962), but still in many cases where exact solutions are not possible, they

are very valuable. Here one hopes that the present method (SF) might close this

gap by accelerating convergence", and thus reduce calculations necessary to obtain

higher-order approximations. It has also the merit of obtaining higher

approximations in a simple and direct manner and leads to explicit, linearly

independent solutions, unified in a single equation. It has also been

demonstrated that the solutions it gives agree with those obtained toy other

established methods, except for the fact that it is leading in the order of

iteration. Finally, one must be encouraged by the attempts that have been

made more recently by Taylor(1982) to assess the degree of accuracy of the

WKBJ method for solutions of Eq.. (2.2), where the function f(x) is real

and twice continuously differentiable and does not vanish.

-9- -10-



CURRENT IGTP PUBLICATIONS AMD INTERNAL REPORTS

REFERENCES

Bender, C M . & Orasagj 3.A. 1978 Advanced Mathematical Methods (McGraw-Hill,

Tokyo).

Froman N. & Froman,P.O. 1965 JWKB Approximation, Contributions to the Theory

(Horth Holland Publishing Co., Amsterdam).

Heading, J. 1962 An Introduction to Phase-Integral Methods (Methuen, London).

Heading, J. 197^ The Stokes phenomenon and generalized contiguous transformations

of some generalized hypergeometric functions" Proc. Cambridge Phil Soc. 76,

Heeht, C.E. & Mayer, J.E. 1957 "Extension of the WKB equation" Phys. Rev. 106,

H56-II6O.

Kesarwani, E.H. & Varshni, Y.P. 1978 "Third-order WKBJ eigenvalues for Lennard-

Jones and Varshni V potentials" Cand. J. Phys. %6_, lli38-llt93.

Kesarwani, R.H. & Varshni, Y.P. 1980 "Five-term WKBJ approximation" J. Hath.

Phys. 21, 90-93.

Erieger, J.B., Lewis, H.L. & Rosezveig, C. 1967 "Use of the WKB method for

obtaining energy eigenvalues" J. Chem. Phys. Vj_, 29lt2-29!t5.

Taylor J-G« 1962 "Improved error -bounds for the Liouvilie-Green (or WKB)

approximation" J. Math. Anal. Appl. 8g_, 79-89.

IC/82/23T

IC/83/I

IC/83/2
INT.REP.»

IC/83/3
INT.REP.*

IC/83A

IC/83/5

IC/83/6

IC/83/7

IC/83/8

IHT.REP.*

IC/83/9
INT.REP.*

IC/83/10
IKT.REP.*

IC/83/H

IC/83/12
INT.REP.•

IC/83/13
INT.REP.*

IC/83/lU
INT.REP.*

IC/83/15
IHT.REP.*

IC/83/16

IC/83/17

IC/83/18

IC/83/19
INT.REP.•

IC/83/20
INT.REP.*

IC/83/21
IHT.REP.*

Report on non-conventional energy activities - No.l (A collection
of contributed papers to the Second International Symposium on Non-
Conventional Energy) (ll+ July - 6 August 198l)>

U.S. CRAIGIE - Polarization asymmetries and gauge theory interactions
at short distances.

M. AHIS ALAM and M. TOMAK - Electrical resistivity of liquid Ag-Au
alloy.

J. STRATHDEE - Symmetry aspects of Kaluza-Klein theories.

A.M. HAEUN ar RASHID and T.K. CHAUDHURY - Low-energy proton Compton
scattering.

A.M. HARUH ar RASHID and T.K. CHAUDHURY - Effect of two-pion exchange
in nucleon-nucleon scattering in high partial waves.

S. RANDJBAR-DAEMI, ABDUS SALAM and J. STRATHDEE - Instability of
higher dimensional Yang-Mills systems,

S. RANDJBAR-DAEMI, ABDUS SALAM and J. STRATHDEE - Compactification
of supergravity plus Yang-Mills in ten dimensions.

K. KLUTC and R. RESTA - External fields in the self-consistent theory
of electronic states: a new method for direct evaluation of macroscopic
dielectric response<

HA VIHH TAN and NGUYEN TOAN THANG - On the equivalence of two approaches
in the exciton-polariton theory.

HOAHG NGOC CAM, NGUYEN VAN HIEU and HA VIHH TAN - On the theory of the
non-linear acousto-optical effect in semiconductor.

V.A. RUBAKOV and M.E. SHAPOSHNIKOV - Extra space-time dimensions
towards a solution to the cosmological constant problem.

S.K. ADJEPOHG ~ Observation of the VLF atmospherics.

S.K. APJEPONG - Measurement of ionospheric total electron content
(TEC).

E. ROMAN and N, MAJLIS - Computer simulation model of the structure
of ion implanted impurities in semiconductors.

IL-TONG CHEON - Electron scattering from C,

V.A. BEKEZIN, V.A. KUZMIN and I.I. TKACHEV , On the metastable vacuum
burning phenomenon.

V.A. KU2MIN and V.A. RUBAKOV - On the fate of superheavy magnetic
monopoles in a neutron star.

C. MUKKU and W.A. SAYED - Finite temperature effects of quantum
gravity.

D.C. KHAH and N.V. NAIR, Mo'ssbauer and magnetization studies of
Fe.69Pd.31 a l l o y -
W. OGANA - Calculation of flows past l if t ing airfoils .

W. OGANA - Choosing the decay function in the transonic integral
equation.

-11-

THESE PREPRINTS ARE AVAILABLE FROM THE PUBLICATIONS OFFICE, ICTP, P.O. Box 586,
I-3M00 TRIESTE, ITALY.

• (Limited distribution).



IC/83/22
INT. REP.*

IC/83/23

IC/83/2U

IC/83/25
INT.REP.*

IC/83/26

IC/83/27

IC/&3/28
INT.REP.*

IC/83/29
IHT.REP.*

IC/63/30
INT,REP.*

IC/83/31

IC/83/32
INT.REP.*

IS/83/33

IC/83/31*

IC/83/35

IC/83/36
IHT.REP.*

IC/83/37
INT.REP,*

IC/83/38
IHT.REP,*

IC/83/39
INT.REP.*

IC/83/1»O

IC/83/Ul
INT.REP.*

IC/83A2

IC/83A3

M. BORGES and G. PIO - A sketch to the geometrical H=2-d-5 Yang-
Mills theory over ,1 supersymmetric group manifold,

A.-S.F. OBADA, A.M.M. ABU-SITTA and F.K. FARAMAWY - On the generalized
linear response functions.

K, ISHIDA and S. SAITO - Transfer matrix for the lattice Thirring
model.

J. MOSTOWSK1 and-B. SOBOLEWBKA - Frecnei number dependence of the
delay time statistics in superfluorescence.

A. AMUSA - Comparison of model Hartree-Fock schemes involving quasi-
degenerate intrinsic Hamiltoniaiis.

nd R.D. LAWSON - Low-lying negative parity states in theA. AMUSA
nucleus j

SHOGO AOYAMA and YASUSHI FUJIMOTO - Fermion coupled with vortex with
dyon excitation.

A,N. FAHDEY, A.R.M. AL-JUMALY, U.P. VERMA and D.R. SINGH - Bond
properties of anionic halcgenocadmate (II) complexes of the type
CdX,Y2-(X?!Y=Cl,Er,l).

B. SOBOLEWSKA -Initiation of .superfluorescence in a three-level
"swept-gain" amplifier.

V. RAMACHAHDRAH - Theoretical analysis of the switching efficiency
of a grating-hased laser team modulator.

W. MECKLENBURG - The Ko.luza-K.u-in :dea: status and prospects.

M. CHAICK1AH, M. HAYASK1 and K. YAMAGISHI - Angular distributions of
dileptons in polarized hadroni;: collisions. Test of electroweak gauge
models.

AEDUS SALAM and E. SEZGIN - Su\h) gauging of M=2 supergravity in
seven dimensions.

H.S. CRAIGIE, V.K. EOBREV and I.T. TODOROV - Conformally covariant
composite operators in quantum chromodynamics.

V.K. DOBREV - Elementary representations and intertwining operators
for SU<2,2) - I.

B.C. NJAU - Distortions in frequency spectra of signals associated
«ith sampling-pulse shapes.

E.C. NJAU - A theoretical procedure for studying distortions in
frequency spectra of signals.

U.S. CRAIGIE and V.K. DOBREV - Renormalizatior, of gauge invariant
haryon trilocal operators.

J. WERLE - In search for a mechanism of confinement.

R. BONIFACIO - Time-energy uncertainty relation and irreversibility
in quantum mechanics.

S.C. LIM - Nelson's stochastic quantization of free linearized
gravitational field and its Markovian structure.

N.S. CRAIGIE, K. HIDAKA tuid P. RATCUFFE, The role helicity asy mme 1. r i L-
could play in this search for supersymmetric interactions.




