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ABSTRACT tMTRODUCTION

Aspects of hadronic dynamics which play a crucial role in proton

decay{exclusive and inclusive) are examined in the context of a comprehensive

Bethe-Salpeter (BS) formalism for qq and qqq systems, under harmonic confinement.

The B3 model which is characterized by two basic parameters - the universal spring

constant i = 0.15 GeV and the quark mass m = 0.28 GeV, has already provided an
q

impressive set of agreements in respect of a large number and variety of hadronic

observables (mass spectra, and an extensive list of e.m. and pionic couplings of

both mesons and baryons). The SU(5) GUT parameters, on the other hand, are kept

fixed at the 'standard' values, (see e.g. Langacker's review). The absolute

normalization of the baryon, which is rather crucial in this case, is fixed with

reference to the (topologically equivalent) process of its 'dissociation' into

three quarks by a hard photon, which makes uae of the structure function sum
rule / dx F (x)/x - I Q , instead of the usual BS normalization (which amounts

• o 2 i

to the conservation of charge). The e inclusive rate, which is about three

times that of the e n mode, works out at 0.5a x 10 yy which is smaller than

most contemporary calculations by two orders of magnitude. Other exclusive modes

are also consistent with the above estimate. The theoretical implications of

these results vis a vis contemporary calculations as well as current experimental

searches are discussed.

The most important prediction of all grand unified theories (GUT)

,2)

1)

in particular the SIJ(S) model , is that the proton must decay with a finite

life-time . The more quantitative question is whether the life-time is short

enough to be within the bounds of detection within the present generation of
•4)

detectors which are strongly constrained by the neutrino background , The
31 4-6) 7)

current limits are around 10 years , or probably higher . Several

theoretical calculations based on SU(5) or related models , corresponding

1,11)
to the GUT parameters

€ - J-

have yielded values in the neighbourhood of 10 years, and some appreciably less

These calculations have been based on different dynamical models varying from

Non-Relativistic quark models ' ' bag models ' to PCAC and three-quark
12-14)

fusion . Sorae Bethe-Salpeter type approaches, albeit under highly simplified

assumptions ' have also been employed . Now with two distinct aspects of

parametrization involved in the calculation of the decay matrix elements, viz

GUT and hadronic, each with its characteristic dynamics, there are bound to be

considerable uncertainties in the estimates. However, even with GUT parameters

fixed around the (1,1) values, it has been suggested that contemporary

calculations suffer from major theoretical objections. These include the neglect ,
9,16}

or its rather inadequate treatment , of the spectator quark effect (which is

bound to arise in an N.R. description), and the uncertainties inherent in the

estimate of the momentum transfer effect between the parent and the daughter hadrons in

crude bag models . In particular, a key ingredient of the proton-decay amplitude is

its 'size' parameter which is usually taken as the 'bag' radius or the characteristi
9 12)

length associated with gaussian wave functions . because of the highly sensi-
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tive dependence ( - R ) of the decay rate on this quantity (R ), a model which
P p

is not microscopic enough to predict this vital parameter unambiguously from

within its own theoretical premises, would necessarily have an in-built un-

certainty on this account, magnified by the third power of this quantity. For

purposes of the decay calculation, this parameter R is usually identified
P

with the charge radius of the proton, but most calculations have used a much
9-15)

smaller value , the justification for which is hard ta give, except by an

explicit calculational check on the proton's charge radius within their respective

theoretical premises. In this respect, most of the above calculations either

seem to fall short of this self-consistency requirement, or are too macroscopic

in their input assumptions to make a specific prediction for the charge radius.

Our motivation at looking afresh into the proton decay problem stems

partly from the above reason and partly from the global experimental picture ~ .

This task has been facilitated by the availability on an alternative, self-

containes, dynamical model based on the Bethe-Salpeter (BS) equations for qq

and qqq systems within an Integrated framework ' which not pnly predicts

20)
the proton charge radius correctly but has already registered several other

21-24)
hadromc successes , all with two basic constants, (i) a universal spring

constant iu(= 0.15 GeV) common to all flavours, and (ii) the mass (m ) of the

19 22)
flavour sector under study. These include mass spectra of mesons ' and

19,21)
baryons (strange and non-strange), electromagnetic and weak couplings of

• :•!;;, ?i!ic] baryons , magnetic moments of baryons , and several other

;.Mr£s. Thspe applications bear out the crucial role of the 4-dimensional BS

wave func! i on:; (qq, qqq) in providing the necessary mathematical vehicle for

quantitatively testing the assumption of the QCD - oriented harmonic confinement

181 - 19)

.iriNatz ' at the (microscopic) qq and qq levels . For these reasons we believe

tSiui, Lhif: BS formalism has the right relativistic ingredients for minimizing the

vrit^ries arising out of the role of hadronic dynamics in controlling the proton

• ̂-.(•ay amplitude, leaving the balance of ambiguity to the GUT parameters.

Another aspect in which we depart from the conventional calculations

i^ in recognizing the crucial role of the absolute normalization of the baryon

wav;; function in proton decay, as distinct from most other processes in which

; lie baryon number is conserved. Now in N.R. models, the usual 3-dimensional

. lormalization does not do full justice to this highly sensitive issue. A Bethe-
20)

jalpeter normalization, which is tuned to the conservation of charge , is

a more realistic strategy in principle, but the outputs must necessarily suffer

the limitations of the input physical assumptions involved in the construction

rf the BS wave functions themselves. Examples of the last kind are 'macroscopic'

FKH-like wave functions treated in a BS manner ; or somewhat unrealistic

(n -. „>) models . Because of the above observational successes, Our BS wave

function {hopefully) does not suffer from such disadvantages, but to calculate

pro*.on decay we have nevertheless refrained from using the standard BS normalization

based on charge conservation, in favour of the following alternative. Since the

process p+e qq (fig. lb) is topologically similar to that of proton dissociation

Into 3 quacks in deep-inelastic scattering (fig. lc), it should appear more

reasonable to take the latter picture as the correct prototype for the former,

for purposes of determining the proton's normalization. This last (N ) in

: - determined by the sum rule for the structure function F (x), viz

(1.2)

20)

- 3 -

:zj .-'orking in the infinite momentum frame of the nucleon, (The calculational

rttppe leading t:o the normalization constant N in the infinite momentum frame

- 4 _



are outlined in Appendix A.

In Sec. 2 we summarize (without proof) the necessary ingredients

(both GOT and hadronic) that are needed for the calculation of the various

decay amplitudes . These results have been given in recent papers but are

collected together for a reasonably self-contained presentation. Sees. 3,4

outline the evaluation of several two-body (exclusive) and e -inclusive amplitudes

respectively, together with the derivations of explicit algebraic formulae for

the corresponding decay rates. Sec. 5 is devoted to a discussion of the numerical

results vis a vis those of contemporary calculations.

a. BS STRUCTURE OF DECAY MATRIX ELEMENTS

The diagram for proton decay are shown in figs. l(a,b), for some e -

exclusive processes and the e - inclusive mode (e qq) respectively. In these figures,

the uu quarks of the proton are labelled as 1 and 2, while the d-quark (index 3) is a

spectator for the GOT Interaction. Since the GUT-structure in terms of the basic

1,9-14)
fields has been written down by several authors , and since the figs.l (a,b)

incorporate the effects of these fields in just the right manner, it should be enough

for our purposes merely to express this interaction in quantum mechanical form,essentially

the uu*e d part of it, where the identifications u u are as indicated in figs.l(a,b).
9 ill

This gives G(12) = G(12) T , where '

M 2

x* z2 (2.2)

Exactly similar results hold for the higher generation fermions. This GUT vertex

just fits in with the standard language of the Feynman diagrams that has been

lished i

20,24)

22 23)
established in terms of the 4-dimensional BS amplitudes for both meson ' and

baryon cases, which are summarized below.

The normalized meson -q vertex

BS amplitude for the pion in the form '

appears in the 4~dimensional

22)
where F is a constant 4 x 4 matrix having the representations if for P-meson;

? (P) for V-meson, etc,

(2.6)

(2.7)

y" i

and
1,2

are the weak isospin operators having the following actions on the

various fermions, for each index 1,2:

T U '- IL - T -. - w. (2.3)

In a similar way, the full BS-amplitude * for the baryon-qqq System

is expressible as' ± ' + * + * , corresponding to the different ways in which

the quarks can interact in pairs, leaving the third quark as a spectator. In

particular, the structure of * , relevant for figs. l(a,b) is
3

- 5 - - 6 -



(2.10)

,3

27T t

WO) - (2.12)

Eq. (2.10) tells that the form of the baryon BS vertex as the coefficient of the

three quark propagators is V W(P), where the structure of V is similar to (2.5)

for the qq case, with

eir o

19}
n "

* D , corresponding to the kinematics of the interacting

q-q pair in their own c-m frame and $ +if corresponding to the ground state

1
baryon function

(2.13)

27)
approximation , The remaining structure of V is explained in ref. (20). In

particular, W(P) which is a constant spinor (independent of the quark momenta)

is analogous to the 4 x 4 matrix r of Eq. (2.5) in the meson case. However, its

structure (2.12)involves both the isospin (*', •") and spin ( x* . x") wave

functions to maintain a totally symmetric (S) S - structure in the combined

space of spin and isospin . On the other hand, while the isospin part follows

the conventional picture , the l/2-spin functions (x1. x11) and also X °* 9 P i n

- 3/2 must be relativistically adapted. A convenient form which dispenses with

the need to keep track of the quark indices {as in the meson case ' ), and

20)
at the same time maintains mixed S -symmetry explicitly, is expressible as

(2.16)

2.17)

As discussed in the introduction, N represents the 4-dimensional BS

normalization appropriate to the process on hand, and has been worked out in

Appendix A to give

2.15)

where the basis is such that index 1 (the privileged one) refers to the a-matrix

element of the u-spinor and the (23) indices appear in the curly brackets as (BY)

20)
elements . C is the charge conjugation operator such that

c (2.19)

The remaining factors depending on the spectator quark momenta (p ), including

the energy {-function, are a manifestation of the fact that our basic kernel is

3-dimensional so that the only dynamical handle on the spectator's time-like

variable (p ) is through the constraint p = 1/3 P (for the eaual mass case),

as explained in ref. (19) in the context of the qqq BS equation in the instantaneous

An alternative representation, more In accord with the initial state, figs. l(a,b)

is with the replacements I* 3 and (23)+ (12) above, with concomitant interchanges

a-,-, ,6T +( a 6). Such recoupling of indices is indeed necessary in writing down

the matrix elements corresponding to figs. l(a,b) where the final states are more

naturally expressed in terms of (1,23) groupings. The logic of such matrix elements



is best illustrated by the overlap of the following spinors which incorporate

the efforts of interactions on the initial and final states

(2.20)

;: is -/Tst convenient to eliminate the color indices which uniformly give rise

io a nere factor of •HE in accordance with the following product of their obvious

tensorial representations for the initial, GUT and final states:

r (2.24)

where A.B are 4 x 4 matrices, and v, w are spinors whose structures will be

identified below.

The desired overlap is of the form

<F f\ :b -j
(2.21)

Next the isospin indices can be disposed of by inserting the T l 2 operator

the GUT interaction between the states |l>and |F> . Thus

of

; • • ;

(2.25)

where U = U Y . B = Y B Y ^nd B is the transpose of B, governed by the rules
4 u 4

(2.19).

i To make use of the result (2.21), note that the initial state is

already defined by the BE amplitude (2.10), together with the structure (2.11 -

2.12), in accord with overall S -symmetry. To represent the final state, which

(as already said) is more easily written down in the (1,23) representation, a

full fledged S -symmetry is neither necessary nor desirable. (See however, the

Appendix for a contrary point of view where the final state consists of three
9)

identical quarks). A more practical point of view which covers both the excluive

two-body and the e - inclusive (e qq) modes is to make a spin-isospin classification

of the qq system (bound or unbound), wherein (TT,P) belong to I = 1 and (ui.ri) to

1 ^ 0 . For the isospin structure, a compact form for the final state is

I > (2.22)

while for the initial states we have
28)

= \u

¥/ --h. (2.26)

The evaluation of the spin- cum -spatial matrix elements and the

decay widths are taken up in the next Section. For this purpose the BS structures

for K, P , etc states have been basically written in (2.4) - (2.9) already , The

only precaution now needed is to insert an explicit projection operator

for the qq-raeson concerned in order to preserve this structure in the presence

of the third fermion (e+), since both the final and initial state amplitudes must

be written in a common Hilbert space.For example , for the e (P,V) mode, the

final state BS amplitude may be written in (HBT) indices, (suppressing isospin

indices) as

pa)

- 9 - - 10 -



where k ' :i '.he 4-momentum of the e spinor u and k + k = p, see fig. l(a).

For the corresponding inclusive (qq) transitions, the spin structures of the

final states have exactly the same forms as above, except that:

a) The absence of a specific meson lifts the restriction of the corresponding

projection operators in favour of the overall 'umbrella' of the nucleon's

projection operator (M - iy.P)/2M which, among other things, helps keep

track of the spectator status of p - k .

b) The quark propagators S need the following replacements:

(2.29)

c) The factors ND (|i/2ir i s i t t ing in front of Eqs. (2.27, 2.28) must be dropped.

3. EXCLUSIVE MODES OF p-DECAY

The complete matrix element for the p ̂  e ?i transition may now be

written down in terms of the full BS amplitudes as

(3.1)

where

3 -51 - ~ib 4
/3 '3 (3.2)

are the internal 4-momenta of integration, the factor /2 in front being the

color effect, Eq. (2.24), and the factor2 comes from the interchange of indices

2*3, (The energy 6 -function for the spectator represents its 'memory' carried

over from the initial to the final state). Substitutions from (2.10-12) for

the baryon functions in terms of the spin functions (2.16-1?) and likewise for

- 11 -

••if: :--soi, functions (2.41 m terms of the final state quantities (2.27-28),

isuiJ ,-ifter the isotopic integration (2.25) and some obvious momentum integrations,

t : the i e'j'Ai

,. - \

X . Ni, hL A3i"-%_ A (3.3)

where, in a single Y-matrix index notation, according to the (2.21) chain.

/->
IX

(3.4)

where

T> i ~X
(3.5)

The subscript on the < SPIN* factor in (3.3) indicates that the final meson (it }

has spin 0, while the superscript shows that it comes from the .baryon's spin

function !x">. Eq. (2.17),

Now in Eq. (2.32), the variable I is related to q^ by 2 q ^ = / 3 £ ,

but the momentum appearing in *Q is fixed by overall momentum conservation

according to

•y) - (3.6)

- 12 -



where q,p are the internal and external momenta of the meson respectively 4. INCLUSIVE MODES OF p-DECAY

(p = -k in c m . frame).

For the particles p,n,<n, the symboK SPIN> in (2.32) will be replaced

respectively by

'' l /

{JTIN/ /SPIN ) << .P / /1 /V <3-7>
•L o 1 x 1

in accordance with the nomenclature of the initial and final spin configurations

associated with the corresponding matrix elements. We omit their expressions for

brevity. The isospin matrix elements must be read from (2.25-26).

The rest is a straightforward matter of simplifying the Dirac matrices,

integrating over the momenta, squaring the resulting matrix elements, summing

over polarizations and multiplying by the (two-body)phase space.The final result

for these four cases may be put together in the following form, after substituting

for N :

(3.9)

(3.10)

The e qq mode of p-decay can be calculated along almost identical

lines, with the final qq states classified as IT -like, p -like, ti -like and

u-like states, so that the "spin" and isospin matrix elements can be taken over

froai the last section with very little modification. There are the following

differences, however!

(i) The projection operator for the specific meson considered in Sec. 3 is no

longer warranted, and should be replaced by that of the proton, viz
M-iv.P

2M
which is not only correct but also capable of incorporating the

spectator status of P,=k i n the final state (see also Appendix A ) ,

(ii) The decay matrix elements involve trivial &-function integrations over the

momenta and do not distinguish between the different (»,p,n,u - like)

modes, except for producing appropriate C.G. coefficients. They can be

directly squared and added (incoherently).

(iii) The overall width involves a (non-trivial) three-body phase space within

which it is more reasonable to take current quark masses only. (Hot so in

the dynamical matrix elements, however, which are intimately linked with

the constituent aiasses). See also ref. (11).

The inclusive n-like matrix element analogous to (3.3), with all

corresponding factors included, is now of the simpler form

2-

- % %

S P / N V
(4.1)

Further, m is the meson mass, and (i) \ = 1 or 3/2 for V- or P- meson respectively;
M

(ii) A = Kit); l/3(p); 1/3(M; 3(u).

For the isospin matrix elements (~1,J> the state |n> has been taken

as a pure I n > .
o

where the <SPIN >-factor is almost identical to (3.4), except for the replacement

of the pion projection operator by the baryon one, viz.

-> M

The other (p.n.u -like) cases are all similar, except that for the n-like case,

- 13 -



the full isospin structure (uu + dd)//2 is now appropriate (for a complete

recording of the inclusive oases), unlike the exclusive e n - mode.
8

To estimate the total inclusive width it is now enough to take the

sum of squares of all the four matrix elements (4.1) and integrate over three-

body phase space. The result is

X -£
fa:'1

(4.3)

(4.4)

where the spectator's energy ( u ) has been set equal to (M/3)and the resultant

phase space is indicated by the curly brackets in (4.3). The remainder of the

calculation is best performed in terms of the following variables (taking

'current' quark masses (z 0) in the phase phase as already explained):

= Jr, u = (4.5)

l7^ " ^ " z • - * r

(4.6)

< cq (4.7)

The final result is

(4.8)

where r is already given by (3.9).
G

- 15 -

5. RESULTS AND DISCUSSION

For numerical estimates from our formulae, the GUT parameters have been

listed in Eq. (1.2), while the hadronic dynamics continues to be governed by

the two parameters

CO - O'lS
(5.1)

in terms of which the auxiliary quantities BN>
B
Tt etc are determined by the

formulae given in the text. The e -inclusive rate (4.8) works out as

(5.2)

and the e n mode as

3 24 x /0 (5.3)

For an idea of the other exclusive modes (p,n,tu) given by the general formula

(3.8), the three ratios work out as

IT: f : 7 g:uJ = 1 :_ : o (5.4)

From these figures it apuear-s that the main two-body modes almost saturate

the e inclusive rate (5.2), which may be regarded as a desirable consistency

check on the calculations.

The u— associated modes (inclusive and exclusive) can also be

calculated in a very similar manner. The GUT strength in this case is reduced
9,11}

by two , so that the overall rates would now be appreciably lower. On

such considerations, it is adequate to estimate the ratio of the \i to e

inclusive rates {not their absolute values!) to be nearly the same as given in

ref, (11), viz, about 25 %, so that the figure (5.2) should represent about

80 % of the total inclusive rate.



There is another effect which we have so far neglected in our

calcula t t.un, and this concerns the so-called "po.le" term ' , or the

three-quark fusion, which has been claimed to make a significant (additive)

contribution to the amplitude, leading to an enhanced decay rate. However,

we believe that it is hardly necessary to make an explicit calculation of this

effect (though it is quite simple and straightforward in this model), since

an order of magnitude estimate considerably discounts this effect, for the

1b 29)
following reason. As most calculations show ' the amplitudes for the

-3/2 -3
'spectator' and pole terms are respectively proportional to R and R ' , where

P P
R is the 'size' parameter for the nucleon appearing in the Gaussian wave

function. Our own result for the spectator dominated amplitude shows an exactly

3/2
similar feature, viz, a proportionality to 3 [see, e.g. eq. (4.8) ] , where

BN p l a y s Precisely the role of R of ref. (15,29), In a similar way, it is

easy to show algebraically that the nucleon pole amplitude in our model is

proportional t o e N - Now in most of the contemporary calculations, the quantity

R has been taken as little as (0.4 fm - 0.5 fm), as a result of which the pole

term is enhanced by as much as a factor of two (and with constructive interference)

w.r.t. to the spectator term. However, it is difficult to find a microscopic

logic behind such an ad-hoc choice (which does not, e.g., reproduce the proton

charge radius, among other things). In our model, 8 is admittedly as large

as 1.14 fm which reduces the relative strength of our pole amplitude by a factor
3/2

"•(0.4/1.14) ; 20 %, so that even with a constructive interference there will

be only a modest (- 50 %) increase over the total width.

Now our basic justification for the (small?) value of B is that it
N

has not been adjusted in any ad-hoc fashion. It is part of a whole package of

predictions from an integrated Bethe-Salpeter dynamics for qq and qqq systems

'I ft 1 Q ̂ 01
formulated at a sufficiently microscopic level of confinement ' ' , which

has yielded several distinct successes over a wide range of hadronic phenomena

in the GeV range, viz mass spectra ' electromagnetic properties of mesons

20) 23 24)
and baryons , pionic couplings of hadrons ' and so on, without any adjustment

or otherwise in the basic input assumptions or parameters ifi, m ). Indeed,the
q

following sample predictions of the model should serve to illustrate the

quantitative accuracy of its working in the confining region. (Experimental

are shown in parentheses).

20 i
proton e,m. ra^njji?

2 -2 31 I
< r > =. ie.6 GeV (18.9 v .3)

p , " 20,32)
MagnetL" nonents (in nm units;

u = 2.796(2.793); V = - 1-364 (-1.913)
n

M = - 0.57(-.614 + .01); )
A -

= + 2-62 (2.33 + .13)

H = - 0.876 (-.89 + .14); |i=- = - -751 (-.75 + .07)
1 " 20,23,32)
I m. modes of transition

r(oi * n* Y ) = 888 keV (890)
-1 /2

3/i
( J « » T ) = - • 2 0 5 GeV

24,32)
= - .118 (-.138)

Pionic couplings

r ( p , ? T . ) ^ 142.7 (156 _

r ( j . K i I = 104.6 ( 1 1 0 - 120) MeV

GfLTI/4 n - 13.02 (13.5 - 14).

In particular, the pionic couplings which agree within 10 % with

observations, have been obtained without having to give any special status to

the pion beyond its normal entitlement as a mere qq state, unlike the fashion in

33 34)
certain bag models ' which makes it difficult to judge the intrinsic successes

of certain bag model calculations with vital pionic parameters (f , m ) put

in by hand.

As to our prediction of much smaller decay rates than most other

calculations, we ar^ able to offer the following possible reasons:

a) Cm- size parameter 3; tends to underestimate the width on two counts, by

3 n 3/2

the S effect on the absolute rate, and the p^ effect on the relative

amplitude of the pole term w.r.t. the spectator term.

h) The model being fully relativistic, has probably a more correct mechanism of

handling the (sensitive) momentum transfer effect as well as the status of

the. spectator, than do most N.R. models or macroscopic bag models (see ref.

(11) for a fuller discussion on these points). The differences in the
9)

brar.o>n.nL> ratios (5.4) from those of N.R. models illustrate this point.

•-) Tht- absolute nature of the proton normalization which is rather crucial in

f.bls case, has been given effect to by calculating it (Appendix A) with

reference to the topologically similat i'-\el i" ''< u He). Such a procedure

- 17 -
- 18 -



has no counterpart, not only in non-relativistic models, but even in standard

BS normalizations where the baryon appears in both trie initial and final

36)
states. As for monopole catalysis of proton decay

on this aspect of the problem.

our model has no bearing

Finally, our results warrant the following remarks on the status of

SU(5) vis a vis present experiments ' . Several authors have argued on

the basis of their calculations that SU(5) is already inconsistent with data.

Now while such a possibility cannot be ruled out, it should not necessarily

be on the basis of such calculational estimates of the hadronic dynamics,

since our alternative calculations still appear to leave a fairly wide

margin on this last account. (Moreover, at least one calculation does not

seem to be manifestly inconsistent with our estimate when their Z factor

is taken into account.) But even the present estimates would fast reach

their limits of 'tolerance', if the consensus
5-7)

continues to be negative,

unless the neutrino background comes into play in an essential manner (which

it would presumably do in the 10 yy range). A preliminarly account has been

given elsewhere
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: L.NDIX !••.: L:I-:K:VATION OF THE NORMALIZATION N ^

In view of its rather unorthodox nature, we sketch here a brief

derivation of the formula (2.15) for N , the proton normalization through

N * 3q dissociation (by a hard photon) in the P =»frame, fig. l(c). This

: isritity will be derived from the sum rule (1.2) for the function F^(x) for

the proton and likewise for the neutron. For this purpose, the formal procedure

•.-; similar to the evaluation of the baryon e.m, form factor, as sketched in

ref- (20) but the 'final' state qqq wave function differs in structure from

the initial state function given by (2.10-2.14). Nevertheless, since the e.m.

operator acting on the quark -y 1, viz

(A.I)

catalyses the dissociation, fig. l(c), it is convenient to classify the final

state spin-cum-isospin functions of three (free) quarks according to S^symmetry

in all possible ways which would contribute a non-zero overlap with the initial

state via the operator (A.I). In the isospin part the same basis functions

(»' i i'\*S) as for the initial state give immediately

(A.2)

where T = + 1 for p, n respectively. Further,
z

! " \ (for p and n) (A.3)

The spin functions in the final state are more involved, and before

writing their corresponding matrix element- » '••••<* t h e

complete functions in the same basis as done in (2.16-2.18), in an obvious
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matrix notation for compactness:

: I x \ •
(A.4)

/ • U(r') \

with the understanding that the corresponding entries of all the column matrices

go together.

The individual 4-momenta k. and the total 4-momentum P'are related in

the usual manner :

(A.5)

T = -h" (_Tf,
(A.6)

(A.a)

The normalization constants N. are each fixed by the condition, valid in the

P =-frame ( v= Bjorken variable):z

(A.9)

- 21 -

The spatial integral for the overlap between the initial and final states are

trivial since the latter only involve plane waves (S-functions), but some care

must be exerted because the 'spectator' quark p = k must carry the memory of
3 3

its energy S -function, exactly as in Eq. (2.11), viz «(p - k )//*{0), multiplied
3 3

by a three-dimensional (plane wave) S-function (2n) & (p - if), (For the

other particles, the normal Feynman rules apply). Carrying out the various 4-

function integrations, and suppressing the overall S-function for 4-momentum

conservation, the spin-cum spatial matrix element for one of the cases, viz

< v1 | T | vr > , temporarily leaving out the isospin matrix element, works out
*f M i

in an obvious factorized notation for spin as in (2.16) and (A.4)

h

where t is given by (2.13). The isospin factor multiplying this element (A.IO)

is easily seen from (2.12) and (A.2) to give e for the proton, since the
3

final state is simply |*'xl.> • Color contributes unity but a factor of £ arises

from an equivalent term with the quarks 2 and 3 interchanged. Finally, a factor

of 3 come from each of the three quarks being probed by the photon. Thus (A.IO)

gets multiplied by the net factor (2 /"? e). Two other classes of spin matrix

elements arise out of the overlaps of | x'.' •* with <x" I and <x I states and work

out in the same factorized notation as above as

r (A.

As to the isospin factors associated with (A,11) and (A.12), note that for an

inclusive counting full three body symmetry is not demanded of the final states,

so that each of the squares of (A.11) and (A.12) - or rather their (incoherent)

- 22 -



contributions to the structure function tensor - will go with the sum of the squares

of the relevant isospin matrix elements.Exactly similar considerations apply to

the neutron. For a calculation of the structure function of the nucleon, define

(A.19)

(A.13)

where U is related to the structure function tensor W by
(IV 1JV

26)

<*r

(A.14)

The scalar functions W are defined through
26)

(A.15)

Similar manipulations of (A.12) and (A.13) give rise to almost identical

expressions to {A.16) - albeit at the cost of heavier algebra - merely with

the replacements g 1* gM//~3 and g"J 2/3 respectively, where

2_
(A,21)

Evaluation of the integral in (A.14), after substitution of (A.13) and (A.16)

is greatly facilitated (in the P = "limit) by the use of the standard transverse

and longitudinal variables and k ) after making the substitutions

2 2 —1

where, in the limit q , v +~ such that q /Zv « x , « M W scales to F (x ) which

in turn, satisfies the quadratic charge sum rule (1-2) of the text.

Calculation of the three matrix element (A.10-12), each in a factored

form, follows closely the method of ref. (20), and will be omitted for brevity.
In the P =»limit, the result for (A.10) in 'squared' form is

z

expressible as

where

V,.

€
(A.16)

(A.17)

which eventually reduces the phase space in (A.14) as

4| ^(
•» 2 * 2

and the C > n variables in the integrand become

. x, --' (A.23}
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J TK? ( J rial re^ul t s for the ' s c a l e d ' functions F_{ x ) - v ]nl /[A may be j o i n t l y

expro^scJ as

(A.25)

v t

Substitution of (A.25) in (1.2) gives on integration over x consistently
2

the N value, Eq. (2.15) from both the p and n cases, neglecting the very small
4 2 2

terms of 0(B ) arising from the j; , n integrations. This completes

derivation of the normalization integral W , Eq. (2.15) of the text.
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FIGURE CAPTION

Fig. 1 (a,b,c): Diagrams for proton decay (a) exclusive mode e it ;

(b) inclusive node e q q ; O - GUT interaction; D = BS vertex;

(c) represents the break-up of the nucleon into three free quarks

through deep inelastic electron scattering.

PCP)
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