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1. INTRODUCTION

The discovery of quantized Hall conductivity by von lillt;',iii|' e't ai.

in 1980 has stimulated many theoreticians to explain this fascinating effect.

There are several vays to derive the non-dissipative currents in the transport

properties of two-dimensional electron systems (inversion layers) in quantizing

magnetic field B. In addition to the original explanation of Laughlin (1981)

based on gauge invariance theory, there are two other vays to describe the

response of electrons to external forces, i.e. gradient of electrochemical

potential -eE and thermal gradient VT,

One way is to use thermodynamio arguments (Widom 1982, Streda and Emroka

iyS3). They lead to the conclusion that the non-dissipative electric current

originates from the response of equilibrium surface magnetization currents to

external forces. Namely, it was found (Stfeda and Smrcka 1983) that the total

electric current I per unit length is given by the following expression

= T - ec A
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where e, c, M denote electron charge, velocity of light and chemical potential,

respectively. The thermodynamic quantities - number of electrons H and

their entropy 5 are referred to unit area. If the chemical potential lies

in the gap between two adjacent Landau levels and the thermal energy k^I

is sufficiently small, the response of electrons in the. interior of a sample

to external forces equals aero (I = 0). The remaining two terms on the
a

right hand side of Eq. (l) describe the response of equilibrium magnetization
• * *

surface currents to the gradient of electrochemical potential -eE and

temperature gradient VT. The arising current is non-dissipative and it

leads to quantized values of Hall conductivity of a two-dimensional system.

Another way to describe transport properties, is to use the ordinary

transport theory based on Kubo formula. This method was already applied to

determine the electrical conductivity (Streda 1982). The obtained result

is In agreement with the second term on the right hand side of Eq..(l).

In this paper the full electric and thermal currents will be derived

via the Kubo formula. To do this, a one-electron approach will be employed.

The resulting expressions are exact for an arbitrary one-electron potential

describing the elastic scattering of electrons. Consequently, all shapes of

the Fermi surface, all strength of scattering and all configurations of

scatterers are Involved. The influence of magnetic field is fully taken into

account. The formulae derived here are not only valid in two-dimensional

systems but also in three-dimensions.
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The non-dissipative currents will be expressed as functions of thermodynamic

quantities, namely as functions of number of electrons and their entropy.

The results obtained will "be compared with that which follows from therroo-

dynamic procedure (l). In order to test the expressions derived, the limit

of ideal free electron gas will also be studied and results will "be compared

with those already derived by Obraztsov (1965 ) and Herring (1966).

2. BASIC EXPRESSIONS AND ASSUMPTIONS

The macroscopic electric current I and the energy current I arising

as a response of an electron system to external forces can be written in the

form (Luttinger 19&k)

t
(2)

(3)

where E denotes applied electric field and the phenomenological transport

(i,j = 1,2) are, in general, tensors.coefficients L . .

We shall consider a system of N independent electrons in a

magnetic, field B applied along z axis. The one-electron Hamiltonian

describing the system is

H- £
where m is the electron mass and A(B = curl A) is the vector potential.

The electrons move in an arbitrary fixed potential V{?) which causes only

elastic scattering of electrons. No assumptions are made about the range,

the space distribution or the scattering strength of the scatterers. It is

very important to realize that the potential must include the surface of

the sample, that is there is zero probability to find any electron at infinity.

Under this quite general assumptions the formulae for transport

coefficients have been derived (Smrcka and Streda 1977). First of all, the

coefficients at finite temperature can be expressed via the coefficients at

zero temperature

(5)

where a,0 denote the components of the tensors L. , and n (TI) stands

for Fermi-Dirac d i s t r ibu t ion function

I +
(6)

r_;he coefficients at zero temperature are closely connected with the conductivity

a = L°^(O,IJ) (Smrcka and Streda 1977)

(7)

Following arguments already discussed in one of the authors' previous

paper (Streda 1982), the conductivity tensor at T = 0 can be divided

into two parts

<r = <r (8)

,QOnly the off-diagonal terms of a differs from zero and are given by the

following expression

(9)

if magnetic field is applied along z axis; S = (0,0,B). In the classical
0

limit the derivative of N with respect to B is just equal to zero and *

can be cast into the form of Drude-Zenner like formulae. On the other hand,

in purely quantum case, if the Fermi energy is just immersed into any gap

of the electron energy spectrum, "classical" term o vanishes and only non-

dissipative current given by quantum contribution aQ remains (for more

details see {Streda 1982)).

Usually another definition of transport coefficients which is more

close to experimental condition is used
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= Tpf* -
(11)

where the thermal current I is defined as usual

(12)*T =

Comparing definition of tensors B and X (10,11) with the definition of

L (2,3), the relations among them ca

use of Eqs.(5) and (7) we finally find

L (2,3), the relations among them can "be easily derived. Then making

(13)

3. NON-DISSIPATIVE QUANTUM CONTRIBUTIONS TO THE TRANSPORT COEFFICIENTS

Since there is close connection between conductivity and other transport

coefficients, the coefficients B ami X can also be expressed as the sum

of "classical"and quantum contributions, making use of Eqs.(8), (13) and [Ik),

"Classical" terms depend on the properties of electrons in the vicinity of

the chemical potential u, that is within the energy interval (n - ̂ Q T ,

U + k T), If this energy interval lies well within any gap of the electron

energy spectrum, all "classical" contributions to transport coefficients

vanish.

In this section the expressions for quantum contributions will be

derived. To do this, we substitute (9) into Eqs.(13) and (lit), respectively.

In the first case, one obtains

•= - c

__ s—

(15)

In the above, use has "been made of the following expression for the thermo-

dynamio potential S! •

(16)

where the last e (jiality is obtained hy partial integration and

HtO,^} = I Tr &U

Similarly,

(17)
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The final expression in (IT) may be shown by noting that
where v^ are components of velocity operator, and the Hamiltonian H, in

this case, describes a free electron in a magnetic field and has eigen-

values E n = * io(n + 1/2); u s|e|B/mc. The degeneracy (per unit area)

of each Landau level n = 0,1,2,... is given by|e|B/iic. Since the expression

(19) is not sensitive to the boundary condition we can use well-known eigen-

functions to write Eq.(19) in the form

-co

(20)

In the same representation.quantum term of conductivity (9) leads to

the following expression

(18}

where and

S+. DI5CU5SI0M OP LIMITING CASES

In order to test the results of the previous section, we will examine the

the ideal free electron gas. Further, the cases of weak and strong disorder

will be discussed for the two-dimensional electron system. Our main attention

will be focused on the off-diagonal components of transport coefficients.

i) Pure Crystal Limit

Let us first use result already obtained {Streda 1982) for "classical"

term of Hall conducitivity

G -H ±

(21)

Sum of both terms gives well-known result for ideal free electron gas at

zero temperature

B
(22)

Now, using the same procedure as in the previous section we immediately get,

for the off-diagonal components of (S and X at finite temperature,

expressions already derived by O"braztsov(l965) and Herring (1966)

B V- (23)

We note that these components, which describe the non-dissipative currents,

differ from contributions (9), (15) and (IT) only by the change of 3/3B

to 1/B. All diagonal components are just equal to aero. The results obtained

are of course also valid in three-dimensions.

ii) Weak Disorder

Let the system of free elctrons be influenced by a scattering process.

Then the originally sharp Laundau levels are broadened and we denote their

width by r.

Let us first suppose that the chemical potential

at zero temperature lies in a gap in the energy spectrum of a two-dimensional

electron gas. Then all diagonal components of conductivity and also the

-8-



the '.-•lassical" term in Eq.'B) vanishes. The number of states below the

cheiiJr-al potential is given as the product of the degeneracy |e|B/hc and

number of fully occupied Landau levels. Therefore the quantum part of Hall

conductivity at zero temperature (9) coincides with the result for ideal electron

gas [22), All quantum contributions to other transport coefficient are also

exactly the same as in the previous limiting case and fulfil the expressions

in (23).

If further, the thermal broadening k T is much less then the spacing

•between Laundau levels and inuch greater than r the quantum contributions (22)

a-nd (23) give, for thermopower and thermal conductivity, the results already

obtained by Girvin and Jonson (1982) and Stfeda (1983).

If the chemical potential is immersed into a particular Landau level

all components of transport coefficients differs from zero and results strongly

depend on the scattering mechanisms involved.

iii) Strong disorder

The strong scattering processes can nearly smear out discrete character

of the electron energy spectrum of a two-dimensional system. In such a case

(F » nto ) the thermodynamical quantities N find S do not depend on magnetic

field and all quantum corrections to transport coefficients vanishes. Only

"classical" terms remain and they determine electric and thermal currents.

Another limiting case, similar in effect to strong disorder is the case

ical high field limit (fitD < k T) where the de

becomes continuous and the quantum corrections vanishes.

of classical high field limit (fin) < k T) where the density of states also

5 . CONCLUSION

The electric as well as the thermal currents of non-interacting electron

gas were divided into two parts; "classical" and quantum. The "classical"

terms depend on the scattering mechanism involved and they originate in the

properties of electrons in the vicinity of the chemical potential: (ji - kgT,

V + kJE). If this energy layer is just lying within a gap between two-

adjacent Landau levels, the "classical" terras vanish. Only non-dissipative

currents described by quantum terms remain non-aero and they are functions

of thermodynamic quantities, namely the number of electrons and their entropy.

The expressions for the quantum terms coincide with those, which arise as the

-9 -

response of surface diamagnetic currents to the gradient of chemical potential

or temperature gradient in the thermodynamic derivation (Gtreda and SmrSka 1983).

Of course, the quantum terms described in this paper must have the same origin.

It can be explicitly seen from careful analysis of the quantum contribution

to the conductivity, namely from expression (ll) in the paper of Streda (1982).
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