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ABSTRACT

Conformal oovariance is shown to determine renormalization properties

of composite operatora in QCD and in the g3g-model at the one-loop, level. Its

relevance to higher order (renormaliiation group improved) perturbative

calculations in the short distance limit is also discussed. Light cone

operator product expansions and spectral representations for vave functions in

QCD are derived.
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IK'IRODUCTIOK

The experimental observation of scaling phenomena has greatly enhanced

tha interest in conformal quantum field theory (QFT). It has been noted [l]

that a critical point g = g in a massless renormalizable CJFT corresponds

to non-trivial conformal invariant Green's functions involving anomalous

dimensions provided that the Callan-Symanzik £ function has a simple zero
a t g = g c r • Asymptotically free theories like quantum chromodynamics ( QCD)

or the 9**^x model in six dimension (hereafter denoted as the 9" i model

for short) are not conformal covariant away from the critical point g = 0

(at which they are Just t r ivial free field theories), the Green functions

involving logarithmic terms already at the one-loop level. (Hote that

g(g) *•* -g for these theories.) Nevertheless, i t turns out that that

techniques developed in the study of conformal QFT provide a useful tool in

studying an asymptotically free theory at least in the leading logarithmic

order. I t was pointed out in Ref.2 (see also Ref.3) that the conformal

covariant composite tensor fields constructed in Refs.lt-9 provide a

diagonalization of the renormalization group matrx. Indirectly, this was

also observed in a Bethe-Salpeter approach in the light cone gauge in QCD [10]

and made use of in a not altogether clear way in Ref.ll when analysing the

Wilson expansion in this gauge.

In writing this article we have several objectives. Firstly, to

collect and further develop conformal group techniques used in writing light

cone operator product expansions (OPE) for free massless fields that appear

to provide a non-trivial starting point for QCD calculations. Secondly, to

clarify some points in the li terature, concerning the link between conformal

invariance and the light cone expansion *) of vertex functions in asymptotically

free theories.

In order to make the paper accessible to readers with l i t t l e (or no)

experience with the conformal group we include some basic definitions and an

elementary introduction to the relevant notions in Sec.I (for reviews see

Refs.12,13, 6). In Sec.II we write down the composite minimal-twist conformal

operators for scalar and spinor constituent fields and study their two- and

three-point functions. (Part of the calculations needed in the derivation

The term light cone expansion in asymptotically free theories is understood

In the sense of the approximation used in the Wilson OPE, where both

arbitrary high dimensional operators (i.e. twist) and spin can be neglected.

of the results of Sec.II are presented in Appendices A and B.) Although

Sec.II is basically a review (and a selection of useful formulae) of previous

work [k-6] i t also contains some new material, including a systematic use of

a natural normalization for composite operators in evaluation of Wightman

and time-ordered Green functions and in writing down explicit light cone OPE

formulae for both scalar and spinor free fields related to the Taylor expansion

in z of the normal products : q>(x + |0 <p*(x - %.) : and : iji(x - —)

i(y,-)Y M* + f") • Sec.Ill is devoted to the conformal structure of the OPE

at small distances in asymptotically free theories. We deduce in tvo ways

the important fact that conformal operators do not mix under reaormalization

at the one-loop level avoiding the calculation of the anomalous dimension

matrix. We also propose an approximation scheme in the short-distance limit

in ^J? . We also show in this section how the free field calculations of

Sec.II can be used to derive spectral relations for vertex and wave functions.

The physical interest in this subject arises from the fact that the

following vertex function is directly observable in QCD:

(1 )

where JA, Jfi refer for example to axial or vector currents and

is a pion or other low lying meson state. For large q and q.p/q fixed,

this vertex function is determined by the Wilson operator product expansion

extended along the light cone [lk]. Further, this vertex function is

related to the wave function of the meson nt at short distances (see Ref.3

for details). The latter is defined by

(2)

x (which is, in

' 2 ' i 3

Although the integral.depends on the path from x to

principle, arbitrary), it can be shown [lj] that In the leading twist and

logarithmic order, the Wilson expansion does not depend on the contour.

Further, it is shown in Refs.l and 10 that the wave function (2) restricted

to the light cone is directly related to the form factor of the meson m.

-k-
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I . PHELIMIHARIES AND COEFORMAL TECHNIQUES

l.A The conforms! group °f a 2h-dimensional space t ime

The (proper) conformal group of the 2h-dimensional Minkowski space

M£h of s igna tu re (- + . . . + ) can "be i d e n t i f i e d with t he (h+l)- (2h+l)-parameter

pseudo-orthogonal group

G, =
(The somewhat unusual notation, £h, for the dimension of the underlying space,

is justified by the fact that it is the half of the space-time dimension, h,

that appears in most formulae.) It is compounded by Poineare transformations

x + Ax + a, dilations x •+ px, and special confonnal transformations

(1.2)

The proper conformal transformations can be characterized by the fact that

they preserve local causal order:

d'x2 = a2 dx£ (and dx° > | dxj implies d'x° > |d'x|) . (1-3)

For the special conformal transformations (1.2) the confonnal factor to is
2 2-1ffl(x,c) = (l - 2cx + Q x ) . Clearly, this conformal factor is singular on

a cone (and so are the special conformal transformations (1.2)): global

conformal transformations are not veil defined in Minkowski space. In order

to circumvent this difficulty one can either go to the eonformal compactification

of M , or work in the framework, of Euclidean QFT (both ways are expounded

in Ref.6). For the practical purposes of the present paper it is sufficient

to use infinitesimal special conformal transformations. That means, among

other things, that we are dealing, in general, with representations of the

infinite sheeted universal covering 3" of G, which,could be called the

quantum mechanical conformal group.

I.E. Basic and derivative fields

The transformation properties cf (finite component) conformal in-

variant fields [l6,17,6] can be obtained from the study of induced representations

of G with an inducing subgroup - the Weyl-type subgroup G that leaves the

-5-

point x = O invariant. The group G o is generated by (homogeneous) Lorentz

transformations, dilations and special conformal transformations; it has

h(2h+l) + 1 parameters. We distinguish between basic fields and derivative

fields. The basic fields transform under irreducible representations of the

inducing subgroup G (possibly extended by space reflections). In particular,

they satisfy

where [) (= J2h+2 2 h + 1) is the dilation generator, K^ ( =

is the infinitesimal operator for special conformal transformations <J^,

a,b - Q,...,2h-1, 2h+l, 2h+2, are the standard generators of S0Q(2h,2)).

In other words, the inducing representation of the (Abelian) subgroup of

special conformal transformations is trivial for basic fields, while the

inducing representation of dilations is one dimensional. The derivative

fields are characterized by non-decomposable representations of the inducing

subgroup.

Given the infinitesimal transformation law of basic fields for

Poincare transformations

(1.5a)

(where 1

on*o

and S provide a finite-dimensional (real) irreducibleS

- ° = <s
uv.

xA3>> thsitrepresentationXof spin (2h-l,l) such that

behaviour under dilations and special conformal transformations is expressed

by

(1.5b)

(1.5c)

In particular, for a Dirac field, we have (in a y -diagonal basis)

r"
-6-



The standard commutation relations of the Poincare Lie algebra are to be

complemented by the following additional relations for K and [j :

(1.6)

The infinitesimal transformation law under dilations (l.5"b) can be integrated

(unlike (1.5c)) without leaving Minkowski space; the result is

and the canonical equal-time consmutation relations. Eq.(2.1) is only

conformally invariant for a canonical dimension d^= h - 1 (which is also

implied by the equal-time commutation relations).

We look for basic conformal composite fields of the type.-

(2.2)

where T (or V) is the gradient acting to the left (or right), D^ta.B) is

a homogeneous polynomial of degree i. , and z- is a (real) light-like vector

(used as a device for writing symmetric traceless tensors in an analytic

form - cf. [4,16]). The condition (1,1») for conformal invariance reads:

The real number d = d is called the (scale) dimension of the field t (in

mass units). Wightman positivity implies that d ^ h - 1 for a spinless

(scalar) field, d > 2h + I - 2 for a symmetric tensor field of rank I J. 1

(see [6]). (The difference d-i, is called the twist of the corresponding

conformal field.) For a Dirac field in 2h dimensions space-time positivity

implies d * h - — .

Derivatives of basic fields (like gradients, divergences, curies)

transform, in general, under non-decomposable representations of the conformal

group and hence are not basic. Thus, for d f 0, the (2h+l)-component field

(7., <p ,<̂>) transforms under a non-decomposable representation of the inducing

subgroup (with [iXl violated). Hote that for the canonical dimension d = h - 1

vector potential A (x) the field strength F (x) = V A - v̂ Aof a conformal vector potential A (x) the field strength F (x) = V

0

or, using (1.5c)

(3.3b)

For canonical dimensions (d = h — 1 implying d, = 2h - 2+1) and free fields

<p (satisfying (2.1)) this condition turns out to be equivalent to the con-

servation law

is also a basic conformal field.

0

which reduces to the following differential equation for 0 i

u) - o

(2.4a)

II. CQHSERVED CONFOEMAL TENSORS AS BILINEAR FITNCTIOMS OF FREE FIELDS

2.A Composite t ensor operators out of massless f i e l d s of spin 0 and spin —

Let P̂ "be a complex free 0-mass f i e l d in 2h-dimensional I-'inkotfski space.

By de f in i t ion <f s a t i s f i e s the d'Alembert equation

V -2_ (2.1)

S being the interior derivative on the light cone 3 = — , 3 =» > JP

9 = — . Indeed, taking into account the conditions :

*) If f (i) and
2

that coincide on the

6 {f -f_)| -J = 0 since

y) are two polynomials in y

cone ^ = 0, so that f-̂ g-) - f
2 ( ^ - £ f (#•' • t h e n

i i 2 = j (I + 23 ) (see [l6]). First order interior differentiations coincide

with tangent vector fields on the cone j. = 0; an example is provided Toy the

intrinsic Lorentz generators J 3 ) of

- 8 -
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where

we reduce both (£.M and (2.3b) (for d = h - l ) to the form

The general polynomial solution of (2.6) is proportional to a Gegenbauer

polynomial *)

(£-7)

I t is convenient to choose the normalization constant < in such a way that

which gives

With this normalization

(S.8a}

(2.8b)

(2.9a)

"̂where £)^ = K^ Q^- and ^ (E) is the Gegenbauer polynomial normalized in

such a way that the coefficient to the highest power in ^ is 1, The

normalized polynomials C_ are related to the standard Gegenbauer poly-
h-3/2

nomials by

*) For products of different (or non-free) fields it becomes necessary to

use (also) the more general Jacobi polynomials. For a summary of properties

of these polynomials, see Appx,A.2.

(2.9b)

(More properties of C are l i s ted in Appx.A.2}. With th is normalization

Q (*) * :: <?*(*) fW: ; q (x, ; ~ 1 : ^

=

t l M l V t e ] , (s.9c)

The advantage of this normalization (which includes the normal product
and the free conformal stress energy tensor 0 with coefficients 1) will

be exhibited in the context of the light-cone OPE in Subsec.2.C.

The above construction is t r iv ia l ly extended to generalized free
constituent fields <f . One has just to replace the canonical dimension
h-1 of a massless scalar field by the dimension d > h - 1 of «p . Eqs.(2.2),
(£.6) or (2.9) modified in this way define a basic conformal tensor field of
dimension 2d + 1 . The conserved canonical tensors 0 have minimal
dimensions d = 2h - 2 + Jl (or Minimal twists d - i = 2h - 2) consistent
with positivity of corresponding two-point functions. Mote that for a real
scalar field the odd operators (2.9) (corresponding to 4 - 1,3, . . . ) vanish.

Although we shall only encounter spinor constituent fields in four-

dimensional space time, i t is useful to work here too in a 2h-dimenaional

framework so that one could readily apply dimensional regularization.

If i(i(x) is a massless Dirac field (of dimension h - -£i satisfying

= 0

then the conserved tensor fields [7,8]

(2-10)

(2.11a)

where

-9- -10-



t?i /> - (2.11b)

have identical conformal transformation properties as the tensors (2.9)

built out of charged scalar fields.(Note that with this normalization the

operator 0^ (x, z; i coincides with j while 0 £ is the eonformal stress

energy tensor for a free Dirac field.) Bote also that in general the

composite operator constructed from two free constituent fields with

dimension d and spin s involves the Gegenbauer polynomial of type
d+s-1/2

The above tensor fields are Yc~ e v e n, i.e. they are invariant under

the discrete v transformation defined for constituent fields by

(We are using four-dimensional notation whenever a y is involved-) -y -

odd eonformal operators (including operators with a pair of antisymmetric

tensor indices and higher twist operators) can also be constructed (cf. [9]).

2 .B Two- and three-point functions of basic eonformal fields

It is remarkable that oonformal invariance fixes two- and three-point

functions up to overall constant factors. The functional form of vacuum

expectation values of two or three (basic) eonformal fields is determined

solely by the transformation properties of these fields (i.e. their dimension

and tensor character) and does not depend on whether they are built out

of scalar or spinor constituents.

The evaluation of two-point functions of basic fields using eonformal
invariance alone is sketched in Appx.A. • One can, of course, derive the
corresponding expressions starting from the definitions (2.9) (or (2.11)) of
composite tensor operators and using the properties of the free (constituent)
f ields. The computation is particularly simple if we equate the auxiliary
isotropic vectors a. in the two 0 f ields. For scalar constituent fields
we have (cf. Apjix .A.2):

if*
dt

I.-1

(2.12)

Here H (p) is the projection operator on maximal spin (4) in the space of

symmetric traceless tensors of rank % (such that H (p) P = 0}

(2.13a)

2
for 1, = Zf0 " &•> S- = 0 we have, in part icular ,

(2.13ft)

Since two-point functions of "basic eonformal fields are determined (up to a

factor) from eonformal invariance alone the result (2.12} also has implications

for two-point functions of basic fields built out of spinor constituents.

Indeed, the tensors o£{x,^}, (2.11) and O^U.gO, (2.9) have identical

eonformal transformation properties, therefore their two-point functions

should be proportional to each other. This is verified by a direct cal-

culation which also fixes the proportionality coefficient; we have (for both

choices of Tj- in (2.11b):

-11- -12-



<P* r\L

A/
We shall also write down the three-point functions of the fields

00(-p) with two constituent fields that are needed in the subsequent

applications. Again these functions can be evaluated either from conformal

invariance (they appear as certain Clebsch-Gordan kernels - see Ref.jj) or

directly, using (2.9) and (2.11). The results for the time-ordered Green
(E) and forfunctions (respectively, the Euclidean-Schwinger functions) T

(Minkowski space) Wightman function w , in the case of a scalar constituent

field, are (Eqs.(2.15)-(2.19) are derived in Appx.B):

in the Euclidesai c&se

2.15)

LHrt
where K is the canonical Euclidean propagator for a scalar field in 2h

dimensions (given by Eq..(B.2) of Appx.B) so that

1

-13-

(K. b e i n g t h e Macdona ldBesse l func t ion - see E q . ( B . U ) ) ; for t h e Minkowski

space Wightman function we have

(2.17a)

where in the free field Wightman function w ia given by (B.6), with the

result

= 2TT 6 t _t (00) , 00 12.17c)

Here

t
is the Bessel function Of the first kind, and

(2.16.).

is an (elementary) entire analytic function of to (see B.8).

Similarly, for a Dirac constituent field in 2h dimensions we have

i
where F Enid FM are again given by (2.16) and (2.17) while \y and I"j-

are either iy fV or iy y $ • [in effect the trace on the right-hand side

of (2.19) vanishes unless fj. = r1^.]

- l i t -



2.C Light cone OPE for free O-mass fields

The knowledge of the two- and three-point functions displayed in the

preceding subsection allovs us to write down (at least on a formal level) a

conforms! OPE for a product of free massless fields. (Conformal covariant

OPE were studied in Refs.19, 20, 13, 12, 21 etc. In effect, global con-

formal OPE can only "be justified if they are applied to the vacuum vector -

see Kefs.5 and 6 as well as the discussion in Hef.22. Small distance OPE,

on the other hand, are being used as operator identities.) We shall write

down the corresponding light cone expansion for the free O-mass fields

starting with the scalar fields1 case.

To this end we shall need the light cone behaviour of three-point
o o

functions. For x -p —• 0 we have

1,-2
'(2.20)

-1

It leads to the following approximation for the scalar field Wightman function

(2.15): - , ,

(2.21a)

valid for x close to the ray f\&}, i.e. for

It is the second of these expressions (Eq.(2.22b) which displays a pole for

h = 2,3,...) that will be used in subsequent computations involving dimensional

regularizatlon.

From (2.12) and (2.21) we deduce the following light cone OPE for a

free scalar masslesa field:

It is instructive to verify that Eq.(2.23) represents a (re-arranged)

Taylor expansion in z of the normal product

The corresponding expansion for the product :$(x - —) Tz ij((x + —) : of

Dirac fields is derived in the same way with the result

with exactly the same f-functions as In the scalar case.

n (2.21b)

(which is precisely the domain needed for the derivation of light cone OPE).

The small x behaviour of the

Eqs.(B.3) and (B.U) (see Appx.B):

The small x behaviour of the i function is obtained from (2.l6) and

•1
(2.22a)

(2.22b)

III. COUF0KMA1 OPERATORS IN THE LIGHT COKE OPE

3.A One-loop renormalization of composite operators

Going beyond free fields in QCD or in the £g model, we have to

modify both the definition of composite fields and the operator products

under consideration.

The change of a composite operator O^fx.z) in the presence of

interaction L (x) (corresponding to a scattering operator S = TenpULj. (x) 6i))

is given by

-16-
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(3.1)

In the £ , model with interaction Lagrangian L (x) = g : r"*(x)i^(x) x(x).'

we can write (suppressing the variable z or the tensor ^ndices)

+ •••

(3.2)
(the dots indicating terms that involve higher order polynomials in the

constituent fields).

The first term (linear in x) has a non-vanishing contribution in the

one-loop approximation for A = 0 only (due to the orthogonality property of

Oo). Moreover, it has no counterpart for gauge invariant (colourless) composite

operators in QCD. Therefore, we shall concentrate our attention on the quadratic

in the fields terms on the right-hand side of (3.2). The presence of two such

terms indicates a mixing problem. It steins from the fact that operators with

the eonformal properties of 0 can be built up (for even i.'sJ not only from

C * and C (call it 0 ) but also from two x's (call it 0*). That is also

true for QCD where (in the flavour singlet sector) the x's are to be replaced

by the eluon stress tensor G , while the ordinary derivatives 7 in the

(unrenormalized) fields 0 should be changed by the covariant derivatives

D = V _'iA .
w u V

Let us now consider the second ( 5 *fj) "term in the expansion (3.2).

Inserting it in the expression for the three-point Green function

<[T60 (X) C U ^ t*(x2)^J we find that the coefficient T„ „,„ coincides

with the computed vertex function

lV*.i , (3.3)

where if stands for the inverse of the scalar propagator (B.2) in the sense
of the convolution product. In the one-loop approximation f. » « A 1S given
by the sum of three diagrams displayed in Fig.l

One-loop diagrams contributing to the coefficient r in the expansion of

50 in the model.

All these diagrams are ultraviolet divergent. We are using dimensional

regularization and are only interested in the coefficient to 1/E (E = 3 - h)

which is a homogeneous polynomial of degree I in the momenta. Expanding it

in the Gegenbauer polynomials of Subsee.2.A we derive the following relation:

+ finite terms (for e •* 0) (3.It)

where the y's are constants defining the anomalous dimension matrix. A

similar expression is derived for SoJ . (If we do not distinguish between

<? and x lines since they both carry the massless scalar propagators then

the same three diagrams that are displayed in Fig.l appear in all vertex

functions encountered in this calculation.) The graphs of Figs.lb, lc

contribute to the wave function renormalization (and hence to the anomalous

dimension) of the constituent fields while the graph in Fig.la corresponds

to the field strength renormalization of the composite field. Such a

separation however is not gauge invariant in the case of QCD. Moreover,

in QCD we have also to take into account the diagrams in Fig.2 that reflect

the presence of covariant derivatives in the composite operators. Oily the

sum of all five graphs provides a gauge invariant notion of anomalous

dimension In that case.

-17- -18-



All divergences generated by the contour integral cancel among themselves

in this gauge, so that the overall renormalization constant of the composite

operator 0 obtained from (3.5) for x,-x -» 0 becomes Z,_(a = -3) (where

1/22, (a) is the fermion field wave function renormallzation in an arbitrary

covariant gauge).

(a) ib) 3.B
Fig. Z

QCD diagrams coming from covariant derivatives in the composite operator.

Before proceeding to the solution of the mixing problem (in Subsec.3-B)

Ve shall write down the gauge invariant counterpart for the product of two

spinor fields in QCD that is encountered in the definition of Bethe-Ealpeter

wave functions for meson s ta tes . I t depends, in general, on a path C which

connects the two points x and x :

(3.5a)

where i and j are the indices and the path ordered phase matrix

is given by

t

(3.5b)

1 = (A .,) "being the SU(3} Gell-Mann matrices. A simple Poincare" invariant
a &XJ c

choice of the path C for the bilocai operators (3.5) is given by the segment

[x ,x ] of the straight line that joins the tvo points. In the string inter-

pretation of (3.5), however, it is gratifying to realize that in the short

distance limit both the renormalization constants and the Wilson coefficients

are path independent provided that the total Euclidean length of the contour

C goes to zero when x -x -> 0 [15]. Moreover, in a special gauge, in which

the vertex and the wave function renormalization constants Z^ and Z^ are

equal the dependence on the exponential of A can be neglected altogether

as far as renormalization is concerned [15]- That is the QCD counterpart

of the Yennie gauge in QED corresponding to the gluon propagator;

a. = - 3

-19-

Diafionalization of the anomalous dimension matrix

There are two matrix problems associated with the expansion (3.M

corresponding to the upper and lower indices of y and we shall deal with

them separately.

In the work of Efremov and Hadyushkin [2] (see also Ref.3) the con-

formal basis of composite operators was recovered without reference to

conformal invariance by just diagonalizing the field renormalization matrix

at the one-loop level. (The traditionally used operators

have a triangular renormalization matrix.) The question arises can we deduce

the non-mixing property of conformal operators under renormalization from

what we already know about them without actually computing (the l/£ term of)

Ferynman diagrams. If so i t could help us understand what is going on beyond

the one-loop level.

We shall present in what follows two such arguments which only refer

to some general properties of perturbative renormalization. The first method

uses the triangular character of general renormalization matrices and the

orthogonality property (expressed by (2.12) and (2.lM) of conformal composite

operators. The second applies the same property (l.U) of infinitesimal oon-

formal invariance that led to the differential.equation (2.3) for 0 and for

IJ. . The role of conformal Hard identities for the multiplicative re-

normalizability of conformal operators at one-loop level was also discussed

in Refs.8 and 23 but no complete argument was given.

From the orthogonality relation of Subsec.2.B i t follows that the p-

space two-point function corresponding to the diagram in Fig.3a i s :

-20-
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(a)

Fig.3

Feynman diagrams for

Assume now that

and °. 50 .

2 (3.T)

Then the two-point function ^ i O ^ p ) (^.(p1)^ corresponding to the diagram

of Fig.2b would single out the term with 2, for V ^i. However, we

could interpret the same diagram as contributing to the renormalization

of the second factor. Because of the obvious symmetry with respect to the

exchange ( p , i ) ^ * (p',41) we have

SO ,(p')

The two-point function on the right-hand side will single out Z with

V >, I . Thus only the diagonal elements of the renormalization matrix do not

vanish, as asserted.

Going to the second argument we shall work in the spinor case (i.e. in

QCD) in order to face the full complications of the problem.

The basic premise now is the statement that conformal covariance is

preserved in the one-loop 1/6 term. The justification for such a statement

is rather straightforward: the (massless) QCD Lagrangian is manifestly con-

formally invariant and so are the bare composite operators (2.11) (in zero

order). Conformal invarimice is only broken in the process of (perturbative)

renormalization when one introduces dimensional parameter (like A ir. QCD)

in the finite parts of propagators and vertex functions and there is no such

parameter ir the i It 1-erm of H . D . in effect, this term has the form •)

tii*.i)-±

+ f ini te teras (for £. • Uj
(3.8)

where Q (aS) is some homogeneous polynomial of degree 4 (which could be

evaluated from the sum of five one-loop diagrams that contribute to <S0).

The conformal invariance of <50 leads (by again applying (l.*0) to the

counterpart of Eq.(2.6) for Dirac fields

(3.9)

Since this equation has a unique (up to a factor) polynomial solution we recover

an expression proportional to L ^ ".

(3.10)

(6 standing for the gauge invariant anomalous dimension of 0 £ ) . Thus we

see that conformal invariance is directly responsible for the diagonalization

of the anomalous dimension matrix with respect to the tensor type of the

composite field. The problem is thus reduced to the diagonalization of a 2 * 2

matrix labelled by the type of constituent fields. The analogue of Eq..^.1*)

in the case of QCD is

(3.11a)

(3.11b)

where 0* here stands for 0^ and

The subsequent argument has been worked out in collaboration with

Dr. s. Karchev from tHe University of Sofia.
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Consider the Euclidean scalar propagator

(3.12)

(3.13a)

is the conformal composite operator for a pair of gluon fields. Since the

Y*s are constants they coincide with the forward anomalous dimension mixing

matrix known from the study of deep inelastic scattering (see Ref.2^ «here

also its diagonalization is carried out explicitly). Thus we end up with
il G

two multiplicatively renormalizable linear combinations of 0^ and 0

In the cose of spin-2 operators the anomalous dimension matrix has an eigen-

value zero whose eigenvector is the stress energy tensor

The orthogonal combination Is

z T,1C

(it corresponds to the eigenvalue T + 2C),

Let us stress that we have not used the assumption of asymptotic

freedom above. . Thus we have shown that for any QFT with conformally

invariant Lagrangiar^multiplieative renormallzebility of the composite

operators 0 is a consequence of either their orthogonality ( in the

sense of vacuum expectation values) and triangularity of the renormalization

matrix or_ their transformation properties with respect to infinitesimal

special conformal transformations.

3.C £ 3
„ _„ , modgl

The arguments of the preceding section can be extended for the cV

model beyond the one-loop level provided that the breaking of conformal in-

variance due to the non-vanishing of the Callan-Eymanzik 6-function may be

neglected.

-23-

The wave function renormalization factor satisfies the renormalization group

equation

If ve feet (|>(g) = 0 then Eq.. (3.13) Implies that the dressed propagator

acquires an anomalous dimension

Anomalous dimensions do not destroy conformal invariance they Just change the

representation of the conformal group. It is straightforward to verify that

the contribution of the graph in Fig.l+a (with the dressed propagator (3,111))

preserves the orthogonality property of the composite operators provided that

we change the dimension labelled by the upper index of the polynomial \)

(2.T) from its canonical value, h-1 , to h-1 + Y(EK Indeed i t la reduced to

the orthogonality condition (A.16} (of Appx.A.2) with v = h - ~ + Y(B).

Diagrams with dressed propagators that contribute to

< S O i U - <°£ SOn^ i n t h e t\
8 0 ^ and to

We now observe that if K is a sum of connected graphs with four external

legs that contribute to the renormalization of either 0» or 0 corresponding

to the diagram in Fig.ltb, then the triangular mixing structure of Eq.(3.7)

is s t i l l preserved. Combining i t with the above-mentioned orthogonality

relation ve again reproduce the diagonalization property (established in

Subsec.3.B at the one-loop level),

-2k-
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We shall nov argue that our neglect of the effect of @(g) can be

justified in the applications to light cone OPE for some appropriate choice of

the renormalization scale.

In a f i r s t approximation the effect of a non-vanishing fl(g) amounts
2 2to replacing y(g) "by yo g (K )/hn where

is the running coupling constant. This would lead to the appearence of

powers of log (log A z ) (where A i s the asymptotic freedom mass scale}

that would invalidate the above orthogonality argument. The confonnal in-

variant calculation amounts to replacing this double log term by a constant.

This approximation fails at very short distances, but that is precisely the

region where the leading order is dominant in the OPE. Hence i t should suffice

to choose the renorm&lization scale U large enough to minimize the effect

of the intermediate region where our approximation becomes unreliable.

This argument is not directly applicable to QCD for two related
reasons: ( i) the anomalous dimension y of the iji-field is gauge dependents
( i i ) the additional diagrams originating from the covariant derivatives (see
Fig.2) have also to be taken into account. Our hope that an argument of this
type can nevertheless be produced in QCD relies on the fact that the contri-
bution to the anomalous dimension matrix coming from the "covariant derivative
graphs"of Fig.2 commutes with the contribution from the three diagrams of Fig.l
(at the one-loop level - see [3]) .

3-D. Spectral representation for the Wilson coefficients

We outline the application of multiplicative renormalizability of

eonformsl composite fields to OPE,

In the £ i model the OPE reads

ho — f
Since 0 do not mix under one-loop renormalization, we have

(3.15)

-25-

(3.16)

where

(3.17)

in the case of 2/g and

y f (3.18)

in the case of H-colour QCD (see Eef.

Remark: As explained in Sutsec.3.B an additional mixing problem is to be

solved in £ ? for even n and in the flavour singlet sector of QCD for
6

I %. 2, The anomalous dimension f. of the conserved current vanishes in
both cases as i t should since there is no fennion-gluon (or <p-%) mixing

for 4 = 1 .

The Wilson coefficients

equation

satisfy the renormalization group

(3.19)

In an asymptotically free theory one can write

(3.20)

vhere {S(g) - - eo g
3 + 0(g5) and is the Wilson coefficient

gcorresponding to the free field theory (with g = 0). It remains to determine

these coefficients, which in fact are simply proportional to the inverse of

the matrix U . , which diagonalizes the mixing matrix Z (cf. (3-7))- This

-26-



can 1 .. deters!ried•us:'-1:1E recurrence relations as is done in Ref.3. However it

is useful to derive some identities involving sums over the C . , which directly

reflect the spectral (i.e. support) properties of vertex and wave functions.

To this end the orthogonality properties of conformal operators discussed in

Sec,II can be utilized.

Let us write down the light cone expansion of the three-point Wigtttman

function defined in Sul>sec.2.B (Eq.(2.15)) in the limit g2 = 0. For the

scalar case we have

II
(3.21)

rr

(3.21*)

jIf we define the Wilson coefficients C ^ for the light cone OPE of

a free Dirac field by

oo «s VM -$ r

i2 f
Using the orthogonality relationship in the form in £q..(£.12) we obtain (3.25)

-I < V.

where KII,

(3.22)

is given by (2.13). Comparing the light cone approximation

(2.21) for v with (3.2E) ve obtain the spectral representation

(3.23)

(cf. (A.l8)). In the case of feradon fields in QCD, we apply the light cone

expansion to the Euclidean t-function defined in Eq.(2.19). [We could have,

of course., again used the Wightman functions as in the above calculation for

the scalar case. The argument sketched below should appeal to readers with

an experience in Euclidean space calculations involving dimensional regularization.]

Using the l ight cone expansion in tne.g = 0 limit (that i s , the representation

for F ) we can write down the l /£ approximation to (2.19) as

we derive using (3.22) the spectral representation

m=t

(3.26)

We note that for 2h = It Eq..(3.26) coincides with the representation (3.23)

for the C l model for 2h = 6, so that C *(h = 2} = CmJ (h = 3>.

I t follows from (3,23) tor (3.26)) that the inverse of the matrix

U , which dlagonalizes the mixing matrix Z ^ (3.7) can be represented by

-1

\(*1<
(3.2T)

Using {3.2-9,£6) we can writa the following spectral representation of meson wave

function defined ia Eq..(2) of the introduction.

-27-
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(3.28a)

where the normalization constants are related to the matrix elements of the

conformal operators ^ O ^ C O , a ) |p ^ . The variable £ corresponds to

relative momentum of the constituent quarks in the above function at short

distances. If we take the Fourier transform of (3.28a) along a l ight- l ike

plane 2 2 o _ 2 = 0, we obtain for the pion wave function

(3.28b)

which is the light cone wave function defined in Refs.2 and 10.

One interesting consequence of (3.28b) is that i t can "be inverted,

so one can express the dynamical constants a (y ) in terms of moments
2 3

of the pion wave function at the scale Q = US i . e .

(3,29)

For a ground state wave function, one expects the wave function not to have

a0 (where % = F^) should decrease rapidly with I .a node, so that a ,/a0 (where

In particular, a ~ 0.1 P , in line with the value obtained in Eef.3.

The technique described in this section can be used for any vertex

function involving products of local currents or gauge invariant operators

in QCD. Further, if we are interested in vertex or wave functions involving

large mass states, so that Z2M£ is not small, then the conformal technique

developed in Sec.II can be utilized to at least take into account the

kinematic higher twist corrections.

of (local) composite (symmetric traceless) tensor operators 0 (with an

arbitrary number £ of tensor indices). These operators are (a) confortnally

covariant (obeying the simple infinitesimal transformation law (l.lt) with

respect to dilations and special conformal transformations); (b) conserved

(for t >,l) in the free field limit; (c) orthogonal in the sense of vacuum

expectation values; (d) they are multiplieatively renormalized, i.e. they

diagonalize the anomalous dimension matrix at the one-loop level. This

latter property has been discovered (in [2]) by direct diagonalization of

the renormalization mixing matrix without any use of conformal invariance.

A central result of the present paper is the proof that (d) is a consequence

of either (a.) or (c) (using in the latter case also the triangular character

of the renormalization matrix). This result is relevant physically for QCD

and allows us to derive a light cone expansion in the (renormalization group

improved) one-loop approximation along with a simple spectral representation

for the Wilson coefficients and for meson wave functions. The realization

that the diagonalization property is directly related to conformal invariance

and to orthogonality also gives us an insight of what is going on beyond

the one-loop level at least for the model.
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IV. CONCLUDING REMARKS

The results of the paper can be stated as follows.

For any QFT with a conformally invariant Lagrangian (that i s , essentially,

for the massless limit of any renortaalizable QFT) there is a distinguished set
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APFETOIX A

where

Two-point functions of composite f i e ld s so that (A, 2b)

The objec t ive of t h i s appendix i s two-fold. F i r s t , in Sec.A.I we

provide a short guide and a pedagogical supplement t o the l i t e r a t u r e concerned

with the evaluat ion of two-point functions of bas ic t ensor f i e ld s t h a t only-

uses t h e i r conformed, t ransformation p r o p e r t i e s . Secondly, in Sec.A.2, we

present a l i s t of re levan t formulae for (normalizeci)Gegeiibauer polynomials

used in t h e chains of Ens.(2 .12) and (2.1t ia) .

A.I General form of eonformal invar ian t two-point functions
p

Let Off(x,z;c) (z = 0) be a (not necessarily conserved) symmetric

tensor field of dimension h + c (in mass units) in 2h dimensional space-time.
the

The derivation of/general form of i ts two-point Wightman function proceeds

in three steps.

Step 1: First, we evaluate the Euclidean (Schwinger) two-point function in co-

ordinate space. The most elegant way to achieve that is to write down the

kernel of the intertwining-operator between the representations [Jl,c] and

[j?,-c] of the Euclidean eonformal group SO(2h+l). These (type I) representations

are equivalent for almost a l l values of c and are partially equivalent for

some exceptional integer values of the dimensions h ± c. The intertwining

operator appears as a representation of the eonformal inversion

(A.I)

(jtecall that every special conformal transformations can "be written as a

translation sandwiched between two inversions.} If Vix) is a conformal

vector field of dimension d, then i ts transformation law under conformal

inversion is

(A.2a)

(The reader is advised to derive (A.2) in the special case In which Vv = vwS(x),

where S(x) is a dimensionless scalar field transforming as S(x) -* §(~Lffi

under conformal Inversion , so that d<, = 0 and hence dy. = 1.) Using this

approach one arrives at the following expression for the two-point Schwinger

function of the field On(x,z;c)*>

i*; (A.3)

where n(^,c) is an undetermined normalization constant. The derivation of

this result with a detailed study of all underlying notions can be found In

the lecture notes'volume [5]. A summary is given in Appx.B to the Pisa

lectures [6]. A more elementary (but clumsier) derivation of the same result

for lover rank tensors in R , using global S0(5,l) invariance, is given in

Sec.IV.lA of Kef.6. The result can also be verified by applying infinitesimal

conformal invariance (see Sec.l). Each of these methods also implies the

vanishing of the conformal invariant two-point function for two basic fields

of different dimensions.

Step 2; Secondly, we write down the Fourier transform of (A.3) ( s t i l l in the

Euclidean 2h-dimensional space). There is a technical problem of expanding

the result in terms of S0(2h-l) spin projection operators II S(p). (Here

SO(2h-l) stands for the subgroup of the "Euclidean Lorentz group" S0(2h)

which leaves the vector p invariant.) This problem has been solved in

Eef.5 (see Sec.5). The result is

S=O

-31- - 3 2 -



where

1-5

+ £-J-C-2

(A.Vb)

We shall not reproduce here the expressions for H (s < i.) in terms of
ft a

Gegentiauer polynomials since we will not need them {I! is given hy (2.13)).
Regarded as operators ija the space of rani-J symmetric traceless tensors
the projectors

n!s<p) =

satisfy the following orthogonality and completeness relations;

(A.5a)

(A.5b)

s=0

The maximal spin projector H~~ is characterized "by the transyersality

property

n" • " • • • ' • <

(A.6)

i'tep 3; Finally, ve pass from (A.It) to the Minkowski momentum space

expression for the corresponding Wightman function. That is achieved hy

recalling that W
J ( ;U) = Wfo(x°,x) is obtained from ^Xc(-'x2i? b y taJs:ine

the limit £ -»• 0 for x ^ = -ix - £ . If we then shift in the Fourier

integral in along the two sides of the negative imaginary axis ve find

- 3 3 -

(A.7)

Using the identities

=21 (A.8)

and

(A.9)

we derive from (A.t) and (A.T) the expression

(A.10)

In order to derive from here C2.12), we note that for

C = (or dt (A.ll)

a}
Cel = 0 for s < S, (while a f ) = l ) and set2,4

(A.12)

The fact that the resulting Wjo
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CP>
(A.13)

indeed represents the vacuum expectation value of a conserved tensor, is

implied by (A.6).

It is worth noting that the value (A.11) is one of those exceptional

values of c for which the representations of dimension h ± c are only

partially equivalent and the right-hand side of (A.l*a) diverges (for integer

b) unless n(j?,c) vanishes like an r- (which would have led to the vanishing

of the Wightman function). Thus it is important that we only set c = h - 2 + jt

at the end of our calculation, in the expression for the Minkowksi space

Wightman function. On the other hand, it is precisely for these exceptional

values of c that we have the expression {2.9) (or (2.11)) for 0^ in terms

of normal products of free fields which enables us to give a direct derivation

of (A.13)- In order to reproduce (2.1I4) we need a different normalization

n(J?,c) so that

2\>

Hence from (2.3) we have a similar expansion formula.

Orthogonality and renormalization (used in the last equations (2.12)

and (2.ll*a)) are summarized by

I! (z)H-l-t)l (A.16)

The value of C^ at 5 = 1 which appears in (2.13b) is

-ti!l (Z)>+ZL-Z)\\

(A. 17)

A.2 Properties of normalized Gegenbauer polynomials

We write dovn here for the reader's convenience a few formulae

involving the normalized Gegenbauer polynomials

J
It

(A.15)

used throughout the paper (in particular, in the computations of Subsec.2.B).

C. are simply related to the Jacohi polynomials:

The "Fourier transform11 of C -*ich appears in the spectral representations

(2.21), (3.2l)-(3.23) is given by

= 2 te

f (for integer n) are expressed in terms of Bessel functions of

Eq.(A.l8) can also be verified

where

half integer rani according to (2.18).

directly by using the representation «

(i-**)""* cUz)*=izv+t~iY-(-ii-)(i-xx
(A.19)
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APPENDIX B

Confonnal invariant three-point factions for free constituent fields

The three-point function of a "basic tensor field and two scalar (or

spinor) fields is determined from conformal invariance up to one (or two)

real constants. The expressions (2.15)^(2.19) for Wwj,Jx1,x£;-p,z) can

again be obtained in three steps, matching the three steps in the derivation

of the confonnal invariant two-point function in Appx.A. We shall provide

a direct elementary derivation for each of these steps using the explicit

formula for Op in terms of free fields.

B,1 Scalar constituent fields

Hie three-point T-function in Euclidean x-spaoe can he written in

the form

. 5) =

(B.I)

where i s * n e canonical Euclidean propagator for a scalar field

(B.2)

The transfer of the derivatives in Eq.(B.l) from x to the

arguments x and Xp allows us to evaluate the Fourier transform in X :

(B.3a)

- 3 7 -

where

(B.3b)

(we have used the a representation of Eq.(B.£) and have made the change of

— — * •variahles a « X —g—*• , S = X — ~ - * ). Using a standard integral

representation for the Macdonald Bessel function KL „ we can perform the

integration in X with the result (2. l6).

The transition from TJ to the three-point Wightman function involves

analytic continuation in p (and in x̂  ,x2) from Euclidean to (real)

Minfcovski space values and evaluation of the discontinuity for p., =—ip T E

(cf. Eq.. (A.7)). TO do this we use the defining relations for the K function

(for integer h the right-hand side of the first equation is understood as

a limit from non—integer values). Inserting {B.I*) in (B.3h) ve find that

only the second term (proportional to I „) contributes to the discontinuity

in p. Using again (A.8), we find

where F,. is given hy (2.17b). The simpler expression (£.17c) , an the

other hand, can be obtained starting from the free field Wightman function

- 3 3 -



= < V ( X )

(E.6a)

where

A straightforward calculation gives

(B.Ta)

where

(B.Tt)

The variable r in the intermediate integration in (B.Ta) is the space part

of x „ in the rest frame of p; J _ (W) ana hence fh_2 are elementary

functions for integer h : »T

(B.8al

(B.Sb)

(B.8c)

E.2 Spin g- constituent fields

Proceeding to the evaluation of the three-point function of a spinor

constituent field with a basic tensor field, we observe that there are two

independent conformal invariant structures in this case. For example, the

three-point Schwinger function of a free Dirac field and a conserved

current has the general form

(B.9)

where S .(x) is the conformal invariant Euclidean propagator of a Dirac

d +2
field of dimension d (in 2h dimensional space time); \SX) i 3 given by

(B.2) while

(B.ll)

V} *23

(B.12)
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Clearly, only the first term (with C - l) rould contribute to (B.9) if

j (x.) is identified with the composite field :

(£.11)

) iy i(i(x) : (as in

Hence tlie use of the explicit expression (2.11) for the fields

not only simplifies, tile evaluation of the three-point function, but is

actually necessary in order to recover i ts x and p dependence as given

by (2.19).

The calculation of the Euclidean three-point T -function involving a

product of spinor feilds and the conformal operators (2,11) follows closely

the case of scalar constituent fields. In fact, i t can he reduced to the

latter by the following argument. Writing the product of spinor propagators

(B.10) as derivatives of their scalar counterparts

Hote finally that the conservation law (2.7) implies the

transversality relation

for both the scalar and spinor field threer-point functions. A direct

verification of (B.15) uses the relation

(B.16)

which is manifest, since F depends on x through the variable

We can express the three-point function

fJ. rx,,*. ;-p:%) =

(B.17)

in terms of derivatives of the same function

scalar case (B.3)

which appears in the

(B.13b)

where

IPX

(X = \ ). This proves (2.19).
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