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ABSTRACT

The superspace formulation of two classes of supersymmetric non-

linear cf-models are presented. Two alternative N=l superspace formulations

are given for the d=2 supersymmetric nonlinear a-models with Killing vector

potentials: (a) formulation uses an active central charge and, (b) formulation

uses a spurion supefield without inducing a classical "breakdown of super-

symmetry. The N=2 vector multiplet is used to construct a new class of

d=lt nonlinear a-models which vhen reduced to d=2 possess N=lt super symmetry.

Implications of these two classes of nonlinear a-models for N ̂  It super-

field supergravity are discussed.
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1. INTRODUCTION

Supersymmetric nonlinear sigma models provide an interesting setting

for the study of properties of supersymmetric theories. As discovered in

four dimensions [l], these theories can lead to rather unexpected results

such as the relation of K&hler geometry tc chiral superfields. In lower

dimensions even more startling relations have been found [2,3]" complex

structures, hyper Kahler manifolds, and connections between supersymmetric

quantum mechanics and topology [h]. Among the most recent discoveries are

result by Alvarez-Gaume and Freedman [5] on potentials for d=2 models.

In this work, we will concentrateon two specific questions. The roles

of active acceptable central charges and the dimensional reduction of gauge

multiplets in relation to d = 2 nonlinear sigma models. In regard to the

first, we show that the N = 1 and N = 2 constructions of [5] are, in fact,

a specific realization of a. construction for supersymmetric theories proposed

in a limited form ^y Siegel [6]. In this latter work a general scheme

was presented on how acceptable central charges could be used for super-

symmetric theories. These acceptable central charges must be distinguished

from the off-shell central charges [j] which are not consistent with an

unconstrained (necessary for quantisation) extended superfield formulation.

In relation to the second point, it has been shown that under quite general

assumptions [2] there appears to be "barrier" to the existence of d=2 nonlinear

sigma models for N > k. Yet it is also plausible that dimensional reduction

of some extended d = h models should yield such theories. For instance,

dimensional reduction of S = k, d = k super Yang-Mills should lead to a

d = 2, M = 8 nonlinear a-model. It is therefore of some interest to under-

stand how these dimenaionally reduced theories avoid the barrier. Although

we do not yet have an answer to this question, we will take a step toward

settling this question by constructing a new d = 2, N = It nonlinear a-model

which is obtained by the reduction of a d = U, N = 2 model. We believe

these examples present interesting clues to the structure of the yet to be

constructed unconstrained superfield formulation (any such formulation) of

maximally extended supergravity.

II. CENTRAL CHARGES AND A=h , H=l NOtf LINEAR a-MODELS

Recently, Alvarez-Gaume' and Freedman [5] investigated the existence

of potentials for d = 2 supersymmetric nonlinear a-models and found that

some of these theories possess superpotentials which are Killing vectors in
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the manifold "coordinatiied" by the i = 2 scalar superfields. This result

is rather surprising, initially, aince we might expect to find only acalars

for superpotentials. In this section we investigate how this arises at the

level of d = 2, H = 1 superfields.

We can begin by asking vhat is the most general form that the d = 2

extended supersymmetric algebra can take. There are some numher of fermionic

generators Q &
a (a=l,...,N) which we take to be real (Majorana). The

commutator of two such generators is given ' tQ^ ,Qb^} = gsatp i n the

in the absence of central charges. However, in the presence of real central

charges the most general form is given by

cC, Q; } = i [ ̂  p«,

= o
(2.1)

Kote that since ( y 5 ) ^ is symetric for d = 2, a type of central charge

(Z and Z ) which has no d = h analog can occur. For d = 2 the y5-

matrix is symmetric ana can appear as in (2.1). For d = It, y5 is anti-

symmetric and therefore the associated central charges are antisymmetric in

isospin. By restricting (2.1) to H = 1 superspace, we see that one central

charge can be present. The supersymmetry generators and covariant derivatives

in the presence of central charges

usual ones (Qa and D a } by [8]

and Da
a) can be related to the

(2.2)

= V (2.3)

The general d = 2, N = 1 nonlinear a-model in superspace is

described by the action

re ss
where E_a(4) is the vielbein superfield in the space of the fields * m

m
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(m=l M) which can be regarded a& the coordinates for some manifold. The

action S is invariant with respect to the infinitesimal variations
E

fi/ = A * ) . (2.5)

(2.6)

6.. = 0. <2.T)

These represent the "coordinate" (parameter Sm) and "local" S0(H)-rotations"

(parameter X, ) of the field, manifold. However, these are "fake" invarianee
a a

since (2.6) would require that E to be an independent superfield as
opposed to being just a function of 4m.

It was noted by Siegel [6] that some non-trivial central charges are

consistent with superfield formulations of supersyrametrical theories. These

acceptable central charges must be distinguished from the "off-shell" central

charges [7] which some authors have attempted to utilize in place of solving

auxiliary field problems. The property which distinguishes the acceptable

central charge from the off-shell variety is that the transformations generated

by these acceptable charges are non-trivial invariances of superfield actions

even when the equations of motion are utilized. To be more explicit, we consider

an arbitrary supefield action S(4>), calculate its variation, and seek solutions

to the equation S$(SE/i5*) = 0. If we can find any solutions, 5t, which

satifies the condition without the use of SS/64 = 0, then we can realise

a central operator, which obeys a Liebnitz rule, by the condition Z* = m^o*.

(The quantity m is a mass which must be introduced due to the dimensions

of Z.)

Returning to (2.1*), we want to discover whether there are any acceptable

symmetries which may be used to realize a central charge. To find such a

symmetry, we vary 4 m arbitrarily, defining

SS^ = 0. This yields

= S*ro, and demand that

SSE = -i

BimD ab m
(2.8b)



which requires the Killing condition

z +• ?: = 0 , (2.9)

in order to be invariant. This symmetry can now be used to realize a. central

charge permitted by (2.1) in the case of H = 1. This requires that

Zt = mQG . The modification in the action is achieved by replacing D

by V

We now use the projection method to evaluate the central charge

modification of the action. We define the component fields by

* 2F* 2 £*$ (2.10)

r 2 A?

and calculate the action by replacing d B by D . We find, after a
calculation which ut i l izes some of the D-identities (see conventions),

• m — - w

(2.11)

-5-

(It should be noted that in general there are many linearly independent

Killing vectors. If ve denote the linearly independent Killing vectors by

Gfv^ then we can introduce as many mass parameters as linearly independent
(x) G, .™.)Killing vectors and realize the central charge as S*m = M

A superpotential can also be added to the action in (2.5). The most

general such term takes the form

= d (2.12)

It should be recalled that the activation of the central charge required

that the superfield action must possess an invariance. For the kinetic term

this led to the imposition of the Killing condition on G , The same

reasoning shows that in the presence of a scalar superpotential we find

«S,, (2.13)

In terms of component fields, Eq..(2.12) is given by,

L F s W\=

Thus the presence of the Killing vector does not affect the scalar W apart

from requiring the condition in (£.13).

The projection method also provides a simple way to derive the

component transformation laws. Under the coordinate transformation of

(2.5) these are

(2.1.5)

While for a supersymmetry transformation these take the forms
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F

But new questions arise here due to the manner in which the central charge

transformation is realized; (i) it' = M G (<t) is a nonlinear transformation,

in general, and (2) the modified superspace covariant derivative makes use of

this nor.linearly realized symmetry.. Thus in any perturbative calculation

complications may arise.

We begin again with (2.1*) and make the replacement D, + D in the action.

The operator D is related to D "by (2.3). For 11 = 1 this becomes

(2.19)

(2.16)

7i

The auxiliary field F can ce eliminating from the supersymmetry variation

of i|) by using the superfield equation of motion obtained from (2.It) (with

Da •+ D j and (2.14),

(2.IT)

We now evaluate this at 0 = 0 and invert the metric to find

where we have used the fact that the central charge is realized by the Killing
2

vector. At this point we can introduce a spurion superfield ri s — m.9 ,

(Such superfields have previously teen introduced within the context of

explicit breaking of d = k supersymmetry [10].) The definition of n

implies the following properties

= 0, D2n =

0,

n! = 0, Dan[ = 0 , D nl = mQ.

With the help of this spurion superfield we can write (2.19) as

(2.20)

V,s
(2.21)

(2.18)

and substitution of this into (2.16) yields the analogous result in [5]. It

should be noted that W has the units of mass so we can rescale W * am W

to obtain a dimensionless superpotential. Hovever, the dimensionleEs constant

a need not be set to one.

We have thus demonstrated that the N - 1 construction in reference

[5] is precisely the use of an acceptable central charge in the d = 2 non-

linear sigma model.

Before considering more of these theories we will now give an alternative

formulation of the class of models discussed above. Our main motivation in

giving this second approach is in establishing a framework which lends itself

to settling questions about the quantum behaviour of these models. Super-

graphs [9] have proven to be the most effective way to carry out such calculations [3].

-7-

and the action with the activated central charge becomes,

5

(2.22}

where we have used an indentity from (2.20). Mow to show this equivalent

to (2.11) at the component level we again resort to the projection method.
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Here we define the components by

A " = 9"\ , ^ . ' = X > - § a | , F " S D X $ " | , (2.23)

and make the replacement Id 1 * D . Complete agreement is found after a brief

calculation.

This formulation has a surprising feature. The action in (2.22) has

a spurion superfield, n. Ordinarily this implies supersymmetry breaking and

if we calculate the variation of (2.22) using 6* = E Q Q 4 m, it is not invariant.

But the relevant supersymmetry generator is Q not Q . Explicitly, we have
a a

(2.24)

and we will now demonstrate the invariance of (2.22) under the variation

m" a ~ m
« » = i e Q^ 4 . It follows from (2.24) that we can write this variation as

&X= i( 6 S£

imply that 5

°^ "here

given as

.is the variant due to Q . Simple considerations

St [ i ( 7 %

and a direct calculation yields

field action. After calculating radiative correction to (2.22), it is unlikely

that t 9 = G is still a symmetry. Therefore, the realization of 2 1 may have

quantum mechanical corrections so that (2.22) remains quantum mechanically super-

symmetric with respect to Q , It is by no means clear whether such a delicate

balance is possible.

One consequence of this second formulation is that it yields an

interesting view of the Schej-k-Schwarz reduction scheme [11] . In ref. [5]

it was noted that (2.11) can be interpreted as the result of starting with a

three dimensional nonlinear a-model and utilizing a nontrivial reduction to

two dimensions. In the approach we have used, we simply activate the central

charge permitted by the algebra. But the most interesting point is that with

respect to Q , the Scherk-Schwarz reduction explicitly, not spontaneously,
a

breaks supersymmetry. The theory is supersymmetric but with respect to a different

supersymmetry generator Q .
a

The action in (2.22) is general enough to describe the nonlinear

models with extended supersymmetry discussed by Alvarez-Gaume and Freedman. It

therefore provides a framework within which the quantum behaviour of these models

can be studied. These authors have previously [2,3] stated a set of conditions

which are required for the extended supersymmetries and gave transformation laws.

We will not give here the N - 1 superfield formulation of these since we are

presently studying some aspects of this problem.

(2.27)

where in obtaining (2.26) we have used the Killing condition twice and one

identity from (2.20). Finally adding (2.26) to (2.25) yields a very satisfying

zero.

The fact that the modified supersymmetry generator uses a nonlinearly

realized symmetry may have important consequences for the quantum theory. Recall

the starting point of activating the central required a symmetry of the super-

Ill. ACTIVE N = 2 CENTRAL CHARGES

The case of the N = 2 models more or less follows the same pattern

as for N = 1. The most general allowed form of the supersymmetry algebra is

= a.
(3.1)

However, it is convenient to go over to a complex representation by defining

which can be used to express the algebra as,

- 9 -
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{Q*,Q,} = ).p ( H.
Clll

(3.3)

Finally we can evaluate (3.5) in components as in the previous section. The

complex con

in (2.10).

m m m
complex component fields A , • , and F are defined like their real counterparts

(3.4) (3.10)

(We only consider the case of Z = 0 and Z = 0 in the following.) The

algebra of the D's and B's is the same except for the replacement P + ia
a 8 aB

above.

The d = 2, N = 2 action analogous to (2.4) and (2.12) is given by

M KUs,as)+( 0.5)

i m
where D z = 0 .

a

Once again activating the central charge requires an invariance of

the superfield action. Realizing the operators Z and Z' by

Z z* =

Using these definitions (3.5) becomes

l , F ?

t Bs

. 1 K " ; C

(where a is an arbitrary real number) and demanding the action have these as

symmetries yields

(.G'dz + 5*3") K = (V s9 :+V sj')K = 0, 0.7)

k = V S9 S k = O . (3.8)

The results of (3.7) imply that G and V are complex Killing vectors with

respect to the metric K „ = 3 S K and the latter two results are as a stated
m m

in [ 5 ] . Furthermore since central charges commute we see

v
(3.9)

= 0 - Vs3a&" =0.

where h_ = SJn | , h -~ = a 3^ h | , K^"
m m nin m n p

K |, etc. In obtaining (3.11)

from (3.5) we have used some integration by parts and the results of (3,7) and

their implications for derivatives of G and V .

The discussion in this section has shown that the N = 2 results of [ 5 }

also follow as a realization of the general program in [ 6 ] . Clearly, we can

relax (3.7) to allow G and V to generate Kahler gauge transformations of K.

A more serious problem, however, is that we have not seen a condition which

implies that V must be determined in terms of a real scalar potential. This

arises in a more subtle manner. Notice that all terms in the action are

manifestly hermitian with the exception of

- 11 -
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- ot (3.12)

Comparing these to their complex conjugates, we see that reality requires

(3.13)

(3.Id)

The first result is implied by the Killing condition in {3.7). But the second

'condition is an independent constraint which is solved by

u =
Substituting this solution back into the second term of (3.12) yields

(3.15)

(3.16)

The difference in sign between the results in (3.13) and (3.14) is the direct

result of the relative factor of i between the terms in (3.12). Furthermore this

factor can be traced all the way back to the factor of i appearing in (2.1). This
a

i ie not arbitrary, it is fixed due to the reality of the Q and Z charges.
a

We will not pursue the spurion superfield description of these models.

But there should be no reason why such a description is not possible. Finally

we note that none of the results discussed in this section are changed if

Z ^ 0 and Z ^ 0. Activating these charges has no effect on the com

action(but does alter the form of the transformation laws).

IV. THE KAHLERIAN N = 2 VECTOR MULTIPLET

The N = 2 vector multiplet [12 ] is a well-known representation of

super-symmetry. It is the smallest d - 4 multiplet in which spin-^ero fields are

in the same super-multiplet as gauge fields. As such it provides a laboratory

for understanding more complicated supersymmetric theories which also have this

feature. When reduced to N = 1 supermultiplets, the N - 2 vector multiplet is

seen to contain a "vector" N = 1 multiplet and a chiral N = 1 scalar multiplet.

It is also known that if N = 1 chiral superfields are regarded as the coordinates

for a manifold, the geometry of the manifold is Kahlerian [l] . It is therefore

of some interest to investigate the properties of the N = 2 vector multiplet

when its N = 1 chiral scalar multiplet resides on a nontrivial Kahler manifold.

The standard renormalizable action for this multiplet is given by

S = & W (4.1)

However, we are interested in something more exotic. Becall that W is actually

a matrix, so that we may write W = W t, where t_ denotes a matrix representation
m m

of the group generators. Thus (4.1) is equivalent to

5 « as V (4.2)

where it becomes clear that the "metric" of the space coordinatized by W is

simply g = $ ̂ _. Therefore, in order for the N = 1 chiral submultiplet to
ran mn

exist on a nontrivial manifold, (4.2) should be replaced by

SK(w) = \ H(w) (4.3)

for some function H. This is the starting point for our Kahlerian N ^ 2 vector

multiplets.

In order to deduce the consequence of (4.3) at the component level,

we will first go to its N - 1 superspace formulation. The first step is to

i 4 4
d 9 with D and use the definition of this latter operator (see ref.

[13 ]) to obtain

- 13 - - 14 -



1.4)

where we have rescaled S by an overall factor. We next replace D by V and
K a a

evaluate V on the integrand to find
a

5 K = iW*xi*e[ H s V V * +• i Hs!f7«V
sJ(7,V!)] *kc,

For the first term in the integral we notice that it requires

knowledge- of the second 7 -operator acting on W • Equation (B.10) implies

.' = ic"* ( v: Vt« +V/7.JV . (4.7)

b -b
But the solution to the Bianchi identities required that P = P which further

a a

implies

H s a
(4.5) ~ 2 -2 —

Setting the isospin label a = b = 2 then yields v W = v W . Collecting all of

these results finally leads to the N = 1 superfield formulation of (4.3)

where we have converted D back to a chiral N = 1 measure. Finally to obtain an

N = 1 expression requires that the integral in (4.5) be evaluated at e ° = 0. In

order to do this we need to go to equations (B.3-6) in the second appendix.

Equations (B.3), (B.4), (B.5) and (B.6) can all be evaluated at e ° = 0

and with all iaoepin indices set to one. When this is done, these equations are

identical to those which describe an N = 1 vector multiplet.

5K = i

m)where H, = (a/3 zm)H(z) and similarly for H—. (Note that when H = 1/2 i^z"^"
m mn mn

(4.9) reduces to the standard N = 1 formulation of the N = 2 vector multiplet

[ 8 ] .) The equation above can be rewritten aa

L

i te. (4.6)

.This identifies W as a chiral N = 1 splnor field strength. This is verified

by investigating (B.9) with the isospin indices set to a = 1 and b = 2. Finally,

eq. (B.8) implies 7 W = U! . This will permit the second term in the integral
a 2a

2 2
to be expressed only in the N = 1 superfields W(s = O)= Z, and W (8 = 0) =

2 2°
= - W .(The fact that we can identify W(8 = 0) with an N = 1 chiral scalar

a

follows (B-7) and (B.9) when all isospin indices are set equal to one.)

If we "turn off" the N = 1 vector multiplet, the Kghler potential is seen to be

.S) = it (4.11)

We are interested in evaluating (4.9) in components as a d = 2, N = 4

nonlinear sigma model written in terms of d - 2, N = 2 superfields. The first part

of the reduction is the replacement C d x •*• jd x- Next, we simply interpret the

V 's in (4.14) {and the V's arising from \d 9 + 7 ) as the super Yang-Mills

covariant derivatives of a d = 2, N = 2 vector multiplet. We now simply "push"

- 15 -
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all of the 7's into the integrand making use of the d = 2, N = 2 vector multiplet

Bianchi identities (see appendix C) to find

5 K - ST
<0) + 5'" + S"> , (4.12)

J;

1. C. (4.13)

- C [ 5, *S - 8 M " V -

([P,5])a([P,Sj)sr

s

M s - -k s J V s

k.C.

where is obtained from (3.11) by setting GP = VP _ h = 0 with the Kahler

potential defined by (4.11). Furthermore all of the S operators in(3.11) are
aB ~

replaced by Yang-Mills covariant operators (i.e. V A"1 = 3 A"1-! [ V ,A 1 m etc )
aB aB aB

The component fields of the d = 2, N = 2 vector multiplet are defined in appendix

C. Furthermore, we have used a notation ( )m to denote the m-th component of the

enclosed quantity.

The action in (4.12) is N = 4 supersymmetric by construction. There

are four propagating spin-zero degrees of freedom A , S , and P . The latter

two real bosons are the physical parts of the d = 4 gauge vector. The fact

that these appear as independent quantities is simply the result of dimensional

reduction. If we start in d = 4 with a real vector v - , then upon reduction to
O.S

d = Z we find

c «p s
(4.15)

a d = 2 vector v and two scalars S and P. (This process might be called the
aB

"inverse Higgs phenomenon" [14 ] ). These scalars automatically constitute two

coordinates of a nontrivial manifold since H is nontrivial. As to what is the
mn

geometry of this manifold, we are at present unsure. This is a topic to which

we shall return in the future.

In closing this section we note several points which we hope to

address in the future. First, the action is seen to simplify dramatically if we

choose the gauge group u(l) x ...x u(l). This may be of some help in understanding

the simplest geometries associated with this type of model. For nonabelian groups

it will be of interest to see how the geometry of the field manifold interacts

with various Casirair operators for the gauge group. We have demonstrate a way of

generating new d - 2 nonlinear sigma models by starting from higher dimensional

gauge theories with extended supersymmetry. This method can generate d = Z models

with large numbers of extended supersymmetries. For instance d = 4, N = 4

Kahlerian super Yang-Hills yields d = 2, N = 8 nonlinear sigma models; while

d = 4, N - 8 supergravity yields d = 2, N = 16 models. As in our example all

physical degrees of freedom will be spin zero and spin one-half in d = 2.

V. SUMMARY

We believe that supersymmetric d = 2 nonlinear sigma models can

act as a laboratory to gain insight into the structure of superfield supergravity.

Indeed, we believe that the two classes of model discussed here have implications

- 17 - - 18 -



for such theories.

In sections two and three, the activation of central charges was

discussed. It ia well known that for H> 2 supergravity, central charges occur.

In the simplest models these charges are inert. But they can also be used in

other ways such the Cremmer-Scherk-Schwarz "spontaneously" broken N = 8 model

[15 ] or even the simpler gauging of the 0(N) symmetry [ 16,17] . (That these latter

theories correspond to the activation of a central charge has explicitly been

demonstrated for N < 4 [18 ] . This result should hold for all such theories). As

in our d = 2 examples, all of these theories can be interpreted as explicit

breaking using spurions in superfield actions but with a new supersymmetry

arising from the Q operator replacing Q . With this interpretation, the results
Qi a

for the one loop finiteness of the "spontaneously" broken N = 8 theory [ 19 ] are

extremely interesting from the superfield point of view. The only reason we know

for this finiteness is supersymmetry. The fact that the broken N = S theory is

finite can be interpreted as a signal for the existence of a one-loop Q operator.

(It will be of some interest to study the quantum properties of the d = 2 nonlinear

sigma model to verify such as possibility).

In section four we constructed a simple (from the superspace point of

view) model which due to its extended supersymmetry has the interesting property

that one function H(Z) determined the geometry of a chiral N = 1 multiplet and

simultaneously determined the nonminimal coupling of a N = 1 vector multiplet

(the Q - functions, see ref. [8 ] , p. 514). This situation is also found is

supergravity when studied by use of the on-shell Bianchi identities. It has been

shown for N = A supergravity that [18 ] the entire theory, both gauged and un-

gauged versions, are determined by two functions U(Z,Z) and f(Z). In particular,

the Q-functions of the theory were totally determined by the holomorphic function

f(Z). This same function determined the geometry of the manifold of spin-zero

fields. The example in (4.9) clearly shows how this can occur starting from an

off-shell theory.

In the future we will return to some the questions raised in this work.

One problem which immediately suggests itself is the construction of Kahlerian

N = 4 models in terms of component fields. Since we do not have an off-shell

formulation to begin with, different superspace techniques from those used in

section four must be imployed. But there are no essential difficulties in

carrying such a construction. Finally it is known that the scalar manifold for

N = 8 supergravity [20 ] is nontrivial and this suggests that further versions

of the theory may exist by using Killing vectors as in the d • 2 models.
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APPENDIX A: CONVENTIONS

The conventions for the d - 2 spinor algebra are
= i t 9* = 6' ,

C.,, H e r 1
 } .t T

L , T J 0 0 = - T-ji,. = + 1

V*. -

For the d = 2, N = 2 case in the real representation

(A.5)

Underlined latin letters represent vector indices; greek letters represent spinor

indices; tilde latin letters represent indices in the manifold of the a-model;

and ordinary latin letters represent isospin indices.

However, all vector indices are always contracted with (T - ) so

that no explicit vector indices appear. For example, the spacetime derivative is

written as

l ) . f 3 , (A.2)

D * = 3 \ •*- i r L 9 / 3-p ,

and in the d = 2, N = 2 complex representation (e ^ 3 ) by

te'3«, , ^- = 3. +-id'3.. .

Thus,»11 Fieri identities reduce to symmetrization and antisymmetrization of

spinor indices. For two arbitrary spinors v and x we have,
a a

Since we utilize superspace conjugation, we have for an arbitrary complex spinor

X or real spinor 1>

= -it

Our

a

(A.3)

for ccotracting, raising, and lowering spinor indices always follows

- southeaef rule. Thus

ir" = x , = (A.4)

ab
For spinor indices the antisymmetric symbol e and c were introduced with

oi a b

• the convention t = e = +1.

The explicit forms of the 0 and D operator are given in the d = 2,

N = 1 case by

Some basic identities for the d = 2, N = 1 D-operators are

£, i . - i ( 3 ., + Cr')«# E ) + Cp. 5 '

while for the complex d = 2, N = 2 D-operators satisfy
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APPENDIX B: THE d = 4, N = 2 VECTOR MULTIPLET

In this appendix we review the N = 2 vector multiplet from the geometrical

viewpoint as a superspace Yang-Mills gauge theory. As in all such theories, we

introduce connection r which covariantize a set of derivatives D = (D ,D ,a )
A A ci a a_

to form a supercovariant derivative

- DA
(B.I)

>' ( i B«, + i(rs)ipi + C«, 2') .

(A.10}
a •**• 0

Finally we use the symbol ^ 3 ai> to denote

where r is regarded as a Lie algebra valued operator for some compact Lie group.
A

Field strengths F are defined by graded commutation

[ VA,V6> = T A . ' V C + i F AB . (B.2)

(Here T" is the torsion for global superspace). Constraints are imposed so that

(A.11)

Our conventions for d = 4 superspace are given in reference [8 ) .

C v i (v £} = c^

> } = i &1 V.t

(B.3)

(B,4)

A complete solution to the superspace Bianchi identities is given in terns of
b

three supertensors; F , , W , P . This solution is given by
ab o a

(B.5)

(B.6)

V = O ,

V = Wt

(B.7)

(B.8)

(B.9)

(B.10)

- 23 - - 24 -



APPENDIX C: THE d = 2, N - 2 VECTOR MULTIPLE!

<c Here we state without proof the complete solution to the d - 2,

" " = " k̂"l *. I i V«iW + C ' I W t » ; W j ) , (B.U) ^ = 2 vector multiplet Bianchi identities. This solution has been used in

a b -b obtaining the component formulation in (4.12 - 14.).
where p a =

 p
a "

 p
a = °- The component fields are obtained as the e - 0 values of

the three supertensors; (a.) the field strength (F ), (b.) the SU(2) doublet

of Weyl spinors (vj, and (c.) the hernitian SU(27 triplet of spin-zero auxiliary

fields (Pa ). The contrainta (B.3 - 4) on the superconnections ?A have only been ^ ^ - , Vp } = O , lC-l)

solved [21] in the cases of the Abelian or linear non-Abelian theories _

iV.,V ?}= K i V , f +C, f5 + ( r % P ) , (c.2)

[ V, f,Vj= [C,«.CF,, + CT
s).f(r

s),,]?', (c.3)

C V^,V TJ = l c r u c f l > + ( r % ( r
s ) , J V t , <c.4)

This last equation implies that H is given by

M = i(r s)' f [ V . r , V , r ] , ,c.6)

which is just the spinor equivalent of £ — [ 7 , ' b 1 •
 I n addition to the solution

expressed as in eq. (C.1-C.5), we also find

V«S » - i V . , V* P = ifr5),,^' , (c.7)

'JM C 3L M - [P,SJ ) , {c.9)

V aM = -k

- 25 -



5 - S = P-P = D - D = M - M = 0 . (C.12)

It is easy to show that the constraints of (C.I & C.2) on the connection super-

fields r can be solved in terms of a real scalar potential V analogous to the

d = 4, N = 1 case.

The component field content is obtained by simply evaluating the

supertensors S,P,W ,M, and r at 9 = 0. The two spin zero components S and P
8 a

give the propagating boson degrees of freedom and \ - V | gives a d = 2 complex
6 $

fermion degree. The quantity D | is an auxiliary scalar as is the d = 2 gauge

vector v^ = r |. In d = 2, a vector multiplet is just a variant scalar multiplet

[22].
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