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ABSTRACT

For a particle moving in a dynamically disordered continuum it is found that

the exact quantum mechanical mean squared displacement ^x (tj^i-t , for t * • . The

result differs qualitatively from the diffusive behaviour well known for the one-

band lattice Hamilton!an, and 1 B understandable in terms of momentum.cut-off in-

herent in the lattice. Finally treatment for incorporating the friction in a quantum

transport is given.

Quantum Diffusion in a randomly fluctuating medium is currently being stu-

died by many authors [ 1-3 1 . The motivation being essentially the recent interest

in the problem of charge and energy transport in molecular solids, and also the

diffusion of light atoms adsorbed on solid surfaces. The theoretical treatments are

based on the lattice Hamiltonian, in tight-binding one-band approximation

V \ (D

where t 's and V 's are the site-diagonal and off-diagonal matrix elements, rfispect-

ively - and |i^is the non-degenerate Wannier orbital associated with the slte.i. The

dynamical disorder is introduced by treating the potentials,!.e., site-diagonal and

off-diagonal matrix elements as C-number variables, evolving stochastically in tine.

This time dependence is known to arise from the random modulation of the crystal

potential by the incoherent lattice vibrations of thermal origin. It must bo empha-

sized h«re that in all the treatments, this time dependence is taken to be parametric

in that the potential is supposed to introduce no additional dynamical degrees of

freedom in the problem. The problem on a lattice has been solved exactly by several

workers [ 1,2 ] , for a Gaussian choice of randomness having a white noise spectrum.

In all cases one obtains a classical diffusive behaviour, in that the mean aquareti
n

x (displacement (m.s.d.) ~ t for t - This result is surprising when analyzed

more carefully. Indeed our exact result (4] reveals for a corresponding continuum

problem we have {x (tj£*~t asymptotically.

In order to appreciate this point fully let us consider a related problem

of classical diffusion i.e. Lengevin equation in a one dimensional continuum

m d x Y dx + f(t), (21
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where if is the friction coefficient and f(t) ie the random force assumed to be

(Gaussian delta correlated. This equation gives a m.s.d. ~ 2Dt, for t * « ,

(-Y— ) from eqn. (2) we can readily show thatdt ( t ^ - t " , for t * », implying a

non-diffusive motion. Here in the absence of the dissipation particle continues to

absorb energy from the fluctuating force and accelerates indefinitely. The quantum

mechanical treatment based on the Hemiltonian H in eqn. (1) corresponds precisely

to this non-diasipative classical system and yet the m.s.d. calculated from eqn. {1)

shows a diffusive behaviour. In the following we will show first that the exactly

solvable continuum analogue of eqn. (l) reproduces non-diffusive behaviour. We then

argue that the diffusive behaviour obtained by other workers is due entirely to the

nature of one-band lattice Hamiltonian, Finally we will deal with the problem of

incorporating dissipation quantum mechanically.

The quantum evolution of a particle is given by the time-dependent

SchrSdinger equation

2m (3)

where VU,t) is the stochastic potential assumed to be gaunsian with the space time

correlation

<V(x,t) >= V S(t-t') g(x-x') (4)

The physical quantities of interest can be conveniently expressed iti terms of re-

duced density matrix ^p(x',x,t)^ = ̂ i»(x',t) * (x,t)^ ,, where angular brackets

denotes the average over stochastic potential. Clearly o(x',x,t) is a functional of

Gaussian random variable V(x,t) and hence the Novikov theorem [5 ] applies. Following

essentially the earlier treatment (l,2,]we get the equation of motion

1 r < 4 -—, ><»<x.,x,t>>
% X

2

- —f" [ g(O)-g(x-x<) ] <p(x',x,t)>
- J l

(5)

This equation has to be solved subject to the initial condition that the particle

was prepared initially in a wave packet centered at thf origin, x = 0. We shall

take for convenience to be gaussian with spatial ipreari o . The eqn. (5> can be

solved by first taking time LapJare r.ransfoi-n urm <->w ntroducing in a resulting
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hyperbolic equation two independent variables X - x + x', Y -- x - x1 . We get

defining the diffusion constant D = ( k l / i ) . If, however, we omit the d i s s i p a t i v e term H^
. dx B - . — -T

m SX 3 Y
(X..Y.S) + (s • — 2 " g(0)- -0 (y))fl(x.Y,s) * R(x,Y.t.--O), { 6 )

s i s a Laplace transform var iab le and (i( X,Y,t) ^ 0 ( x ' , x , t ) . The ns.s.d. can he

expressed as

2
x 2 ( t ) ^ = tx2 p ( x . x . O d x - - - g - — - R(K,Y=O,t)

K =. 0 (7)

Here an overbar denotes the npatial fourier transform with variable K and tilde

denotes the time Laplace transform. Taking a fourier transform of oqn. (6) and assuming

the function g to be Gaussian with a width a one readily gets [ 4] for the m.s.d.

using relation in eqn. (7)

2 -n J- i ' o t 3
° ' ~ ^ t + 3 / 2 . 2 3 t

4 m a m a
(8)

This is an exact result. It shows that particle motion is non-diffusive on any time

scale. This contradicts results based on H . The point is that t h e one-bana lattice

Hamiltonian has a momentum cut-off inherent in it. The lattice acts as an infinite

momentum sink and prevents indefinite acceleration. As the particle quasimomentum

increases towards the limiting value, the group velocity decreases and reverses sign

(Bragg reflection or Umklapp process). Since it is the group velocity that leads to the

physical displacement the above results are understandable. In the case of continuum due

to the absence of Bragg reflection one obtains a non-diffusive behaviour. Even in

the' case of classical Langevin equation without dissipation if one defines physical

velocity V to be modulo some limiting velocity v so as to simulate Bragg reflection,

one indeed obtains a diffusive behaviour [4] .

For a quantum particle in a real fluctuating medium we do expect a dif-

fusive behaviour. Here the effect of the interaction of the test particle with the

dynamical degrees of freedom of the background fluctuating potential cannot be re-

presented entirely by stochastic potential V(x,t) having parametric time dependence.

We must necessarily incorporate the analog of dissipation as well. One way to go about

this problem [ 6] is to write down the quantum mechanical Hamiltonian methods [Tl.

enological classical Langevin equation using frictional Hamiltonian methods [ 7 ! .

Dissipative Lagrangian L associated with eqn.(2) can be constructed! 8] , one has



- vt
(9)

Defining the canonical momentum p = 3L /3JC° = e m(dx/dt), one gets the associated

Hamiltonian H = x(dp/dt) - L . We can canonically quantize this Hamiltonian H . We
D D D

get the quantum mechanical dissipative Hamiltonian

-2 2
-Tt

Jx

- eTV<t)x (10)

With this Hamiltonian using essentially the same procedure as in the friction free

case one obtains readily m.a.d. of a particle to be (x (tp~ (2k T/nty )t for t*»

This is a diffusive behaviour as one expected. The frictional Hamiltonian can also

be written in the tight binding one-band representation so as to deal with the

problem of transport in solids [ 6 ] .

In such a frictional Hamiltonian treatments one notices that commutator of

a mechanical momentum with the position of a particle vanishes asymptotically

(t » »(. This sheds doubts • >n using surh a frictional Hamiltonian methods. We

suspect thai resolution of this i»i. •. its in the, fact that the stochastic

process associated with the driving white noise term requires a proper treatment of

the class of wave functions admissible as wave functions.
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