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Abrtract: 

In this paper v.e present results frorc. an analysis of low- and 
tedium-energetic KK - scattering data with a separable energy-
dependent potential cod el. The S - waves of" the KK - system 
are treated ae an inelastic single - channel probier, ana e 
fore of the potential is used, which is well suited to describe 
resonant scattering. 
In this model we calculate Coulomb and mass difference correc
tions to scattering data and the strong interaction effect in 
the ground stete of kaonlc hydrogen. It is argued, that the 
discrepancy between experimental bound state data and scat
tering lengths cannot be solved by Coulomb corrections. 
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I. Introduction 

In a recent paper (Thaler 1983) we have presented an approximate 
formula for the strong interaction effect in the ground stste of 
hsdrcnic store, which is well suited for kaonic etocs. Although 
in this relation the pure hadronic scattering: length A. iE used, 
it also includes effects from the Coulocb - nuclear interference. 
Applied to kaonic hydrogen, wc found in disagreement to Deloff 
and law (1979), that the well-kno.n discrepancy between scat
tering lengths and energy shifts for the K*"p - system (see e.g. 
Violini 1982) can not be explained by an anomalous Coulomb cor
rection to the scattering length. 
To describe these corrections in more detail, we have decided 
to construct an energy-dependent, separable potential model for 
the hadrosic KN - interaction» This model, which is explained in 
Chapter II, allows an exact calculation of Coulomb and mass 
difference corrections to hadronic data. The results for scat
tering data are given in Chapter III, while in Chapter IV we 
give a detailed discussion of kaonic hydrogen results. It should 
also be noticed, that a separable potential model is very ade
quate for the low-energetic TÖJ - system, where the A(1405) -
resonance appears as a virtual bound state only 27 KeV below the 
K~p - threshold. This resonance is an almost pure isospin 1 = 0 
stete, because no decays into e TTA - state, which would indicate 
a I = 1 contribution, have been observed. The A(1405) is attri
buted to the S 0 1 - wave, but an experiment of Dionisi et 8l. (19SC) 
might be interpreted in terms of e I - resonance in the S -
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wave, which appears 32 KeV above the K""p - threshold (Violini 
1982). 
Although some very simple separable potential models have been 
constructed for the lew-energetic ILK - system (Henley et al. 1980, 
Schick end Gibson 1973), they have not been used to calculate 
isccpin-breekinr- effects for scattering data. The model of Henley 
et el. (1930) was applied to the construction of K"" - nucleus 
optical potentisls end Barrett (1932) used it to calculate the 
hadronic energy shift in the atonic K"p - ground state. The latter 
application W8S, however, on the basiB of e Quasi - Coulomb 
approximation, which approximates the Coulomb potential by a 
separable Yamaguchi potential of rank one (Barrett 1982). In our 
investigations we found this method rather inaccurate* A compari
son of this approximation with exact results is also given in 
Chapter IV. 
While the above mentioned potential models were fitted to low-
energetic scattering dats and to the hadronic scattering lengths 
of Kartin (1976). we have included also medium-energetic data 
into our fit. It Beems to us that the inclusion of these data 
implies some important restrictions on the fit, Vve have used our 
results further to discuss some approximation, which have been 
used in the analysis of ICK - det8, like the zero - range appro
ximation (Dalitz et el. 1967). An open question is also the 
nature of the A(1405) - resonance (Rejasekeran 1972, Dobson et 
al. 1972). 
Before going into details, we want to characterise briefly the 
structure of the UK - system in the relevant energy region. 
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For low energies, below about 50 EeV, the scattering dsta are 
very isotropic end only S - waves are important. The energy range, 
where the kinetic energ}' in the center-of-mass Eystem (CMS) varies 
between 5C end 200 KeV, will be called the medius.—energy region. 
In this ren̂ fc end also for higher energies, the scattering deta 
heve been partial-wave analysed by various groups (e.g. Gopal et al. 
1977,Alston-Gam3ost et al. 197B). It is therefore possible to 
construct 8 Ts - potential model only for the S - waves and to 
ignore higher partiel-w8ves completely. 
In contrast to the uK - system, the strong ÜB - interaction is 
inelastic already at the threshold and the pure hadronic scat
tering lengths have an imaginary part, which describes absorp
tion into the irZ - and the irA — channel. As the lstter system is 
e pure isovector state, this channel plays a role only for the 
**11 "" V 8 V C # tfh^e the S Q 1 - wave forms a two-channel problem, 
the S ^ - wave has three channels. 
As a consequence, kaon absorption in exotic atoms takes place 
mainly on single nucleons, while pion absorption needs at least 
two nucleons and is 8 rather complicated few-body problem. In 
this respect the UN - system is simpler and one can hope that 
the results concerning absorption are unique. 
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II. TTK - potentials 

As the basis for our calculations we use the non-relativistic 
lippaann-Schvinger (IS) equation. Because of the rather greet 
keon mass the relstivietic correction to kineoEticsl variables 
is smell in the considered energy range. For instance, at 8 given 
energy, the relativistic correction to the CMS - momentum is less 
th8n 5 £t end this Inaccuracy can be ignored in view of the 
accuracy of experimental KK - data. 
To simplify the calculations, we use a separable potential model. 
This could be a good approximation especially for the EN -

interaction, which shows a rich resonance spectrun in all partial-
waves* Therefore we use a potential - ansatz, which can describe 
resonance scattering and has the form 

for both S - waves with 1=0 and 1=1. K. and X« are complex. K_ 
real constant parameters. The form factors in formula (1) are 
simple Yarnsguchi terms 

<Pl gj > M P 2 + (Bj) 2)" 1 , 3 = 1,2 <1») 

V is the CHS energy, which is nonrelstivistically given by 

2 
W • m^. + m •¥ k /2y 

k denotes the (on-shell) CMS - momentum, while p stands for a 
general off-shell monentun. The nonrelstivistic relation bet-



ween the CKS - momentum end the laboratory momentum p, is 

and v is the reduced mesa of the system. 
It should be noticed, that the CKS - energy V,r is equal in the 
coupled E~p - and T°n - channel, even after inclusion of the 
koon and nucleon rcass differences. Formula (1) guarantees then, 
that the potential itself is not affected by the mass differen
ces. 
Both partial-waves are treated ss an effective single - channel 
problec. The coupled irr - and irA - channels are not explicitly 
taken into account, but they are implicitly Included in the com
plex potentials. As we are mainly interested in the KZ - system, 
this is cot en essential restriction, because for a Bingle chan
nel each multi-channel problem can be reduced to a single-channel 
problem with as effective potential (Feshbach 1958» Badalyan et 
el. 1932). Thia relation we want to illustrate briefly for 8 
two - channel formalism. Given 8 real symmetric potential matrix 
with elements V,. (i,J=1,2) and the free Green*a - operators 
G 0 , 9 the corresponding matrix LS - equation reduces to 

f11 * Veff + Veff Go,1 T11 (2) 

with 'eff V11 + V12 G 2 V21 
Gg is the total Green's - operator of channel 2 

G2 * Go,2 • Go,2 V22 h 

By thiß reduction information is lost about the coupled channelr,, 



but channel 1 is completely described. An analogous procedure 
is possible also for more then two coupled channels. 
V -- has two important properties, that are connected with the 
multiple scattering contribution Vf2 G 2 V21 * Firstly it is a 
complex potential, due to absorption into channel 2, and secondly, 
Veff i s i n cenerel energy - dependent. Even more, it has poles 
in the complex energy plane, which are caused only by the inter
action in channel 2. Both properties are reflected in our 
potential ansatz. 
The energy dependence in equ. (1) is also very similar to that 
of the isobar model, which is commonly used to describe resonant 
scattering systems, for instance the A - resonance in the P,, -
wave of the *N - system (Woloshyn et al. 1976» Schwarz et al. 1979). 
However, the isobar model is a relativistic nadel,that is based 
on the analysis of Peynmen graphs. It predicts a coupling para
meter of the energy - dependent form 

A ( B ) « X 0 / (s - M 2 ) 

where »€" is the relativistic CMS - energy. H is generally inter
preted as the bare mass of the resonance, which is different from 
its physical mass. Because of this similarity, our model could 
also be regarded as a nonrelativistic version of the isobar model. 
The Isobar model, as well as our ansatz, is understood as an 
approximation, because some principal theoretical requirements 
of an axiomatic scattering theory, like the orthogonality of 
elgenstates, are not fulfilled (Garcilszo et al. 1982)« However, 
the model gives a good approximation to resonance - dominated 
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internctions (Badalyan et al. 1982). 
The free psrereters in our model were determined by a fit to 
scattering data in the low - and medium - energetic region and 
to the A(1405) - parameters, which were defined by the position 
of e pole in the T - operator. The cediun - energetic data were 
taken frcrr the nulti - channel analysis of RLIC 77 (Gopal et 
el. 1977) for CMS - energies v between 1480 and 1640 KeV. In 
this energy region both Coulcrr.b and mass difference corrections 
are expected to be negligible, so that the S Q 1 - end the S ^ -
wave 8re uncoupled and can be treated separately. The neglection 
of these corrections is justified by the observation, that even 
for the A(1405) no iaospin coupling appears and is ad hoc con
firmed by the results of our analysis. 
For low energies, for which total cross - sections are given 
experimentally both for elastic (iL~p-> K~p) and charge exchange 
scattering (K"*p -+ E°n) by various groups (Sakitt et al. 1965, 
Kin 1966, Nowak et al. 1978), Coulomb and mass difference cor
rections can become rather great and have to be taken into 
account. The analysis of these data is, however, facilitated by 
the fact, that they contain almost no contributions from higher 
partial-waves. 
Besides, we have also tried, to reproduce the hadronic scat
tering lengths of Kartin (1976, 1981). While this was possible 
for the S 0 1 - wsve, no good fit was obtained for the S ^ - wave. 
We will discuss this problem in more detail below« 
The parameter set, which corresponds to our best fit, is given 
in Table 1, 
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Tfble 1 
Psreireters of UN - potentials 

s 0 1 (1=0) s l n ( i = D 

X ] I f JT'J J 3.1216+0.5331 1.5122-0.051 

t ] I fm" 1 ] 2.047 1.595 

Kf [ f*~ 1 ) 7.6235 8.6605 
I —2 X J [ fffi C] 1.1288-0.5571 -85.532-309.661 

t 2 f f m " 1 1 0.692 9.792 

To illustrate the quality of this fit» the figures 1 (a) and (b) 
ahow the pure hadronic phase-shifts and inelasticities for the 
SQ* - and the S-- - wave. The results can be calculated analyti
cally for our potentials by standard methods (e.g. Thaler and 
Zingl 1982), which will not be discussed here again. The phase-
shifts 6 t(k) and the inelasticities n,(k) are defined by the 
paremetrisation 

SjtOO * n t(k) exp(2ifiJl(k)) (3) 

of the S - matrix element. I denotes the orbital angular momentum. 
This paremetri88tion is most adequate in our esse, because we 
treat the system in terms of inelastic uncoupled KN - partial -
waves. 
Pure hadronic (isospin-invariant) data are calculated by using 
the K'p - masses elso for the f°n - system. This convention has 
some practical reasons, firstly because meinly the F."p - system 
i£ used in scattering experiments end secondly because of the 
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forcation of keonic hydrogen. This convention is also commonly 
used in the literature, for instance to define pure hadronic 
scattering lengths (Martin 1981), 
In the figures 1 (a),(b) the theoretical data are compared also 
with experimental data of Gopal et el, (1977), Very similar 
results, especially for the S.., - vere, ere G i v e n by an inde
pendent partial - wave analysis of Alston-Gamjost et el, (197&). 
Also these results are presented in the figures, because their 
rather good agreement may give an indication of their quality. 
Finally, for comparison we show also theoretical scattering deta, 
that v/e calculated from the separable potential model of Henley 
et el, (1980), These authors gave three sets of parameters, from 
which we considered only set B and C, These two parameter sets 

c 

differ only by the S ^ - parameters, while for the SQ<. - wave a 
fixed potential is used. From figure 1 (b) one can see, that 
both sets of Henley et al. (1980) give the same results at low 
energies, while they differ very much for tedium energies. Only 
set B, with a range parameter ß * 4 fm , agrees with experi
mental data. 
In the model of Henley et al. (1980) the S^ 1 - wave is described 
by an energy - independent Yamaguchi potential of rank one with 
a complex strength parameter, because this partial - wave is of 
minor importance for low energies. A more differenciated model 
is used for the S 0 1 - wave, where the A(1405) - resonance leads 
to en interesting structure. In this case a coupled EN - ni -
formalism is applied, with a real renk-one Yamaguchi potential 
for each mstrix element. All matrix elements have the same range 



10 

parameter B - 5.56 fo~ , what is suggested by the exchange of 
vector mesons (Alberg et el. 1976). From equ. (2) we can derive, 
that this model is equivalent to an energy - dependent Yama-
guchi potential of rank one for a single channel. 
An important problem in this model is the question, how the 
Tri - systeir is treated. Even at the E*~p - threshold the rl -
energy is sbout 100 KeV snd this system is therefore highly 
reletivistic. In fact, these authors calculated the reduced 
mass and the CI'.S - momentum of the tl - system relativistically, 
but for simplicity they take the nonrelativistic form of the 
Green* s function for the IT I - system. 
Only the potential strengths are free parameters in the model of 
Henley et el. (1980) and these were found by a fit to low - ener-

e 

getic cross - sections and to the scattering lengths of 
Kartin (1976). Medium - energetic d its sre not included in these 
fits. 
In the following we want to discuss some further properties of 
our model. First we wsnt to consider the S Q 1 - wave. 

A) S 0 1 - wave: 

Apart from scattering data in our fit wss included the con
dition, that the T - operator for the S Q 1 - wave has a pole 
at the position k R * (-0.23-0.711) fm"1 in the complex CMS -
momentum plane, that describes an inelastic virtual bound 
state (Badalyan et el. 1982). This pole position corresponds 
to a resonance energy of 

V. = ( 1405 4 20i ) KeV 
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and gives the mass and width of the A(1405) - resonance. 
It should be noticed, that the A(1405) is generally not de
scribed as a virtual state, but as an unstable bound state. 
In this case the imaginary part of k R is positive and that of 
K R is negative (Martin 1981, Barrett 1982). An argument for 
such a description comes from the zero-range approximation, 
which is discussed in detail below. 
Because of these arguments, we have tried also, to include the 
A(1405) as an unstable bound state. This approach was, however, 
not successful, as all fits on this basis led to unrealistic 
values for the SQ, - scattering length. On the other side, when 
the scattering length of Martin (1981), A 0 » (-1.70+0.68i)fo, 
was reproduced, the resonance parameters could not be obtained. 
A similar situation is observed from the potential of Henley et 
al. (1980). It gives the scattering length of Martin and de
scribes the A(1405) as a bound state, but the resonance energy 
ie W R m ( 1421 - 241 )MeV, The difference seems small at the 
first view, but related to the X~p - threshold at 1432 MeV the 
error Is about 50 } (Bsrrett 1982). 
The sero-range approximation has already long ago been used to 
discuss the EN - system, especially for the S Q 1 - wave (Dalitz 
and Tuan 1960)» It is an approximation, which neglects the 
higher order terms in the effective range expansion and where 
the S - matrix element is parametrised by the scattering length 
only. Per the SQ* - wave it has the form 

1 4 ikA. 
So<*> • rTTExf <*> 
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with A beine the constant scattering length. 
The S - matrix element and the T - operator 86 well have then 
a pole, which is given by xhe equation 

1 - i k RA 0 - 0 (5) 

When for the scattering length A the value given by Kartin (1981) 
iB used, equ. (5) leade to a resonance energy V.'= (1419-12i)l.eY. 
Again, this pole lies much nearer to the K~p - threshold than 
27 KeV, and this difference can have a great effect on the 
threshold behaviour of the S Q 1 - scattering amplitude. Conversely, 
with the zero-range approximation it is not possible to de
scribe the correct A(1405) - mass with a reasonable scattering 
length. This approximation indicates at least the existence of 
a S 0 1 - resonance in the neighbourhood of the K~p - threshold, 
but should not be taken too serious for the analysis of scat
tering data. This conclusion was also found by Martin (1981), 
who demonstrated it by showing energy - dependent "scattering 
lengths Aj(k)" for both partial-waves, which are defined by 
equ. (4) to give the exact S - matrix element. In the zero -
range approximation A,(k) is constant. In Figure 2 we show Aj(k) 
for both partial-weves for CKS - energies from 1420 to 1530 KeV. 
The resulting curves can be compared with those of Kartin (1981). 
They ere very similar for the SQ.. - wave, where both the real 
and the imaginary part varies strongly with the energy. This 
behaviour is also in agreement with the medium - energetic 
results of Gopal et al. (1977) and of Alston-Gam;)ost et al.(1978). 
At the threshold we obtain the scattering length 



which agrees well with experimental values. 
A yet unsolved problem is that of the nature of the A(1405) -
resonance. Originally it was supposed to be a UK - bound state 
(Dalitz et B1, 1967), as it came out from the application of a 
culti-channel I - matrix formalism (Dalitz and Tuan 1960). In 
this interpretation the low - energetic Kl'< - interaction was 
found to be strongly dominated by the resonance, implying a 
strong coupling of the A(1405) to the KIT - system. 
An alternative interpretation of the A(1405) as en elementary 
particle, which eventually is a bound state of quarks, was 
challenged by Cline, laumann and Happ (1971), to explain experi
mental data from K'd processes. An important property of this 
model is that the resonance can be coupled only weakly to the 
KK - system and thst it does not dominate the interaction in the 
ILK - system. 
A conclusive test, wether a pole in the T - operator corresponds 
to a composite or an elementary particle, was proposed by 
R8jasek8rah (1972) snd applied to the A(1405). This test is based 
on the existence of a K - mstrix pole and is not applicable for 
our model. 
Instead, we have calculated the residue of the S - matrix element 
at the above pole position and determined the contribution of 
the pure pole term. The result is, that the residue is very 
small and that the pole term has a negligible contribution to 
the scattering length and to low-energetic scattering data. This 
feature of our model agrees with the results of Cline et al.(1S7l) 
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core than with the bound state interpretation of the A(1405). 
A BE.a 11 residue et the pole energy corresponds to a email coup
ling constant. 
As our potentials are separable of rank two in each partial-
wave, there exist two independent poles of the T - operator. 
Apart from the already discussed pole at 1405 KeV a second pole 
is found at the position 

V R = ( 1712 - 3161 ) MeV 

Although this pole is rBther distant from the real energy axis 
and corresponds thus to a very broad resonance, various different 
partial-wave analyses (Bricman et al. 1970, Martin et el. 1977, 
Gopal et al, 1977» Alston-Garnjost et al« 1978) have indeed 
found a resonance with similar parameters in the S 0 1 - wave. 
This resonance, which is denoted as A(1600), is attributed a 
mass between 1700 and 1850 MeV end a width between 200 and 
500 KeV, It is compelling to identify the above pole with this 
resonance. The feet, that our model creates just a physically 
reasonable pole is surprising, because this pole lies rather 
far above the energy region, which were considered in our fits. 
Although a nonrel8tivi8tic model is not correct at such a high 
energy, it may confirm that our approach is useful to describe 
the iLN - system. 
A further S Q 1 - resonence, the A(1670) with a width of about 
40 KeV has also been observed experimentally in this energy 
region. This resonance is not included in our model and a 
sioultanouE description of all these resonances would require 
a potential of rsnk three st le&st. As we are not interested in 
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a discussion of the high - energetic KK - aystem, such an ex
tension of our nodel 1B not necessary for our purpose. As we 
will see below, a similar situation appears for the S 1 1 - wave. 

B) S...J - wave: 

Although there exists no established I - resonance near the 
threshold in the S.., - wave, e recent experiment has found an 
enhancement of the K"*n - mass spectrum at 1.46 GeV in the reaction 
*~p -> K"E°T +XX (Dionisi et al. 19B0), which was interpreted by 
Violini (1981) as a I - resonance with a mass K- =(1464 1 8)UeV 
and a width r R = (44 ± 24) KeV. Violini studied the effect of 
this resonance on the S..,. - scattering length and found that it 
makes the Interaction in this partial - wave more attractive. 
Ve have therefore fitted also the S.. - wave with a potential 
of the form (1), however without the condition to reproduce a 
fixed pole position. In this respect we were also interested to 
see, wether a fit to the data supports a low - energetic resonance. 
Our experience was that 8 resonance with the above parameters 
Is not favoured, but our fit leada to an inelastic virtual state 
8t the complex energy 

W R = ( 1425 + 13i ) MeV 

which appears even closer at the threshold than the A(1405) -
resonance. The effect of the corresponding pole term on the 
scattering length is discussed below. 
Figure 1 (b) shows the phase-shifts end inelasticities for our 
S+, - potential, whose parameters ere given in Table 1, end 
compares the- resultr. with experimental date and with the resultr 
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from the model of Henley et el. (1980). Apart fron Set C of 
Kenley et el.,the results are in good agreement in the nediuc -
energy region. At low energies the results are different, because 
our potential does not fit to the scattering length of 
Kartin (1976), A 1 -- (0.35+0.54i)fri. In fact, it was not possible, 
to obtain a fit to this scattering length, which described the 
experirental scattering data satisfactory. The scattering length 
fron our potential is 

A 1 * ( 0.93 + 1.151 ) fm 

This value is about a factor two greater than the results of 
Kartin (1976,1981). Also otner scattering analyses obtained 
a smaller value, especially for the resl part of A.. (Kim 1965, 
Kittel et al. 1966). However, it has to be noticed, that none 
of these analyses includes a resonant state near the threshold. 
Violinl (1981) has pointed out that the inclusion of such a 
resonance causes a correction term, which enlarges both the 
real and the imaginary part of A*. To teBt, wether the nearby 
pole leads to this effect, we have again calculated the residue 
of this pole and determined the contribution of the pure pole 
term to the scattering length. In this case the residue is much 
greater than in the S 0 1 - wave, what indiestes 8 much stronger 
influence of the pole term on the scattering data, For the 
scattering length, the pole contribution is 

A ^ o l e = ( 0.5 + 0.95i ) fm 

If this pole tern it subtracted from the shove value, there 
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regains a non-pole contribution, which is in much better agree
ment with the scattering length of Kertin (1976, 1981). 
This strong influence of the pole tern can aleo be eeen fron 
the energy - dependent "scattering lengths" in Figure 2. This 
curves for the S ^ - wave ere far fröre being constant, so thet 
the zero-range approximation ic not applicable. Also this result 
is different from that of Kartin (1981), v/ho found a very snooth 
behaviour of A.j(k). 
Figure 1 (b) shows an increasing of the phase-shifts above 
400 KeV/c. Indeed, they pass through 90° at k = 440 KeV/c, what 
indicates the eppearance of a resonance. Sinultancusly, a pole 
appears in the T - operator at the position 

V R = ( 1742 - 43i ) KeV 

Again thiB pole can be identified with a well - established 
resonance, namely the 1(1750) - resonance, which has a mass 
between 1730 and 1820 HeV, a width between 50 and 160 KeV and 
which iB attributed to the S ^ - wave (Gopal et al. 1977, Alston-
Garnjost et al, 1978). The fact, that our model describes this 
resonance, is again surprising, because it is not directly 
visible from the fitted scattering data. It should be noticed 
also, thet the model of Henley et al. (1980) does not show this 
behaviour. The same appeared also for all fits in our model, 
which reproduced the scattering length of l.artin (1981). 
This increasing behaviour of the phase-shifts is also supported 
by the experimental data. On the other side, the threshold be-
heviour seecs to be less known in the S,, - wave thgn in the 
Sr,- - wsve. 
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III, Coulor/b and mass difference corrections 

The Coulomb potential and the differences between the K~p -
end the !T0n - mass break the isospin symrietry of the hadronic 
interaction end lead to a coupling of partial-waves with dif
ferent iBospin. In this case we have to apply a coupled channel 
formalism and calculations are preferably performed in the 
charge basis, which consists of the states |X""p> and |E°n> , 
because the Coulomb potential matrix and mass matrices are dia
gonal in this basis. As these states consist of isoscalar and 
isovector contributions, the transformation between the charge 
and the isoapin bssis, in which the hadronic potential diagona-
lisea, la performed by the orthogonal matrix 

• * ( : : ) . • 

«T1 (6) 

With the notation 

11. 

« * 2 ; S - ( | g } > , gj>>, |g°>, |g°>) (7) 

the hadronic potential matrix can be written as 

VB - g / g (8) 

where /> is a block matrix, which contains the potential strengths. 
(By a double line we will generally indicate two-channel matrix 
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operators). The indices of the form factors in formula (7) are 
explained by equ. (1), To simplify the notation, we define 

A* = X* / (K-Kj); A* = X* 

t.'ith these peraneters, the matrix /\ has a very sicple dia^onel 
forr in the isospin "basis. Each catrix element A;?° (1,1'= 1,0) 
ie itself a 4x4 - netrix. The index Iso neans that the corres-
pcndinc quantity is given in the isospin basis, while the index 
Ch will stand for the charge basis. 
As the pure hadronic interaction does not couple states with 
different isospin, the sub-matrices A4 0° 8 n d Aoi° 8 r e e x a c" t^ v 

zero. The diagonal matrix elements are given by 
*] 0 0 0 /0 0 0 

A I B O f o x j o o 8 0 i o o o o 
A H 8 I 0 0 0 0

 A 00 - I 0 0 X 0 0 I (9) 

,0 0 0 0 / \ 0 0 0 A° 

In the charge basis , A i s then given by 

< iA C h « © A 1 8 0 «T1 (10) 

The Coulomb potential is represented by the matrix 

<* • (?:) (11) 

with VQ(T) = - o / r; a is the fine structure constant 
In the charge basis the two-ch8nnel indicec ere i,k= |K"p>, \T°n 

Because of the mess differences, also the reduced end the 
total mass have to be described by two-chennti matrices., which 
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are diagonal in the charge basis. 

23.5 KeV/c2 

2 (12) 

\0 K 0/ 

v. = 323.5 KeV/c2 

v 0 = 325.3 KeV/c 

K. = 1432 KeV/c 

K 0 = 1437.5 MeV/c 
2 

(12') 

Because of energy conservation, which in the nonrelativistic 

esse reads es 

H» + k£/2y_ = Ho + a|/2vo (13) 

also the CHS - momentum is different in both channels end is 

represented by 

fri) k C h = I ) (14) 

With these quantities, Coulomb-modified T - operators and 

mass difference corrections can be calculated. Details of the 

formalism are already given by Thaler and Zingl (1982), where 

it is applied to the irN - system, snd are therefore not repeated 

here. 

In the scattering system, the residual phas<»-shifts (Oades and 

Rseche 1970) 

«R,l<k> * «I fi
( k ) -«C,l< k>-«S f£

( k> ( 1 5> 

are commonly used to describe Coulomb corrections (Fröhlich et 

al. 1980, Tromborg et al. 1976). In formula (15), 6« t is the 

total phase-shift for a Coulomb plus short-range potential, 
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6„ „ is the pure Coulomb phase-shift end 6 C . is the phase-
shift due to the short-range potential. 
Figure 3 (a) and (b) present the residual phase-shifts for the 
S 0 1 - and the S 1 1 - wave, which vre h8ve calculated fror, our 
potentiel model. The results are given both for e point-like 
and an extended charge distribution. For the point-like distri
bution, the residual phase-shifts are calculated exactly in the 
framework of our model, while the data for the extended charge 
distribution are calculated in the Born approximation with 
respect to the Coulomb potential. Ihis is a first - order expan
sion in the Coulomb parameter ir = - pa/k, which has an increa
sing accuracy for higher energies. In the medium energy region 
above k = 50KeV/c, y is very small and the Born approximation 
gives excellent results. A further advantage is, that in this 
approximation the modification of the pure Coulomb amplitude by 
the charge distribution Is automatically included. On the other 
side, the effect of the charge distribution for low energies is 
very small, because it is a spall electro-magnetic effect with a 
short range, which is comparable to the range of the hadronic 
interaction. Low - energetic data are rather Insensitive to 
short-range effects. This is also confirmed by the fact, that in 
exotic atom states, which have a large Bohr radius compared to 
the hadronic range, the effect of the charge distribution is in 
general negligible. This effect is only important for heavier 
atoms with 8 considerable great chsrge number of the nucleus, 
because these atoms have en adequately small Bohr radius. 
In the Bern approximation, the coupling of partial-waves with 
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different isospin disappears again, eo that inediuE - energetic 
date cen be analysed in terms of uncoupled partial-waves, even 
when Coulomb corrections are teken into account. This decoupling 
can be seen from the residual T — operator 

C R = r - r C ' r S < 1 6> 
where f, t„ and C<, are the total, the pure Coulomb and the pure 
hadronic T - operators, respectively. In Born approximation one 
obtains 

r R - V C *o *S + F S *o *C + P S *o ̂ C 6 o r S < 1 7> 
with 

vl" • + ( ; $ ) - * • • ( • ! < ) 
in the isospin basis. 
It follows then, that the diagonal matrix elements of l?R in the 
isospin basis have the form 

T¥ *< 7C G o *S * Tl Go 7C + T S G o 7 C G o T S ) / 2 ( 1 7 , ) 

I • 1, 0 

so that the Coulomb corrections in a given partial-wave do not 
depend on the hadronic interaction in another channel« This re
sult is, however, only valid in the Born approximation and 
higher order terms, which are important for low energies, cause 
an effective coupling of different Isospin channels. 
The T - operators and Green's - operators, which appeared in 
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the above formulae, ere energy - dependent quantities. For 
simplicity, end to cake the formulae more transparent, we have 
dropped the energy parameter. 
To describe the extended charge distribution, we used a dipole 
fit for the proton 

P p(q) = O + q 2 / 4 } " 2 ; B l " °-7UGeV/c) 2 

and a pole fit for the kaon 

F K(q) = (1 + q 2 / 4 ) ~ 1 ; E v = ° « 4 6 ( G e V / c ) 2 

(Bebek et al. 1978, Zovko 1975). 
This simple pole fit, which was already used to describe the 
charge distribution of a charged pion (Kriesche and Zankel 1980), 
can be interpreted as the contribution of p - meson exchange 
to the Coulomb interaction, while the inclusion of heavier 
rector mesons leads to a more dif ferenda ted structure of the 
form factor (Pelicetti and Srivastava 1979), which, however, is 
of second order. The use of the above form factor for the K~ 
also is justified by experimental data in the space-like region 
(Zovko 1975), as well as by the mean squared charge - radius, 
which has the value 

<r|->« 0.39 fm 2 

2 2 
while the corresponding value for the IT 1E <r* > « 0.42 fm . 
The charge radius of charged pions ie only elightly larger than 
that of charred kaons. 
In both partial-wsves the residu&l phase-shifts are rather 
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scall and indicate that Coulomb corrections do not play an 
important role in ÜLN - scattering. Especially in the medium -
energetic range they are certainly too Broall to be determined 
experimentally, while they increase for low energies. Also the 
inclusion of charge form factors for the proton and the K~ has 
a rather small effect on the residual phase-shifts above 
100 KeV/c and is negligible for smaller momenta. 
On the other Bide, Coulomb corrections to the scattering 
lengths are more important and contribute about 10 5» to the 
pure hadronic data. The Coulomb-modified scattering lengths, 
which are exactly calculated in our model, are given in Table 2, 
where they are also compared with the pure hadronic scattering 
lengths. 

Table 2 
Pure hadronic and Coulomb-modified scattering 
lengths for the S n i - and the S 1 1 - wave in fm. 

, 4 ASC 
I m 0 -1.71+0.771 -1.60+O.7U 
I « 1 0.93+1.151 0.89+1.211 

The Coulomb-modified scattering lengths Ag C , which are solu
tion of a two-channel problem, are the diagonal elements of a 
corresponding two-channel matrix in the Isospin basis. Besides, 
this matrix has also non-diagonal elements, which couple the 
S 0 1 - and the S ^ - ware. These elements, which are zero in the 
pure hedronic case, have a magnitude of about 10 f> of the dia-
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gonsl elements and indicate again the order of magnitude of the 
Coulomb corrections. Our result, which is also confirmed by 
model-independent calculations in the next chapter, iß in contra
diction to the speculation of Deloff and Law (1979), that 
Coulomb corrections could completely change the scattering 
lengths. This is also confirmed by Kumar et al. (1SS2). 
like Coulomb corrections also mess difference effects have 6 
great effect at low energies, and their contribution decreases 
for higher energies. This behaviour can be understood by the 
fact, that in the XN - system the relative difference between 
the reduced K"p - 8nd K*°n - mass is only 0.6 $> and has a negli
gible effect. Therefore, mass difference corrections come only 
from the threshold difference between the two channels. These 
contributions are rather great around the thresholds. 
To illustrate the effect of mass differences, Figure 4 shows 
total cross-sections for elastic and chsrge - exchange scattering 
for low energies. Thereby experimental data are compared with 
theoretical results from our model. To compare also the contri
butions of. Coulomb and of mass difference corrections, we pre
sent cross-sections in the pure hedronic formalism (a), with 
inclusion of mass differences (b) and with inclusion of both 
Coulomb and mess difference corrections. To account for Coulomb 
corrections in the latter case, we have included the Coulomb-
nuclear interference for a point-like charge distribution and 
neglected pure Coulomb effects, which are negligible for hadro-
nic scattering. 
Figure 4 shove that both corrections become small in the medium-
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energy region, so that the corresponding data can well be ana
lysed B8 pure hadronic quantities. Furthermore, mass difference 
corrections are much more important than Coulomb corrections. 
This is also the case for the scettering lengths. However, it 
should be noticed, that threshold corrected scattering lengths 
have no well defined representation in the isospin basis. This 
is, because the K~p - and the K°n - scattering length are de
fined at different energies, namely at the corresponding thres
holds. 
In the following we want to discuss the mass difference correc
tion to the K~p - scattering length. Apart from the exact result 
within our model, we will apply also some model-independent 
approximate formulae. By comparison with the exact result we 
will test the validity of these approximations. 
Our model gives for the pure hadronic K~p - scattering length 

A__ * -J- ( A^+ A 0 ) * (-0.39+0.96i)fm 

Here the minus sign indicates the K~p - system. When mass 
differences are taken into account, we obtain for the corrected 
scattering length 

A__ = (-0.83+0.74i)fm 

The tilde indicates the inclusion of nass differences. It should 
be noticed, that the mass difference correction to the K~p -
scattering length is again much greater than the Coulomb correc
tion and has the order of magnitude of the pure hadronic value. 
This Is perhaps surprising, because also mess differences are 
supposed to be electro-magnetic effects« 
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A Eodel-independent expression for the threshold correction to 
the pure hadronic scattering length for elastic K~p - scattering 
was already long ago presented by Dalitz and Tuan (1959)» which 
in the above notation reads 

1 + l*ohiA-
(16) 

k]f is the K°n - CKS - momentum at the E~*p - threshold ana has o 
the imaginary value k* s 58.7i KeV/c. AQ and A 1 are the pure 
hadronic scattering lengths for the SQ. - and the S.^ - wave. 
This relation, which is commonly used to account for mass dif
ference corrections to scattering lengths in the KK - system 
(Martin 1981), results into 

A__ = (-0#96+0.98i)fm 

The inaccuracy of this result is about 25 5», when compared with 
the exact value. 
Another model-independent relation for the mass difference cor
rection to SJ - scattering lengths was given by Thaler (1963). 
This relation, which v/as originally deduced for the nK - system, 
is based on a Lippmann - Schwinger formalism for coupled channels 
and is 8 systematic expansion to first order in the mass diffe
rence. The final expression reads 

I s A _gfi | kth; A 2 •• _. p.» ' o ' —o 

A_ 0 = «(A.J-AQ) is the pure hadronic scattering length for 
charge exchange scattering. Ecu. (19) gives numerically 

~__ s (-o.so+c.eii)fc 

(19) 
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How the inaccuracy of the result is about 8 £ for both the 
real and the imaginary part. If we consider the rather great 
effect of the mass differences and the fact, that equ. (19) 
describes the correction in lowest order of the threshold dif
ference k , this accuracy is surprisingly good. The formula of 
fcalitz end Tuan (1959), equ. (16), differs by the inclusion of 
higher order terms and by the complete neglection of differences 
between the reduced masses. The inclusion of higher order correc
tions in equ. (18) is, however, not complete. 
Our above results show, that Coulomb and mass difference correc
tions are mainly concentrated in the low - energetic region. 
Especially the mass differences have a very great effect on the 
data, so that a correct scattering analysis requires 8 sufficient 
treatment of these corrections* Although a rather good model-
independent description of them was obtained at the £~p - thres
hold, the corrections are in general model-dependent. To study 
their model - dependence, it would be interesting to apply 
on-shell equivalent models, which describe the pure hadronic 
data in an.equivalent way, but differ in the off-shell proper
ties. 
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IV. Kaonic hydropen 

One of the presently most interesting aspects of the hadronic 
til - interaction is the strong interaction effect in the ground 
state of kacnic hydrogen, which is defined as the "binding energy 
correction due to the strong interaction. Keonic hydrogen states 
ere the atonic bound states of the K~p - system, which sre forced 
by the attractive Coulonb potential in this channel. These bound 
states are characterised by a rather great Bohr radius, e.g. 
84 fn for the ground state, which is much greater than the range 
of the hadronic interaction. As e consequence, the Coulomb poten
tial is dominating and the hedronic interactions gives rise to 
a rather small correction. The strong interaction effect is also 
intimately connected with threshold data, namely with the Coulomb-
modified scattering length. For the ground state, this relation, 
as given by Deloff (1976), reads 

AE 1 B « - 2 P 2 a 5 A g c (20) 

In some recent experiments, the strong interaction shift has 
been measured. Da vi es et al. (1979) obtained a complex energy-
shift A E 1 S S [ (-40*60)-(0+J15)i]eV. The imaginary part of the 
complex energy shift describes a finite life-time of the state 
because of absorption into open channels and is related to the 
line ürcedening by 

r 1 e . - 2 I E ( A E 1 S ) (21) 

A second experiment of Izycki et el. (19S0) found 
LI. = I (-270180)-(280±130)i]eV, while- Bird et al. (1563) ob-
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tained AE l f l = [(-190±60)-(40+}J°)i]eV. 
These results are rather inaccurate and do not even agree al
together» They agree, however, in a negative real part of the 
energy shift, what means, that the ground state becomes stronger 
bound by the strong interaction. Apart from this agreement, the 
energy shift remains completely undetermined. 
By equation (20), these experiments predict a positive value 
for the reel part of the Coulomb-modified scattering length A g c . 
On the other side, all scattering analyses (Kim 1965, Kittel et 
al. 1966, Kar tin 1976 and 1981) as well as our model, give a 
negative sign for the real part of the uncorrected scattering 
length. 
Although some attempts have been made to understand this dis
crepancy theoretically by an anomalously strong Coulomb correc
tion (Deloff and Law 1979)-or the dynamics of the A(1405) -
resonance (Kumar end Hogami 1980). in a recent investigation 
Kumar et al. (1982) conclude that such 8 strong effect of the 
Coulomb - nuclear interference at the K~p - threshold is not 
plausible,^so that the above discrepancy remains a mystery. 
Another explanation was attempted by Violini (1981) by the 
introduction of a new t - resonance (see also Chapter II, pp 15), 
but also without success. 
In this Chapter we will present the results for the strong 
interaction effect in the ground state of kaonic hydrogen, 
which were calculated exactly in the framework of our potential 
model. These results are then compared with the results cf some 
approximations. 
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To calculate the "binding energy end line broadening or the 
atocic ground state due to the Coulomb plus short-range poten
tial, we evaluate the appropriate pole position in the operator 

*sc * *rs + *rs *c fcsc < 2 2 ) 
For a separable potential oodel of the general fern (6), 
equ. (22) has the solution 

t s c = g C"1 i; g (25) 

where the block matrix C is defined by 

f = 1 - A g 6 C g (25') 

C„ denotes the Coulomb Green*a - operator. The pole positions 
of tg C are then given by the equation 

det C(k) = 0 (24) 

Note th8t C(k) is an energy - dependent quantity, hut that in 
the above formulae the energy parameter was not written down 
explicitly«: It is a matrix, whose elements consist of expres
sions of the general form < e>̂  |GcIg3c> ' w h i c h c a n D e calculated 
analytically for S - waves and Yamaguchi form factors (van Haerin 
gen 1975). 
The energy shift AE 1 ß is then obtained by comparison with the 
pure Coulomb binding energy. Also in the treatment of ksonic 
hydrogen relatlvistic effects ere negligible and a nonrelsti-
vistic formalism is sdequste, A relativistic treatment is, 
however, necessary for heavier etoms. 
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Our results are 

A E 1 B = ( 183 - 332i ) eV 

when mass differences are neglected, end 

* E 1 ß = ( 317 - 2391 ) eV 

after inclusion of mass differences. 
To estimate the accuracy of the Deloff formula (20), it is use
ful, to present alas the corresponding Couloab-modified scat
tering lengths. Per these, we obtained from our model 
Af- s (-0.41+O.84i)fm end Iff = (-0.78+0.62i)fc. The Deloff 
formula appears to be accurate to about 6 #. 
The above results show that mass differences tend to make the 
low-energetic K~p * interaction more repulsive. This behaviour 
was also noticed by Violini (1981) and can be seen from our 
model-independent results about mass difference effects in the 
last chapter« 
The strong interaction shifts from our model are not in agree
ment with the experimental results, which were discussed above. 
Our model,' however, confirms the conclusion of Martin (1981), 
that a fit to scattering data cannot reproduce the experimental 
bound state dats. 
Also the model of Henley et al. (1980) does not describe the 
bound state data. As these potentials have a similar structure, 
our formalism cen easily be applied. Ve have therefore also 
calculated the complex energy shift of the ground state for 
Set B and C of Henley et al. end presented the results in Table 3. 
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This table shows also the results in the Quasi - Coulomb 

approach of Barrett (1982), which approximates the Coulomb 

potential by a rank-one Yemaguchi potential with a range para

meter ß = vex . It appears that this approximation is not very 

good. 

Table 3 

Energy shifts for the model of Henley et al. (1980) in eV. 
RGB - results sre calculated in the approxioation of Bar
rett (19S2). 

A E 1 s A E 1 ß AE 1 8(RCB) 

HAV4B 

HAY/2C 

(265-23U) (359-2421) (385-313i) 

(263-234i) (357-2441) (384-315i) 

Finally we want to apply slso some approximate 8nd model-inde

pendent methods to calculate the strong interaction effect. 

Again their yalidity can be tested by comparison with the exact 

results. 

First we discuss a method developed by Dalitz and Tuan (1960), 

which calculates the Coulomb correction to the K~p - scattering 

length 

A — 
ADT s i-iiA^x/^ ( 2 5 ) 

with A« -t2C-fln(2R/aB)]/TT , C*0.577.. is the Euler constant 

end e £ is the Bohr radius for the Coulomb ground state. Equ. (25) 

is generally used in low-energetic scattering analyses to 

account for the Coulomb correction to the scattering length 

(Kartin 19S1). 
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Equ. (25) together with the Deloff formula (20) gives: 

A E 1 e = ( 186 - 371i ) eV 

and Ä £ 1 B = ( 334 - 2661 ) eV 

These model-Independent results have en inaccuracy of about 

15 £. 

At next we want to apply a method, which was presented by 

Thaler (1983)» This method is model-independent in the sense, 

that it does not refer to a specific model for the hadronic 

interaction. However, apert from cn-ehell data it involves also 

the hadronic half-shell function, which is defined by 

< k | T s ( k ) | p > 
* S ( k » » } * <klT s (k)|k> ( 2 6 ) 

for en on-shell momentum k and an off-shell momentum p. 

The details of the formalism are outlined in the cited paper 

and we refer the reader to this reference« What is interesting 

for our investigation, is the half-shell function (26) at the 

threshold k = 0. 

To compare the results from this approximation with our exact 

model results, we will use also the exact half-shell function, 

which is illustrated in Figure 5« In this way we obtain 

A E 1 B = ( 181 - 363i ) eV 

and A E ^ * ( 321 - 262i ) eV 

At last we went to investigate, how sensitive these results 

are to a variation of the half-shell function. For this 
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purpose we keep the on-ßhell äste, necely the scattering length 

without Coulosb correction fixed and apply a Ysiaaguchi form 

fector with varying range parameter ß for the half-shell function, 

2/„2N-1 
f£(0,p) = ( 1 + V l* ) (27) 

It should be noticed that this is a very crude choice, because 

it neglects cocpletely, that the half-shell function is a cou

ple* quantity. The results of this analysis, which indicate the 

sensitivity of the strong interaction effect to the off-shell 

behaviour of the hadronic interaction, are given in T8ble 4. 

Table 4 

The strong interaction effect with the form (27) of 
fs(0,p) in eV. 

Blfto"1) AE 1s AE 18 

0.5 
1.0 
1.5 
2.0 
2.5 
3.0 
3.5 

>l 

188 
193 
196 
198 
199 
201 
202 

3671 ) 
362i 
3591 
3561 , 
3551 / 
3531 ( 

3521 ) 

336 
334 
334 
333 
333 
332 
332 

2601 
2531 
2481 
2451 
2421 
2401 
2381 

Table 4 shows an Interesting result about the model-dependence 

of the strong interaction effect« For larger values of 6 we 

observe a decreasing veriation of the hadronic energy shift 

end width. This neens thst the strong interaction effect is net 

very sensitive to the short-range behaviour of the K"p - inter

action. Furthermore, the date vary only in a small range, so 

that they are rather realistic, provided that the on-shell dat£ 
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ere correct. The above results about the strong: interaction 
effect do not agree with the experinentel results of Devies 
et el. (1979), Izycki et el. (1980) end of Bird et el. (1983). 
It eppears impossible to remove this discrepancy by Coulomb 
corrections to the K~p - scettering length, even when the off-
shell behaviour of the hadronic interaction is considered. 
This result has been obtained with model-independent approxi
mations, which have a good accuracy in the Tjl - systec end also 
by a model calculation with a complex energy-dependent separable 
potential model, which we obtained by a fit to scattering data. 
The use of a separable potential model in the B? - system is 
confirmed by the fact, that this system hss a number of reso
nances. Apart from the application to toonlc hydrogen, we have 
used it 8lso to calculate Coulomb and mass difference correction 
to EN - scattering data in an exactly solvable formalism. These 
results may be useful and important especially for an analysis 
of low-energetic scattering data. 

X 
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Figure captions: 

Figure 1 (a): Fure hedronic phsse-shifts in decree and inelas
ticities for the S Q 1 - wave. The full curves describe 
theoretical results fror our model, the broken curves from 
the model of Henley et el. (1980). Crooses are experimental 
date of Alston-G8rn;jost et el. (1978), rings those of Gopal 
et el. (1977). 

Figure 1 (b): The sane as above for the S*. - wave. The broken 
curves correspond to Set B, the dash-dotted curves to Set C 
of Henley et sl. (1980). 

Figure 2: Energy-dependent "scattering lengths" for the SQ.. - and 
the S ^ - wave in fermi. 

Figure 3.(a),(b): Residual phsse-shifts in degree for the S Q^ -
and the S^ - wave. The.full curves are for a point-like, 
the broken curves for an extended charge distribution. 

Figure 4: Low-energetic total cross-sections for elastic snd 
charge exchange scattering. The dash-dotted curves give 
pure hadronic results, the broken curves include mass dif
ference corrections and the full curves include both mass 
difference and Coulomb corrections. Experimental data as 
given by Martin (1981). 

Figure 5: The real and imaginary part of the half-shell function 
at the K"p - threshold for elastic scattering. The full cur
ves give the pure hadronic result, the broken curves include 
mass difference corrections. 
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