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ABSTRACT

In this note we present the equations of motion for a radiating

charged particle in the framework of general relativity and give a formal

procedure of solving the system numerically using Iterations, When the

motion is confined to the equatorial plane.
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One of the Most interesting problems in electrodynamics Is:that;of the

dynamics of a radiating particle. Historically the problem was treated by

Abraham, which was later generalized to the framework of special relativity by

Dirac (1938) and the equations of motion for a charged particle including

the radiation reaction which is described by the well-known Lorentz-Dirac

equation
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Here mQ and e represent the proper mass and charge Of the particle, U X

its four velocity and a its four acceleration. F. denotes the electro-

magnetic field tensor representing the external field in which the particle is

moving. The overhead dot denotes the differentiation with respect to the

proper time "s" vhich could be taken as the arc length parameter on the world

line of the particle. A detailed analysis of Eq.(l) has been made by Rohrlich

(1965)
2)

With the discovery of high energy astronomical sources like quasars and

X-ray sources, it became apparent that one has to deal with the understanding

of electromagnetic processes near very high mass, gravitating, compact objects

like black holes. In this context a large number of studies have been made

concerning the motion of charged particles In electromagnetic fields associated

with black hole spacetimes in the absence of radiation, a review of which may

be found In Prasanna (1980) . Though these studies have revealed the

existence of stable orbits for charged particles even very near to the event

horizon, because of the presence of electromagnetic fields (either geometriaed

or superposed), it is Indeed essential to reconsider the behaviour of particles

when they are radiating and further when radiation reaction term is included.

In order to treat this problem one will have to consider the

generalization of Eq.(l) in the framework of general relativity. It is well

known that if the electromagnetic field also contributes to the spacetime

curvature then one will have to consider the entire set of Einstein-Maxwell

equations
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wherein the components of the metric tensor g.. and the electromagnetic

field tensor F are to be obtained self-consistently through solving (£)

and (3). In general, it is not possible to solve this system exactly;

howeverthe well-known Kerr-Uewmann solution is the only exact solution

known vhich represents a rotating charged black hole thus describing a

monopole electric field and a dipole magnetic field and is of astrophysical

interest. But in practice, the electromagnetic fields that one would

contemplate in astrophysical situations are those wherein this field may not

contribute to the source of curvature and as such one could Just consider

E^J = 0 in (2) and thus solve the Maxwell equations on the curved background

and obtain the structure of the F fields with the contribution from

spacetime curvature in them.

Having thus obtained the electromagnetic field structure if we now

consider the dynamics of a charged test particle in this field with radiation

reaction term, the motion has to be described by the generalized equation

eo
As the radiation reaction tern could be small in the first approximation we

can take the equation to be

(5)

Using this in the radiation reaction term, we get
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which on simplification gives
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With th i s ; the general equations of motion may be written as

l. u* uk -+• e Fu. uJ

(7)

wherein e = e/m c and fe = mQ/c.

The power radiated (p) by the particle may be obtained by generalising

the Larmor equation, and thus is given by

(S)

with a1 defined as in (It). Under the same approximation as above we get

P = (9)

It is obvious that the above set of equations (7) in general aannot

be integrated analytically to obtain the orbits. One possible way of solving

is to set up an iterative procedure and solve them numerically. In the

first approximation as we have taken the equations to be without the reaction

term, we can use the symmetry properties and consider for stationary,

axisymmetric fields the energy (E) and the angular momentuo (i) of the

particle to be constants of motion and this would give the two first

integrals
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wherein A^ and Â p are the components of the electromagnetic vector

potential that could be obtained from the field tensor. Further, as the

background metric is not affected by the external field, we have the

orthonormality relation for the four vector U as given by

uSJ
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± 1 (11)

depending on the signature of the metric.

In the simplest case, wherein the motion is restricted to the

equatorial plane 8 • TT/2, U = 0, we will have U and U determined

from (10), used in (11), give us

(12)

Calling these three f i rs t integrals as (U1)-, (U^_, (U r)n , we can now calculate
E ^ Q the reaction terra and using this in (7) set a system of equations
for (U1") , (u"')1 and (U*) . At this stage i t will be necessary to calculate
the power radiated for the f i rs t orMt and appropriately consider the
decrease in energy and angular momentum. Solving the system for (Ua),
( a = r,(p, t ) one can repeat the procedure by calculating MV and using i t back
to calculate (ua)_ . Thus one can set up an i terat ive procedure to map
the orbits of a radiating charged particle with the inclusion of back reaction.
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