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IC/82/205
I. INTRODUCTION

International Atomic Energy Agency

and

United Nations Educational Scientific and Cultural Organization

INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

SUPERSYMMETRIC PARTICLES IN M - 2 SUPERSPACE:

PHASE SPACE VARIABLES AND HAMILTON DYNAMICS *

There have been several attempts (see, e.g. [1-7] and references

therein) to describe relativistic classical supersymmetric systems in the

framework of a Grassmann variant of classical mechanics . Recently, the

present authors proposed a new pseudoclaasical particle model [8]. The model,
2)

which is based on the following action :

C1.1)

. de Azcarraga •• and Jerzy Lukierski *•*

International Centre for Theoretical Physics, Trieste, Italy.

ABSTRACT

We consider a r epa rame t r i za t ion i n v a r i a n t model r e c e n t l y proposed based on

t h e N-extended superPoineare group with c e n t r a l charges , which leads t o t r a j e c t o r i e s

on t h e N-extended Salam-Strathdee superspace. The case N = 2 i s d iscussed i n

d e t a i l . We show t h a t t h e M = 2 model i s i nva r i an t under four r e a l supergauge

transformations generated by first class odd constraints which imply the Dirae

equation. We introduce one bosonic (which fixes the reparametrization) and four

real spinorial (which fix the supergauges) gauge conditions and calculate the

Dirac brackets for the remaining unconstrained variables (x*,p*,ea,Sa). The equations

of motion are written in Hamiltonian form, with HocTr (Q . , Q;.} and correspond
81 pi

to the Heisenberg equations of the (first) quantized theory.

has the following features:

a) It leads to trajectories on the M-extended Salam-Strathdee (S-S)

superspace d^.a"1, e"1) (a = 1,2; i = 1,2,... ,H).In the case N = 2 it has

been shown[9] that the first quantized theory is described oy the H = 2 free

massive matter multiplet, which describes one Dirac and two Klein-Gordon

fields; the same result has been obtained [10] from the group approach to

quantization[11] by using the structure of the underlying U(l}-extended N = 2

superPoincare' symmetry of the model. Thus, the model is the first pseudo-

classical model which after quantization leads to a free S-S superfield

b) Under the transformations of It-extended Poinc are'super symmetry

realized on S-S superspace as follows:

(1.2)
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where e^1 = {D o i)*, g 5 ± = (fc"1)*, the Lagrangian of (1.1) undergoes the

following change:
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(1.3)

The fact that SL is not zero but a total derivative implies that the ItN

generators of the transformations (1.2) Q , and Q^ have to be supplemented

by the so-called "anomalous" terms in order to obtain a set of conserved

charges. Explicitly, one obtains [8]

The aim of this paper is to consider in detail the case U = 2 and,

in particular, the problem of reducing the Grassmann sector by means of the

gauge fixing" constraints. In such a way one obtains an unconstrained set of

quantum-mechanical variables in supersymmetric quantum mechanics.

The paper is organized as follows:

We introduce in Sec.II the Hamiltonian formalism for our model, and

calculate the Dirac brackets {A,B}* which take into account the fermionic

second class constraints. In this section we supplement the brackets given

in [9l with the Dirac brackets .of the covariant position variables xM .

At this stage (one star brackets) we obtain that

and the conserved charges now satisfy the algebra of the W-extended

superPoincare with central charges [13] (1.6a)

where

" 2 i

(1.5)

From dimensional analysis we get [A. ] = M; interesting enough, one can show
^- J

that the central charges A. describe the masses of fermionic "Grassmann"

partners of "bosonic" point particles. In order to obtain the supersymmetric

model we should have the masses of the bosonic and fermionic particles equal;

for N = 2 this means that we should substitute m fi^. for A in the

above formulae. We therefore see that we are led to a picture already familiar

from the description of a Newtonian particle by the Galilean group, in which

the mass parameter determines a central extension of the Galilei group [l4,15].

c) Both the Klein-Gordon and the Dirac equations are described by first

class constraints. Because first class constraints generate local gauge

transformations which leave the action invariant (see, e.g. [16,17]) it turns

out that half o* the Grassmann variables e°, 5? (i = 1,...,M = 2k) can be

eliminated by the gauge fixing condition. Thus, since our model was defined

in H = 2k extended S-S superspace, only TJ = k extended S-S superspace

describes the unconstrained Grassmann co-ordinates.

-3-

Co—'J." = 1
.

E i

(1.6b)

(1.6c)

(An equivalent way of expressing (l.6a) is given in (2.13)),

In Sec.Ill we define the local supergauges (C and C •) and introduce
01 CL

the subsidiary conditions which fix the associated non-physical degrees of

freedom. Using the iterative property of the Dirac brackets (see, e.g. [16])

we introduce the two stars Dirac bracket {A,B}** which takes into con-

sideration all the constraints in the odd sectors. It is useful to introduce

a t the stage of two stars Dirac brackets the complexified phase space co-

= (z]l,ea), whereordinates

given by ( 3.10)). i t appears that

- — | - i ^ (the definition of t' is

, * • *

_ 7 * *
= o

(1-7)

In order to complete the elimination of the constraints we introduce in Sec.IV

the three-star Dirac bracket, taking into account the m a s s shell condition

-It-



2 2 0
p - m «c 0 and the repoi-ametrlzation fixing condition x = T . In this way
we finally obtain the set of unconstrained variables (x. , p. , 6 , ~9.) -

1 1 Cl Cl
Further in Sec.IV we introduce the supersymmetric Hamiltonian as the sum of

squares of supercharges. It turns out that after taking into account the

adequate fixing gauge conditions we obtain both from the equations derived

from the Lagrangian (l.l) and from the Hamilton formalism the following

equations of motion:

5* =
(1.8)

(2.1c)

and satisfy the canonical Poisson "brackets relations

(a.2)

(all others are zero). From the expressions (2.1) of the canonical momenta

it is simple to check the vanishing of the covariant Hamiltonian H,

It appears that with our choice of gauge the so-called Zitterbewegung. term is
k)

absent and thus only the non-linear structure of our supersyrametric phase

space indicates the coupling between the space-time and Grassmann degrees of

freedom.

Some final comments are made in Sec.V.

H» *' 3 0
(£.3)

which indicates the presence of constraints in the model. Indeed, it is

simple to check that

(2.U)

II. DESCRIPTION OF THE MODEL

The first term in the Lagrangian {l.l) is the Lagrangian of the

relativistic G. model of Casalbuoni [l]. The novelty ofthe model (1.1),

in comparison with other proposals [1-6], is the presence of a bilinear

fermionic term in the action. This term is non-trivial because H ̂  2 and

the A's are antisymmetric; indeed, it is through its presence that enters

the necessity of using N-extended superspace since for K = 1, the only bilinear

term which can he added becomes a total derivative (ea8 + 6 ° ^ = 11^- (eaea+8
a9j).

»
We shall take as canonical variables of the model p , 8 . ,6 .

IT ...
ai

The momenta are defined by

2L
(2.1a)

(2.1b)

(bosonic constraint of Tirst class) and that

-i e-f
(2.5a)

(2.5b)

(£N spinorial fermionic constraints). Eqs.(2.5) show that it . = -(?-.)

in agreement with the hermiticity of the Hamiltonian (2,3). Assuming

we obtain from (2-5) using (2.M the relations

(2.6a)

-5-



(N first class spinorial constraints) which may also be written in the form

V (2.6b)

For the case H = 2, to which we shall restrict ourselves henceforth, we

choose the set of constraints in the form

a) Second class:

= o
(2.7a)

(2.7b)

b) First class:

B =
(2.8a)

(2.8b)

(2.6c)

where we have used that, for N = 2, A = m C.,; it is clear that the
l J ij

constraints (2.7a) [(2.8b)] and (2.7b) [(2.8c)] are complex conjugated. To

eliminate the second order constraints from the theory (and two irrelevant

variables, say {it . , ' • • • ) • solving these constraints we introduce the

corresponding Dirac brackets [17.16J

(2.9)

In the present case, the matrix of the constraints is

-7-

(2.10)

and (2.9) is given by

(2.11)

The non-vanishing Dirac brackets are, explicitly,

a) fermionic sector

}_ £

(2.12)

-8-



b) bosonic sector

Apart from {xU,p }* = 6 u

v v

T
c) even-odd sector

i

1

r«ii"r a

Expressions such as ig?, any odd variable}* {xU,9g}* are zero. The one-star

Dirac bracket satisfies the relations {A,G }* = 0 = ' (A, G. }* for any

canonical variable A by construction.

The above Dirac brackets may be used to describe the

theory. In particular, the extended supersymmetry transformations are

generated by the following conserved supercharges [8]:

-9-

Q i4 = nil- i
/

(2.15)

which, "because they all have vanishing Poisson brackets with the constraints

G , G. , satisfy the same algebra relations (1.5) now expressed in the

form;

(2.16)

and produce the adequate transformations on x , S ,6

(2.17)

in agreement with the transformation laws (1.2).

In the theory defined by the Dirac brackets (2.12) the first class

constraints (2.8) have not yet been taken into account. There are two ways of

quantizing a theory with first order constraints:

l) After quantization, i.e. the replacement {A,B}* •* -r^ [ , ] +

of Dirac brackets by anticommutators in the fermionic sector and commutators

in the remaining ones, one can impose the first order constraints as

-10-



subsidiary conditions on the wave function or quantum state of the system. It

was shown by two different methods [9,10] that by adding these conditions as

differential constraints on 11 a £ S-S superfields one obtains the covariant

Klein-Gordon and Dirac equations.

2} The existence of first class constraints implies the presence of

a gauge freedom in the dynamical system [16]. To fix this gauge freedom one

supplements the constraints "by a new set of relations (the gauge fixing

relations) between the canonical variables. In this new constrained system

with gauge fixing conditions all constraints are now of second class, and

one can proceed to express its dynamics in terms of unconstrained canonical

variables by introducing a new Dirao bracket. We shall now follow this second

method and proceed to calculate such Dirac brackets for our model in the next

section.

6 (any IT , He) - 0 = £ (any r ,i,]

IV = r 0.2)

III. GAUGE FREEDOM, GAUGE-FIXING CONSTRAINTS IH TFP FFRMIOIIC SECTOR
AMD TWO STARS DIRAC BRACKETS {A,B}**

The first class constraints are the generators of the gauge freedom.

In our model we shall firstly consider the supergauge transformations generated

by the constraints (£.813) and (2.8c). The reparametrization invariance

generated by the mass shell condition (2.8a) will be considered in Sec.V.

We calculate firstly the supergauge transformations for the set of

canonical variables. The generator of the supergauge transformations is given

by

c
(3.1)

with C and C. given by (2.8b) and (2.8c). From

it may be checked that the action (l.l) is invariant under the supergauge

transformations (3.1).

Using this supergauge freedom, half of the Grassmann co-ordinates

may be removed by means of the subsidiary conditions, which we choose to be

- • (3.3)

Adding (3.3) to (2,8a) and (2.8b) we get a set of second class constraints,

and we may proceed to evaluate the Dirac brackets. From

o

o

6".

o

o

I, 4-

-11- -12-



vhere we have Indicated in a row and a column the elements which determine

the one star Dirac brackets which constitute the elements of the Dirac matrix

C ,, and from
BS1

41

X , o

(3.1ft)

Because of the constraints which define the momenta, we now find

= * (3.T)

so that ve obtain either from (3.6a) and (3.7) or directly from (3.5)

1 **" { 3- 6 c )

we obtain

Zi

1 yi

. ' y i l

av^>B

At this stage we see that because 9 and 9 vanish and all the fermionic

constraints (2.5a), (2.5"b) are now second class and can be used for the

elimination of t ̂ , J^, we are left only with 6° (the 9a and 9° of

Sec.l) as unconstrained Grassmann variables of the theory. The set of

canonical variables (xM, p , 8°, a") satisfy the following new brackets:

a) Fermionic sector {F,F}

(3.6a)

(3-6b)

In add i t i on , the two s t a r s brackets among the momenta are the same as the one

s t a r Dirac. brackets (see the l a s t four of ( 2 . 1 2 ) ) . Later on we s h a l l use

IT , if. as fundamental Grassmann v a r i a b l e s .

b) Bosonic sector {B,B}*

>{ ^

(3.8)

c) Mixed sec tor iB,F}** . From (3.5) we obta in

( 3 . 9 )

- 1 3 - -11*-



where T^., TT-. are expressed in terms of Ga = 9^, 6^ = e ^ by formula (3.7)

and 9" = e° = 0 in consistency with ' (6*, B or F}** = 0 ='{ea, B or F}*».

The choice of variables (xM, p , IT^, TT^) does not exhibit fully the

structure of the covarlant Poisson brackets IA,B ]»* and the geometry of

non-linear phase superspace. ¥e introduce the following set of complex phase

space variables:

(3.10)

From (3.6) and (3.9) one gets

a 0

(3.11a)

and
2i

*•>*%•»" ^ « - . 5 H T '

_ 2

(3.11b)

-15-

(3.11c)

The above set of relations (3.11) can be written down in compact form as

follows:

•=- — ,*»

(3.12a)

(3.12b)

where Z, = {z > fa ) describes the complex co-ordinates of Hermitean complex

six-dimensional superspace with four bosonic and two fermionic complex

co-ordinates.

Finally • we shall express all charges Q , Q.. in terms of the
-a a l

™ 6°independent
-a

fermionic variables 6™, 6° ; we have (cf. (2.15))

(3.13a)

(3.13b)

Their Poisson brackets may be evaluated from (3.13a,b) and (3.6a) or directly

from the expression of the charges (2.15) and the complete set (3.6a), (3.6t>)

of two stars fermionic Dirac 'braketes. The result is

(3.Hi)

-16-



The expressions involving Q , Q- do not quite coincide with (2.l6) or

(1.5). This is due to the fact that {Q , C } and (Q- , C-} are not zero,
2 2 ° °

but i g (p -m ). When the mass shell condition is taken into account, the
usual U(l) extended N = 2 superPoincare" algebra is recovered.

IV. REPARAMETRIZATIOM INVARIANCE x = x GAUCT CONDITION AND HAMILTOH
DYNAMICS

In order to obtain the set of unconstrained canonical variables we

introduce the last set of second class constraints

Since

(U.I)

U.2)

we find that the "physical"Dirac bracket {A.B}"* has the form

if '" J * + ~jZ? ' ' * r ' * (it.3)

from which we obtain the following brackets for the unconstrained variables

a) Fermionic sector {F,F'}*** »' {F.F'J" (h.k)

b) flosonic sector {B,B'}»»*

f

-17-

(It.5)

c) Mixed sector {B,F}***

Finally, the physical Poisson brackets for the supercharges (Qa± = 2i*al>

Q. = aTi. ) given by (3.13) with p = m adopt the customary form (1.5)

In order to describe the motion of the physical degrees of freedom

let us observe that the equations of motion which follow from the action (l.l)

have the form

^ ] =o

Using the definition (2.1a) for p and the constraints x = T ,

(itja) gives with e£ 5 ea ea = ea

(It.7a)

(it.Tb)

(l*.7c)

= 0 = 6

5 e a , e a = e a

-IB-



(it.6b)

Using (U.Tb) or (*t.Tc) we get

= 0 t. 9b)

and thus (li.Qa) is simply

X' =

It is easy to check using the Poisson brackets that

[I = p°

and that the Hamilton equations

* C i* i ] 1 3f ̂  X

(It.11)

= is* (U.12)

have the form (h ,9b ), (It .cc ).

As remarked in the Introduction, we observe that the equations of

motion (1t.c?'b), (It.9c) do not have the "Zitterbewegung" term, which disappears

on shell due to the choice of the gauge constraints (3.3). A similar conclusion

was reached [2] in the formalism using vector-like Grassmann variables for a

particular choice of the supergauge subsidiary condition.

Let us now discuss the quantized form of the Hamiltonian dynamics.

As already mentioned, this is obtained in general by replacing the Dirac

brackets, obtained by elimination of the second class constraints of the

theory, by commutators or anticommutators. Depending on the number of first

order constraints, or the number of gauge fixing conditions, we can introduce

three quantization schemes:

1. Covariant quantization scheme with mass shell and fermionic first
class constraints

Such a scheme is obtained by the replacement

In order to derive (l*.9t), {U»9o ) in the framework of the Hamiltonian

dynamics we observe that the Hamiltonian can be expressed as the sum of squares

of the supercharges

H- ^ (h.10)

i- (U.13)

and the Klein-Gordon as well as the Dirac equations are obtained as subsidiary

conditions on the quantum set of states. As already pointed out, this

quantization of our particle model has already been performed [9,10].

2. Covariant quantization scheme with only the mass shell condition

This scheme follows from the replacement

-19- -20-



i .S I"
(U.ilt)

This is the "minimal" manifestly Lorentz-eovariant scheme, where only the
2 2Klein-Gordon equation is realized as the restr ict ion p = m for the four

momenta describing the quantum s ta te . The Dirac equation is buil t- in into the

constraints.

3. Hon-covariant quantization with unconstrained set of variables

This is obtained by means of the correspondence

* • # *

+ '

this form of quantization was used in order to obtain the equations of motion

{h.9) (see (U.ll), (k,12)).In such a framework without first class constraints

the Hamiltonian is given by the time translation generator expressed in terms

of unconstrained variables (p^ = V P + El ) in our case). Because the model

is supersymmetric, one can use also the formula (4.10), describing the

generator of time translations in terms of supercharges.

closure property of the two-form W £ = g d2 A A dZg Implies the graded

Jacobi identities satisfied "by Dirac bracket ' {A,B}* by construction (see,

e.g. Ref.2O). The Kahler and superKahler structure of covariant super symmetric

phase space induced by the two stare Dirac bracket will he considered in

detail in our future publication.
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V. FINAL COMMENTS

In the present paper we have described three quantization schemes,

corresponding to three choices of the Dirac brackets. The supersymmetric phase

space is non-linear. The structure of the non-linear phase space can be studied

in two directions;

a) By looking for the changes of phase space co-ordinates which

simplify the Poisson bracket of fundamental co-ordinates. However, because the

choice of our fundamental Grassmann co-ordinates is 8 o, 9^ , it does not

exist a constant tensor, which could reduce the Dirac bracket {8 , e-} to

a number.

b) Because &\ * (£L)*, by introducing suitable complex four-vector

co-ordinates i t is possible to endow the supersymmetric phase space with the

structure of superKahler manifold T ) (see e.g. relations (3.12)). The

-21-
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FOOTNOTES
REFERENCES

2)

3)

h)

5)

6)

7)

The basic aspects of the Grassmann extension of classical mechanics,

which is also called pseudomechanics, are discussed, e.g. in Refs.l

and 2.

Our conventions for dotted and undotted indices are those of

V.B. Berestetskii, E.M. Lifshitz and L.P. Pitaevskii, Relativistic

Quantum Theory (Pergamon, London, 1981). In particular

Y6 Y ~ V

S-S superfields are used to describe four-dimensional superPoincare'

invariant theories [12],

It could be mentioned that also in the formulation with vector-like

Grassmann co-ordinates it has been shown that there exists a super-

gauge fixing condition which removes the Zitterbewegun term (see [2])

Although IT
al'

i- can be expressed by means of relations (2.7) in

terms of the other canonical variables we shall include them in the

following formulae for completeness.

We could also take see (3.7).

A supersymmetric extension of Kahlermanifolds [18] was proposed in

[19] by one of the present authors. For the non-linear bosonic

Kahler-Hamilton mechanics see [20],
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