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Abstract 

Algorithms for solving geometric problems and file structures for storing large amounts of geometric data 
are of increasing importance in computer graphics and computer-aided design. As examples of recent 
progress in computational geometry, we explain plane-sweep algorithms, which solve various topological 
and geometric problems efficiently; and we present the grid file, an adaptable, symmetric multi-key file 
structure that provides efficient access to multi-dimensional data along any space dimension. 

Introduction 
Today there is a great variety of tools to help the application programmer for solving his problems. Basic 
tools are algorithms and data structures with their corresponding elementary access operations. It is the 
task of the programmer to represent the objects he is working on by data structures, and to reduce the 
operations he wants to perform on these objects first to known algorithms, second to elementary operations 
on data structures, as shown in Fig. 1. 

standard algorithms 

such as plane-sweep 

data structures elementary access operations 

such as the grid file such as insert, delete, find, range queries 

Fig. 1: The role of algorithms and data structures. 

W e will consider algorithms and file structures for geometric applications. In section 1 a historical survey 
on algorithms as well as tools for analyzing algorithms are given. Plane-sweep algorithms are discussed in 
section 2 as an example of a class of algorithms for solving a large number of geometric problems. After a 
historical survey on file structures the grid file, an adaptable, symmetric multi-key file structure is 
presented in section 3. Section 4 shows how to apply the grid file to storing geometric objects. 

1. Algorithms 
1.1 Introduction and historical survey 

The modern meaning of the word algorithm is quite similar to that of recipe, procedure, method, routine, 
except that it connotes something just a little different. A n algorithm is not only a finite set of rules which 
gives a sequence of operations for solving a specific type of problem, it also has the following important 
properties: an algorithm has inputs; these are quantities which are given to the algorithm initially before it 
starts. Each step of an algorithm must be precisely defined; the actions to be carried out must be 
rigorously and unambiguously specified for each possible case. All operations to be performed in an 
algorithm must be sufficiently basic that they can be done exactly and in a finite amount of time by nearly 
anybody. After a finite number of steps an algorithm terminates with some outputs, i.e. quantities which 
have a specified relation to the inputs. 
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Classical examples of algorithms are Euclid's algorithm for computing the greatest common divisor of two 
natural numbers, and the sieve of Eratosthenes which enumerates all prime numbers in a certain range of 
natural numbers. 

The word algorithm has its origin in the name of the arabic mathematician Mûsâ al-Khowârizmî who has 
written a book with the title Kitab al jabr w'al-muqabala (Rules of restoration and reduction); another 
word, algebra, stems from the title of this book. 

At about 1300 the methods introduced by the arabs inspired the Spaniard Raimundus Lullus to his famous 
Ars Magna in which he attempted to give an universal algorithm for the solution of all problems. Although 
the ideas of Lullus were mathematically unimportant they had a great influence on the following 
generations of mathematicians. Leibniz (1646 - 1716) tried to find algorithms as universal as possible. H e 
got a more precise idea of the nature of an algorithm and suggested that it should be possible to carry out 
an algorithm on a machine. H e was one of the first who built a calculating machine. 

Although many algorithms for the solution of mathematical problems were developed in the meantime, the 
notion of an algorithm remained intuitive and unprecise until the 30's of our century; therefore it was not 
possible to prove negative results of the type there is no algorithm... . Historically as well as in a logical 
view the problem of an exact definition of an algorithm is closely related to that of an exact definition of a 
computable function. Milestones to the solution of this problem were the works of A. Church [Chu 36], 
K. Gödel [Göd 31], S. C. Kleene [Kle 36a], [Kle 36b], E. Post [Post 36] and A. M . Turing [Tur 36]. 

Church developed lambda-calculus Xo get a precise definition of computable functions. H e was convinced 
that a lambda-definable function was an exact equivalent of the intuitive notion of a computable function 
and proposed making it the definition. The proposal is known as Church's thesis. Gödel did not accept 
Church's thesis and proposed instead the notion of a general-recursive function. In 1936 the notions of 
lambda-definability and general-recursiveness were proved to coincide, and one year later A. M . Turing 
proved that these two notions are equivalent to his Turing machine concept of computability. The Turing 
machine concept of computability is however more important, since it describes how to do the computation 
mechanically and is therefore applicable to the exact definition of what an algorithm is. The theory of 
Turing machines made it possible to prove the unsolvability of problems such as the halting problem. 
Another definition of algorithm as a set of rewriting rules was given by A. A. Markov [Mar 51] in 1951. 
Also his definition was proved to coincide with those of Gödel. Church and Turing. Therefore the validity 
of Church's thesis appears to be certain, and each of the theories is for itself a general theory of algorithms 
as well as of computability. 

With the appearance of computers, the study of algorithms assumed a much greater practical importance. 
In the 1950's large libraries of numerical subroutines were built up, because at that time most computers 
were used in scientific applications. The control logic and data structures for these algorithms were often 
straightforward. Major issues were convergence, error propagation, stability and error bounds. In the 
1960's algorithms for problems in operations research, such as the travelling salesman, linear programming 
or network flow, were of major interest. Efficient algorithms for data processing, such as sorting or 
searching algorithms, were also developed both in the 50's and in the 60's. In the 70's the class of NP-hard 
and NP-complete problems, which contains for instance the problem of the travelling salesman, was of 
great interest. Since a few years ago the field of computational geometry has been of increasing importance. 
Because of the development of parallel processing, algorithms for parallel computing are also becoming of 
more and more interest. 

1.2 Complexity analysis of algorithms 

Given an algorithm for the solution of a problem there arises the question how to compare this algorithm 
with other algorithms that solve the same problem. There are several criteria for measuring the efficiency 
of an algorithm. 

Most often the main interest is in the rate of growth of the time or space needed to solve larger and larger 
instances of a problem. It is therefore usual to associate a problem with a cardinal which is a measure for 
the size of the input data. This cardinal is called the size of the problem. For example the size of the 
intersection problem for line segments which will be considered in the next chapter is the number of line 
segments. In the problem of computing the factorial of a natural number the number itself determines the 
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size of the problem. The time needed by an algorithm, expressed as a function of the size of the problem, 
is called the time complexity of the algorithm. The limiting behaviour of the complexity as time increases 
is called the asymptotic time complexity. Space complexity and asymptotic space complexity are defined in 
an analogous way. It is often necessary to distinguish between worst-case complexity and expected 
complexity. If for a given size the complexity is taken as the maximum complexity over all inputs of that 
size it is called the worst-case complexity. The expected complexity is the complexity taken as the average 
over all inputs of given size. 

It is the asymptotic complexity of the algorithm that determines the size of the problem that can be solved 
by it. If an input of size n is processed by an algorithm in time c*n 2 for some constant c, then the 
asymptotic time complexity of the algorithm is 0(n 2). To give a precise definition, a function g(n) is said to 
be 0(f(n)) if there exists a constant c and a number N such that g(n) < = c*fl[n) for all n > = N. 

Let's look at an example. T w o algorithms A and B for the solution of the same problem have time 
complexities n*log n and n 2 , respectively. Here the time complexity is the number of time units required 
to process an input of size n. Assuming that one unit of time equals one microsecond, algorithm A can 
process in one minute an input of size 2'801'417, algorithm B can process in the same time an input of size 
7'745. Suppose that a new generation of computers is ten times faster than the current one. Denote by S A 
and SB the maximum problem sizes of A and B before the speed-up. The maximum problem sizes after 
the speed-up are about 10*SA (for large SA) for algorithm A and 3.16*SB for algorithm B. This example 
shows that replacing algorithm B by algorithm A we can process in one minute an input which is 361 times 
larger, whereas processing of algorithm B on a computer which is ten times faster increases the input size 
only by a factor of three. But it should be mentioned that an algorithm with a rapid growth rate might 
have a smaller constant associated with the order of magnitude than one with a lower growth rate. In that 
case the rapidly growing algorithm might be superior for small problems, or even for most problem sizes of 
practical interest. 

In order to be able to determine the complexity of an algorithm we must specify a model of a computing 
device for executing algorithms and define what is meant by a basic step in a computation. Unfortunately 
there is no computational model which is suitable for all situations. One of the best known models is the 
random access machine (RAM), which consists of a read-only input tape, a write-only output tape, a 
program and a memory (Fig. 2). 

Read-only 
*0 xl X 2 input tape 

Location 
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Fig. 2: A random access machine. 

The input tape is a sequence of squares, each of which holds an integer. Whenever a symbol is read from 
the input tape the tape head moves one square to the right. The output tape is also a sequence of squares, 
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which are initially all blank. W h e n a write-instruction is executed, an integer is printed in the square under 
the tape head, and after that the tape head moves one square to the right The memory consists of registers 
ro, ri,.... r n ,.... each of which can hold an integer of arbitrary size. The number of registers is not limited. 
The RAM-program is not stored in this memory and therefore cannot be modified. The instruction set of 
the R A M consists of arithmetic, input, output, branching and indirect addressing instructions as can be 
found in every real computer. The exact nature of the instructions is unimportant; for example, we may 
assume 3-address instructions of the type «- rj op r m. It is assumed that the execution of each instruction 
needs one unit of time, and each register takes up one unit of space. Hence the asymptotic time complexity 
of an operation like addition or multiplication is 0(1) in the R A M model. 

Although the R A M is often taken as a basis for the analysis of algorithms these algorithms are usually 
described in a high-level language and not in terms of the R A M itself. This may be done since a high-level 
language program can be translated into a R A M program in a straightforward manner. The time 
complexity of an algorithm is determined by counting the number of operations in the high-level language 
program. For instance, if we are given a loop we count the number of operations in this loop and multiply 
it by the number of times this loop is executed. 

More details on the analysis of algorithms and other models of computation like non-deterministic random 
access machines or deterministic and non-deterministic Turing machines can be found in the literature 
[ A H U 74], [GK 81], [HoSa 78], [Knu 68), [Knu 73], [Kr 79], [Me 77] and [ R N D 77]. 

2. Geometric algorithms 
2.1 Application areas for geometric algorithms 

One of the objectives of computational geometry is to relate the geometric properties of objects to the 
complexity of algorithms that manipulate them. A n important benefit of such a study is the development 
of efficient algorithms for applications in which geometry plays a major role, such as computer graphics, 
computer-aided design or cartography. 

In computer graphics and computer-aided design hidden-line and hidden-surface elimination problems 
must often be solved. If a 3-dimensional scene is projected into a plane those parts of an object which are 
hidden by other objects must be eliminated. In cartography efficient algorithms are needed for the 
computation of areas or checking the consistency of geographical data bases. 

Geometric applications frequently involve finding the intersection of objects. For example a plane polygon 
is simple if and only if no two of its edges intersect. In VLSI (Very Large Scale Integration) design all 
intersecting pairs among a set of rectangles in a plane must be computed for design rule checking. W e will 
consider the problem of finding all intersections among a set of intervals on the real line and the problem 
of finding all intersections among a set of line segments in the plane. 

The importance of efficient algorithms for these problems is becoming more and more apparent as 
applications increase rapidly. For instance a single VLSI-chip or a complicated scene for graphic display 
may contain a hundred thousand components, and data bases for geographical data may consist of millions 
of data. For these problems even algorithms with a quadratic asymptotic time complexity are impractical. 

2.2 Interval intersection 

Suppose we are given n intervals on the real line and are asked to report all intersecting pairs of intervals 
(Fig. 3). 

I _ _ ] 
f ] [ 3 I 1 I ] , 

I — \ [ 1 h 1 I 1 Í 1 

Fig. 3: Interval intersection 

Since there are ( n 2 - n)/2 pairs the asymptotic time complexity of a brute force algorithm is 0(n 2). This 
time bound can be improved making use of the fact that there is a natural ordering relation on intervals. If 



- 8 -

S 

Fig. 4: S sweeps from left to right. 

This vertical line defines a total ordering on the set of line segments which are currently cut by it. Let A 
and B be two line segments which are both cut by S at position x. A is defined to be above B with respect 
to x if the intersection point of A with S is above the intersection point of B with S. N o w it is important to 
realize that if segments A and B intersect, then there is some x for which A and B are consecutive in the 
total ordering of the set of line segments which are cut by S at position x. To detect all intersections it is 
necessary to maintain this total ordering as S sweeps the plane. The total ordering changes only if S 
encounters a left or right endpoint of a line segment or an intersection point of two line segments. These 

A and B are given intervals then either A is to the left of B, A is to the right of B, or they intersect For 
simplicity of representation we assume that the intervals have no endpoints in common. First we sort the 
2n endpoints. Consider an initially empty data structure Q for the storage of intervals with operations 
insert, delete and report all intervals in Q. N o w the 2n endpoints are scanned from left to right. At each 
moment Q will contain those intervals of which the left endpoint, but not the right, has been encountered. 
W h e n reaching the left endpoint of an interval, all intervals which are currently stored in Q are reported as 
intersecting the interval, which will be inserted as next step. A n interval will be deleted from Q when its 
right endpoint is encountered, it is obvious that all pairs of intersecting intervals are reported. Sorting the 
endpoints costs 0(n log n) time [ A H U 74]. The data structure Q is a priority queue which can be 
implemented by a heap or a balanced binary tree [ A H U 74]. The key under which each interval will be 
stored is its right endpoint. Insertion and deletion of one element in such a data structure cost 0(log k) 
time, if k is the number of elements in this data structure. 0(log n) is therefore in our case an upper bound 
for the cost of each of these two operations. Since we scan through 2n endpoints the whole scanning costs 
CXn log n) time. The cost of reporting one intersecting pair is 0(1). If there are s intersecting pairs the 
total amount of time for reporting them will be 0(s). Altogether we get an asymptotic time complexity of 
0(n log n + s). 

2.3 A plane-sweep algorithm for line segment intersection 

Let us consider the following problem: given n line segments in the plane, report all intersecting pairs of 
line segments. This can also be solved in a brute force way in 0(n 2) time by inspecting all pairs of line 
segments. The algorithm given above for the interval intersection problem suggests that there is a similar 
algorithm for the 2-dimensional case which runs in time 0(n log n + s), where s is the number of 
intersecting pairs of line segments. Because there is no geometrically induced ordering relation on line 
segments in the plane which is related in a natural way to the intersection of line segments the above 
algorithm can not be used to solve this problem. W e have to define a new ordering relation. To simplify 
the representation we assume that no segment is vertical and that no three segments meet in a single point. 
Also, all of the endpoints of the line segments are assumed to have different x-coordinates. These 
assumptions do not change the asymptotic running times of the algorithm which will be described. 

Consider a vertical line S sweeping from left to right across the plane (Fig. 4). 



- 9 -

points will therefore be called transition points. In the case of a left endpoint the corresponding line 
segment has to be inserted into the total ordering, and then checked to see whether it intersects its upper or 
lower neighbour. In the case of a right endpoint the corresponding line segment has to be deleted from the 
total ordering, and the two line segments which become consecutive in the total ordering have to be 
checked to see whether they intersect. W h e n S meets the intersection of two line segments they are 
exchanged in the total ordering, and then the two new pairs of neighbours in the total ordering have to be 
checked for intersection. 

N o w the algorithm proceeds in a manner similar to the 1-dimensional algorithm given earlier. It operates 
on two data structures, the X-queue and the Y-table, which are common to all plane-sweep algorithms. As 
the vertical line S that sweeps the plane advances in the direction of the x-axis the X-queue contains all the 
left and right endpoints of line segments and all the intersection points discovered so far which lie on the 
right side of S and therefore have not yet been processed. These points are sorted according to their 
x-value and are assigned a type depending on whether they are a left or right endpoint or an intersection 
point. The X-queue is a priority queue that supports the following operations within time bound 0(log k) 
when it contains k entries: 

- MIN: find and remove the entry with minimal x-coordinate. 
- INSERT: insert a new entry with a given x-coordinate. 

Heaps ox balanced trees axe suitable for implementing priority queues [ A H U 74]. The initial contents of the 
X-queue are the 2n endpoints of the given line segments, sorted by their x-values; at the end the X-queue 
will be empty. At each transition, the point which defines this transition will be removed, and at most two 
intersection points are inserted into X. During execution a total of 2n+s points, where s is the number of 
intersecting pairs of line segments, move through the X-queue; the maximal number of entries at any time 
is therefore less than 2n + s. Since s = 0(n 2), any operation on the X-queue can be done in time 
0(log(n + s)) = 0(logn). 

The Y-table contains all the information about the total ordering on the set of line segments which are 
currently cut by the vertical line S. It has an entry for each such line segment, containing a formula that 
defines the segment, so that for any x the corresponding value y = a x + b can be obtained in time 0(1). At 
the beginning and at the end Y is empty. Y is a dictionary that supports operations FIND, INSERT, DELETE, 
PREDECESSOR and SUCCESSOR within time bound 0(log k) when it contains k entries [ A H U 74]. W e can 
tailor the exact definition of these operations to the specific use we will make of them, thus postulating 
dictionary operations that are easily derived from the standard ones: 

- FIND(P): givenapointP = (x, y, t), obtain one of the following results 
depending on the type t of P: 
right end point: the unique line segment s whose 

right end point is P; 
intersection point: the two line segments whose 

intersection point is P. 
- INSERT(s): given a line segment s, insert s at the proper place determined 

by the y-values of s and the line segments stored in the 
Y-table at the current x-value. 

-DELETE(s): given a line segment s, delete s. 
- SUCCESSOR( s): given a line segment s and the current x-value, return the 

neighboring line segment just above s. 
- P R E D E C E S S 0 R ( s ) : given a line segment s and the current x-value, return the 

neighboring line segment just below s. 

A dictionary with k entries can be implemented so as to support the above operations within time 0(log k) 
by any of several types of balanced trees [ A H U 74]. Binary search for a given y-value is performed by 
evaluating the linear formulas y = ax + b stored as segment entries along a root-to-leaf path. Since there 
are never more than n entries in the Y-table, any of the above operations can be done in time 0(log n). 
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The algorithm that sweeps the plane and reports the pairs of intersecting line segments has the following 
simple overall structure: 

p r o c e d u r e SWEEP: 

X «- 2 n l e f t and r i g h t e n d p o i n t s of g i v e n l i n e s e g m e n t s , s o r t e d by x - c o o r d i n a t e 
Y «- empty 
w h i l e X # empty do 
b e g i n 

P <- MIN(X) 
TRANSITION(P) 

end 

end of SWEEP ; 

Procedure TRANSITION is the advancing mechanism of SWEEP, and encompasses all the work involved in 
processing one point P and moving the vertical sweep line to the next transition point; in this process it 
updates the corresponding data structures and builds up the result in an output structure. TRANSITION is 
invoked exactly 2n + s times, if s is the number of pairs of intersecting line segments. We will show that 
one invocation uses 0(log n) time, and thus establish an 0((n+s)log n) time bound on the performance o f 
SWEEP. 

In TRANSITION a function INTERSECT( s , t ) checks in time 0(1) whether two line segments intersect and 
if so, inserts the intersection point into X in time 0(log n) as we have seen above. Permuting two line 
segments s and t does not alter the structure of Y and can be done in time 0(1). 

p r o c e d u r e TRANSITION(P) breaks into three cases depending on the type of P: 

c a s e left end point: 
s «- l i n e segment s t a r t i n g a t P 
INSERT(s) 
h <- SUCCESSOR(s) 
1 <- PREDECESSOR(s) 
INTERSECT(s.h) 
INTERSECT(s. l) 

end of c a s e left end point; 

c a s e right end point: 
FIND(P) yields the unique line segment whose right endpoint is P 
h *• SUCCESSOR(s) 
1 «- PREDECESSOR(s) 
INTERSECT(h.l) 
DELETE(s) 

end of c a s e right endpoint; 

c a s e intersection point : 
FIND(P ) yields the two line segments s and t whose intersection point is P 
(suppose that s = SUCCESSOR(t)) 

h *• SUCCESSOR(s) 
1 «- PREDECESSOR(t) 
INTERSECT(h.t) 
INTERSECT(l .s) 
permute s and t 

end of c a s e intersection point; 

end of TRANSITION; 

All three cases of procedure TRANSITION are built from the same building blocks in slightly different 
combinations. The operations performed can all be done in time 0(log n) as we have seen above. 
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Therefore one invocation of TRANSITION uses 0(log n) time. Since the algorithm that sweeps the plane 
makes 2n + s transitions, it runs in time 0((n+s)log n) as stated earlier. Note that if s is very close to n 2 

then the running time cf the algorithm is actually greater than the 0(n 2) time of the brute force algorithm. 
But in most real applications s is bounded by O(n). 

It's still an open question whether there exists an algorithm which finds the s intersecting pairs among a set 
of n line segments in the plane in time 0(n log n + s). Shamos and Hoey [ShHo 76] showed that this time 
complexity is a lower bound for the problem. 

2.4 C o m m o n aspects and generality of plane-sweep algorithms 

If presented in a sufficiently abstract form, most plane-sweep algorithms discussed in the literature can be 
cast into the same mold. It is useful to understand them as a general class of algorithms that can solve 
many geometric problems in time 0(n log n) instead of the 0(n 2) required by naive algorithms. 

Many plane-sweep algorithms use three data structures to keep track of the work still to be done and of the 
results already accumulated; these are independent of the type of objects being processed. In the most 
general case these are: 

The X-queue: a priority queue that supports the operations MIN and INSERT in time O(log n). 
The Y-table: a dictionary that supports FIND, INSERT, DELETE, PREDECESSOR and 

SUCCESSOR in time O(log n). 
The R-structure: a list structureon which APPEND and CONCATENATE operations are 

performed in time 0(1). 

W e don't need the R-structure for the line intersection problem. 

The generality of plane-sweep algorithms can be assessed by considering the following questions, which 
can all be answered within the asymptotic time 0((n + s)log n). It includes most questions of practical 
importance in graphic applications. It may come as a surprise that all these properties can be determined 
merely by accumulating local information at the moving front. 

Topological problems: 
- Construct an adjacency graph: each region is represented by a node, an edge 
represents a pair of adjacent regions. 
- Construct a region enclosure tree: the sons of each node represent the regions 
directly surrounded by the region of the father node. 

Geometric problems: 
- Compute the area of each region. 
- Determine the maximal or minimal width (in the y-direction) of each region; 
check whether certain minimal distances between regions are maintained. 

- List the boundary of each region in cyclic order, and compute its length. 

The efficacy of plane-sweep algorithms is based on the transformation of a 2-dimensional problem into a 
sequence of 1-dimensional problems. The 1-dimensional problem turns out to be significantly simpler than 
the original 2-dimensional one for the following reason: geometric objects placed in 2-dimensional space 
can rarely be totally ordered in a useful way. In the absence of a total order, efficient logarithmic search 
techniques, such as binary search, are inapplicable; linear search must be used, leading to 0(n 2) instead of 
0(n log n) algorithms. O n the other hand, the projections onto the 1-dimensional scan line of the line 
segments that define these 2-dimensional objects can be totally ordered (by y-coordinate), permitting 
logarithmic access time to any object intersected by the scan line. This leads to 0(n log n) algorithms. 

More on plane-sweep algorithms can be found in [ShHo 76], [BeOt 79], [BeWo 80J, [Bro 81], [McCr 82] and 
[NiPr 82]. 



- 12 -

3. File structures 
3.1 Introduction and historical survey 

A file is a collection of records, each record having one or more attributes. The attributes used to 
distinguish among records are known as keys. If the records are identified by only one key, the file is 
called a single-key file, otherwise it is called a multi-key file. Afile structure is a logical structure onto 
which a file can be mapped, along with the algorithms needed to manage this structure. For instance a file 
structure for a secondary storage device like a disk drive manages a collection of pages or buckets, which 
are usually the maximal amount of data which can be transferred in one access between memory and 
secondary storage. To specify such a file structure one has to describe the relationships between the 
buckets as well as how records are stored in a bucket, and algorithms for file maintenance (inserting and 
deleting records) and access to records. 

Over the past two decades, schemes for structuring large files of data have evolved by merging concepts 
and techniques from two areas that were initially assumed as requiring distinct approaches: data structures 
for central memory, and access methods appropriate to slow, high-capacity secondary-storage devices. In 
the following we will briefly point out some relevant developments in both areas. 

The first schemes used for structuring data were more appropriate to static than to dynamic data. Static 
means that the extent and structure of the data remain unchanged during processing, only values may be 
updated. Dynamic means that data elements may be inserted and deleted, and not just the values stored 
within given memory locations, but also the extent and shape of the structure may change at run-time. 

The array (as a data structure for central memory based on address computation) and the sequential file 
(the only feasible structure on media restricted to sequential access, such as tape) are the best known static 
structures. They were the very first data structures used on computers during the late 40's. The role of 
arrays and sequential files as fundamental structures was firmly established by the first high-level 
programming language. FORTRAN supported these two structures, and no others, with such statements as 
DIMENSION and READ TAPE, WRITE TAPE, REWIND and BACKSPACE. 

In the 50's the evolution from static to dynamic data structures proceeded rapidly in those applications 
where data could be kept in central memory. Newell, Shaw and Simon [NeSi 56] pioneered the 
development of list processing techniques and designed the first list processing language IP L. 

Almost all data structures known today lead to operation times for INSERT, DELETE, FIND and NEXT of the 
following three orders: O(l), O(log n), O(n). Structures with FIND in 0(1) tend to have NEXT in 0(n), and 
vice-versa, for example hash-coding which was developed in the 50's and has been improved since. Trees 
are the only known structures that guarantee a worst case time bound of 0(log n) for each of the four 
operations mentioned above. While they are not optimal in any one respect, they perform acceptably with 
respect to all of them, and thus have emerged as the all-round compromise data-structure. The problem of 
possible degeneracy of a tree (when it degenerates into a linear list because of a biased sequence of 
insertions and deletions) was solved by Adelson-Velskii and Landis [AVL 62]. They introduced the 
height-balanced trees (or AVL-trees) that adapt gracefully and gradually to repeated insertions and 
deletions. 

The development of comparable dynamic file structures for secondary-storage devices was slower. With 
the advent of disks, the sequential files appropriate to tapes were quickly modified to indexed-sequential 
files which, ideally, permit access to any record in two steps: first a directory is searched for an entry that 
points to the proper cylinder or track, then this track is searched sequentially. For static files this scheme is 
as fast as the hardware restrictions on disk accessing permit; for highly dynamic files, on the other hand, 
indexed-sequential access can lead to poor performance: instead of a 2-step access to data, long linear 
chains of overflow buckets may be traversed. 

The same problem arose when hash-coding was adapted to dynamic files on secondary-storage devices by 
the inefficient technique of attaching overflow buckets whenever needed. 

During the 70's, data structures based on trees were extended to highly dynamic files on secondary storage. 
At first, binary search trees with one record per node were adapted to a paging environment, where a page 
capable of holding many records is transferred as a unit between central memory and disk. The problem 
then becomes that of paginating the tree efficiently, so that no path from the root of the tree to a leaf 
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crosses many page boundaries. The most influental approach, however, the B-trees of Bayer and 
McCreight [BaMC 72], abandoned early the tradition of storing one record per node, appropriate to central 
memory, and introduced multiway trees, with an arbitrary number of records per node. 

In the 70's several new organizational structures for highly dynamic files, dependent on hash-coding, were 
also developed: they are known under the names expandable hashing [Kno71], dynamic hashing [Lar 78], 
virtual hashing [Lit 78] and extendible hashing [FNPS 79]. They guarantee an upper bound of two disk 
accesses for single record retrieval and have a dynamic structure that grows and shrinks gracefully as the set 
of data grows and shrinks. 

In the file structures we have considered so far the records are identified by a single key. However, file 
processing in today's transaction oriented systems requires file structures that allow efficient access to 
records based on the value of any one of several attributes or a combination thereof. The development of 
file structures that provide multi-key access to records repeats the history of single-key structures: earlier 
schemes are extensions of file structures originally designed for single-key access; they do not address the 
problem of graceful adaption to highly dynamic files. 

The inverted file was one of the first file structures developed for multi-key access [Knu 73]. It provides 
duplicate redundant information in order to speed up secondary key retrieval. The components of an 
inverted file are the so called inverted lists which contain all records having a given value of some attribute. 

The design of balanced data structures appears to be significantly more difficult for multi-key data than for 
single-key data. This comes as no surprise since most balanced structures for single-key data rely on total 
ordering of the set of key values, and natural total orders of multi-key data do not exist. Various 
generalizations of tree structures permit multi-key access to files. 

One of the best known is the multi-dimensional binary search tree (abbreviated k-d tree when the records 
contain k keys) which shares many properties with binary search trees [Ben 75], [Ben 79] and [FrBeFi 77]. 
The k-d tree is a binary tree in which each node represents a subfile of the records in the file and a 
partitioning of that subfile. The root of the tree represents the entire file. Each internal node has two sons 
or successor nodes which represent the two subfiles defined by the partitioning. The external nodes 
(leaves) of the tree represent mutually disjoint subsets of records stored in one bucket. In the case of 
single-key records a partition is defined by some value of that key. All records with key value less than or 
equal to the partition value belong to the left son, while those with a larger value belong to the right son. 
The key variable thus becomes a discriminator for assigning records to the two subfiles. If the records are 
identified by k keys any one of these can serve as the discriminator for partitioning the subfile represented 
by a particular node in the tree; that is, the discriminating key number can range from 1 to k. The 
discriminator for each node can be chosen on the basis of its level in the tree by cycling through the keys in 
order, but other strategies are also possible. 

The next section presents another dynamic multi-key file structure, the grid file [NHS 81]. 

More details on data and file structures can be found in [ A H U 74], [HoSa 76], [Knu 68], [Knu 73] and 
[RND77]. 

3.2 Brief survey of the grid file 

The grid file emerged as an answer to the various deficiencies encountered when traditional file structures 
are used for multi-key access to dynamic files [NHS 81]. It is a dynamic multi-key file structure that adapts 
gracefully to its contents under insertions and deletions, and achieves an upper bound of two disk accesses 
for single record retrieval; it also handles range queries and partially specified queries efficiently and 
preserves the order defined on each attribute domain in such a way that records which are near in the 
domain of any attribute are likely to be in the same physical storage block. 

The starting point is the extreme solution given by the bitmap representation of the attribute space, which 
reserves one bit for each possible record in the space, whether it is present in the file or not. In a 
k-dimensional bitmap the combinations of all possible values of k attributes are represented by a bit 
position in a k-dimensional matrix (Fig. 5). A 1 indicates the presence of a record with attribute values 
determined by its position in the map, a 0 indicates absence. 
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Fig. 5: A 3-dimensional bitmap. 
FIND reduces to direct access, INSERT / DELETE requires that a position in the bitmap be set to 1 or 0 
respectively, and NEXT in any dimension requires a scan until the next 1 is found. For realistic applications, 
this bitmap is impossibly large and has to be compressed. In maintaining a dynamic partitioning 
(directory) on the space of all key-values one approximates the bitmap through compression. Assuming 
independent attributes, but not necessarily uniform distributions, the embedding space from which the data 
is drawn is partitioned in a grid-like fashion: each region boundary cuts the entire search space in two. All 
attributes are given the same priority when being partitioned. 
The following terminology and notation is used in the example of the 3-dimensional case. On the record 
space S = X x Y x Z , a grid partition P = U x V x W i s obtained by imposing intervals on each axis and 
dividing the record space into blocks, called grid blocks, as shown in Fig. 6. The picture also shows the 
effect of refining P by splitting interval vi. 

Record space: S = X x Y x Z 
Grid Partition: P = U x V x W 
Intervals of the partition: U = ( U O , U I , . . . , U K ) 

V = (v0,vi,...,vi) 
z i W = (w0,wi w m ) 

Fig. 6: A 3-dimensional record space X x Y x Z, with a grid partition P = U x V x W. 
During operation of a file system the underlying partition of the search space needs to be modified in 
response to insertions and deletions. The grid partition P = U x V x W i s modified by altering only one of 
its components at a time. A 1-dimensional partition is modified either by splitting one of its intervals in 
two, or by merging two adjacent intervals into one. Fig. 6 shows this for the partition V. 
In order to obtain a file system, operations that relate grid blocks and records to each other are needed, 
such as: find the grid block in which a given record lies, or list all records in a given grid block. The data 
structure used to organize records within a bucket is of minor importance for the file system as a whole; the 
structure used to organize the set of buckets, on the other hand, is the heart of a file system. The set of 
buckets of a given file system is usually managed through a directory. The purpose of the grid directory is 
to maintain the dynamic correspondence between grid blocks in the record space and data buckets. For 
reasons of access efficiency, all records in one grid block must be stored in the same bucket To avoid low 
bucket occupancies several grid blocks may share a bucket (Fig. 7). Such a set of grid blocks is called a 
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bucket region. Bucket regions are only allowed to have the shape of a k-dimensional rectangular box. 
These convex regions of buckets are pairwise disjoint, together they span the space of records. 

pool of buckets 

space of records with grid partition 

Fig. 7: A convex assignment of grid blocks to buckets. 

A grid directory consists of two parts: 
- a dynamic k-dimensional array called the grid array; its elements (pointers to data buckets) are in 1:1 
correspondence with the grid blocks of the partition; 
- k 1-dimensional arrays called linear scales; each scale defines a partition of a domain S. 

The grid array is likely to be large and must be kept on disk, but the linear scales are small and can be kept 
in central memory. 

The following example illustrates how the grid file is accessed. Consider a record space with attribute year 
with domain 0 .. 2000, and attribute initial with domain a .. z. Assume that the distribution of records in 
the record space is such as to have caused the following grid partition to emerge: 

year = (0,1000,1500,1750,1875, 2000); initial = (a, f, k, p, z). 

A FIND for a fully specified query, such as FIND[1980 ,w], is executed as shown in Fig. 8. The attribute 
value 1980 is converted into interval index 5 through a search in scale year, and w is converted into the 
interval index 4 in scale initial. The interval indices, 5 and 4, provide direct access to the correct element of 
the grid directory, where the bucket address is located. 

[1980, w, , ] 

a , f , k , p , z 
I I I 
1 2 3 

1 
0 , 1000 , 1500 , 1750 , 1875 , 2000 

I I I I 

1 2 3 4 

[... ] 
!... ] 
[1980,w,. ..] 

[... 3 

Fig. 8: Retrieval of a single record in the grid file. 

More details on the grid file can be found in [NHS 81]. 
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4. Geometrie data base operations on a grid file 
4.1 The scope of data structures in computational geometry 

The problems that arise in computational geometry can be divided into two classes depending on the 
applicability of data structures or algorithms (Fig. 9). O f primary interest for data structures are problems 
which involve only simple objects and simple operations. If objects or operations get more complex, tools 
become algorithmic in type, for instance plane-sweep algorithms. 

objects 

complex 

simple 

algorithmic problems 

datas tructure problems 

operations 
complex 

simple 

Fig. 9: Scope of data structures in computational geometry 

Sometimes it is possible to reduce problems that are determined by complex objects or operations to data 
structure problems by replacing complex by simple objects or decomposing complex into simple 
operations. For instance if the intersecting pairs among a set of complex objects have to be determined, in 
first approximation all the objects may be replaced by containers which are of a simple type, and these are 
checked for intersection (Fig. 10). Then only those objects whose containers intersect have to be checked 
for intersection. 

Fig. 10: Replacement of complex objects by containers. 

4.2 Simple objects and corresponding operations 

Examples of the basic geometric objects under consideration are points, line segments, rectangles, circles, 
triangles, k-dimensional rectangular boxes and k-dimensional spheres. 

Examples of simple operations or queries are: 
• identity query: 
• point in object: 
object intersection: 
• object containment: 
• nearest neighbour: 
range query: 

find a special object; 
find all objects that contain a given point; 
find all objects intersecting a given object; 
find all objects contained in a given object; 
find the nearest neighbour to a given object; 
find all objects in a special range. 
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4.3 Representation of simple objects as points in higher-dimensional spaces 
Many simple geometric objects are defined by a small, fixed number of parameters. Any object with k 
parameters can be represented as a point in k-dimensional space. An interval on a straight line may be 
described by its left and right end points, xi and xr (Fig. 11a). Its representation in 2-dimensional space is 
the point (xj, xr). No point will lie below the diagonal because we have xi <= xr. Since in most 
applications an interval will have a length that is small compared to the length of the range in which the 
segments lie, all points will be contained in a narrow band parallel to the diagonal (Fig. lib). For data or 
file structures that organize the embedding space rather than the data itself, this clustering leads to 
inefficiencies. If we take the midpoint x m and the half length d of the segment we get another 
representation (Fig. 11c). Now it is possible for points to be below the diagonal, and furthermore they will 
no longer be clustered in a diagonal band. This simple example shows that one has to be careful when 
choosing parameters for describing geometric objects: the parameters should be independent of each other 
as much as possible. 

Fig. 11a: Intervals on a straight line. 

Fig. lib: Representation of intervals by left and right endpoints. 
d * 

Fig. 11c: Representation of intervals by midpoints and half length. 
A circle is given by the centre (x, y) and the radius r and is represented in 3-dimensional space by the point 
(x, y, r). 
An aligned rectangle, i. e. a rectangle with sides parallel to the axes, can be described by its centre (x, y) 
and half the length of each side, dx and dy; it is represented in 4-dimensional space by the point (x, y, dx, 
dy). 
Line segments in the plane are represented as points in 4-dimensional space, rectangles as points in 
5-dimensional and triangles as points in 6-dimensional space. 
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4.4 Object intersection and the search region 

The example of object intersection will show how to treat basic queries in a set of simple objects if these 
objects are represented as points in higher-dimensional space. Given a geometric object q we can describe 
exactly the region in the higher-dimensional space that contains all points representing objects which 
intersect q. 

For instance an interval on a straight line given by its left and right end points xi and x r intersects a query 
interval q with end points q¡ and q r if and only if the inequations xi < = q r and x r > = qi are satisfied. All 
intervals which intersect q (Fig. 12a) are represented in 2-dimensional space by points which lie in the 
region shown in Fig. 12b. If an interval is given by its midpoint x m and its half length dx, it intersects a 
query interval q with midpoint q m and half length dq if and only if the inequations x m - dx < = q m + dq 
and x m + dx > = q m - dq are satisfied. In this case all intervals which intersect q are represented in 
2-dimensional space by points which lie in the region shown in Fig. 12c. 

-1 I- -I [-
-i Í -

-i . l—^—l f-
— * 1 

o 
Fig. 12a: Interval intersection (q = query interval). 

Fig. 12b: Search region for interval intersection (intervals given by left and right endpoints). 

d /K 

Fig. 12c: Search region for interval intersection (intervals given by midpoints and half length). 

All circles which intersect a given circle q with midpoint (X, Y) and radius R (Fig. 13a) are represented by 
points in 3-dimensional space which lie in a truncated cone (Fig. 13b). The truncated cone is limited in the 
x-y-plane by the query circle q. 
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Fig. 13b: Search cone for circle intersection. 

In the case of aligned rectangles (Fig. 14a) we get a region in 4-dimensional space which contains all points 
representing rectangles that intersect the rectangle q given by its centre (X, Y) and half the length of each 
side, D X and D Y (Fig. 14b). The region is shown by its projections in the x-dx-plane and in the 
y-dy-plane. 

1 1 

Fig. 14a: Aligned rectangle intersection (q = query rectangle). 
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dy ' ' 

Fig. 14b: Search region for rectangle intersection. 

4.5 Space partitioning by file structures 

The efficiency of a file structure for storing simple geometric objects depends on how fast the basic queries 
mentioned in section 4.2 can be answered. Like in the case of object intersection each of these queries 
defines a coherent search region in the space in which the objects aie represented as points. Hence an 
efficient file structure should preserve locality: objects which are represented by points that are near to 
each other should have a high probability of being stored in the same bucket. Therefore in geometric 
applications the partitioning of the space by a file structure has a great influence on the efficiency. 

The inverted file, for example, partitions the 3-dimensional space into slices parallel to the x-y-plane if the 
r-coordinate is taken as secondary key (Fig. 15). Observing that in the case of circle intersection the search 
region was a truncated cone (Fig. 13b), it is clear that the inverted file is an unsuitable structure for our 
problem because the cone is badly approximated by such slices. 

Fig. 15: Space partitioning by an inverted file. 

If the file is organized as a multi-dimensional tree the situation looks much better. Let us consider the 
2-dimensional space as an example (Fig. 16). The nodes of the tree contain the coordinates at which the 
space block that corresponds to this node is split. The leaves of the tree are pointers to buckets containing 
all the points that lie in the space block which is described by the path from the root to the leaf and called 
the bucket region. This can be generalized to higher-dimensional spaces. So multi-dimensional trees 
partition the space into rectangular boxes. 
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Fig. 16: Space partitioning by a multidimensional tree. 

The grid file partitions the space in a similar way, with the only difference that each region boundary cuts 
in two the whole space, and not only one space block (Fig. 17). In the k-dimensional case this grid 
partition is described by the k scales which are 1-dimensional arrays and define the partitions of the axes, 
and by the grid directory which is a k-dimensional array. To every space block (grid block) there 
corresponds an element of the grid directory which is a pointer to the bucket that contains all the points 
lying in this space block. A bucket may correspond to several space blocks, but the union of all space 
blocks corresponding to one bucket (the bucket region) is only allowed to have the shape of a 
k-dimensional rectangular box. 

y-scale 

J-scale 

Fig. 17: Space partitioning by a grid file. 
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In both cases it is clear how to solve the search problem. All buckets whose bucket regions intersect the 
search region must be computed, because these buckets are exactly those which could contain objects to be 
searched for. 

From the point of view of space partition a file organized by a multi-dimensional tree is equivalent to a 
grid file. The difference between the two comes up in computing the pointers to the relevant buckets, as 
will be seen in the next section. 

4.6 Effective use of central memory to reduce the number of disk accesses 

In the last section we stated that file structures for geometric applications should preserve locality. Objects 
which are represented by points that are near to each other should have a high probability of being stored 
in the same bucket. Both the file structure depending on the multi-dimensional tree and the grid file 
partition the space into near-cubes and therefore preserve locality in the above sense. For a fast answer to 
a basic query those space blocks which intersect the search region should be computable in an efficient 
way. Since the multi-dimensional tree and the grid directory are normally stored on disk, it should be 
possible to get the pointers to buckets that correspond to contiguous space blocks in as few disk accesses as 
possible. Therefore these structures should also preserve contiguity of space blocks, i. e. pointers to buckets 
that correspond to contiguous space blocks should have a high probability of being stored in the same 
bucket. 

Trees are commonly implemented as list structures. One has to follow pointer chains to compute the space 
blocks and to get the pointers to the corresponding data buckets. Fig. 18 shows how a tree is distributed 
among buckets, which are denoted by dashed lines. 

I bucket 2 | | bucket 3 _J | bucket 4 | | bucket 5 | 

Fig. 18: Paginating a tree. 

Since one chain may be distributed among several buckets and contiguous space blocks may correspond to 
non-contiguous subtrees (Fig. 16), it is clear that often more than one disk access is necessary to compute a 
space block and to get the pointer to the corresponding data bucket, or to get the pointer to a data bucket 
that corresponds to a contiguous space block from a given one. In queries we have to follow several pointer 
chains to determine the space blocks that intersect the search region. W e can't compute these space blocks 
without access to the tree. The dashed lines in Fig. 16 mark the paths which have to be followed to get the 
pointers to those data buckets that correspond to space blocks which intersect the search region. 

Applying the grid file the situation improves significantly. Those space blocks that intersect the search 
region can be computed without any disk accesses with the aid of the scales which are kept in central 
memory. In the concept of resident grid directory [NHS 81],which manages the grid directory on disk and 
is also kept in central memory like the scales, the space blocks are distributed among buckets as shown in 
Fig. 19. Since contiguous space blocks correspond to contiguous grid directory elements which are likely to 
be stored in the same bucket, only few disk accesses are necessary to examine all the grid directory 
elements which contain pointers to the relevant buckets. 
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grid directory 

Fig. 19: Distribution of grid directory among buckets. 

4.7 Implementation of the grid file for storing simple geometric objects 

A first version of the geometric grid file has been implemented on the Lilith personal computer which has 
been developed at E T H Zürich. The programming language is MODULA- 2. In this version the grid directory 
is kept in central memory. There are INSERT, DELETE and FIND operations for single records. Since we 
are interested in the application of the grid file for storing simple geometric objects a graphical user 
interface has been written for testing and demonstrating the grid file. This program allows to insert, delete 
and search aligned rectangles, which are represented as points in 4-dimensional space and displayed on the 
screen. In a next version of the grid file program the resident grid directory will be implemented, which is 
a kind of small grid directory on the proper grid directory and suits well for storing geometric objects. It 
will also be possible to do range queries. This will then be applied to the demonstration program for doing 
geometric queries like intersection or containment. 

5. Epilog 
The fields of algorithms and data structures have been in continuous development for the past thirty years. 
During the past decade algorithms for geometric problems and file structures for storing large sets of 
geometric objects have become increasingly important. Examples are computer-aided design and 
computer graphics. W e hope this paper conveys the flavour of some of the recent work aimed at 
practically useful software for computational geometry. Many questions and problems remain to be solved. 
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