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Abstract: Generalised, ttme-dependent Hartree-Fock equations
are shown to solve a well-defined part of the Hamiltonian prob-
lem. The complementary residual interaction is treated approxi-
mately, rather than by ensemble averages, and gives rise to the
appearance of col l is ion terms. The final set of equations is
self-consistent. For col l id ing heavy ions the col l is ion terms
lead to a diffusion of the collective variables, which possibly
can improve the agreement between mean-field calculations and
experiment.

1. Introduction and Motivation. For a long time, co l l is ion
terms (and the trend toward thermal equilibrium) were thought of
as being relevant only for the very large, almost homogeneous
system; they were tai lored in analogy to the Boltzmann equation
for a (large) system of classical particles [ l ] . The discovery
of the deep-inelastic mode in heavy ion col l isions, and i t s sub-
sequent interpretation as a transport phenomenon in such a small
many-body system as the atomic nucleus [ 2 ] , has given new impact
and insight into the methods of quantum stat ist ical mechanics
[ 3 ] . Another school of thought advocates the complementary
point of view [4] that the energy loss and the trend to the com-
pound state is.mediated exclusively by the time-dependent mean
f i e l d , or technically spoken, explainable by the time-dependent
Hartree-Fock (TDHF) approach [ 5 ] . But despite the success of
the mean f ie ld approach in comparison with the experiment, i t
cannot account—and this in principle—for certain empirical
facts [ 6 ] , in particular the aspects of multi di f f erenti al cross
section which seem to be related to fluctuations around a mean.

Possibly, but this remains to be proven, the fai lure can be
repaired by going "beyond TDHF," by including the so-called col-
l is ion terms"[7-12,17,18], which—irrespective of whether rele-
vant or not—carry a good fraction at least of what is discarded
in conventional mean-field calculation, the residual two-body
interaction. Despite an eventual connection to the scattering
problem, the present derivation of coll ision terms has a s l ight-
ly d i f f e r t i t motivation. In a phenomenological picture, the
collective motion of nucleons reflects i tse l f in a (time-depen-
dent) one-body density, in the f i r s t place. TDHF provides a
closed equation of motion for this quantity. But the jus t i f i ca -
tions of TDHF al l use an idempotent density matrix, either by
choice [ I ] or by a compulsory condition in the derivation [13].

Thus, TDHF holds only for zero entropy (for the definit ion of
the la t te r , see, e.g., [14]) , quite in contrast to the macro-
scopic world, where the osci l lat ing, hot drop is possible.

In a way, the idempotency condition looks l ike a rather
formal restr ict ion. Indeed, in another approach [15], where a
stat ist ical average of the many-body equation destroys all cor-
relations of the particles except those imposed by the exclusion
principle, one obtains the familiar TDHF equations but without
this restr ict ive condition. This result might give another
physical just i f icat ion for "temperature-dependent Hartree-Focfc
calculations" [16]. In an attempt to restore some of the par t i -
cle correlations by an "average over states," one recovers the
unrestricted TDHF equations again, but beyond that, they are
furnished with a nonunitary contribution, the col l ision terms
[18]. The lat ter provide an element of i r revers ib i l i t y , and a l -
low one to generate an osci l la t ing, hot drop even on the micro-
scopic scale. The formal approach [18] , however, has the same
unpleasant aspects as for example the well-known work of Zwanzig
[ 3 ] . Its col l ision terms can be formulated and jus t i f ied in a
time-independent base only, in the case of [18] only in the
space of the stationary Hartree-Fock solutions. Thus, the ap-
proach might be helpful conceptually, and be appropriate for
small oscil lat ions. But i t s generalisation to large changes of
the density (fission and/or heavy ions) encounters d i f f i cu l t i es .
The reason might be phrased as follows. A stat ist ical average
is a meaningful operation for a particular and given set of
states and matrix elements. The fact that this set changes con-
tinuously in time for the TDHF solution would not be so bad, and
can be treated [10]. But the TDHF solution depends (strongly)
on the in i t ia l datum. By a unitary transformation one can go
from one i n i t i a l state to the p'* t , but the stat ist ical assump-
tions (the averages) are not invariant under this transforma-
t ion. This creates an element of uncertainty. Therefore—in
the following—the concept of averages is abandoned and replaced
by the aim of finding an approximate solution to the fu l l prob-
lem. In a way, the result is simple and well-defined and with-
out the drawbacks mentioned above, i t is in tu i t ive ly appealing.

Z. The Formal Treatment. A system of A particles, interacting
pairwise subject to the exclusion principle, is specified by i t s
Hamiltonian

H I <m1|K|m2>ai; a +
j ,m2

 1

m 1 . . .m 4

(1)

In second quantisation, the creation and destruction operators,
a^ and am, respectively, w i l l refer to time-dependent single-
particle states |m(t)>. Kinetic and potential energy are de-
noted by K and V, respectively; the matrix elements of the l a t -
ter are antisymmetrised. One should think of V as a suff icient-
ly well-behaved interaction which otherwise is unspecified. In 213



a first step, one wants to construct the statistical operator
M(t) according to

M(t) = {H,M(t)} = [H,H(t)]/ih (2)

and in a second step, reduce M(t) to the one-body density p{t).
As usual, one divides the Hamiltonian into a soluable part HHp
and the rest VHF,

H = H,HF VHF (3)

In line with earlier work [17], one introduces tentatively

% I < lnllKl1B2>am1
am2

I <m1 ,n.2 |V|n3 ,m2>a; a* a a
mj,m2,m3

| I <m1,m2|V|ni1,ni2>a+ a£ am a_ (4)

HHF is a genuine two-body operator, but i f applied on a
state, i t has only zero-particle-zero-hole and one-particle-one-
hole amplitudes. I f the la t ter vanish by construction, i . e . ,
if

<¥(t) |a£a t f i f i a/3t - HHF)|y(t)> = 0, for i t k , (5)

| * ( t )> becomes a rigorous solution to HHF(t)|*(t)> = ittP(t)>.
This can be arranged by a proper time dependence of the single-
part ic le states |m(t)>. The above condition gives straightfor-
wardly

i - |m(t)> = h(t)|m(t)>
3 *

with

<m1(t)|h(t)|m2(t)> = <m1{t)|K|m2(t)> +

I <m1(t),m(t)|V|n2(t),m(t)>pm(t)
m

(6)

(7a)

The diagonal elements of the one-body density pm l t ) ,

pm(t) j (7b)

remain unrestricted, and can be fixed by the initial datum.
Note that this result is identical with the statistical average
mentioned [15]. In this way one has formulated (for the first

2M time) a Hamiltonian probJem for which the generalised time-de-

pendent Hartree-Fock states are the exact solution. Simultane-
ously, one defines unambiguously the residual interaction—con-
trary to other approaches [7 -10 ]~ i . e . , YHF = H -HHF. As a
consequence of th is , the residual interaction has vanishing
matrix elements of the one-body type, i .e . ,

<m1(t),n2(t)|V f |F|m1(t),rn2(t)> = 0 and

<m1(t),m2(t)|VHF|m3{t),m2(t)> = 0 , (8)

because these are absorbed into Hup. In particular, the diago-
nal matrix elements vanish, <p{t)lVHr(t)|p(t)> = 0. Me shall
refer with Greek letters ju(t)> to the complete set of many-body
states |f(t)>, a;iam2|f(tj>, a ^ a ^ a ^ Y t t b Because
TDHF generates the unitary transformation |p(t)> = U(t)|u(o)>,
one can go over to the "interaction representation," V(t) =
U+(t)VHF(t)U(t) and N(t) = U

+(t)H(t)U(t), and can transform the
equation of motion for H(t), Eq. (2), to the formal solution for
N(t), i.e.,

N(t) = N(o) dsfV(s),N(t)} (9)

Rather than to expand this integral equation as a formal infi-
nite series involving N(o), applying on each term in the series
some statistical average [10,17,19], and to resum the truncated
series to all orders again, one can apply another resummation
scheme in a closed form. Because TDHF provides a Hilbert spaces
|ii(t)>, one is entitled to divide the statistical operator M(t)
or N(t) into its diagonal and off-diagonal parts, Nn(t) and
M t ) , respectively, i.e., N(t) = ND(t) + Ns(t). The equation
of motion (9) is then rewritten by a set of two, coupled equa-
tions,

ND(t) = ND(o) dsD{V(s),Ns(s)}

and

Ns(t) = Ns{o) + J* ds{V(s),ND(s)}

(10)

dslV(s),Ns(t)} . (Ua)

The simple structure of Eq. (10) is a consequence of the vanish-
ing diagonal elements of VHF or of V(t). One analyses the
structure of these exact equations in the following way. For a
known Ns(t), Eq. (10) determines NQ by a quadrature. For a
known ND, however, Eq. (11) is an integral equation for N s(t),
or equivalently, an infinite series of quadratures in NQ. One
approximates this series as usual, by truncation. Restricting
oneself to the first nontrivial term, setting by choice N (o! =
0, one has

Ns(t) = / dslV(s),ND(s)} (lib)



By assuming further that Nn(s) varies in time much slower than
V(s), one can substitute this by

Ns(t) = J* ds(V(s),ND(t)l . (lie)

To generate a solution, one inserts this into Eq. (10) and ob-
tains

ND(t) = J (12)

a closed equation of motion for Nn(t), whose solution is used to
generate Ns(t) by Eq. (lie).

This way, one generates the full statistical operator N(t)
and thus H(t) in a certain approximation. The structure of this
approximate solution coincides with Pauli's master equation
(12), but the off-diagonal elements are wildly nonzero, Eq.
(lie).—Is the approximation justified? The general proof is
difficult, if not impossible, but one can give the following
evidence. One can estimate the size of the next higher term
relative to the first one and discuss it in terms of the energy
shift and width associated with state \u>, i.e., of

- % - lim I
<wlvHF|u *>

+ U
(13)

as shown elsewhere [18].
implies

The step from Eq. (lla) to Eq. (lib)

3&u

E

« 1

and the step from Eq. (lib) to Eq. (lie)

« 1 .

(14)

(15)

Both inequalities seem to be satisfied reasonably well in nu-
c l e i ; educated guesses with real ist ic numbers [17,18] y ie ld (1/5
- 1/10) « 1 for either of the two conditions.

The so-obtained f inal equations, Eq. ( l ie) and (12) can be
reduced to the one-body density. In a f i r s t step.the diagonal
elements of the two- and three-body densities p-
spectively, w i l l appear, i . e . ,

and p1

andpm _ (t) = <m1(t),m2(t)|p
(21(t)|m1(t),m2(t)>

pm m m (t) = <m1(t)>m2(t),m3(t)|p
(3)(t)|m1(t),m2(t),m3(t)>

subject to the usual normalisation and antisymmetrisation [13].
For the off-diagonal elements of p(t), one obtains from Eq.
(lie) quite straightforwardly

ft 1 , 3 2 , 3

They vanish by def ini t ion, Eq. (8a). The time change of the d i -
agonal elements Pm(t) = <m(t)|p(t)[m(t)> is expressed in terms
of the time-dependent transit ion rates

= 2fi"2Re <m1(t)

and given by

J ds<m3(s),m4(s)|VHF|ni1(s),ni2(s)> (17)

Pm 1
w(m1>m2;m3jm4;t)[2(pm _ - pm m J

( Pm ,m2 , j,1113,1114" Pm2,1113,1114)1 •

In a second step, this equation can be reduced to a closed
equation in p^, i.e.,

Pm 1
m2,m3,m4

p m (1 - p m 1(1 - p
i * l

m )

not by the inconsistent ansatz of factorisation [10], but by the
following approximation. For any fixed time, the transition
rate varies slowly with any of the four indices [17]. I f so, i t

b l d b i l i l ike (18), fo
y y [

can be replaced by i ts average value in sums l ike
ample,

1"

for ex-

Pm „ m m3
pm

The partial trace over the three-body density by definit ion is
the two-body density times the normalisation (A - 2)/3. Evalu-
ating the average fi11"3'^ terms of the one-body density

w<m3) - I w • p /A

gives with (A - 2)/A ~ 1 straightforwardly

I w ' m l m4'Pm1 (m2 ,m3 " j P m ^ I w ( m l m4>Pm3-
3 ^

1 ( 2 , 3 j ^
3 ^

Treating the other terms correspondingly gives Eq. (19). 215



3. Discussion. The set of equations (5)-(7),(16),(17), and
US) is seir-consistent. It generates a one-body density in a
time-dependent representation

p(t) I I
m,m'

(20)

Its time derivative can be decomposed into

pc(t) I
m,m'

|m(t)Xm|p|m'xm'(t)| , (21)

and

21B

I
m.ra

|m>iL
dt

(22)

According to Eq. (5), the "convective derivative" P C can be
written as a quantum mechanical Poisson bracket, pc = {h,p}, and
accounts for the change of representation. The "partial deriva-
tive" i5p accounts for the change of occupation (see Eqs. (16)
and (197; thus

Tt>{t)
+ Is.

3t
(23)

The analogy with the time derivative of the classical phase-
space distr ibution function is obvious. As there, the partial
derivatives—the terms "beyond TDHF"~are caused by the two-body
nature of the interaction. The col l is ion terms should be inter-
preted as a means of including the lat ter in an approximative
fashion, and as a f i r s t step towards the true one-body density,
Eq. (20).

In a way, the present formalism reminds one of earlier work
[ 3 ] , but only in a birds' eye view and only i f one argues very
formally. Zwanzig works—as mentioned—in a tiine-jndependent
representation. He simplifies his approach ad hoc without work-
ing out rules of va l id i ty . The transliteration of his approach
to a time-dependent representation 1s very d i f f i cu l t , and even-
tual ly can be done only after a subtle definit ion of the unper-
turbed problem.

In the present approach, the amputation of the in f in i te
series as represented by Eq. ( l la ) to the approximative Eq.
( l ib) was jus t i f ied by an argument of small ness. I t also could
be jus t i f ied by an ensemble average [19] with suitably defined
f i r s t and second moments of matrix elements. This invokes the
interesting but almost unanswerable question whether for times
much smaller than the Poincare recurrence time I r reversib i l i ty
is a consequence of looking at a system with limited resolution
[17 ] , or whether i t is an inherent property of the system so im-
portant that i t shows up already in the roughest approximations.

4. An Example. In the present approach, the question of i r r e -
versib i l i ty is not completely t r i v i a l . The transition rate—
through the dependence on the single-particle states at earl ier
times—contains "memory effects", which can be studied only with
expl ic i t examples. The transition rate has been worked out for
two different cases,

<x(m(t)> = exp(i(km.x - um1

and

<x|m(t)> = exp{i(km-x -

(24)

(25)

Both of them are exact solutions to the TDHF equations, if one
omits the Coulomb interaction. The second is the solution for
the very large homogeneous system and describes a particle of
mass m with wave number K" and total energy Tfom ="fi2|<2/2ni, jub-
ject to normalisation in a large box of linear dimension L,
i.e., * = L"3/2. The first one is typical for a heavy ion col-
lision. It describes the particle as a wave packet £13 which
travels with (mean) collective momentum "fit and which is local-
ised at

C(t) = ?(o) + tlL • t .
m

Its energy has one contribution ein from the rest frame, the "in-
trinsic single-particle energy", and one from collective motion,
i .e.,

The " intr insic single-particle wave function" has typical nu-
clear dimensions a ~ 1.20 A1 '3 fm, i .e . ,

|<xl*m>l2 = a"3'2 exp(-x2/a2)fmCx/a) .

For this case one can evaluate the transition rate jnd arrange
the result into essentially five parts [18], i.e.,

h2w(t) - C(X(t)) • D(K) • ZCK) • Ha) • <V>2 . (26)

For convenience something like a "soft delta function"

C(X) = (an1/2)"3 exp(-X2/a2) , / d3X C(X) s 1

D{K) = (a/Ti1/2)3 exp(-K2 • a2) , / d3K D(K) E 1

was introduced, with the obvious dimensions. The onlx.time de-
pendence which does not damp out within typically 10 seconds
resides in the first term, where



X2(t) = References

denotes the mean square distance of the four interacting wave
packets from their common center of mass I. Quite reasonably,
this function is peaked for those times when the wave packets
are close to each other, close measured in terms of a. The
other factors are independent of time. The argument of the sec-
ond is the relative total momentum-fl(lq+ E2), i.e., K = U1+K2) -
(Jc3+1<4). pie Jhird^factor contains the (collective) momentum
transfer 2< = kj - k2 - (k$ - k^), i.e., S(K) can be understood
as a kind of suitably normalised cross section for collective
motion. The fourth term is a Dirac <5 function in the collective
plus single-particle energy

and the last term accounts for possible selection rules in the
rest frame

<V>2 = l/^/d^Cxx^txjJvCx! - x2H

exchange)

For the second case, Eq. (25), the same structure is ob-
tained, but with the "soft delta functions" degenerating into
either constant or Dirac & functions. More specifically, C de-
generates into the constant L , D(t) into 6{K), zlt) becomes
proportional to the nucleon-nucleon cross section a(f) (in Born
approximation), i . e . , E(ic) = a(tc)(2n/l-)p and the last term re-
stores the proper dimensions, i . e . . <V>* = (JWUrfr/m . -As ex-
pectable, a takes the value fin = h z ( t 1 - to ) h - trltyt^r/m.
Inserting this result into Eq. (18) 1s s t r i c t l y equivalent with
the classical Boltzmann equation, even without going to the
l im i t ft + 0, as shown elsewhere [17] .

5. Conclusions. In the homogeneous case, two coll iding par t i -
cles can exchange energy and momentum, subject to a s t r i c t con-
servation of their total energy and total momentum. Contrary to
th is , in the nonhomogeneous case as typically represented by a
heavy-ion col l is ion, their total (collective) momentum is con-
served not s t r i c t l y but only on the mean. As a consequence of
th is , the well-defined trajectory ?(t) as they are so typical
for TDHF must eventually be replaced by a broad distr ibution.
The width and the centroid of this distr ibution are a matter of
the detailed case, i .e . , a matter of calculation. The f in i te
width of the distr ibution in the collective variable might even-
tually contribute to larger variances. Possibly the shortcom-
ings of TDHF in comparison with experiment can thus be lessened
by an approximative treatment of residual interactions.
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