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The organization of the phase space of a classical
nucleon in an axially symmetric deformed potential with the
restriction L z

 E 0 is studied by drawing the Poincare surfaces
of section. In the limit of small deformations three simple
limits help to understand this organization. Moreover impor-
tant bifurcations of periodic trajectories occur. At higher
deformations multifureations and chaos are observed. Chaos is
developed to a larger extent in the heavier nuclei.

1 - Introduction

The purpose of this work is to describe the general
organization of the trajectories of a nucleon in a deformed
potential both in phase space and in configuration space. This
question is elementary in the case of a spherical potential;
it gives rise however to a very complex problem in a deformed
potential. There one is in the frame of the theory of noninte-
grable systems fill. Many very important mathematical theorems
(like K.A.M. theorem) are needed as veil as many results of
bifurcation theory and also of numerical experiments [2-53•

This work belongs entirely to classical mechanics. The
main problems to be treated are : the organization of phase
space, the connection with simple known limiting cases and bi-
furcation theory, and the occurrence of chaotic trajectories in
a nuclear field. These problems must be solved as functions of
the size, the deformation of the potential and the excitation
energy of the particle.The potential is written in cylindrical
coordinates as

V(p,z) - - V.
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cosh X + cosh X \ - £ - + •==•
R l
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2 I
It was originally designed in the spherical case [6jas

an improvement of a Woods Saxon potential. In (I) we have de-
formed the spherical version by a simple scaling. He will res-
trict to motion with Lj • 0. The phase space has 4 dimensions
and we represent the trajectories, as is usually done \2~\ ,

considered are
n - [ v o - |E with

w i t h

X =[R, R^l'^/a with X » 4.698 (0 nuclei)

and X * 10.96 (Fb nuclei); a is the surface thickness. Let us
remind [2^ that the Poincare maps of periodic trajectories
are finite sets of points, quasi periodic trajectories are
infinite sets of points lying on curves (invariant curves) and
chaotic trajectories are infinite sets of points filling at
random a two dimensional subset. Such trajectories occurred
first in a well known work by Henon and Heiles [jj . In this
paper p and Pp are expressed in arbitrary units. Care is ta-
ken only of the topological structure of the invariant curves
of the PoincarS mapping. This map is obtained by a numerical
integration of the hamilton equation. The intersections with

z • 0 are found by interpo-
lation,

2 - The extreme integrable
cases.

For the three simple limiting

cases of Fig. 1 the topology
of the Poincare section is
uniquely defin' d and is inde-
pendent upon all parameters.
In the spherical limit the
angular momentum A • p.p -z.pp
is the second integral of mo-
tion. Circular motion, motion
comprised between two circles
and motion with A= 0 are iden-
tified respectively as the
points Ai,A2, the ovals which
surround them, and the union
of the line BC with the exter-
nal contour. For the harmonic
oscillator limit the fraction
I of the energy in the p di-
rection versus the total ener-
gy is the second integral,whi-
le in the elliptical billiard
(an elliptical infinite well)
the trajectories have been
explained by Keller and Rubi-
nov fj83and Berry £9]] . The
"bouncing ball" modes surround

FIG.1 - Poincarl sections of

three simple limiting

cases.

•Tronic oscillator
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the "whispering gallerey modes", those motions are separated by
a separatrix V . These modes are distinguished by the sign of
H.SL. : the product of the angular momentum with respect to the
foci of the billiard.

3 - Period doubling bifurcations in the deformed potential.

It can be remarked that the transition between the two
last cases can only be done if the center looses its elliptic
character, i.e. through a bifurcation [l,5j from an elliptic
point (E) of the Poincar€ map to two elliptic plus one hyper-
bolic (H) points in the billiard case. Symbolically

IE* 2E + 1H (2)
Its inverse could be produced for different values of the para-
meters 2E + IK -»1E (3)
The bifurcation (2) occurs, as shown in Fig 2, if we follow
the PoincarS section of our deformed potential as a function of
energy. In other woods the rectilinear motion along the longer
axis is first stable (n - 0.0310), then looses its stability
in the interval 0.002 <n <0.003. This bifurcation describes
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FIG. 2 - Poincare sections of the deformed potential, eq (1)
for several small values of n . A bifurcation occur;:
for a value of n in the interval : 0.C02 < n <0.003.

a sudden transition from the harmonic oscillator regime to a
regime topologically equivalent to the billiard (with its two
modes).

The bifurcation just discovered occurs for values of p
as high as 1.2 for increasing value of n • In the broader ran-
ge 0.001 J< n ̂ 0.99 it can be seen in Fig. 3 that (2) occurs

FIG. 3 - Poincare section of the deformed potential for a
large range of values of n and p = 1.062

in the interval 0.01^ p <0.05 but that (3) occurs in the in-
terval 0.70 < n < 0.85. Intermediate values between 0.05 and
0.70 interpolate (we checked that) between these extremes.
Finally in the interval 0.85 <n <0.90 the rectilinear motion
along the small axis becomes unstable. However at n * 0.85
the Poincare map looks unexpectedly like the harmonic oscil-
lator !



In conclusion for small deformations, P <, 1.2, it is
the stability of the rectilinear motions along the symmetry
axes which determine the structure of phase space. In this
range the simple limits allow to understand the organization
of the phase space.

4 - Multifurcations and chaos.

Let us now study higher deformations. In Fig. 4, the value
of u is 3/2 and a large range of n is considered. The situa-
tion described here is typical of values of u = m/n with m
and n "small" integers as well as of values in the immediate
neighbourhood of these values. Three kinds of mappings are
obtained.

If n < 0.5 (only T\ = 0.30 is shown here) the mapping is
harmonic oscillator-like , which is surprising for such a
highly non linear potential. If 0.5 <r, <0.9 the hanaonic
mapping is strongly perturbed by the successive birth of two
sequences of 4 islands. The center of each island is associa-
ted to a Lissajou-like curve with a ratio 3/2 of the harmonic
frequenciesJhis occurrence is called a Birkhoff bifurcation
or "multifurcation" QlO J . VJhen n increases one of the sets
dissolves into chaos for n ^ 0.90.

If n > 0.90 the mapping has an increasing complexity
and looses its macroscopic structure. Many bifurcations and
multifurcations occur and the chaotic structure larp.ely deve-
lops on a macroscopic scale (for n IV'0.99). This situation
reminds the results first found by Henon and Heiles £7 J .

FIG. 4 - Same as in FIG. 3. However here u - 1.5.
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5 - The chaos in the heavy
nuclei.

If \ is given the hi-
gher value 10.96 (Fig. 5)
there are several important
differences with the case
X - 4.898 discussed until
now.

The Poincare map has
much more similarity to
an elliptical billiard
(compare u - I.I in Fig. 5
to Fig. 1).

The chaotic situation
occurs sooner than for the
case X - 4.898 and for a
smaller value of n . It is
present already for u • 1.2.

The chaos is much more
developed for higher u(see
the case p - 1.5 and u- 2).

Mo important multifur-
cations is present and al-
so the harmonic oscillator
situation does not occur.

6 - Conclusions.

We have been able to
describe the macroscopic
organization of the phase
space for the motion in a
deformed potential. The
case of small deformations
is the simplest. The phase
space can be explained by
deforming slightly those
of Fig. 1. In this region

FIG. 5 - Poincare section
of the deformed
potential for the
value X- 10.96,
n " 0.5 and seve-
ral values of u.
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simple bifurcations are obtained and are related to stable or
unstable motions along the symmetry axis. No macroscopic chaos
has been observed.

For higher deformations the PoincarS map is richer. Impor-
tantBirkhoff multifurcations occur for \i - m/n and a transition
to macroscopic chaos is seen for high values of Ti. If the size
of the potential is increased the multifurcations play less
importance but the chaotic situation develops for small p and
at a rather low energy.

The difficult problem of semi classical [4,8] quantiza-
tion of this system has not been treated yet and will be the
subject of our further study. In the many cases where the phase
space has a simple structure this semi classical quantization
looks possible.
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