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Abstract: Quadrupole and isovector dipole resonances of rota-
ting nuclei are investigated in the frame-work of Vlasov equa-
tions transformed to a rotating system of reference, which are
based on the time-dependent Hartree-method for schematic for-
ces. The parameter free model of the self-consistent vibrating
harmonic oscillator potential for the quadrupole mode is ex-
tended to a coupling to rotation, which also includes large-
amplitude behaviour. A generalization tc; an exactly solvable
two-liquid model describing the isovector mode is established;
for rotating nuclei Hilton's explicit result for the eigenfre-
quencies is obtained. - The advantage of using the concept of
the classical kinetic momentum in a rotating system also in
quantum-mechanical descriptions is demonstrated. It completes
the standard transformation of density matrices by a time-odd
part realised in a phase-factor and permits a more direct in-
terpretation of rotation effects in terms of the classical for-
ces of inertia.

1) Introduction and
In the semiclassical calculation o£ giant resonances much

progress has been achieved with the recent extensions of the
fluid-dynamic concept. This approach allows a more direct in-
vestigation of the macroscopic information contained in the un-
derlying RPA equations. The RPA equations have also proved suc-
cessful, when solved in a rotating coordinate system, to de-
scribe excitations of rotating nuclei. The giant-resonance
structure in these spectra, the subject of a beginning experi-
mental interest, should thus be directly accessible by an ana-
logous transformation to a rotating frame of the Vlasov equa-
tion, the semiclassical limit of the RPA or, more generally, .
the TDHF equations.

In the present work we develop such a method in the frame-work
of exactly solvable models , which are based on the time-depen-
dent Hartree equations for schematic forces and allow for an
exemplary demonstration of essential features of the semiclas-
sical, and moreover the quantum-mechanical description of non-
stationary rotation. We present an extension to rotating sys-

tems of the vibrating harmonic oscillator potential model for
quadrupole vibrations, which is both realistic and free of pa-
rameters and recently has been applied to damping in combination
with the collision term 111 • In addition., a similar model is
established as a coupled set of Vlasov equations to describe
the isovector dipole mode. For the quadrupole mode we derive
similar equations as Balbutsev et al. [2.1 , who approximately
solved the Vlasov equation by forming the lowest moments in co-
ordinate and momentum space. Moreover, we derive a closed set
of non-linear equations appropriate to study large-amplitude
rotation-vibration coupling. On the other hand, for the dipole
mode we reproduce the explicit result obtained by Hilton [3]
both with pure quantum mechanical and pure classical methods.

It turns out that the most natural set of variables for a semi-
classical description is not the classical canonical but the
kinetic momentum in the rotating system; it leads to a Vlasov
equation involving the Coriolis and the centrifugal force. He
sketch the usefulness of this concept also for more general
quantum-mechanical investigations, where it implies a comple-
tion of the transformation formula of Inglis by a time-odd
part or phase-factor, in close analogy to that of the Galilei
tr ans formation.

2) The Vlasov equation in a rotating frame of .reference
In its standard form in coordinates of the laboratory sys-

tem the Vlasov equation is given by

where S(^,P,t> is the local distribution function, the Wigner
transform of the semiclassically approximated one-particle den-
sity matrix which solves the underlying TDHF equation; h is the
Wigner transformed self-consistent Hartree-Fock Hamiltonian,
where we restrict the potential to the Hartree term vjfr.tjof a
local interaction V in the following

'"{ J(M,f-i.tl ,
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If the arguments f-' and r" of the density matrix on the right
side of (2) are expressed in a coordinate system rotating with
angular velocity A , i. e. multiplied by the rotation matrix
R,_fe , the vectors r and p on the left of (2) are likewise ro-
tated, and insertion in eq. (1) of the transformed distribution
function

f|r,f,tl =--pj[ (r.f.tl , k-- = It j ( i "(«<p - S * « ) « 14>
yields as equation tor $J

:l (6a,b)

The occurrence of the modified Hamiltonian (6) in the Poisson
bracket of the rotated eq. (5) , the semiclassical limit of a



commutator, is in correspondence with the customary quantum-
mechanical calculation of cranked wave-functions with its Wig-
ner transformed. On the other hand, from the classical point
of view, the (kinetic) momentum as referred to the rotating

frames is not p but

(7)

Indeed, if the transformation (4) of the local distribution
function is completed by a second step

one ends up with a Vlasov equation where now the familiar clas-
sical forces of inertia occur

jT "*" T£ ' IT "* T3~* rp" — 2.\SL*k }' ?p ~ a (9)

Here n contains the potential of the centrifugal force »i5.«l3«fl

(ig (r,k,t) = r- + yg (f,tl - j (fi.»r)*. d°)

The Coriolis force involved by the last term of (9) cannot be
expressed in terms of a potential, and, correspondingly, eq.
(9) , if Wigner transformed in the rotating system, is the semi-
classical limit of an equation of motion of a more general form
than the von Neumann (commutator) form. The classical Hamilton
function (6) is easily identified with the energy do) , expres-
sed in terms of the canonical momentum f Uo]

Note that in the similar formalism describing the influence of
a homogeneous magnetic fields, which takes the place of0-, the
Hamiltonian function is given by the kinetic energy without a
centrifugal-type subtraction. - Eq. (9) as well as the relation
(11) would be more complicated due to additional forcer, of in-
ertia occurring, if non-local parts of the potential were in-
cluded.

3) Time-odd parts of transformations to rotating and to uni-
formly moving systems
It is instructive to compare the total transformation to a

rotating frame as defined by eqs. (4) and (8) , both in this
Wigner transformed and in the standard matrix representation of
quantum mechanics, to the well-known Galilei transformation to
a frame moving with a uniform velocity d-, which due to the fun-
damental symmetry does not generate forces of inertia. From a
given solution of the (unchanged) equation of motion in the
moving coordinates, denoted byf, a uniformly moving solution
in the fixed system can be constructed as

J S ' j - ' d =flrJ-vt p-"i,t) < 1 2'

|-"i i«nu<(?'-r") lit, 2, (13)

respectively. The corresponding rotating solutions are obtained

from (4) and (8) and after inversion of the transformation (2)
as

f'5'(r,p,t) - f i U - ^ A a t f p - ^ ' X (14)

(15)

The second step (8) thus completes the original transformation
of the local distribution function, which corresponds to Inglis1

cranking model f ] and is even with respect to time reversion,
by a time-odd part, and the density-matrix by a corresponding
phase-factor, which is in close analogy to that of the time-odd
part of the Galilei transformation. Jn^fact the phases imply
the only scalars that are linear in r' r" , and the vector ir or
the axial vector A , respectively, and antisymmetric in >?' and?".

As long as the Vlasov equations (5) or (9) are solved exactly,
which is true for the models discussed in the following, the
final solution of the problem does not depend on the choice of
the form (8) , or (4) , for the ansatz of the rotating solution
to start from. For the stationary solution this is directly
seen inseen in the next section. For the vibrating case the so-
lution has its simplest expression in the completely transfor-
med version (8).

It is tempting to transfer the generalization (14) or (15) of
Inglis1 ansatz to other investigations of properties of rotating
nuclei, which are not necessarily approximated semiclassically.
It can be shown that in lowest order of perturbation theorythe
ansatz (13) exactly reproduces the Inglis expression of the mo-
ments of inertia for nucleons in local single-particle poten-
tials. For non-local potentials it yields, in deviation from
the result based on (4),the reduction factor m/m'CS] in the effec-
tive mass approximation. For higher-order perturbation theory,
starting with the rigid-rotation solution in zero order might
offer, in view of eq. (19), an alternative to cope with the
problems of level-filling and level-crossing.

4) The stationary solution in the rotating system
The solution of the Vlasov equation describing the equili-

brium state in the rotating system, vibrations about which are
studied in the next parts, is trivially the same for the two
versions of the transformation. The stationary solution of eq.
(5) is given by

where \ is the chemical potential, and levels are filled in
accordance with the minimizing principle for 1% -h -&• r*f
Of course here h , which includes the equilibrium deformation for
a giv'on A , in general cannot be determined as a self-consistent



quantity in the frame-work of a pure Thomas-Fermi theory.
solution (16) in the form , equivalent due to (10) ,

(17)

is also the stationary solution of eq. (9) . In terms of the in-
trinsic kinetic momentum thus the total energy including the
centrifugal potential is minimized. The identity (17) offers an
interesting way to represent the semiclassical limit of the
exact TDHF density-matrix of a rotating nucleus

usi

in terms of its phase and its absolute value. By aid of the Wig-
ner transformation and eqs. (16) and (17) the Thomas-Fermi limit
of this is

(19)

The second integral in (19) is real. If the phase-factor of (19)
or (15) is retained in an ansatz for a theory implying more of
quantum-mechanics, the second factor will also become complex due
to effects of the Coriolis force.

The semiclassical solution (17) is not affected by the Coriolis
force, asiiWJkis proportional to the vector £ , and so the last
term in eq. (9) vanishes. This offers a better understanding of
the well-known fact that the limit t»0 of the Inglis formula
yields the rigid-body value of the moment of inertia, the in-
fluence of the centrifugal force being a higher-order effect.
Evidently the Coriolis contributions of the next V" -corrections
of the density matrix Id TJ are due to the fact that these terms
may lead to a considerable deformation of the Fermi sphere 1*3 ,
so that the parallelity of the above vectors is lost. This ar-
gumentation is fundamentally changed for non-stationary intrin-
sic situations. In general they involve a mean velocity field
d(r,t) , which in the first (hydrodynamic) approximation shifts
the centre of the Fermi sphere, and the Coriolis term in eq. (9)
gives a contribution. The Coriolis force may thus be said to act
on « and not on £ in the semiclassical approximation. Further-
more, in the next fluid-dynamic extension of standard hydrodyna-
mics, the shift of the Fermi sphere is connected with a dynami-
cal deformation which offers another handle to the Coriolis
force.

5) Quadrupole vibrations about the rotating stationary solution
As a first example of a non-stationary solution of eq. (P!

we generalize the self-consistent vibrating oscillator potential
model for quadrupole modes £<] . This parameter-free large-ampli-

tude model, which for small amplitudes is equivalent to the me-
thod of adding a time-dependent Hartree field of a schematic
quadrupole (QL-Ct) force to a static harmonic oscillator poten-
tial, the coupling strength being chosen self-consistently, is
compactly formulated in the following way

wtfth?"1* (2O>

The Vlasov equation (1) is satisfied by these quantities for the
following choice of the time-dependent parameters

*,-(+• " ("J *;W , ":(*)* fti) ' v'lti~ J*W » (22a-c)
where $ satisfies a differential equation which yields frequen-
cies u. « Jz uv in the linearized form

•

I + uNrlJ; " TT = ° • (23)

Note that due to the quadratic structure of t> the Vlasov equa-
tion is the exact equivalent of the corresponding quantum equa-
tion.

The generalization to deformed nuclei is implied in the choice
of different equilibrium oscillator strengths to0l- , which may be
expressed by the Hill-Wheeler parameters. For a further genera-
lization of the model to rotations one conveniently procedes
from the necessity to generalize itfjMtt in (20) by a non-diagonal
tensor uij^ IH , as in the rotating system the principal axes of
the harmonic oscillator will change their direction at every mo-
ment. To solve the Vlasov equation (9) one then has to admit
tensor forms u.<f and n*f also in the place of the remaining para-
meters «.,- and ir; in (21). Hamiltonian and local distribution
function thus assume the form

Ci If i t) = — I11 « £•?. It) ». VA . (2")

(25)

(26)

(27)

The ansatz (25) properly reduces to the non-vibrating rotating
solution (17) for u; = 0, ir- = Sij and tuiji = w,

1.hf • Obviously it
would be expressed in a more complicated way in terms of f in-
stead of t (7).

+) For convenience we drop the symbol •** in all quantities of
the rotating system but fi = h- f In*?!*" and «*' (27) . A
summation convention is used.
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Inserting (24) and (25) into eq. (9) and comparing the coeffi-
cients of x« *f , p* tf and «, fy , one gets the coupled system of
equations

calculated as

(28)

ŷ lx-fll + f*<|~ ty) "V/> j (29)

.*rM1i">'ff + t"**P5 (30)
The solutions ir.n (tl and uf"p(t) are symmetrical tensors, whereas
u«ftt> in general is asymmetric, the velocity field having a fi-
nite curl in the rotating system. The direct effect of the
centrifugal force in the coupled equations is a mere modifica-
tion of the oscillator frequency tensor by a time-independent
subtraction in all frequency terms that would also occur with-
out rotation. The Coriolis force directly influences the velo-
city gradient and the deformation tensor introducing an addi-
tional term in their equations of motion (29) and (30) . The
Coriolis term vanishes, respectively, for vanishing velocitv and
for a deformation tensor equal to the unit matrix, i. e. for
their stationary limits. The linearized equations for small
deviations from the stationary values lead to a rather complex
eigenvalue problem for the possible frequencies ui :

eq. (28) discouples in this limit. In (31) u>f, = Uf, (ft) stands
for the equilibrium deformation for a given angular velocity. A
similar eigenvalue problem has been obtained and evaluated by
Balbutsev et al.[2] . Our closed model in addition offers a
coupled system of equations valid for arbitrary large amplitudes,
so that vibration-rotation coupling may be investigated on very
general terms. Inclusion of a time dependence ofil is feasible.

5) Isovector dipole vibrations
In analogy with the semiclassical model for quadrupole vi-

brations of section 4 and ref.Ml , a closed model for isovec-
tor dipole vibrations based on a schematic dipole force can be
obtained, to which one can likewise include the collision term
to calculate the damping with of the phenomenological Steinwe-
del-Jensen model 13] . Here we confine ourselves to the time-de-
pendent Hartree approximation for the residual interaction t'3

as part of the total Hamiltonian

H = H. * V, , H. -1 I.. <r;) , h. - - 1 &

(32)

(33)
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The effective one-proton and one-neutron Schrodinger equations
then in addition to the static single-particle Hamiltonian f><>
contain the time-dependent Hartree potentials Vt , which are

where &1'1 is the proton or neutron centre of mass ,

(34)

(35)

As in the quadrupole case the Vlasov equations obtained by in-
sertion of h1'1 -h, *vi' into eq. (1) are fully equivalent to the
exact quantum equation; due to (34) and (35) they now couple the
local distribution functions for protons and neutrons

fit + £ f-J*, - " M W < P V + *•£- (R,(r) -R'Ji'WMjjS.J 9 ttj.t) - 0,(36)

The system (36) is easily solved by the ansatz

(37)

r^'-r,--»*'" , «.•--.. »„ — . (38a,b)

where the equilibrium Thomas-Fermi soLution is modified by a
shift £ of the coordinates to guarantee (35), an additional sca-
lar ff in the local Fermi momentum, and by a shiftmu of the cen-
tre of the Fermi sphere, which due to the "linearity of the
fields (34) remains undistorted. Performing the differentiations
and comparing the time-dependent coefficients of *« and A one
immediately gets two of the solving conditions for eq. (36)

ull~Rr'l , f*' ~ 1 w% K^'ft" . <39a,b)

The third by comparison of cofactors of pGl , differentiation and
insertion of (39a) is obtained as

(40)••ft) fli «V) v W'1' / Cl KTJ i

Subtraction of the <-" from the i-r equation finally yields a li-
near differential equation for the relative proton-neutron mo-
tion with eigenfrequencies u,; :

(*i. + .ff(
ljf«?1-uj"; = o , a,' -. - « ; . - + y . (4i)

The final forms of the vibrating local distribution functions
are given by

fl'J.O - 9 [) - L IP-".*1")* - ? lt-M-tf-(t-$!'l * 1 R«-5-Rc'J(42)
The transformation of the model to the rotating system lf,k<-p)
is straightforward. The Vlasov equations according to (9) and
(10) are changed into

and in the ansatz of solution (37) accordingly fi,.-*<•«. , w<() -< u«^
(27). Apart from this second replacement, eqs. (39) remain un-



changed, whereas eq. (40) additionally exhibits the Coriolis
term Zl^^Slf li'ji' • After differentiation and insertion of
(39a) as before the following condensation of Coriolis and cen-
trifugal contribution in terms of a vector notation is conve-
nient

i,; +2trfMft,^ fisLls^-a^sif)^ = (j|f + Av;
lu|« (44)

In vector form the final differential equation for the relative
velocity is then obtained as

*') - o, a";«-<< • y) i*f (45)

This result is easily interpreted. Due to the vector-type of the
dipole excitation, the rotating excitation may be obtained by
just replacing the time derivative in the static "Euler" equa-
tion (41) by the standard time derivative of a vector with re-
gard to the rotating system. As seen above, the transformation
is more complicated for higher tensor-type excitations.

With iL = He« the eigenfrequencies ui of eq. (45) are given by the
roots of the secular equation

-UwfL -(w'-t-Q.1) +Ujl

The frequency ui, = 4, of the mode vibrating in the direction of
the rotation axis remains unchanged, whereas the two modes ortho-
gonal to this axis are obtained as

»v = ̂ T^ ^ ' t i U%-W- + « ftf + w/JA*}1 (48)
The result conincides with that of a quantum-mechanical and a
classical treatment of the problem by Hilton (3 J . With regard to
the eigenvectors of (48) we refer to this work.
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