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Abstract.

The constitutive equations for non-Newtonian flows are pre-

sented and the various flow models derived from continuum

mechanics and molecular theories are considered and evalu-

ated. Detailed account is given of numerical simulation

employing differential and integral models of different

kinds of non-Newtonian flows using finite-difference and

finite-element techniques. Appreciating the fact that no

book or concentrated material on Numerical Non-Newtonian

Fluid Flow exists at the present, procedures for computer

set-ups are described and references are given for finite-

difference, finite-element and molecular-theory based

proyxdimes for several kinds of flov. Achievements and

unreached goals in the field of numerical simulation of

non-Newtonian flows are discussed and the lack of numerical

work in the fields of suspension flows and heat transfer

is pointed out. Finally, FFOCUS is presented as a newly

built computer program which can simulate freezing flows

of Newtonian fluids through various geometries and is aimed

to be further developed to handle non-Newtonian freezing

flows and certain types of suspension phenomena involved

in corium flow after a hypothetical core melt-down accident

in a EWR.



Introduction.

Newtonian fluids are those that have a linear relationship

between the shear stress and the velocity gradient (or rate

of strain). The shear stress x is equal to zero when d v / d y

equal zero. The viscosity, given by the ratio of shear stress

to velocity gradient, is independent of the velocity gradi-

ent (or rate of strain), but may be a function of temperature

and pressure. Gases, and liquids such as water, usually ex-

hibit Newtonian behaviour. However, many fluids do not fol-

low the linear shear stress-velocity gradient relation, and

these are called non-Newtonian fluids.

Metzner (41 , 42) has presented surveys of the hydrodynamics

and heat transfer characteristics of non-Newtonian fluids.

The classification of fluid behaviour by Metzner is the fol-

lowing:

Category 1 Purely viscous fluids

(a) u is constant, independent of rate of strain

(Newtonian fluid)

(b) u is decreasing function of the invariants

of the strain-rate tensor', includes the

"Pseudoplastic", "Bingham plastic" and

"Shear-thinning" materials

(c) y is increasing function of the invariants

of the strain-rate tensor; includes the

"Dilatants" and "Shear-thickening" mate-

rials

Category 2 Time-dependent fluids

Category 3 Viscoelastic fluids

Category 4 More complex materials

According to this scheme, Newtc-dan fluids are a subclass of

purely viscous fluids. Metzner points out that often fluids

in Categories 2 and 3 may be treated as purely viscous fluids



as an approximation.

In order to consider rheology and fluid dynamics of non-

Newtonian flows, one should start with the equations of

change, which describe the conservation of mass, momentum

and energy. FOr an incompressible flow these are

Continuity

(7 . v) = O (1)

Motion

Energy

Dv
p — = - (V . |) + p 2
Dt

p — = - (7 . qj -
Dt

(2)

(3)

in which p , v and U are the fluid density, local velocity

and internal energy per unit mass respectively, g_ is the

gravitational acceleration, £ the heat flux vector and V_

the stress tensor, (n . <j)dS , where n is surface-element-

orientation unit vector, gives the heat flow from the nega-

tive side: of dS to the positive side; similarly (n . ^)dS

is force exerted by the negative-side fluid on the positive-

side fluid.

The relation

*? = p (4)

splits up the tot,;,i stress into two parts: an isotropic part

containing the pressure p multiplied by the unit tensor 6_ ,

and T_ , which is that part of the total stress tensor that is

zero at equilibrium. For the incomprassible Newtonian fluid:

T = - U ;vv
+

(7v) ' ) = (5)

where the constant p is the viscosity, f designates the trans-
pose, and Y, is the rate-of-strain tensor. The central problem



in non-Newtonian fluid dynamics is the development of rela-

tions that give _t in terms of y_ and / or other kinematic

tensors. Such a relation is called a "rheological equation

of state" or a "constitutive equation".

There are three sources of information for obtaining con-

stitutive equations:

(a) Eheametric measurements, which may provide

useful information, but alone are not capable of gener-

ating constitutive equations.

(b) Continuum mechanics, where considerable

success has been achieved by restricting attention to

materials called "(rheologically) simple fluids"; for

such fluids, it is assumed that the stress in a partic-

ular fluid particle depends only on the kinematic his-

tory of that particle alone and not on the kinematic

history of neighbouring particles.

(c) Molecular and structural theories. Re-

search in this area is just beginning and consists of

trial to solve flow problems by means of some kind of

molecular dynamics approach. One would attempt to simu-

late by means of a computer the actual motions of the

molecules in a polymeric fluid or the motions of the

particles (or structures) in a two-phase fluid (or sus-

pension) , taking into account the intermolecular or

interparticle (or interstructural) forces.



Experimental Observations of Non-Newtonian Behaviour.

It is well known that equation (5) is completely inadequate

for describing the flow of non-Newtonian liquids. There have

been many experiments performed, using polymeric and other

fluids, in which striking non-Newtonian phenomena have been

observed; sane of the experiments are mentioned below:

1. Shear-Rate-Dependent Viscosity. In steady shear flow,

non-Newtonian fluids display "shear thinning", that is the

viscosity decreases with increasing shear rate. This is not a

minor effect', some tunes in polymeric fluids the viscosity

drops to 1/100 or 1/1000 of the zero-shear-rate viscosity.

This behaviour can certainly not be overlooked in the design

of piping networks, pumping requirements, etc.

2. Normal-Stress Effects in Steady Shear Flows. Non-

Newtonian fluids exhibit a number of effects associated with

the inequality of normal stresses in steady shear flow (or

flows closely resembling steady shear flews). These include:

(a) The "Weissenberg effect", in which a pol-

ymeric fluid climbs up a rotating rod (1, p. 232;

2, p. 121).

(b) The reversal of the secondary-flow pattern

when a circular disc rotates at the surface of a

liquid contained in a beaker (_3, _4).

(c) The slight, but reproducible, bulging of

the surface of a liquid as it flows down a trough

(5).

(d) The "hole-pressure-error" inherent in pres-

sure transducers that are not flush mounted (6).

3. Transient Responses in Unsteady Shear Flows. A wide

variety of snail-amplitude time-dependent experiments have

been made, such as oscillatory motion, stress relaxation,

creep and recoil. In addition, some large-amplitude exper-



iments have been performed:

(a) Recoil after cessation of flow (1, p. 236,*

2_, p. 120) , which emphasizes the fact that polymeric

fluids have a "fading memory".

(b) Pulsatile flow in a tube with flow-enhance-

ment associated with a sinusoidal variation in the

pressure gradient, that is, a "parametric pumping"

effect (7).

(c) Shear flow with superimposed oscillatory

motion, in which there is an interaction between the

two kinds of motion, with a striking change in sign

of "elastic response" to the oscillatory input (8, 9 ) .

4. Other Phenomena. The above phenomena occur in shearing

flows. Still other phenomena are encountered in other kinds of

flows:

(a) The swelling of extrudates issuing from a

die (1, p. 242) .

(b) The development of a toroidal vortex in the

inlet flow to a die (1(3, LL).

(c) Ihe "Uebler effect", which is the abrupt

stopping of large bubbles in the accelerating ve-

locity field where the fluid flows from a reservoir

into a tube (12). This is just one of many strange

phenomena encountered in two-phase flows.

(d) Two-phase systems, such as suspensions,

emulsions, pastes and fluids containing bubbles, also

exhibit many nonlinear effects.

The above list of non-Newtonian flow phenomena has been given

to emphasize that equation (5) may not be used for describing

non-Newtonian flowsJ other appropriate expressions for the

stress tensor must be used as the constitutive equations for

such flows.



Generalized Newtonian Fluid (GNF) Models.

For steady flow and heat transfer in pipes and channels,

engineers have generalized equation (5) by using a shear-rate-

dependent viscosity n (y) j that is, one writes

I = -n (Y) Y (6)

in which the shear rate y is taken to be (l/2ft:£) ) 1 / / 2 . Many

empiricisms have been proposed for n (y)', the most widely used

is the "power law"

n(y) = my""1 (7)

where m and n are parameters characteristic of each fluid!

these parameters may depend on concentration, temperature and

pressure. Useful empiricisms for the temperature dependence

are

and n = n° + B°

where all the zero superscript quantities are constants. A

lot of analytical and numerical solutions have been worked

out using equation (7), including flows in various kinds of

conduits, heat-transfer problems, estimations of viscous-dis-

sipation heating effects, and boundary-layer calculations U 6 ) .

The power law has two disadvantages: it gives unrealistically

n = °° for y = 0 when n < 1 (which is the usual case)', and no

time constant can be constructed from m and n, whereas it is

known that all viscoelastic fluids have a characteristic time.

To correct for these undesirable features one may use the Car-

reau viscosity equation

no-n.



which contains four parameters: a zero-shear-rate viscosity r\ ,

an infinite-shear-rate viscosity n^, a time constant X and a

dimensionless constant n describing the slope in the "power-law

region" of logn vs logf • This empiricism describes viscosity

data well enough for most engineering calculations (17). Several

other empiricisms are available including the Ellis model (24),

the Eyring model (_16) etc.

It should be emphasized that the GNF models take into account

only the dependence of viscosity on shear rate in steady shear

flows. The C2̂ F models cannot describe normal-stress phenomena,

flew systems with rapid time changes, or flows which are not

predominantly shear flows.

For pastes and suspensions with a yield stress T Q / a variety of

equations may be found in the literature. The oldest and most

used of these is the Bingham model:

n = °° T = To (9)

n = u0 + — T £ To (10)

1/2
This model contains two constants \i~ and xQ, and x= (1/2 (j_:_r)) •



Linear Viscoelastic Fluid (LVEF) Models.

The oldest linear viscoelastic model for fluids is that of

Maxwell, which nay be written in either differential or inte-

gral form:

(ID

T = -
^0 e-(t-f)/A0 (12)

Here nQ is the viscosity and XQ a time constant; the function

contained in square brackets is called the relaxation modulus.

For steady flow, equation (12) simplifies to the Newtonian

fluid with viscosity r\Q, whereas for very rapid changes of _x

with time, the model will give Hooke's law with modulus 1Q/-\Q.

The Maxwell model is the simplest constitutive equation which

incorporates the ideas of viscosity and elasticity.

A somewhat more versatile model with three constants (ru, K,

\j) is the Jeffreys model:

(13)

T = -

h h
2A26(t-t')) f(t')dt'

(14)

Here the Dirac delta function 6 (x) is used, such that
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,+a •Hx

f(x)5(x)dx = 2

-a

f(x)6(x)dx = f(0) (15)

J 0

One can construct many other linear differential models similar

to the Maxwell and Jeffreys model but with additional higher

tiroe derivatives of T_ and \. However, all such models will have

the same structure when put into integral fcrmj that is, the

stress tensor is given as the integral of a product of a relax-

ation modulus and the tensor •%_. Therefore, the most general

LVEF model has the form:

T = - G(t-t')i(f)dtl (16)

This constitutive equation is valid only in the limit of small

deformations and small deformation rates. There are many mole-

cular theories which provide information about the relaxation

modules G(t-t') for polymers. Taking G(t-t') as a linear

superposition of exponentials

G(t-t') = Zk — e~{t't>)/\ (17)

where a and X. are constants, is a useful empiricism.



Nonlinear Visooelastic Fluid Models.

The basic idea that must be introduced in this section —

and which is in fact an important ingredient in the subject

of continuum mechanics — is the "objectivity" hypothesis.

According to this hypothesis, the instantaneous relation

between the stress tensor and the kinematic tensors at a

point in a fluid should not depend on the rate of rotation

of the fluid in the immediate neighbourhood of the point.

The simplest way to ensure that a constitutive equation is

"objective" is to write the equation first in a coordinate

frame that is moving with the fluid and rotating with it.

Having done this, one may then transform the equation from

the cotranslating, corotating frame to the frame fixed in

the laboratory (as it is usually in this latter frame that

one writes the equations of change and then solves them).

Hie rules for such transformations are well known (16).

For example, if one writes the Maxwell model of linear

viscoelasticity, equation (11), in a corotating frame and

then transforms it to a fixed frame, one gets:

DCT

DCt

(18)

where the corotational (or Jaumann) derivative of the tensor

_r is given by

— - T = —
DCt ~ Dt 2

(18a)

in which D/Dt = 9/3t + v. 7 is the substantial derivative and

w is the vorticity tensor. Higher corotational derivatives

may be found by successive applications of the Dc/Dct operator.
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The corotational derivative D x/D t describes the change of

T_ with time following a fluid element and rotating with it.

Equation (18) has been derived independently by Zaremba,

Fronrn and DeWitt and hence it may be called the "ZFD model",

or the "corotational Maxwell model". This contains the three

basic ideas: viscosity, elasticity and objectivity. It is,

of course, an empirical equation with two constants: nn, the

zero-shear-rate viscosity, and X_, a time constant.

Some of the material functions that are predicted by the ZFD

model are:

(a) For steady-state shear flow

n = (19)

2 X l * X J j ? 2 (20)

where 'f. and ̂  a r e ^e first and second normal stress coef-

ficients respectively^

(b) For small-amplitude oscillatory shear

motion

121)

Vo
1 + A-, to

(22)

where co is the frequency; and
(c) For steady-state elongational flow

n = 3 n. (23)
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To evaluate the model, one may compare such expressions (mate-

rial functions) with experimental results. Cue sees that the

model gives n(V as a monotone decreasing function of y', how-

ever, for very high y, it gives n ^ y~ and that is unrealistic

(it is known that n should never decrease more rapidly than

y~ ). The model shows i* (y) to be a monotone decreasing func-

tion of y, in qualitative agreement with experiments, '^/^l is

negative (in agreement with experiments) but the magnitude of

the ratio is rather too large. The model predicts that n is

the same function of y as n1 is of w, and that 1/2'f, is the

same function of y as n1 'A> is of OJ, and for many polymer solu-

tions and melts this is approximately true. The elongational

viscosity rf(£) is predicted to be a constant; for limited

ranges of elongation rates this appears to be true for some

polymer melts, but the wide variety of behaviour reported in

the literature for ~{t) cannot possibly be described by the ZFD

model. In addition, the model describes stress relaxation

after cessation of steady shear flow qualitatively correctly,

stress overshoot on sudden start-up of steady-state shear flow

somewhat less well, and the response to a step-function strain

incorrectly.

Thus it is seen that the simple twa-constant ZFD model has some

successes and some failures. Motivated by this partial success

one may arrange more complicated equations by adding more terras

with additional parameters. For example, one can construct the

corotational analog of the three-constant Jeffreys model (eq.

13) and examine its properties (16), or the corotational analog

of the general linear viscoelastic model of equation 16, which

is called the Goddard-Miller model (16). Each of these is more

flexible than the simple ZFD model and is hence more able to

fit the experimental data on material functions.

One particularly famous model is the Oldroyd 8-constant model:
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D I 1 1
T + A, — - + — y n ( t r T)Y - — U, (T .Y + Y

i D C t 2 U ~~ 2 J - - - -

i i
2 X ° ~ ^ DCt

(Y.̂  +— V ^ i 5 (24)

where ru is the zero-shear-rate viscosity and the X's, y's and

v's are all time constants. The dashed-underlined terms give

the ZFD (corotational Maxwell) model; those terms plus the dot-

ted-underlined term give the corotational Jeffreys model.

Oldroyd added the other (non-underlined) terms in order to in-

clude all allowable products of stress components and velocity

gradient components, and all allcwable terms quadratic in ve-

locity gradients. This empirical equation has been used widely

in the last years (usually with some of the terms omitted) for

exploratory numerical flew calculations and for developing

numerical techniques for solving nonlinear viscoelastic prob-

lems. It must be noted that equation (24) cannot fit n (Y) data

very well and hence will not be able to describe the flows of

real fluids accurately. Some users of this equation have cor-

rected for this deficiency by letting seme of the parameters

appearing in it be functions of the shear rate in order to re-

produce M Y ) exactly.

In the discussion of the linear viscoeiastic models it was

pointed out that they may be written in integral form as well

as differential form, the most general form being equation (16).

The various models discussed above (ZFD, oorotational Jeffreys,

and Oldroyd) can also be transformed into integral form:
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T = -

t t

I nt,ti).i^(t,t11)

—00 -OO

r(t,t").r(t,t') d t " d f - (25)

where £(t,t') is a oorotating rate-of-deformation tensor (16),

G_(t - t') is the relaxation modulus of linear visooelasticity.

The series in equation (25) is called the corotational (or

Goddard) memory-integral expansion (25_), and it can be derived

directly from the assumption of the "ideologically simple fluid".

The first term of the memory-integral expansion is named the

Goddard-Miller model, and it contains equation (16) in the

linear viscoelastic limit. An infinite expansion of this type

is not practical for use in numerical solutions, but from it

one may derive a number of important results, of which two are

mentioned:

1. The Crixninale-Ericksen-Filbey (or "CEP") equation for

steady-state shear flows

DCt

2 (26)

where r\, V-, and lF2 are visccmetric functions of -f (namely

viscosity, first and second normal stress coefficients respec-

tively) defined by
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Txx "

T y y "

- ny

Tyy =

T
2 2

 =

- if2

- f2y2

It should be noted that omission of the normal-stress terms

fran equation (26) just gives the GNF model.

2. The retarded motion expansion for slow and slowly-

varying flows

.2

Dc2f
(27)

where the a's are constants. The underlined terms give the

"second-order fluid", and inclusion of all terms shown ex-

plicitly gives the "third-order fluid". These ordered fluid

models are of limited utility in fluid-dynamics calculations

since they are not capable of describing the n (V curve.

Equations (26) and (27) are of limited usefulness, but within

their range of applicability they are quite general.

In this section, the objectivity hypothesis has been incorpo-

rated by utilizing a corotating coordinate frame. There are,

however, other methods of ensuring that constitutive equations

will be objective. Por example, one can write the equations

in a coordinate system which is embedded in the fluid and

deforms with it. There are three different formulations of

this approach: the Cartesian-tensor formulation due to Rivlin

and Ericksen, the oonvected-coordinate formulation of Oldroyd

and the embedded-tensor method of Lodge (18). All of these
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approaches ultimately lead to the definition of various co-

deformational (or convected) kinematic tensors.

TVo closely related sets of tensors y^ and y# . are

obtained by taking codefontational time derivatives of jj

(28)
Dt

(29)

where the rate of strain tensor (or rate of deformation

tensor) y_ is defined by

(7v)f

and

Assume that a fluid particle at the present time t is located

at position x,, x2/ x 3 (called x for short)', at some past time

t' it was at x£, xi» x^ (called x'). The relations

£ = x[(x, t, t1) and x± = xi(x
l, t, t1)

are the displacement functions.

In terras of these displacement functions one can define two

deformation tensors by giving their components:

A^(x, t, t1) = 3x!(x, t, t')/3x.

Eij(x, t, f ) = 3xi(x', t, t')/3xj
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Next, two strain tensors can be defined:

^å • A) = £ (Cauchy strain tensor)

(E . Er) = F (Finger strain tensor)

A ccranon practice is the use ->£ two related tensors which

describe the strain at t1 referred to the state of the fluid

at t:

Y U (x, t, f ) = (A'. A) - 5

1<0>(x, t, f) = £ - (E . E1)

since both of them simplify to the infinitesimal strain ten-

sor Y_(t, t1) for very small deformations. Then, two sets of

tensors may be defined by:

(30)

(31)

The tensors derived from the velocity field are, of course,

related to those derived from the displacement functions.

Clearly, once y* > and Y,<Q> are known all the other kinematic

tensors can be found.

One could now repeat in codeformational terms the discussion

given before in corotational terms.

For example, one may construct two codeformational (or con-

vected) Maxwell models:

T +

(32)

(33)
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Equation (33) is often referred to as the "upper-ccnvected

Maxwell model". Both of these models give a constant viscos-

ity in steady-state shear flow, but the first gives f- = - F,

and the second gives V~ = °* Also, one may write codeforma-

tional analogs of the general LVEF model (16):

G(t - f)Y<:L>{t, f)dt'

= + M ( t - t')Y<0>(t, f)dt' (34)

I = - G(t- f , f)df

- tf)I<o>(t' fc')dt' (35)

For the convected Maxwell models in equations (32) and (33),

G(t - t1) = (no/Xo)exp(- (t - t')A0) = \j_iKt - t'). Equations

(34) and (35) are the first terms in memory-integral expansions

with the same form as equation (25).
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Flow Classification.

Man-Newtcnian flows may be divided into four groups:

1. Slow flows (slightly elastic liquids),

2. Small deformations,

3. Nearly viscometric flows,

4. Flows involving fluids with long-range memory and ccnplex

geometries.

These four groups are to be discussed briefly in this section.

1. Slow flows (slightly elastic liquids). When a given flow

is sufficiently slow in a well-defined mathematical sense, the ex-

plicit hierarchy equations of Coleman and Noll can be used with

confidence for elastic liquids, the first order solution cor-

responding to the classical Newtonian case, the second order

solution requiring the use of the so-called second-order equations

and so on. The resulting flow problems resolve themselves into

perturbation problems about a state of rest with the perturbation

parameter representing a mathematically convenient measure of

"speed of flow". The resulting differential equations are more

complex in detail than the corresponding equations for Newtonian

fluids, but they have the same general form. This means that

methods of solution appropriate to the classical problem can

usually be adapted for elastic liquids without encciuntering any

new conceptual difficulties.

The case of "slightly elastic liquids" can be shown to have strong

connections with that of "slow flows" and the hierarchy equations

of Coleman and Noll can again be used in most situations. In this

case, one is faced with perturbation problems about an existing

Newtonian solution.

2. Small-deformation flows. Small-amplitude oscillatory

shear flows fall within this category, but interest often is
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focused en the higher-harmonic behaviour arising from finite-

amplitude effects, so that "small" here nust be seen as indi-

cating that "the amplitude a is small enough for a series

solution in a to be meaningful". Under these conditions, the

equations of finite linear viscoelasticity, second-order

viscoelasticity and so on, introduced by Cbleman and Noll, are

valid and general equations of state can be derived and used

with confidence provided limitations on the range of the

ordering process are appreciated.

Flow problem predictions in this category suffer from the lack

of detailed experimental data for all but the kernel function

in the finite-linear-viscoelasticity case.

3. Nearly viscometric flows. Nearly viscomstric flows

form an important group. They are flows that depart from a

steady simple shear flow, by some small flow field which can

be quantified in a formal mathematical sense. For example, in

the case of pipe flows, one can consider perturbations arising

from a curvature of the pipe, a rippled surface to the pipe or

by a pulsatile pressure gradient. Hydrcdynamic stability

problems also fall within this classification.

Pipkin and CX/en have shown that the general mathematical de-

scription of nearly-viscometric flows by means of theological

equations of state is very complicated and some simplifications

are usually required if progress is to be made.

Numerous rheological models have been appliad in nearly-visco-

metric flows, but success has been rather small in this area.

4. Fluids with long-range memory flowing in complex geom-

etries. With the development of high-speed computers, attention

has shifted to problems where liquids with long-range memory

(i.e. highly elastic liquids) flow in rather complex geometries.

Still, the capability of solving such kind of problems is

limited by the lack of computer storage sufficiently large.
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Sometimes, the flow geometries do not involve abrupt changes

but the problems can still be formidable, as for example in the

case of squeezing flows. On the other hand, numerous flows of

practical importance involve geometry changes, especially re-

entrant corners, and sometimes free surfaces, and these bring

with them their own particular problems. Converging flow through

an abrupt contraction is just one example that nay be mentioned.
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Finite-Difference Numerical Simulation of Complex Flows

Involving Abrupt Changes in Geometry.

This and the two following sections deal with finite-difference

fonnulation of problems of highly elastic liquids flowing in

geometries with re-entrant comers.

It is generally agreed that the more complicated the flow

problem the simpler has to be the rheological equation of state

used in its solution. Therefore, by implication the equations

which are going to appear here have to be rather simple.

Specialists in the field are aware of the inadequacies of the

existing fluid models, but one has to start somewhere. So one

starts with simple models hoping that the analyses will show the

way to a later consideration of more canplex and hence more

realistic models. It should be noted, however, that the simple-

model analyses can throw considerable light on qualitative

features of the flow field and stress field in complex geometries

of practical importance.

Most existing work has considered variants of the Maxwell/

Oldroyd models either in their implicit differential or explicit

integral form. In this section, attention is confined to the

simple (upper convected) Oldroyd model with equations of state

given (in a rectangular Cartesian coordinate system x.) by

Pik (36)

(37)

where p.- is the stress tensor, p!. the extra-stress tensor, p an

arbitrary isotropic pressure, 6 ^ the Kronecker delta, ejP the

rate of strain tensor and V denotes an upper convected time
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derivative given fay ref. (2£):

V 3PlJc 3 p i k 3 v i 3 vk
p! = — — + v — — ip1, -p! (38)

where v. is the velocity vector, nQ is the zero shear viscosity

and A, and A_ are the relaxation time and retardation time,

respectively.

The Maxwell model is given by A2
 = °«

The corresponding integral form for the Maxwell model is given

by

2n 3 xi 3 x k fl)1 expMt-t 1)/^) — - — - e^. (x',t') dt1

1 > ... - (3g)

where x! is the position at time t1 of the element that is

instantaneously at the point x. at time t. These "displacement

functions" can be determined from the equation

3x' 3x'
—i + v —- = 0 (40)
3t 3xm

where t' takes any constant value (2£).

An alternative form to (39) can be obtained by a simple

integration by parts, which yields

nO
, - x ^ " öiv) dx (41)
| X XA. XA

1 ' ;

; o i
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where T = t - t1 and the Finger deformation tensor F.. is

given by

:. 3}

K*

It should be noted that the covariant analogue F., is the

Cauchy-Green tensor G., , where

(42)

Gik =
K (43)
3 x i 3 x k

and that F^. and G., are related (in the obvious matrix nota-

tion) by

FG = I ,

I being the unit matrix.

For a steady simple shear flow with velocity components given

by

, v2 = v3 • 0 (44)

the corresponding stress distribution for the Maxwell model is

given by

P12 = " P22
 =

P22 " P33 "

(45)

which implies a constant apparent viscosity and a quadratic

first normal stress difference. This is known to be inadequate

for most viscoelastic systems (where shear thinning can be ex-

tremely important) but it has already been indicated that it
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may be a fairly realistic model for same polymer solutions in

water.

Specialists regard models like (37), (39) and (41) as useful

in the present stage of the development of the subject. They

are at the same time aware of their deficiencies and of the

fact that most real fluids flowing in complex geometries will

require models of significant (and possibly prohibitive)

complexity.

It is interesting to consider the asymptotic behaviour of

model 07) in the limit where the rates of change of stress

and rate-of-strain in a given fluid element are very high.

This happens near a re-entrant corner, where it must be

conceded that, even in the Nevtonian case, the vorticity and

stress components take infini-ce values.

Inspection of (37) reveals that when the time rates of change

of p!. and e.v dominate the behaviour, the asymptotic form

is given by

(46)

for the Oidroyd fluid, but by

'ik (47)

for the Maxwell model (X2 = 0) / where e ^ is the strain tensor.

Here, there is an ijnportant issue to be decided. Is it desirable

for a fluid to behave as a viscous fluid (i.e. like (46)) or

as an elastic solid (i.e. like (47)) near an abrupt change in

geometry? The answer to this important question is far from
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being satisfactorily resolved, but fig. 2 shows sane experi-

mental plots of non-dimensional vorticity contours near a re-

entrant comer for flow in an L-shaped domain. R denotes a

Reynolds number and W a non-dimensional measure of elasticity.

Two of the cases correspond to a Newtonian liquid (i.e. W = 0)

and the remaining two have been obtained for a polymeric

solution in water. Based on this evidence, it would seem that

flow in the vicinity of the comer is not greatly affected by

either fluid inertia or elasticity. The former conclusion is

consistent with the theory of Moffatt for a Newtonian fluid

(21), the latter conclusion would suggest model (37) with

X ? 0 as providing the appropriate asymptotic behaviour.

Clearly these conclusions only apply to the experiments

under discussion, but they may assist the understanding of

the troublesome comer problem, since one may be able to

relate a solution at the corner to the relevant Newtonian/

Stokes flow solution without introducing significant error.
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Finite-Difference Numerical Simulation Using Differential

Models.

In this section, attention will be confined to the Maxwell

model (i.e. G7) with A_ = 0) and it will be implied tuat the

extension to the Oldroyd model and models of siruilar complex-

ity can be handled without difficulty. In this statement, the

implication exists that the correct handling of the corner

problem is far frou been satisfactorily resolved.

Fran the inspection of the model it is inroediately apparent

that the stress components are given by implicit differential

equations; as a result, these components have to be treated

as dependent variables along with the pressure and the veloc-

ity components. This makes the situation significantly dif-

ferent fran the classical Newtonian case where the equation

of continuity and the Navier-Stokes equations lead to four

equations in the pressure and the three velocity components.

In the present case (for two-dimensional flow), one has to

consider six equations in the six unknowns p' , p' , p' ,

p , u and v where u and v are the velocity components in the

x and y directions respectively. These equations may be writ-

ten:

iä + £ = O (48)
3x 3y

V
3x 3y 3x 5x

z— + v
3v

3x 3y 9y 3x

(49)

(50)
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1 -

1 -

2A —
1 3x

2A, iX
3y_

+ X1 3x

3x

V3y _

t"~i
w

3y

2\ 3u '
'X 3y P^

2A ^V '
1 ^ "xj

- 3u

(51)

2 3v

(52)

3x 3y

= n. _3y 3xJ

3y

(53)

where p is the density.

It is usual to introduce a stream function <p from (48), given

by

(54)

and to eliminate the pressure between (49) and (50) to yield

~ 2 2 2 2
3£ 3w _ 3£ 3u> ' =

 5 Pxx +
 9 Pxy _ 5 Ky _ 3 p y

1 3x 3y 3y 3x 3x3y 3y2 3x 3x3y

vrfiere the vorticity u i s defined by

(56)
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The boundary conditions on the velocity are given by the

'no-slip' condition. Those on the stress components have to

be derived from the rheological equations of state. In the

Newtonian case, for the solution of a flow problem within a

domain D, knowledge of the velocity oomponents and the pres-

sure on the boundary of D is required to determine the

solution. In the case of highly elastic liquids, this is

not in general sufficient, as a knowledge of conditions out-

side D as well is required, on account of fluid memory. This

can present severe problems in actual flow situations, but

it is often overcome by assuming fully-developed flow con-

ditions at the entry and exit of a given domain, which es-

sentially implies knowledge of the flow outside the domain.

In this section, the distinctive features of a numerical

solution arising from the effects of fluid elasticity will

be outlined. Attention may be focused on the geometry shown

schematically in figure 3.

The basic equations are (51), (52), (53), (55) and (56) for

the five variables p' , p1 , p1 , OJ and <Js. In the Newton-
xx yy xy

ian case, (55) has the form

9x 3y 3y 3x
- 7 OJ (57)

and is called the "vorticity equation" which is clearly dif-

ferent from (55). Guided by (57), numerical simulation up to

the present time has involved the use of the substitutions

f
oX

° 3y 3x

(58a)

(58b)
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?yy
3v
3y

(58c)

so that (55) becomes

3<t> 3to

3x 3y 3y 3x

XX

3x3y 3y 3x 3x3y

(59)

thus recovering the Laplacian operator on u and allowing one

to call (59) the "vorticity equation".

Equations (51) - (53), (56) and (59) are solved numerically

using finite differences and employing a square mesh. By

using a method of inner and outer iterations, the theological

equations of state and the other equations are solved as three

decoupled systems of equations in the stress components, <J>

and a). At the same time, it is useful to consider, within

each inner stress iteration, the theological equations as

linearly coupled differential equations in p' , p' , p' (22).

A flowchart is given in figure 4. In B, upwind, downwind dif-

ferences are employed to avoid numerical instabilities. C in-

volves central differences, provided a local Reynolds number

condition is satisfied (step size x max (u,v)/viscosity <, 2).

D always involves central differencing.

The stress boundary conditions depend on velocity derivatives.

These conditions are in general taken to be second order, but

only first order at the re-entrant corners.

The vorticity boundary conditions in C are usually taken to be

first order, but under conditions of second-order internal dif-

ferencingj second-order vorticity boundary conditions can be

also applied but only away from the comers.

Acceptable relative tolerance specifications for iterative con-
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vergence in the variables $, stress, u may be conveniently

taken to be 10~4, 10~2, lO"1 respectively.

Up to the present time, no satisfactory asymptotic comer

approach for elastic liquids has been available. The most

popular method available for treating corners is the first-

order method due to Kawaguti, which involves the introduction

of ficticious wall values of the variables near the comers

(22). This approach is basically the same for Oldroyd and

Maxwell models.

Fig. 5 shows the streamlines that can be predicted near the

upstream re-entrant comer for the following conditions:

U = 1 cm/sec, T\ = 5 poise, a = 0.75 an, b = 0.9 an, c =

0.25 cm, h = 0.025 an, X, = 0 and X = 0.04 sec.

The streamlines are seen to be dependent on the relaxation

parameter X^, with an increasing intensity in the recircu-

lating vortex as A, increases. Other examples are given in

ref. (22).
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Finite-Difference Numerical Simulation Using Integral Models.

In this section, numerical simulation will be discussed for

the integral form of the Maxwell model given by (41). Before

one is able to solve the flow problem through a determination

of u and v, it is necessary to obtain the displacement func-

tions (x1 and y1) which are of course unknown until u and v

are known. Same iterative technique is therefore essential

if progress is to be made.

It is found more convenient to consider the integral model in

the form (41) rather than (39). This avoids the necessity of

employing an interpolation procedure to determine e!_ (x1 ,t').

Furthermore, after determining x' and y1 from the hyperbolic

equations (40) the most convenient method of calculating F.,

is to determine G., from (43) and use FG = I through a simple

matrix-inversion technique. In this way, the physical var-

iables are determined numerically at grid points and no inter-

polation procedure is required.

The basic equations are now (56), (59), (41) and (40), and the

dependent variables are <$>, w and the displacement functions x'

and y'. A flowchart is given in figure 6 and details may be

found in reference (J23).

The boundary conditions on •+> and w have already been discussed.

Those on x' and y1 are given by

x' = x , y1 = y for all T on BQEFG

x1 = x (a - y)t , y1 = y on AB and GH
a

x' = X - U T , y' = y on AH

Corresponding boundary conditions can also be found, if required,

on the components of F.. and p ^ .
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Tö solve for the displacement functions x1 and y1 from the

first-order hyperbolic equations (41), one may use, for ex-

ample, a Lax Wendroff scheme.

One of the difficulties associated with the numerical inte-

gration is the choice of the finite time values at which the

semi-infinite interval of integration should be truncated.

Too severe a truncation would result in inpartant past-his-

tory information being neglected, whereas too large a time

interval could cause the emergence of numerical inaccuracies

in the integral. Gauss-Laguerre quadrature is used in this

context

To facilitate a comparison of results obtained for equivalent

differential and integral models, it is appropriate as a first

approach to take as a starting point the same velocity field

obtained for one or the other of the fluid models. One may

take the velocity field for the differential model discussed

in the previous section for this purpose.

In an Eulerian steady-flow situation, one would expect the

paths of particles (determined by tracking x' and y' as func-

tions of T) to coincide with streamlines, which are readily

available. Figure 7 contains a comparison of computed paths

of particles (x1 , y') for seven grid points (x , y) with

the associated streamlines passing through those points. The

distance between successive crosses corresponds to a time

interval of 0.05 sec. Clearly the agreement is satisfactory

except near the corners. It is believed that the observed

departure is due to the rapid change in flow conditions near

the comers and would be overcome by using a finer mesh.

This ultimate divergence between path lines and streamlines

is also reflected In the curves showing detF as a function

of T for three of the points indicated in figure 7 (see fig.

8); for continuity, detF should be always unity.
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These difficulties must be overcome if higher values of A,

are to be reached. Computed streamlines for the integral

model are shown in figure 9 and they may be compared with

those for the differential model given in figure 5. Sig-

nificant changes in vortex activity due to elasticity are

evident and there is general agreement between the stream-

lines for the differential and integral Maxwell models.

Some changes in detail are, however, apparent but it is

not clear at the present time which stream-function field

is better, as many factors are involved. In any case,

similarities in the streamlines for the Maxwell models and

the significant departure fran the Newtonian configuraticns

give some confidence in both the differential and integral

programs.
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Finite-Element Numerical Simulation of Generalized Newtonian

Flow.

Plane flow of a general i zed Newtonian fluid through a domain

D in the x-y plane bound by a closed curve C will be consid-

ered first. The velocity components will be denoted by u ,

v and a , a, a are to represent the Cauchy stressxx yy xy
components. Discussion will be limited to incompressible

fluids and the diagonal stress components will be expressed

as the sum of an arbitrary pressure -p plus an extra-stress

component, viz.

a XX

a
yy

XV

ss —O 4*

= -p +

= T
xy

TXX

T
yy

(60a)

{60b)

(60c)

The rate-of-deformation-tensor £ has, in plane motion, the

following non-vanishing components:

dxx=— (61a)

** 3x

w (61c)
** 3y 3x

Since the flow is incompressible, conservation of mass re-

duces to

Of special interest here is the second invariant of the rate-

of-deformation tensor which, for plane flow, is
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(63)

In view of equation (62) and for numerical purposes, it is use-

ful to rewrite equation (63) as

(64)

The advantage of equation (64) is that H_, expressed in that

form, will always be negative while discretization errors may

sometimes change the sign of the right-hand-side of equation

(63).

The constitutive equations of the generalized Newtonian fluid
are given by

Txx * 2*(IID>dxx (65a)

(65b)

Txy * 2^(IID)dxy (65c)

where y is the shear viscosity.

The momentum

iE
3x

3y

3Txx

»V |
3x

equations for plane

K3y + x 3x

3T

3y y 9x

steady flow are given by

3u
V 3y

(66)

3y

where f , f are the components of the body forces per unitx y
volume and p is the density.

Boundary conditions of such flows may be of various types.

Let n , n be the ccqponents of the normal at a point of thex y
boundary C. On a boundary with no-slip condition, one may im-

pose
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u = v = O (67)

On a boundary wall to which the fluid does not stick, one has

% + vny = 0

(nx " ny)axy " nxny(axx

(63)

Finally, if one wishes to calculate the shape of a free sur-

face between the liquid and a perfect gas at pressure pQ , one

must add to (68) the condition

nxaxx + V y y + 2Vy axy + ?0 = ° (69)

Ihe flow problem consists of solving equations (62), (65) and

(66) with associated boundary conditions. The mathematical

problem is non-linear in general, in view of the inertia terms

at the right-hand-side of (66) and the dependence of the shear

viscosity upon the velocity field through IID .

Next, the basic equations in axisynmetric flow will be con-

sidered. Let u(r , z), w(r , z) denote the radial and axial

velocity components in steady axisyitmetric flow, expressed in

polar cylindrical coordinates. The rate-of-deformation tensor

components are

*„ - — (70a)

d99 " ~ <7°W

dzz = & (70c)

d - L. ( iH + *£ ) (70d)
rz 2 3z 3r

with
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(71)

The second invariant II_. is given by

"Vr U96 zz' urz'

and the constitutive relations are

(72)

2 y ( I ID ) d99

zz

(73a)

(73b)

(73c)

(73d)

The momentum equations for axisyitmetric r jeady flow are

l.(T T ) +f
rr ÖÖ r

3r 3z r

(74a)

3z 3r r 9z 3r 9z
(74b)

The next task is to obtain the Galerkin form of the equations

of motion for plane flow.

Equations (65) show that the extra-stress components of a gen-

eralized Newtonian fluid may be expressed explicitly in terms of

the velocity components. Then, the momentum and incompres-

sibility equations (66) and (62) form a system of partial dif-

ferential equations in terms of the variables u , v and p. For

finite element calculations, one usually selects the velocity

components as the unknown functions (the use of a stream func-

tion would lead to major difficulties), together with the pres-
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sure, although the latter may be avoided by using the so-

called 'penalty method1.

One may cover the donain of integration D by a mesh of fi-

nite elements and approximate the unknown velocity compo-

nents and pressure as follows:

% M

u(x , y) »Jku-tJ/. (x , y)
(75a)

v(x , y)
M

, y) (75b)

N
p(x , y) -jSj , y) (75c)

where <p± and -\i. are interpolating functions on the parent ele-

ment. Ihe velocity field is defined at M nodes and the pres-

sure field is defined at N ncies. In writing equations (75),

it has been assumed that the interpolating functions are dif-

ferent for the velocity components and for the pressure. In

general, it is required that the interpolating functions for

the pressure are of a lower degree than those for th:> velocity

components.

The following notation will be adopted:

(x , y)J F(u(x , y)) - f(x v, (x , y) F(u(x , y))

- f(x , y) dD = 0

and
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T.

In order to obtain the Galerkin form of the equations of
2

notion, one should calculate the scalar product, in L -

space, of the nonentum equations (66) with each shape func-

tion i>. , i.e.

;
3x 3x 3y

3y 3x 3y

3x 3y

(76)

3x 3y

With the use of the divergence theorem one may find that

3x 3x 3y

i J V -
3x 3x 3y

3i|>. 3ip.
i ( - p + T ) T

3x

< — i ; - p + T > -
3x m

3y
dD

—- ; T > + «
3y ^

; tv»

(77)
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where

fcx » ( " P + Txx )nx + V y = axxnx + W (78)

is the x-component of the surface force per unit area on the

boundary C of D. A similar procedure is applicable to the

first three terms in the latter of equations (76) and ulti-

mately these equations take the form

—— J - p + T > + < — J T > + p <'JJ . ', u — + v — >
3x XX 3y ^ x 3x 3y

= <i>. J f > + <<IJJ. J t » (79a)

— i ; T > + < — ^ J - p + T > + p <^i ; u — + v — >
3x ^ 3y •** 3x 3y

± ; fy> + « * i ; t y » (79b)

The extra-stress conponents nay now be expressed in terns of

the velocity conponer.t« by means of the constitutive relations

(65) and the approximation (75) may be used so that equations

(79) will become

3x ° 3x 3y u 3y 3x

+ p <n» ; u — + v i ä > = <tp. ; f > + « ^ ; t » (80a)
1 3x 3y i x l x

D D
3x 3y 3x 3y u 3y

+ p <ij). ; u — + v — > = <i|/, ; f > + « ^ . ; t » (oob)
1 3x 3y i y i y

In order to complete the system, one must include the Galerkin

form of the incompressibility equation', to that effect, one

calculates the scalar product of equation (62) and each shape

function <{>. of the pressure, i.e.
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. 3u . 3v n

3x 3y
(81)

The finite-elenent soluticn of generalized Newtonian flow is

obtained by solving the non-linear algebraic system con-

sisting of equations (80) and (81).

For axisynmetric flow, one may consider the approximation

u(r , z) = ,Z,u,i). (r , z)

i, M

w(r , z) = .JUw.^. (r , z)

% N

P(r , z) = L p . * . ( r , z)

(82a)

(82b)

(82c)

Before calculating scalar products of the momentum equations

with the shape functions of the velocity field, one must note

that each element in axisynmetric flow defines a volume element

surrounding the axis. To an infinitesimal area dD, there cor-

responds an infinitesimal volume of magnitude 2irr dD , and

the Galerkin form of an equation like F(u(r , z)) = 0 will

be

; F(u(r , = 0 (83)

It should also be noted that the factor r must be included if

the divergence theorem is to be used. For the purpose of sim-

plicity, the factor 2TT will be omitted.

By deriving the scalar product of equations (74) with r ^ and

using the divergence theorem, one reaches the Galerkin form

of the equations of motion
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<r — ; - P + T > + <r — i ; T > + <*± ; T > - <n»t ; P>
3r " 3z " x " i

+ p <rt|K ; u — + w — > = <rp. ; f > +
1 3r 3z x r

I t >>
r

(84)

3^ 3̂ .
<r — i ; T > + <r —

3r r z 3z
- p + T, > + p <r\, ', u 2± + w *L >

z z 1 3r 3z

i ; fz> ; t 2»

v*iere t , t_ are the r and z ccnponents of the surface-force

vector. One should now use equations (73) for obtaining the

final form of Galerkin equations:

3r

3r

3r

r

3z

^ 3w

3r

3w

3r

_ ^ 3w

3z

3z

i J tr»

3z

3z 3r

3r 3z

(85a)

3z

; t
z

(85b)

The Galerkin fonn of the conservation of itass becomes

; Jä + L + 3H > = o
3r r 3z

(86)
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Finite-Element Approach to Creeping Flow of a Generalized

Newtonian Fluid.

Oie may consider the system composed of equations (80) and

(81), and assume that inertia terms are absent. If u , v ,

p are replaced using equations (75), one obtains the system

ijpj = Xi ' X ^ i ^ M (87a)

M

BijV - Å V : = Yi ' L - L - M (87b)

" Djiuj " Eji vj } = ° ' L - i - N (87c)

where X. , Y. denote the right-hand-sides of equations (80)

in the x and y directions respectively, and

C i j

D .

E. .

= 2

= 2

= <

= <

<y

1,1
01)

i —

3x

3y

34). 34J .

3x 3x

3y 3y

-i. • —11 >
r 3x

- f < { > ' >

> + <p

> + <\i

3y

3x

3y

3x

(88a)

(88b)

(88c)

(88d)

(88e)

for plane flow, and

3iJ, 3ij; 34, (J,
A. . = 2 <yr —=• ; —-i > + <yr —=• > + <ŷ . J -^ > (89a)

-1 3r 3r 3z x r
34, ty 3̂  3i|;

B.. = 2 <pr — i ; — 1 > + <yr —=. ; — 1 > '39b)
-1 3z 3z 3r 3r

3^ 34»
C . = <yr —t ; — i > (89c)

J 3z 3r
34;

D = <r — - ', $.> + <>]J ; $.> (89d)
13 3r 3 x D
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E,. = <r—i ; 4>.> (89e)

for axisynroetric flew. It should be noted that u is a func-

tion of the second invariant of the rate-of-defoonation tensor

and also that the system (87) is non-linear since the coef-

ficients depend upon the VctLues of the unknown fields.

Bie next step is the calculation of the matrices in equations

(88) and (89). It is assumed that viscanetric measurements

have provided a shear viscosity n (Y) as a function of the

shear rate. It is requested that n be a function of y«

Since in shear flow IID = - v /4 , one may write

- 4

Equation (90) shows why one should adopt the form (64) for

II_ : when II_ is small, discretization errors might yield a

negative value of I L when written in the form (63) , and the

square root present in equation (90) could not be calculated.

Returning to equation (64) and writing the approximate form

li_.of the second invariant when the velocity field is given

by equations (75) gives

-Pf / , , 9u , 2 , , 3v , 2 , /o , , 3u , 3v » 2 ., , /Q1.IID = -{(( — ) +( — ) )/2+( — + — )/4} (91)

3x 3y 3y 3x

or
M 34». - M 3^. j

IIn = - { ( (.E, -iu. r + (HI, — i v. r )/2
D i"1 3x A 1"i 3y x

M 3ip. M 3̂ . 2
+ (,E, — i u. + .S, — ^ ) /4 } (92)

1-x 3y x 1"1 3x

Equation (92) shows that li_ is a function of the nodal values

u, and v. . As an example, the calculation of the matrix C. A

in equation (88c) is as follows:



47

IT
jttf. o to.

3v 3x
(93)

The danain D is divided into finite elements; en a generic
finite element £ cue has

u(

3y 3x

3y .3x 3n 3x

(94)

where Ep i s new the parent elanent. The integral is cbtained.
by nunerical quadrature; if K is the nunfcer of integration
points, 5^ , n^ their coordinates and.w^ the weights, one
has

3U;,

3n 3x
(95)

3n 3y 3C 5:

thus, if the value of the second 3train-rata invariant at the

numerical quadrature points is kncwn, the evaluation of the

matrix coroonents c, . is possible. Obtaining li_ at a point

within an eianent i s easy in vie* of the fonti 02) of
The 3an« orocedura may be followed for calculating the other
matrices in equations (38), and also, an entirsly 3imiiar
procedure is applicable icr obtaining the matrices given isy
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(89) for the axisynmetric case.

Ine system of equations for obtaining the nodal velccitu

and pressures is now given by

M

* jil Dij ?j - Xi M (96a)

M

jil (cji(uk'Vuj+Bij(uk '

(96b)

M

- Dji uj - (96c)

It is observed that obtaining the system (96) is not related

to any special choice of viscosity, function u , which is

simply inserted into the numerical integration subroutine

for calculating A ^ , B,. and C. . . The system (96) is non-

linear J in the present case, Newton-Saphson method is not

reccnnended, as one would have to obtain the derivatives of

the matrices A , B , C with respect to the nodal velocity

components. Instead, one may use an iterative algorithm as

explained below:

Let u£ , v^ , p^ be the nodal variables obtained after the

nth iteration^ the next values are obtained by solving the

linear system
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- ^ D ± j p
n + i = Xt , 1 < i <_ M (97a)

<v< *<l • v

N
- j^i Ei;j Pj = Y± f 1 < i <, M (97b)

^ ( - Dj;.u
n+1 - E-^v*1) = O , l < i < N (97c)

It is claimed that such an algorithm has remarkably good con-

vergence properties. The boundary conditions for solving the

system (97) are identical to what is requested for Newtonian

flow and are in fact similar to analytical boundary condi-

tions. If, for example, an axisymmetric case of entry flow

is considered, the velocity field vanishes on the solid wall,

the radial velocity vanishes on the axis of symmetry while

the axial-force catponent F vanishes and the velocity pro-

files are imposed at the entry and exit sections. With such

boundary conditions, only one nodal pressure must be imposed

sanewhere for avoiding indeterminacy. If die swell is con-

sidered, the contact forces F and F_ (and not the pressure)

must vanish at the surface, and the imposing of a nodal pres-

sure is not allowed, since normal forces have been imposed

on part of the boundary.
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Finite-Element-Based Numerical Solution of Viscoelastic Flow.

This chapter deals with a numerical technique for predicting

the flow of the upper-convected Maxwell fluid which has the

following mathematical description:

V 3T _ <98>
T = — + v . V T - L T - T L
~ 3t ~ - - - - -

where T is the extra-stress tensor, D is the rate-of -defor-

mation tensor, L is the velocity-gradient tensor, A is a re-

laxation tine and \i is the shear viscosity. This equation

gives rise to normal stresses and stress relaxationJ shear

thinning may be introduced easily by assuming that y is a

function of II and, for special purposes, \ might also be

expressed as a function of II .

Numerical algorithms which are able to solve the flow of

such fluids as the ones described by (98) might be general-

ized without major difficulty for simulating the flow of

fluids with either differential or integral constitutive

relations.

For plane steady flow, the constitutive relations may be

explicitly

T + X (u •

T + X (u •

T + X(u •

written as

3Txx

3x

3T

3x

3Txx
V3y

+ v yy
3y

3y

-iST )

- 2 ^ T
3x ^

. = u ( ^ +

"Sy^

3y yy

<y) 2u 3x

^y ) = 2 yf

— T
3x ^

(99a)

(99b)

(99c)
3y
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For steady axisynnetric flow, one should replace x with r

and y with z in equations (99) and add the equation

Tqfl + X(u - ^ + v J^i - 2 2- T,J = 2y i. (100)
99 3r 3z r " r

The systtäii is completed by considering the momentum equations

(66) or (74) and conservation of mass (62) or (71).

The discussion will be limited to creeping flow and inertia

tenns are to be neclected. The viscoelastic character of a

flow may be given by the Weissenberg number W defined as

w e = x

where V is a typical velocity and L a typical length of the

flow.

Constructing a numerical algorithm for solving the flow of

an upper-convected Maxwell fluid with finite-element concepts

is a very difficult task, despite the rather simple form of

equation (98). For generalized-Newtonian flow, it has been

possible to express the extra-stress components as functions

of the approximations for the velocity components. Such an

approach is now Impossible since equations (99) are implicit

in the velocity components, which simply means that one can-

not solve (99) in terms of u , v and their gradients. If an

integral form of equation (98) is considered, the problem

appears even more difficult, since one must first integrate

the velocity field backwards in time in order to obtain the

relative deformation-gradient tensor and hence obtain the

value of T.

TWo different approaches may be used for solving the flow

of a Maxwell fluid by means of finite elements. The first

solves the constitutive equations in differential form and

considers that the extra-stress components are unknown func-

tions to the same degree as the velocity components and the
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pressurej this is a mixed finite-element method. The second

approach is also a mixed method based on costitutive rela-

tions of the integral typej it is an iterative technique,

where the stress tensor is calculated at each step from a

trial velocity field. The two methods will be discussed in

this chapter.

Por plane flow, one may consider six unknown fields: two ve-

locity components, the pressure, and three stress components,

T , T and T . Por axisynmetric flow, the unknown fieldsxx yy xy
are seven: two velocity components, the pressure, and four

stress components, T , T , Tflfi and T . One may adopt

the following representation for plane flow:

x M

u = ̂  u ± ' î(x , y) (102a)

x M
v = ,£, v, ii. (x , y) (102b)

x N

p " i£i ?i V ' y) (102c)

L = t£, R. T (x , y) (102d)

ill Si T i ( x ' ̂ (102e)

T = Z T. T. (x , y) (102f)
nV X"̂ X X X

The Galerkin form of the constitutive and field equations for

plane flow may now be obtained as follows:
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rJ<

3x 3y 3x 3y

- 2y — > = 0
3x

(103a)

— > = 0
3x 3y

(see (99b))

(103b)

(103c)
3x 3y 3x

(see (99c))

3x
- p

3y = x (103d)

3x

clip

3y

\

p ; iH + is > = o
3x 3y

(103f)

By replacing u , v and p with their expres-2^ i<

, T , T ,

sions given by equations (102), it is possible to obtain a non-

linear algebraic system of equations in terms of the unknowns
u. , v. , p. , R. , S. , and T. , which can be solved by means

of the Newton-Raphson iterative method.

one should add

For axisynretric flow,

T i ( r ' z) (104)

and replace x with r and y with z in equations (102). The

Galerkin form of the constitutive relations is obtained by

calculating their scalar product with rr. , while the momentum

equations and conservation of mass are given by equations (79)
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and (8i). The algebra for obtaining the linearized Newton-

Raphscn equations is of course very lengthy.

It is claimed that two elements have proved suitable for the

mixed method. Fig. 10a shows an isoparametric triangle where

the velocity and stress components are represented by com-

plete second-order polynomials, while the pressure is given

by a complete first-order polynomial. The element contains

33 or 39 degrees of freedom for plane or axisyitmetric flow

respectively. Fig. 10b shows an isoparametric quadrilateral

with 49 or 58 degrees of freedom; on the parent element,

velocity and extra-stress components are given by biquad-

ratic polynomials while the pressure is given by a bilinear

polynomial.

Boundary conditions on fixed walls are identical to those in

Newtonian flow. In calculating entry and exit flows, however,

one must be careful about the upstream boundary conditions in

account of the fluid memory. The stress at time t depends

upon the past history of deformation. If pathlines are inter-

rupted by a finite upstream boundary, one must ijipose the val-

ues of the extra-stress components in that section, in order

to specify the memory of the fluid. Numerical experiments

have shown that false stress fields develop when extra-stress

boundary conditions are not imposed at the entry section.

The method just described requires the simultaneous calcula-

tion of the velocity and stress components and the pressure',

the morphology of the stiffness matrix does not allow a sep-

arate calculation of the stress components in one hand and

the velocity components and the pressure in the other. An

alternative mixed method which allows a separate calculation

is as follows:

Equation (98) may be rewritten as
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T = 2y D - X T (105)

For plane creeping flew, equations (79) become

3i|/ 3IJJ.

— i ; - p + T > + < — i ; T >• -
3x ** 3y ^

(106a)

3x ' V > + <
3y

Tyy > = Y i

Combining (106) and (102) gives

•A I - p + 2y Dxx > + < - i ; 2y D ^ > A < — ; T
3x ^

K

(107a)

3ip. 7
A < - ^ ; T

3y
> = Y

1

(107b)

An iterative algorithm may then be constructed by calculating

alternatively the extra-stress canponents from the constitutive

equations, and the velocity components and pressure from the

momentum equations (106), where the updated values for the

stress components would be inserted. One may also consider

the system formed of (103a), (103b), (103c), (106) and (103f)

and construct an algorithm by solving it vdth Newton-Raphson

method.

Puns have shown that the rusults obtained using the latter
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mixed method are the most satisfactory for small values of

W J however, the original mixed method allows for reaching

higher values of W . The latter mixed method allows also

for using linear continuous interpolating functions for the

extra-stress tensor, however, tests have revealed very poor

convergence properties even for low values of W .
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Finite-Element Approach to Problems Involving Integral Gon-

stitutive Relations.

The mixed finite-element approach described in the previous

chapter nay be extended to all visooelastic fluids of the

differential type. Fluids of the integral type with a non-

exponential kernel may not be handled with a similar technique.

Recently, Caswell has provided a method of solution for fluids

of the integral type which, in broad lines, may be described

as follows.

One should consider the Galerkin form of the equations of

motion and conservation of mass, i.e. equations (103d), (103e)

and (103f), with the representation adopted in (102a), (102b)

and (102c) for the two velocity components and the pressure.

It can be shown that equation (98) can take the form

T = Ms) H(t - s) ds (108)

where k(s) is the kernel and H(t - s) is the relative defor-

mation tensor at time t - s with respect to the configuration

at time t. The finite-element representation concerns the

velocity and pressure fields given by the approximations (102a) ,

(102b) and (102c), with the selection of approximating functions

being similar to the procedure for a generalized-Newtonian

fluid.

The method is based on the calculation of an infinite integral

as (108) by means of Laguerre points of integration and weights?

an integral as the one in (108) may be evaluated by a finite sum
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T = H(t - (109)

The number of Laguerre points depends upon the smoothness of

the integrand and the desired degree of accuracy. .

The algorithm starts with the selection of a trial velocity

field u11 , v11 and a trial pressure field p n . On the basis

of the steady trial velocity field, one performs tracking

backwards in order to find where an element defined at time

t was at time t - s. . Tracking is perforned by integrating

pathlines from the knowledge of the velocity field.

Once the shape of an element is known at time t - s, , it is

possible to calculate the element's relative deformation at

time t - s. with respect to time t and hence calculate the

corresponding term in equations (102 a-c). When the L steps

of Laguerre integration have been completed, one obtains the

trial value of the extra-stress components T ^ , T11 , T*\

at the numerical quadrature points used in calculating the

scalar products present in equations (103 d-f). The system

(103 d-f) will not be satisfied in general, and it is neces-

sary to alter the velocity and pressure fields. The new

velocity and pressure fields may be given by

(110a)

(110b)

(110c)

The key to the algorithm is that the new extra-stress tensors

may be approximated by

(Ilia)
3x
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(111b)

3y 3x
(111c)

where second order terms in 6u. , 5v. have been neglected.

Combining equations (110) and (111) with (133 d-f) gives

3x 3x 3y 3y 3x

XX 3y xy

(112a)

3x 3y 3x 3y
5 Ä

3y

3x

3x 3y

xy 3y

3x 3y

yy

(112b)

(112c)

Equations (112) form a linear system where one may recognize

the Galerkin form of Navier-Stokes equations, on the left-

hand side.

This latter method has had the same degree of success as the

mixed method. For examples of non-Newtonian flow simulations

using finite-element techniques, one should refer to (26_) and

(27).
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Constitutive Equations from the Kinetic Iheory of Dilute

Polymer Solutions.

It is customary to idealize the polymer molecules as a col-

lection of beads joined together by sate kind of connectors

(springs or rods) . Although such mechanical models are

oversimplified, it is necessary to use them in kinetic the-

ory because of the complexity of the statistical mechanics

of nonlinear phenomena. The models are chosen in order to

describe what one feels are the features of the polymer

molecules: orientability, extensibility, internal modes of

notion, etc.

The simplest macromolecular models are the dumbbell models,

i.e. two beads joined by a connector. Such models do not

have enough internal modes of motion to describe linear

viscoelastic phenomena, but they do supply an enormous

amount of qualitative information and, furthermore, they

provide the first step to the study of chain models.

For a solution ot <=>.\astic dumbbells (two beads joined by a

spring) the two basic equations of the kinetic theory are:

= - ns x " n < F
l ;R > + nkT 5_

solvent spring force Brownian motion
contrbtn contribution contribution

(kl)

for the stress tensor;

' 5 3R Z,

hydrodynamic Brcwnian spring
forces forces forces

0c2)

for the configurational distribution function -\> (R , t),
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(c)
where R is the end-to-end vector of the dumbbell, F_ is

the tension in the spring connector, n is the numbex." of dumb-

bells per unit volume, n is the solvent viscosity, i is the

friction coefficient describing the Stoke's drag law on one

bead, and kT is Boltzmann's constant multiplied by the ab-

solute temperature. The tensor <_ is the transpose of the

velocity gradient tensor (i.e. K.. = (3/3x.)v.), j_ is the

rate-of-strain tensor (y. • = (3/3x.)v. + (3/3x.)v.), and 5_

is the unit tensor. The angular brackets <> denote an aver-

age value calculated using the distribution function v(R , t).

When the flow field is specified so that <_(t) is known, and

when the spring-force law is known, then in principle one can

solve equation (k2) to obtain the distribution function.

Once the distribution function is known, then it is straight-

forward to evaluate the stress tensor by calculating the aver-

age value which appears in equation (kl).

For Hookean dumbbells, the spring-force law is given by the

simple expression F = H R. For this model, combining

equations (kl) and (k2) gives the following complete consti-

tutive equaiu.on:

I = " ns Y + Ip (k3)

solvent polymer
contrbtn contrbtn

(k4)

where the quantity JL, = ?;/4H is the time constant that charac-

terizes the viscoelastic response of the solution. The sub-

script indicates the codeformational time derivative, defined

by

Ip(l) - j ^ - < .ip-Ip.K* (cf. eq. (29)
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Equation (k4) is of the serz form as equation (33). The

Hookean-dumbbell constitutive equation may also be put into

the form of equation (35):

"(t) = - "i Y +s — t1)dt1

(k5)

Equation (k5) indicates that the stress in a fluid element

at the present time t depends on all the strains to which

the fluid element has been subjected during its entire his-

tory, that is, during all past times t' . Because of the

exponential factor, the most recent strain history is em-

phasized, and the strain history further in the past has

little effect on the stress at time t. This is an il-

lustration of the continuum mechanics notion of "fading

memory".

The above discussion indicates the procedure which gives a

complete constitutive equation from a simple molecular model

(the Hookean dumbbell). The model has been very helpful in

making a number of qualitative calculations in polymer

fluid dynamics and in understanding the connection between

bulk-flow behaviour and molecular stretching. It has been

shown (28) how equation (k4) has to be modified in noniso-

thermal situations; the modification leads to an extra term

containing DT/Dt. However, the model predicts a constant

viscosity, whereas it is known experimentally that even in

extremely dilute solutions the viscosity decreases with the

shear rate. Also, the model predicts that the elongational

viscosity becomes infinite at a finite elongation rate!

there are no experimental data to contradict this result,

but it can be shown that when the elongation rate goes to

infinity so does the mean value of the end-to-end distance

of the dumbbell^ since real molecules are finitely ex-
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tensihle, it follows that the elongaLional viscosity result

is not true.

The above suggest that a finitely extensible spring should

be used in the dumbbell instead of the infinitely exten-

sible Hookean spring. For example, the FEME (Finitely

Extensible Nonlinear Elastic) spring, given by

F(C) = H R / (1 - (R/ R0)
2)

where R- is the maximum extensibility of the dumbbell, has

been useful (29). For this model, however, it is not pos-

sible to obtain a complete constitutive equation unless
2 2

(R / R-) is replaced by < (R / RQ) > ,' the complete con-

stitutive equation will then be (30 , _31)

- - nkT ̂  i (Ic6)

(k7)
b

where the dimensionless parameter

kT

goes to infinity in the limit of Hookean dumbbells and, in

that limit, equation (k4) is recovered.

Although this latter model is more complicated than (k4),

because of the appearance of nonlinear stress terms, it has

been shown that it contains a number of promising features

as viscosity that decreases with shear rate, elongational

viscosity that remains finite, etc.; hence it may be re-

garded as a promising candidate for numerical simulation of

polymer solutions.

In equation (k2), £ may be replaced by an effective velocity-
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gradient tensor <_ - (1/2) Z, y_ , where ̂  is a small positive

constant (called the 'slip factor1). This accounts for the

fact that the velocity gradient in the vicinity of the beads

will be slightly different from that imposed on the solution

as a whole. When this is done equation (k4) is replaced by

i +
 >

 ( i + ^ { i i + i i } ) = - (1 -

(k8)

This result, which was first obtained by completely different

arguments (̂ 2) , gives a shear-rate dependent viscosity and

gives a negative second normal-stress coefficient, while

equations (k3) and (k6) do not, but it predicts an infinite

elongational viscosity at sans finite elongation rate.

It should be pointed out that for rigid dunbbells the equations

analogous to (kl) and (k2) have a different form, viz.

T = - n t - 3 nkT <uu 5 > - 2 A < : < uuuu > (k.9)
s - 3 - - -

solvent Brownian motion hydrodynamic
contrbtn contribution contribution

M = i - ( i _ . i _ f ) - ( i _ . G (u) f ) (klO)
at \ 3u 3u in

rotational hydrodynamic
Brownian forces
motion forces

where f(u , t) is the orientation distribution function, u is

the orientation vector for a single dumbbell, and G. (u) = <.u

- <;uuu . The solution is characterized by a time constant

A = c L2 / 12kT , where L is the length of the dumbbell.

From the equations above it is evident that the introduction

of "constraints" into a mechanical model alter the form of

the stress tensor expression.
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For rigid dumbbell solutions it has not been possible to

obtain a complete constitutive equation. Equations (k9) and

(klO) have been used to evaluate the constants in the retarded

motion expansion (equation (27)) and in the memory integral

expansions (equation (25)).

The modelling of macromolecules as linear chains of beads

joined together with some kind of connectors is to be con-

sidered next. For freely jointed bead spring chains with

N beads and N-l springs the basic equations are

(c)
T = - n f - n Sin F!C' Q.> + ( N - 1 )nkT 6 (kll)
— s — J-J. —j —j —

solvent spring force Brownian motion
contrbtn contribution contribution

for the stress tensor, and

at

N-l

3-1
{ ( K Q ^ - ^ ^ A

" " j * " 5 k~L Aj^

hydrodynamic
forces

(kT ^

Brownian
motion
forces

(c) > i

+ F. 'pi i

(kl2)
spring
forces

for the configarational distribution function \\i (Q, , Q-

These equations are analogous to equations (kl) and (k2).

The vectors Q^ (k = 1 , 2 , ... N-l) give the orientation

and length of the N-l springs in the chain, and A., are the

elements of the House matrix (A.- = +2 if j=k , A.. = -1 if
JK jK

j=k+l , and zero otherwise). The A., account for the coupling

between the motions of the various beads in the chain.

(c)

For Hookean springs with |v = HQ. (the House model), equa-

tions (kll) and (kl2) may be manipulated to yield the fol-
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lowing compete constitutive equation:

N-l

(kl4>

in which X. = £/2Ha. , where a. are the eigenvalues of the

Rouse matrix. Thus it is seen that for this particularly

simple chain model, the polymer contribution to the con-

stitutive equation is just the sum of contributions each one

of which has the same form as the equation (k4) for the

Hookean dumbbell model. The Rouse model suffers from the

same defects as the Hookean dumbbell model.

By introducing EENE springs into the freely jointed chain

and using the approximation (R/R.Q) = < (P/RQ) > , it is pos-

sible (3_0 , ̂ i) to extend the results in equations (k6) and

(k7) to chains. The generalization is exactly analogous to

that used in going from equations (k3) and (k4) to equations

(kl3) and (kl4) . The use of the resulting constitutive

equation has given encouraging results.

Also, equation (k8), which contained the effective-velccity-

gradient idea, has been extended to freely jointed bead-

spring chains. Althouoh generally good descriptions of

experimental data are obtained in this way, there is still

the problem of the infinite elongational viscosity associated

with the Hookean springs.
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Constitutive Equations from the Kinetic Theory of Polymer

Melts.

Two different kinds of models may be adopted in deriving con-

stitutive equations from the kinetic theory of polymer melts,

namely the Gaussian Network Models and the Reptation Models.

For the former, the best reference is a survey that has re-

cently been made of network theories and their interrelation,

by lodge, etc. 133) • For the latter, the reader should re-

fer to the work by Curtiss and Bird (ref. (34) - (38)). A

computer program has been developed by Prof. D. S. Malkus of

Illinois Institute of Technology to solve flow problems using

Bird's and Curtiss's final constitutive relation.

The theories incorporating Gaussian network models visualize

a polymeric liquid as a temporary network formed by physical

entanglements. All such theories have the following two

equations as their starting point:

T = - V i Hn < B >in
contributions from the
tensions in the strands

(kl5)

for the stress tensor, and

at
—
3R

t) - (kl6)

change of strand orienta- rate of rate of
tiont by fluid motion creation of destruction

strands of strands

for the strand distribution functions f. (R , t). The dis-

tribution function has the following meaning: f, (R , t)dR

is the concentration at time t of strands of complexity i

and composed of n equivalent random links (of length 9,) with

ensemble-averaged end-to-end vectors within the range R to
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R + dR . The symbol H = 3kT/nft is the effective Hookean

spring constant of an n-link strand, so that H ^ can be in-

terpreted as a force in the strand. The L. are strand

creation rates, and the A. are functions with dimension of

time The angular brackets indicate an average value cal-

culated with respect to f.
c in

Equations (kl5) and (kl6) can be manipulated to give a con-

stitutive equation for the fluid which is presuned to be a

network of temporary physical junctions:

T = - , t') 1 < o > ( t , f )df (kl7)

m(t , t')

where

:') exp( -

t
i

dt1

A. (f)
» in

f

(kl8)

4TT

00

r

Lin ( t ) = R L i n ( R ' t ) d R

0

If all the L. and X. are taken to be constants, and if all

strands have the sams complexity, then equations (kl7) and

(kl8) give the rubber like-liquid equation obtained by Lodge

back in 1954:

—00

A .
, f)df (kl9)
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where the curly brackets enclose the "memory function" and

G. and X. are sets of constants. It should be noted that

this result is of the form of equation (35) and very similar

to that obtained for dilute solutions of bead-spring chains

(eq. (kl3)). Since equation (kl9) gives a constant viscosity

(i.e. no shear thinning), there have been many attempts for

alterations. An iinportant alteration of the network theory,

namely the allowance for non-affine motion, was suggested by

Johnson and Segalman (39) and by Phan-Thien and Tanner (40)

who, in addition, introduced assumptions regarding the de-

pendence of strand creation and loss rates on the average

extension of network strands. The Phan-Thien and Tanner con-

stitutive equation is:

+ — tr T. ) T . + X. i. n n = - G. X. t

(k20)

(k2l)

The subscript (10 indicates a modified codeformational time

derivative in which <_ is replaced by £ - (1/2) £y_ • The ccn-

stants G. and A. are determined from linear visccelastici.y,

and the two additional paraneters e and

nonlinear theological properties.

are determined from

The modified network theories have produced useful constitutive

equations, despite the lack of available molecular interpreta-

tion for the strand creation and loss rates. Equations such as

(k20) and (k21) appear to be sufficiently simple that numerical

fluid dynamicists should be able to use them for computing flow

patterns.

The theories based on reptation models are much closer in form

to the dilute solution theories than to the network theories,

in the sense that attention is focused on the motions of a

single macromolecule. The movement of such a molecule is re-

stricted by the other molecules surrounding it, and this con-
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straint is taken into account in setting up the theory.

Curtiss and Bird modelled the macromolecules as Kramers

freely jointed bead-rod chains (with N beads and N-l rods of

length a) and used a nonisotropic version of Stokes1 law to

describe the drag force on a bead as it moves through the

melt. The ttvo basic kinetic theory equations are:

T = - NnkT { <uu ^>da
3

<uuuu> a(l - a)da }

(k22)

Brownian motion hydrodynamic contribution
contribution

for the stress tensor, and

— = — £J- ( — . G. (u)f) (k23)
3t \ 3a 9u

reptational hydrodynamic
Brownian forces
motion

for the chain-segment orientaticnal distribution function

f(u , a , t) .

f (u , a , t) gives the probability that at a fractional dis-

tance a along the chain the local chain orientation is given

by a vector u at time t , and G.(u) is the quantity defined

just after equation (klO). The angular brackets denote av-

erages with respect to the distribution function f and A is

a time constant defined by A = N pa /2kT . The model con-

tains four parameters: the number of beads N , a drag coef-

ficient ; , a "link tension coefficient" z , and a "chain-

constraint exponent" 3 .

When the solution to equation (k23) is inserted into equation

(k22) the following constitutive equation is obtained:
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T_ = NnkT { — 5_
3

u ( t - t 1 ) A d t 1 - \>(t - t ' ) B d t ' }

where

16 x-2 e-Tr
2a2(t-t')/A

(k24)

(k25)

y ( t - t 1 ) = i - d _ V ( t - t 1 )
2 d t '

(k26)

4TT
{ 1 + ( y < 0 > : un ) } " 3 / 2 uu du

B = — AK :
4-rr

Y : uu ) }~ / uuuu du

(k27)

(k28)

The model gives ru ̂ n and 4*, Q ̂  M ' , whencs it is con-

cluded that 8 = 0.4 . The model gives a nionotcne decreasing

viscosity vs shear rate curve, and an elongational viscosity

curve that increases then decreases and levels off to a finite

non-zero asymptote, (e/6)NnkTA . Finally, the model gives the

relation ^ 0 = - (2/7) (l-e)4\ Q for the zero-shear-rate normal-

stress coefficients.
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The Idea of FFOCUS.

FFOCUS stands for: Freezing Flow Of Corium, Unsteady/ Steady.

The FFOCUS conputer program solves a differential equation

which expresses a generalized conservation principle for a

variable 5 and takes the general form

—(p$) + div(pu$) = div(rgrad$) + S
at

(fl)

where $ may represent either x-direction velocity, u

or y-direction velocity, v

or specific enthalpy, h

p is density,

u is the velocity vector,

r is the diffusion coefficient, and

S is the source term.

The quantities T and S are specific to a particular meaning of

<t>. The boundary conditions anc1 any other constraints (such as

continuity) imposed for the solution of (fl) depend on the

nature of the variable $, the nature of the problem, the phys-

ical conditions and the geometry of the domain.

The flowchart of FFOCUS is shown in figure U . The program

works in the following way:

When the flew starts subroutines VELF and PRESF are called.

In VELF, equation (fl) is given the form of the steady-state

flow-field equation (fla):

div(puu) = div(ugradu) + S
mx

(fla)

div(puy) = div(ygradv) + S
my
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where y is viscosity and S and S represent momentum sources
mx my c

which include pressure terms and body forces acting in x- and y-

directions respectively. The flow-field equation (fla) is dis-

cretized using the power-law scheme as described in ref. (43_)

the flow field is determined by employing the SIMPLE algorithm

which is also described in ref. (43) . To complete the algorithm,

the pressure-correction equation is introduced in subroutine

PRESF but a different kind of staggered grid is used than the

one suggested by Patankar, its main advantages being a simpler

definition and an easier handling of boundary conditions.

After the flow field, pu, has been defined, subroutine TEWF is

called, where equation (fl) is given the form of the unsteady

enthalpy equation (fib):

—(ph) + div(puh) = div(— gradh) + S.
3t c n

(fit)

where h is the specific enthalpy,

k is the thermal conductivity,

c is the constant-pressure specific heat, and

& is the volumetric rate of heat generation.

Equation (fib) is discretized using a 'fully implicit power-law

scheme and it is solved to give enthalpy values at grid points

at time equal to the first time step after start of flow.

Subroutine ADJUST is called next to check the enthalpy values

and create a crust at any point enthalpy is found to be below

the solidification threshold. This crust will form the wall

boundary for the next round of calculations', the velocity values

between the newly formed crust and the permanent wall are set

equal to zero and equation (fib) becomes a heat conduction

equation for the corresponding grid points. The program has now

reached the second time step and before the heat-transfer equa-

tion is solved, it is necessary to call VELF and PRESF for re-
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adjusting the corresponding grids and going through the iter-

ative procedure of the SIMPLE algorithm once more to recal-

culate the flow field. Then in TEMF, the new flow field will

be substituted in equation (fib) which will automatically

take the form of heat-conduction equation where the flow

field is zero, or maintain the form of heat-convection equa-

tion elsewhere. ADJUST has to be called again to redefine

the crust and complete the second time step. The form of the

periodical outputs may be determined by the user. When a

maximum period of time has been reached or when a plug is

formed at some instant during the flow, a message is printed

and the program is then terminated.

The following points should be noted:

(a) No assumptions are made for the shape of

the crust; its formation is based on a point-by-point

search method.
t

(b) The crust may move forward or collapse at

any grid point during a time stepj this kind of behaviour

will solely iepend on the enthalpy value corresponding

to the relative grid point.

(c) The various parts of the program have been

constructed to form independent blocks. Thus, if the'

introduction of a Maxwellian model, for example, is de-

sirable, the power-law scheme in VELF can be dropped and

the Maxwell model will take its place without any other

changes in the SIMPLE algorithm structure, in TEMF or in

the crust-formation procedure.

Next, a specific problem will be considered which can be solved

by using FFOCUS, and a short run in connection with this prob-

lem is included in the Appendix.
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The Problem.

After a LOCA in a LWR, molten-reactor-core material flows

through a control rod penetration at the bottom of the pres-

sure vessel. The dimensions of the penetration are 0.20m

length x 0.20m diameter. Conditions have arbitrarily been

chosen such that the fluid inlet velocity is lm/s. Fig. 12

shows a schematic representation of the situation. Fig. 13

shows the grid for computing axial and radial velocities!

the parameters of the grid (point spacing etc.) may be al-

tered as the user wishes. Corium enters the penetration

at a tenperature slightly higher to its melting point and

the wall tenperature is assumed to be kept equal to steel

melting point. The density and viscosity of the fluid are

assumed to be constant. Corium data have been taken fran

ref. (44) (melt EX2).

FFOCUS can investigate the freezing of corium as it flows

through the penetration; it can predict the development of

solidified corium crust and a possible plug formation at

some tin»: after the start of flow.

A sample run for the particular problem is found in the Ap-

pendix: The freezing flow of corium is computed for a period

of sixty seconds.

It should be noticed that the program can cope very

with short domains where the flow is far from fully devel-

oped. It can just as well cope with predicting flows in

long pipes, between long walls, etc., where velocity pro-

files could be fully developed.1

The attention of the reader should also be drawn to the

growth and decay of the crust which, in certain areas, seems

to oscillate. The 'denturelike' ice formation on pipe walls

has been observed in experiments, as those described in ref.
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(45), and theoretical treatment of freezing flows involving

internal heat generation has shown that frozen crust oscil-

lation is to be expected (see ref. (46)).
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The Advantages of FFOCUS; Future Use.

FFOCUS investigates the formation of crust on walls as a

freezing material flows through a domain. This is obviously

a time-dependent phenomenon, but FPOCLJS is arranged in such

a way that time dependency is introduced only in the energy-

transfer equation. The flow field is 'piecewise tine-depend-

ent ' in the sense that no time variable is explicitly intro-

duced in the SIMPLE algorithm equations, while these equa-

tions, at any time step, describe the flow pattern which

corresponds to the particular domain after the grid has been

adjusted for the current crust position. This has two ad-

vantages :

(a) No assumption is needed for the variation

of the flow field with time. Any assumption of that

sort would impose conditions on the crust founation

sequence.

(b) It might be argued that for an implicit

power-law scheme it is fairly simple to include a time

variable in the discretization equations describing the

flow field. This certainly is not the case when it

comes to the introduction of a more complex non-Newto-

nian flow model, where the slightest simplification

granted is valuable.

The capability of this program to adapt itself to several

kinds of problems is as remarkable as the capability to ex-

pand by accepting additions and transformations. At present

it can deal with two-dimensional problems involving Newtonian

flows of parabolic or elliptic nature where internal heat

could be generated. The introduction of a density array is

a straightforward procedure and the shape of the calculation

domain does not have to be of regular geometry, as a wall

function exists in the program which may force the domain to
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have any form of initial cjeometry, which will later change

as the crust will develop.

It is not difficult to make FPOCUS suitable to deal with three

space coordinates. Certainly this arrangement has to be done

so that the program can become fully capable to cope with non-

Newtonian flow models.

In the initial structure of FPOCUS, wall temperature has been

assumed independent of the flow conditions. This form of

structure will be maintained whenever solutions of problems

are attempted where parabolic or elliptic freezing flows are

considered and wall temperatures can be adjusted (e.g. ice

formation on wall as water flows through cooled domains,

cooling a domain through which corium flows in a controlled

manner so that a plug formation can be avoided etc.). An

alternative structure of FFCCUS where allowance will be made

for the wall to melt and thus two-layer flow would be computed

is under consideration and it is certainly possible. A coupled

situation such as a layer of corium (Newtonian or non-Newto-

nian) flowing over a layer of steel can then be studied.

A principal aim of this research work, for which FFOCUS has

been developed, is the estimation of the differences that

may occur in computing flows where corium is alternately

considered to be Newtonian and non-Newtonian material. A

special interest is to be focused on the movement of the

quasi-molten layer situated between the fluid and the crust

on the wall (47); this corium layer is expected to be sheared

in suspension-like conditions between the main corium flow

and the completely solidified material.

FFOCUS simulates the flow of corium through the penetration

initially as shown in figure 12, where a Newtonian material

with corium properties flows through a cylindrical hole of

the dimensions of a control-rod penetration and the st. steel

wall of the hole is assumed to be kept at constant steel-
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melting-point temperature. As a next step, a situation will

be assumed in which the integrity of the wall is still main-

tained, but a layer of viscoplastic quasi-frozen corium is

suspended between the main corium flow and the frozen corium

layer on the penetration wall. This clearly is a non-Newto-

nian situation giving a discription of the real flow condi-

tions more realistic than the former Newtonian considerations.

The ultimate and most realistic approach will be the one il-

lustrated in figure 14: here, after a certain time of flow, the

flow pattern will be comprised of a number of layers of dif-

ferent flow properties', the solidified-corium crust will be

suspended between the main corium flow and a layer of molten

steel; a mixed layer is possible to exist which may be in any

state (liquid, quasi-molten, quasi-frozen, solid); a quasi-

molten steel layer between the st. steel wall and the layer

of molten steel will be treated as viscoelastic substance,

and a quasi-frozen corium layer moving between the main flow

and the solidified-corium crust will be modelled as visco-

plastic material.

The standard Newtonian approach is to be conpared with the

canplex (multi-layer, multi-phase) non-Newtonian approach

which is the realistic aspect of the corium flow problem^

considering a complex flow will affect the phenomenon of plug

formation as predicted in the Newtonian case, as now this

phenomenon will either occur earlier or later, or will not

happen at all.

Finally, the program could assist in studying methods of

freezing corium in a controlled manner in order to avoid a

plug formation, which could lead to a possible development

of a reactor safety feature.
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Closure.

Continuum mechanics studies have led to the development of

some general expansions (retarded motion expansion, memory

integral expansion, etc.) and some general results for certain

classes of flows (shear flows, shear-free flows, etc.) and

they have also suggested certain rules xhat have to be obeyed

by empirical constitutive equations.

For obtaining an insight into the relation between bulk be-

haviour and molecular motions one has to turn to kinetic the-

ories. In these, statistical mechanics is used to relate the

macroscopic flow behaviour to a small number of parameters

which characterize the shape, size and internal structure of

the molecules in a polymeric liquid or the particles in a sus-

pension fluid. There are several problems in this approach,

as the inherent difficulty of the kinetic theories for poly-

meric liquids and for suspension fluids, and the virtual neces-

sity of using some kind of oversimplified mechanical model to

describe the internal motions of macromolecules and their

interactions with each other or with the solvent.

A task for the non-Newtonian fluid dynamicist is the solution

of the equations of change together with the constitutive

equation to obtain the velocity, pressure and temperature

distributions in a non-Newtonian flow system. There are, of

course, a few extremely simple problems for which analytical

solutions are available. For realistic problems as those

involved in industrial design, analytical solutions are impos-

sible and the approach has to be made by numerical methods.

There is at the present no book available on the numerical

solution of non-Newtonian flow problems.

Research has just recently bagun in the area of solving ."lew

problems by means of a molecular dynamics approach. The ap

proach consists of an attempt to simulate numerically the
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motions of the molecules in a polymeric fluid or the motions

of the particles (or structures) in a suspension, taking into

account the intermolecular or interparticle forces.

The question of the "usefulness" of a constitutive equation

depends mainly on the application envisaged. One could try

to place the various contrnuum mechanics expressions into

proper perspective. Although series expansions, such as

equations (25) and (27). have considerable generality (i.e.

they â re valid for flows with any flow pattern and the only

assumption in their derivation is that the fluid is a (rheo-

logically) simple fluid), the following facts should be con-

sidered. Fluid dynamics problems may be classified roughly

according to the magnitudes of the strain, the velocity

gradients, and the rate of change of the flow pattern with

time. Then a point in the three-dimensional graph shown in

figure 1 may be used to specify the type of flow. For steady-

state flows with infinitesimally small strains, and rates of

strain, the linear viscoelastic model applies. The second-,

third-, and higher-order fluids (see equation (27)) describe

deviations from the Newtonian fluid. The successive terms in

the memory-integral expansions (see equation (25)) describe

deviations from linear viscoelastic behaviour. Many flow

problems of interest to industry involve large strains, large

velocity gradients, and unsteady state and, therefore, the

continuum mecha.J.cs expansions are of limited value for

simulating flows in polymer processing, lubrication systems,

etc. Thj.s is the reason for development of empirical con-

stitutive equations and constitutive equations based on molec-

ular theory.

In non-Newtonian fluid mechanics, the basic problem may be

described as follows: Given that some simple (usually rheo-

metrical) data is available for a test fluid, the prediction

of the behaviour of the fluid in a more complex flow is re-

quired. When complex flows through complex geometries are

considered, numerical methods cf solution are indispensable.
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A position has now been reached where numerical simulation

is possible for both implicit differential and integral models

of the Oldroyd / Maxwell type. There is, nevertheless, an up-

per bound to the level of elasticity whidi can be accommodated

before the programs (both finite-difference and finite-element)

cear-e to function and this is extremely low. There will be no

attempt in this report to compare finite-difference and finite-

element approaches and the reader may decide which is the most

suitable to a particular problem.

Simulating suspension flows is one subject where rules cannot

be stated, as there are singularities in the analytical ap-

proaches to each case of suspension and the attempts for nu-

merical solutions of problems in this field are very limited.

ETOCUS is one program which will ultimately deal with a sus-

pension flow, viz, the shearing of the quasi-frozen corium

layer between the crust on the pipe wall and the main corium

flow, with the possibility of the development and moving of

a molten steel layer and a quasi-molten steel layer of pipe

wall material to form multilayer flow conditions.

An area where very little research, if any, has been done if

numerical simulation of non-Newtonian convective heat transfer.

FFOCUS is designed to solve heat transfer problems and freezing

flow problems in non-Newtonian fluid motion. In both suspension

cases and non-Newtonian heat-transfer problems coupling phenom-

ena are bound to exist and must be considered in constructing

the numerical algorithms.
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Newtonian fluid
Second-order fluid

Third-order fluid

Frequency A .

Linear viscoelas
fluid

Second-o^der visco-
elastic flidd

Fig. 1. Classification of constitutive equations according

to kinematic restrictions, ftost industrially interesting

problems are outside the range of the "ordered fluids" and

the second-order viscoelastic fluid, particularly where

strains and rates-of-strain may be very large.
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Fig. 2, Experimental plots of non-
dimensional vorticity contours near
a re-entrant corner for flow in an
L-shaped domain.
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t

(a) Assume a <t> field.

Initial guess.

(b) Solve rheological equations

iteratively for p ^ , p' ,

using <j> guess.

(c) Solve for vorticity using

<p and stress fields.

(d) Solve for <|> and cccpare with (a)

Either return or proceed.

Fig. 4. General flowchart for a finite-difference conputer

program enploying a differential model.
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(a) Assume a $ field.

Initial guess.

(b) Compute displacement

functions x1 and y' and

hence F ^ and p ^ .

(c) Solve for vorticity using

<f> and stress fields.

"1
(d) Solve for $ and conpare with (a)

Either return or proceed.

Fig. 6. General flowchart for a finite-difference conputer

program enploying an integral model.
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u,v,R,S,T,p

v,R,S,T

(a)

u,v,R,S,T,p

i-u,v,R,S,T

(b)

Fig. 10. Finite elements for the mixed method.
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Fig. 11 The Flowchart of FFQCLJS.
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Fig. 12 sijiiple illustration of the problem of corium flow

through a control-rod penetration.
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Quasi-molten-
» steel layer

Layer of
molten steel

Quasi-frozen-
coriutn layer

x , g

Synmetry
axis

Initial
position
of pipe-

wall I

Solidified-
corium
crust

' Area of
possible
mixing

Fig. 14. Illustration of the final modelling of the problem

of corium flow through openings in the reactor vessel.



Appendix: A FPOCUS Run.



PROGRAM FFOCUS.

CORIUM FLOV; IN CYLINDRICAL PIPES. PREDICTION OF
SOLIDIFIED-CORIUM-LAYER FORMATION ON PIPE WALLS.
INVESTIGATION OF THE POSSIBILITY OF PLUG FORMATION.

ALL VALUES ARE IN SI UNITS.

PIPE LENGTH IS 0.200 0
PIPE DIAMETER IS C.2 000
PIPE WALL TENPERATUPE IS 1675.0000

TtiL OUTPUT CONSISTS OF:
A. SOLIDIFIED-CORIUM-CRUST-POSITION PLOTS AT
5.0 SEC INTERVALS AFTER START OF FLOW;

B. PLOTS OF X-DIRECTION-VELOCITY AND TEMPERATURE
PROFILES AT SEVERAL DISTANCES FROM PIPE INLET, AT
START OF FLOV/ AND AT 20.0 SEC INTERVALS.

TIMF-> 0.0 CORRESPONDS TO TIfF: INSTANT THAT
COHTUM JUST FILLS THE PIPE.



X-AXIS IS NORMALIZED X-DIRECTION VELOCITY
PROFILE AT DISTANCE 0.10 FROM PIPE INLET
AT TIME 0.0 2 SEC AFTER START OF FLOV7.
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X-AXIS IS NORMALIZED X-DIRECTICN VELOCITY
PROFILE AT DISTANCE 0.18 FROM PIPE INLET
AT TIME 0.02 SEC AFTER START OF FLOW.
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X-AXIS REPRESENTS NORMALIZED TEMPERATURE
AT DISTANCE 0 . 1 0 FROM PIPE INLET
AT TIME 0 . 0 2 SEC AFTER START OF FLOW.
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X-AXIS REPRESENTS NORMALIZED TEMPERATURE
AT DISTANCE 0.18 FROM PIPE INLET
AT T:::E 0.02 SEC AFTER START OF FLOW.
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ORDINATE IS DOWNSTREAM DISTANCE FROM PIPE INLET
AND C INDICATES POSITION OF SOLIDIFIED CORIUM CRUST
ON PIPE WALL AFTER C.02 SEC OF FLOW.
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ORDIMATE IS DOtJN STREAM DISTANCE FROM PIPE INLET
AND C INDICATES POSITION OF SOLIDIFIED CORIUH CRUST
DV. PIPE '.."ALL AFTER 5.0 0 SEC OF FLOW.
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ORDINATE IS DOW STREAK DISTANCE FROM PIPE INLET
AND C INDICATES POSITION OF SOLIDIFIED CORIUM CRUST
ON PIPE UALL AFTER 10.00 SEC OF FLOW.
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ORDINATE IS DOtJESTREAK DISTANCE FROM PIPE INLET
ATD C INDICATES POSITION OF SOLIDIFIED CORIUM CRUST
ON PIPE WALL AFTER 15.00 SEC OF FLOW.
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X-AXIS IS NORMALIZED X-DIRECTION VELOCITY
PROFILE AT DISTANCE CIO FROM PIPE INLET
AT TIME 20.00 SEC AFTER START OF FLOW.
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X-AXIS IS NORMALIZED X-DIRECTION VELOCITY
PROFILE AT DISTANCE 0.18 FROM PIPE INLET
AT TIME 20.00 SEC AFTER STAP.T OF FLOW.
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X-^XIS REPRESENTS NORMALIZED TEMPERATURE
AT DISTANCE 0.10 "ROM PIPE INLET
AT TIME 2 0.00 SEC AFTER START OF FLOW.
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X-AXIS REPRESENTS NORMALIZED TEMPERATUR:
AT DISTANCE C.I8 FROM PIPE INLET
AT TIME 20.00 SEC AFTER START OF FLOW.
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ORDINATE IS DOWNSTREAM DISTANCE FROM PIPE INLET
AND C INDICATES POSITION OF SOLIDIFIED CORIUM CRUST
ON PIPE WALL AFTER 20.00 SEC OF FLOW.
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ORDIHATE IS DOtTNGTREAX DISTANCE FROM PIPE INLET
AND C INDICATES POSITION OF SOLIDIFIED CORIUM CP.CST
ZV. PIPE V.ALL AFTEF. 25. OC SEC OF FLOW.
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ORDIMATE IS DOTOSTREAM DISTANCE FROM PIPE INLET
A::D C INDICATES POSITION OF SOLIDIFIED CORIUK CRUST
0:: PIPE ÄALL AFTER 30.00 SEC OF FLOW.
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CRDIXATL IS DOWNSTREAM DISTANCE FROM PIPE INLET
ANS C INDICATES POSITION OF SOLIDIFIED CORIUH CRUST
C:: ?I?E 'TALL AFTER 25.30 SEC OF FLCST.
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X-AXIS IS FORMALIZED X-DIRECTICN VELOCITY
PROFILE AT DISTANCE 0.10 FROM PIPE INLET
A? TIME 40.0C SEC AFTER START OF FLOV,:.
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X-AXIS IS NORMALIZED X-DIRECTION VELOCITY
PROFILE AT DISTANCE 0.18 FROM PIPE IHLET
AT TIME 40.0 0 SEC AFTER START OF PLOW.
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X-AXIS REPRESENTS NORMALIZED TEMPERATURE
AT DISTANCE 0 . 1 0 FROM PIPE INLET
AT TIME 4 0 . 0 0 SEC AFTER START OF FLOW.
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X-AXIS REPRESENTS NORMALIZED TEMPERATURE
AT DISTANCE 0.18 FROM PIPE INLET
AT TIME 40.00 SEC AFTER START OF FLOV«.
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ORDINATE IS DCWNSTREAM DISTANCE FROM PIPE INLET
AND C INDICATES POSITION OF SOLIDIFIED CORIUM CRUST
ON ?I?E "ALL AFTER 4C.00 SEC OF FLOW.
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ORDINATE IS DOWNSTREAM DISTANCE FROM PIPE INLET
AND C INDICATES POSITION OF SOLIDIFIED CORIUM CRUS1
ON PIPE WALL AFTER 45.00 SEC OF FLOW.
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ORDINATE IS DOWNSTREAM DISTANCE FROM PIPE INLET
Ai-ID "" INDICATES POSITION OF SOLIDIFIED CORIUM CRUST
ON PIPE WALL AFTER 50.00 SEC OF FLOW.
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ORDINATE IS DOWNSTREAM DISTANCE FROM PIPE INLET
AND C INDICATES POSITION OF SOLIDIFIED CORIUM CRUST
CN PIPE WALL AFTER 55.00 SEC OF FLOU.
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X-AXIS IS NORMALIZED X-DIRECTION VELOCITY
PROFILE AT DISTANCE 0.10 FROM PIPE INLET
AT TIME 60.00 SEC AFTER START OF FLOW.

0 . 1 0 .

! u

u

u
o.oou

0 . 0 0 1 .00

Y-AXIS IS CROSS-STREAM DISTANCE FROM PIPE WALL



X-AXIS IS NORMALIZED X-DIRECTION VELOCITY
PROFILE AT DISTANCE 0.18 FROM PIPE INLET
AT TIME 6 0.00 SEC AFTER START OF FLOV7.
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X-AXIS REPRESENTS NORMALIZED TEMPERATURE
AT DISTANCE CIO FROM PIPE INLET
AT TIME 5 0.00 SEC AFTEP. START OF FLOW.
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X-AXIS REPRESENTS NORMALIZED TEMPERATURE
AT DISTANCE 0.18 FROM PIPE INLET
AT TIME 6 0.00 SEC AFTER START OF FLOW.
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ORDINATE IS DOWNSTREAM DISTANCE FROM PIPE INLET
AND C INDICATES POSITION OF SOLIDIFIED CORIUM CRUST
ON PIPE »TALL AFTER 60.00 SEC OF FLOW.
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NO PLUG FORMATION AFTER 60.0 SEC OF FLOW,
PROGRAM TERMINATED.
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