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ABSTRACT

ê »
-We- show- that once the motion of a non-holonomic system is

known it is possible to reduce the system to the holonomic form.

A (singular) Lagrangian function and a Hamiltonian which cor-

rectly describe the dynamics of the system can be constructed.

The procedure w> davloped is applied to a well known system.



1- INTRODUCTION

The Lagrangian description of a mechanical system is based

on the knowledge of the Lagrangian function which is supposed

to contain all che physically relevant informations on the sy£

tem. In general the systems which occur in nature are subjected

to forces of constraints. Mathematically this means that in

order to give a correct description of the evolution of the

system one must take in account a certain number of relations

among coordinates, velocities and time which express the ex-

istence of the forces of constraints. Those functions are known

as constraint functions or, simply, constraints.

There are several kinds of constraints. Among those we

will consider two very important classes. Denoting by q a(
t)

and 4a(t) the generalized coordinates and velocities, aKl...(N,

we say that the constraints are holonomic or geometric con-

straints if they can be expressed as K<N equations of the form

•jl'q.t) = ̂ (qj qN,t) * 0 , i*l,...K . (1.1)

General velocity-dependent or kinematic constraints are ex-

pressed by equations of the type,

*i(q.q,t) H !|'j.(q1 qN;qlt,..qN,t) - 0 , i«l,...,K. (1.2)

When equations (1.2) cannot be reduced to the form (1.1) we

say that the constraints are non-holonomic. (iNeimark and Pufaev
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(1972); Saletan and Cromer (1971)]

An important point on the theory of constrained systems

is the question of the existence of an action principle. It is

known IjSaletan and Cromer (1970)} that the equations of motion

for such systems can be obtained using variational techniques

both for holonomic and non-holonomic systems, the difference

in approach laying in the choice of the comparison paths. The

results so far accepted can be summarized as follow. Let

LsL(q ,qa»t)=L(q,q,t) denote the Lagrangian function for the

system when there are no constraints present which we call the

free Lagrangian. The corresponding Euler-Lagrange vector will

be denoted by

= — ~ S - ~ - , <x-l N . (1.3)
dt 3qa dqa

The dynamical evolution of the system under the influence of

the constraints is given by (1.1) and

for holonomic system, and by (1.2) and

for non-holonomic systems. We use the convention of summing

over repeated indices and in the above expressions Xi are
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Lagrange multipliers. As it is known both cases can be dealt

with in a unified way by using ^-0 instead of «JK^O as the

constraint equations in the holonomic case.

The point to be emphasized is that we do not have a

Lagrangian function L(q,q,t) which completely describe the

dynamics of the system including the informations concerning

the existence of the constraints. Consequentely we do not have

an associated action principle either.

The existence of such a Lagrangian function is obviously

desirable not only from the classical point of view for it

would enable one to quantize the system employing well known

procedures. For holonomic systems it is possible to construct

a Lagrangian function. Indeed, it is given by

I - L + Xi*i (1.6)

and the associated action principle leads to the correct e-

quations of motion and the constraint equations.

It is usually accepted Qjaletan and Cromer (1970); Gomes

and Lobo (1979)3 that for non holonomic systems it is not pos

sible to construct such a Lagrangian function so that in this

sense there does not exist an action principle for such sys-

tems .

The purpose of this paper is to make some developments

about the existence of a Lagrangian function for non holonomic

systems. We will show that once the motion of a non-holonoraic

system is known, it is possible to construct a Lagrangian
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function for the system. This Lagrangian function will

correctly describe the dynamics of the system. With the

Lagrangian so constructed we will show how to pass to

the Hamiltonian formalism thus providing one with a consis-

tent framework for canonical quantization. We shall not be con

cerned with the construction of an action principle for non-

holonomic systems. This subject is presently under investiga-

tion. The paper is organized as follows: In section 2 we for-

mally analyze the existence of an action principle for con-

strained systems. In section 3 we discuss the meaning of the

integrability conditions for non-holonomic constraints and show

how to construct the Lagrangian function for such systems.

Sections 4 is devoted to an application to a well

known system; some details are presented in order to clar

ify the method we developed. The Hamiltonian formalism is con

sidered in sections 5 and 6. Final comments are in section 7.

2- THE ACTION PRINCIPLE FOR CONSTRAINED SYSTEMS

Given a non-holonomic system our concern is directed to

the question:- Can equations (1.2) and (1.5) be ob-

tained from a variational principle <5 Ldt»O? We understand

that the best way to look for an answer to this question is

to analyze it from the point of view of the Helmohltz condi-

tions Qsngels (1975)]. Equations (1.2) and (1.5) are obtained

under the hypothesis that system in study is described by a

free Lagrangian function L(q,q,t) and the constraint equations



\|>Cq,q.t) = O. (*) . The Euler-Lagrange vector ÇL.3) corresponding
i
to the free Lagrangian L can be written as ,

J ^ T ^T ' • •» ft ' •

dt 3q 3q

The functions BoB(q,q,f) and Ca(q,q,t) are required to

satisfy the following conditions Qsngels (1975)] :

3B . 9B o i 3 C_ 3 C,, tf tA\

3qV " 3qa = 2 3 ? ? " 3qg3qa

(2.2e)

Now consider the case when there are constraints. We de-

note by QA the set (qa,Xx) with the convention QAsqa, for

A-a-1 , . . .JI, and QA=Xi, for A-i-N+1,.. . ,N+K . Denoting by L(Q,Q,t )

the Lagrangian function associated with the system, the cor-

( )In what follows we u*.e the following conventions: greek
ct fB,v, . . .« l , . . . ,N; latin "indices i , j ,k, . . , -N+l, . . . ,N+K as

indices
. . . . and capital

Latin indices A,B,C,...-1,2,.,.,N+k.
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responding Euler-Lagrange vector is

A dt 3QA 3QA A ^

The functions B._(Q,Q,t) and CA(Q,$,t) must satisfy the follow

ing conditions:

BAB

(2.4b)

3QC

3C

3QA

3^B
3QA

3QC 3t

3>5 32£ (2.4d)

32C.

According to equations (1.2) and (1.5) we can assure that

t is the Lagrangian function for the constrained system if we

impose that

* • " x -55"°. C2.S)

0 • (2.6)



The above conditions express the fact that L(Q,Q,t) lead to
the equations of motion, equations ( 2 . 5 ) , and the constraint

equations, equations (2.6)

Equations (2.5,6) can be viewed as conditions to be im-

posed on the functions §AR and CA. Using (2.3) these conditions
A J? A

are:

*AB S Bo6 ' (A-o,B-B;ot8-l N) (2.7)

§AB = 0 , (A or B-N+1.....N+K) (2.8)

CA s (^-X1—^ , (A=a-1 N) (2.9)

C. = C. = 0 , (A»j=N+l,...,N+K) (2.10)
A J

The problem now is reduced to the validity of the system

(2.4a-e) restricted by the conditions (2.2a-e) and (2.7-10).

Now, conditions (2.4a,b) are trivially verified while con

ditions (2.4c) require that

t 2 - n )

3C.

3q p

The conditions (2.4d) are verified with no aditional re-

strictions ' •'while (2.4e) requires that

'We used (2.12) and the fact the functions C.(q,q,t) do not depend ex-
plicitly on X1.
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1

3qa348 S q W '
(2.13)

, ! i . . . ti.io

Let us consider the meaning of these results. From equa-

tions (2.12) it follows that the functions C. are not depend-

ent on the generalized velocities, i.e.,C.BC.(q,t). Equa-

tions (2.11) require the constraint functions to be at most

linear functions pn the generalized velocities. Equations (2.13)

are the integrability conditions for the constraints ̂ (qtqtO'O,

and they assure the existence of a set of functions g.(q,t) =

constant, such that i|>.sg.. Finally, it follows from (2.14)

that g.-Cj.

Thus, there will exist a Lagrangian function (and an a£

sociated variational principle) for constrained systems if the

constraint equations are linear functions of the generalized

velocities and can be reduced to the holonomic form. One can

go a little far and write an explicit form for the Lagrangian

function corresponding to these cases. For instance, using the

procedure described by Engelsjl Engels (1975)3 one obtains:

XiCjl . (2.15)



3* THE REDUCTION OF NON-HOLONOMIC CONSTRAINTS TO TOE H3LQN0MIÇ

FORM.

F-on the results of the last section one concludes that

it is possible to construct a Lagrangian function and a corre

sponding action principle which lead to the equations of mo-

tion and constraint equations only for holonomic systems.

Let us analyze this statement in some detail. For simplicity we

consider a system subjected to only one constraint equation

and write it as (*)

ft = Xo(q) dq
a - 0, (3.1)

and take N=3. The integrability condition for (3.1) is

1 rot 1 - 0 , t~ (XrX2,X3) (3.2)

If this condition is fulfiled then there exists a function

(an integrating factor), say M(q), such that MÍ2 is an exact

differential (**).

Geometrically the fulfilment of the integrability condi-

tions mean , for a given init ial configuration, the existence

(*) The form of equation (3.1) does not introduce any essential restriction
- in the present investigation.

(**) This conclusion also hold for N»*3. We specialize for N-3 only for «im-
plicit- .' Tii* basic results we will obtain are also valid for the gener-
al case N»*3. Seer?orsyth, 19O3j .
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of points in configuration space which are not accessible to

the system by trajectories satisfying (3.1). The converse of

this statement is also true and is just Caratheodory theorem

[Buchdahl 1949)].

Now, suppose that condition (3.2) does not hold and thus ft

represents a non-holonomic constraint. What can be concluded

is the non existence of a single function, say 4>(q)> such that

d4>»N(q)fl, where N(q) is an integrating factor. Of course this

by no means imply that the equation Í2«O does not admit solu

tions. Actually, it is well known that if we choose an arbitrary

function,

X(q) - 0 (3.3)

it is possible to determine another function

• constant • c (3.4)

such that (3.3) and (3.4) represent a solution for equation

(3.1). In fact, from (3.3) we can write

dX - 0 (3.3.1)

so that when the form X(q) is specified we can use (3.3) and

(3.3.1) to determine q3 and dq3(for instance) in terms of the

others qi and dqi# After substituting these relations in (3.1)

the result will be a two dimensional differential equation

wich can always be integrated to obtain a solution of the



form (3.4). 'Per t.otp.ils see [Forsyth, 1903].)

Nov;, ^signing to xCq) every possible forms we obtain

the who^e set of possible solutions. These solutions rep-

resent r f?mly of curves each one of them being a solution

of equations (3.1).

This result admits a physical interpretation, namely ,

that one non-holonomic constraint equation can be substituted

by two holonomic constraint equations according to the proc£

dure described above. The question resides on the choice of

the function X(q). From the mathematical point of view the

function X(q) is arbitrary but this is clearly not so from the

physical viewpoint. Among the whole set of mathematically

admissible functions there is only one which minimize the a£

tion functional, the surface where the motion of the system

actually occur. Therefore, this must be the surface 'X(q)«0 in

agreement with ti.e basic postulate of Classical Mechanics, the

Least Action Principle. Once this function is known, one can

guess which is the corresponding <Kq) function for the prob-

lem at hand. These functions will behave like two holonomic

constraints which will substitute for the original non-holonomic

constraint therefore, it will be possible to construct a new

Lagrangian function C for the system. This Lagrangian func-

tion L will contain all the phisically relevant informations,

about the system including the constraints.

One can argue about the reasons for constructing a

Lagran^ian function after the motion of the system is known.

The point is that the form of the Lagrangian function L we
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obtain is exactly the same as expressions (2.15) and it enables

us to construct a Hamiltonian for the system. Therefore, the

standard quantization procedures can be used. From our point

of view this result justifies the efforts to construct L.

In the following section we apply this method to a well

known non-holonomic system. The aim is to show how it works in

pratice and call attention to some points where it can be sim

plifyed.

4- APPLICATION: A ROLLING DISK CONSTRAINED TO REMAIN VERTICAL

We consider the motion of a sharp edge homogeneous disk of mass

m and radius R that rolls without slipping on a perfectly

rough horizontal plane and is constrained to remain vertical.

This is a well known problem. Q>aletan and Cromer (1970) ,

Neimark and Fufaev (1972), Whittaker (1936)]. The generalized

coordinates are choosen as follow: q. and q« are the projection

of the center of mass on the horizontal plane, q, is the angle

between the plane of the disk and the q^axe; qA is the angle

between a diameter of the disk and a vertical line.

The free Lagrangian function for the system is:

(4-x)

where Io is the moment of inertia of the disk with respect to

an axe passing ' rough its center and 1^ ir the moment of in-

ertia with relation to a diameter.



The constraints for the system can be expressed by the

following equations:

(̂  = Rq4cosq3 - q% = 0 , (4.2)

- q£ - 0 . (4.3)

The corresponding integrability conditions are not satisfied ,

hence equations (4.2,3) represents two non-holonomic con-

straints. The equations of motion obtained by the standard

procedure described in section 1 are

mq*! = -Ax , (4.4a)

m'q'2 = -A2 , (4.4b)

0 , (4.4c)

(4.4d)

which must be supplemented by the constraints (4.2,3). The

Lagrangian multipliers \. and A can be eliminated xrom these

equations. One obtains A «mRcLq.sinq. , A=-mRq_q, cosq.. Using

these values we can rewrite equations (4.4a,d) as

l 3 4 3 (4.5a)

q'2 -• Rq 3q 4cosq 3 (4.5b)

V- " 0 (4.5c)

V4 - 0 (4.5d)



Now, the solutions for equations (4.5a,d) and (4.2,3) corre-

sponding to arbitrary initial data, (í0
3(íl-io'0-?o»ci30t^40^»

a+R T^sin(q30t*q30) , (4.6a)

q2 = b-R T ^cos(q 3 0 t+q 3 0 ) , (4.6b)

^30

«3 = «30t+<»30 '

where a and b arc two constants.

It is worthwhile to observe that the constraint equations

can in general be expressed in several different ways. For

the problem at hand it can be show QSaletan and Cromer,(1970) and

(1971)3 that they can be represented by the (non linear) equa

tions

*1 = ^I +^2" R 2^4 * ° ' (4.7a)

<J>'2 = q1sinq3-q2cosq3 - 0 . (4.7b)

It is also possible to express the constraints by a single

equation fWhittaker, (1936)1

» 0 . (4.8)
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We shall use this later form to express the constraints. The

corresponding equations of motion are

mq\ = Xtanq , (4.9a)

nq2 - -X , (4.9b)

q*3 » 0 , (4.9c)

4 *

which must be solved taking into account equation (4.8). For the

Lagrange multiplier we obtain

X » -mq.cL .

Using th i s value for X we can solve equations (4.9). We obtain

qx = a* JLs in (q t+q30) , ('.10a)
q30

q2 - b+vt- ~ - c o s (So t + í Í30 ) ' (4.10b)

q - q t + q , (4.10c)
3 30 30

where ",b,u and v rre constants and no use has been made of
(* 1conditionv -'(4.8). Now, taking in account that condition we

In order to obtain the explicit value for X we used $*0 ivr,tcf>d of
•-0.
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get v-0. Thus, it follows from (4.10) that

(q -a) 2 • (q--b)2 - ~ -
1 «30

'2 2
q2 " U

One can easily verify that u«Rq4Q and so the disk moves with

this constant speed in a circle of radius ^40/^30 centere<* at

(a,b) [Saletan and Cromer, (197i)j . It also follows from the

values of u and v that expressions (4.10a,d) reduces to the

solut ions (4.6a,d).

We now apply our method to this problem. For simplicity

we set a»b-0. From the solutions (4.l0a,d) it follows that

the motion of the system takes place on the surface defined

by the equation

6(q) = q x
+ q2

 t a nA 3 " ° • (4.11)

This surface must be taken as our x(q) function, equation (3.3).

Now, following the procedure described in the last section we

obtain

(4*12)

where c is a constant which depends on the initial data. E-

quations (4.11,12) are the holonoraic constraints that sub-

stitute for the non-holonomic one given by equation (4.8).On

the other hand equations (4.11,12) are equivalent to :

X(q) 2 q^csinqj - 0 (4.11.a)

<Hq) 5 q2
+ccòsq3 » 0 (4.IS)
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and we will use this last set of equations as the holonomic

constraints corresponding to the non-holonomic system we are

considering (*). Using these constraints we can write the

Lagrangian functions L for the system:

L = - ( q j + q p + ̂ q j + - I c q J • X ^ + c c o s q 3 ) + X ^ ^

(4.14)

The Lagrangian function (4.14) carries all the relevant

informations for the dynamical description of the system.

Indeed, considering the Lagrange multipliers as additional

coordinates the Euler-Lagrange equations that follows from

(4.14) are

mq'j, - * 2 , (4.15a)

mq2 - Xj , (4.15b)

I*q*3 = -c(X1sinq3 + X2cosq3) , . (4.15c)

q'4 - 0 , (4.15d)

q2 • c cosq3 = 0 , (4.15e)

qt - c sinq3 = 0 . (4.15f)

With the Lagrange multipliers given by

ir qj cosq3 , A2 « -mcq̂  sinq3 ,

(*)The set of equations (4.11,12) and V*.11.a,13) a r e , of course, equiva-
lent». We choosf to work with the si'oor.d set bemuse th i s wi l l avoid
many unecessnrv c-ilculations in whnt. follows.



the system of equations (4.15a,d) reduces to

q. = -cq£ sinq- ,

q2 = cq^ cosq, ,

(4.16)

q3 = o ,

Q

Solving this system one will arrive to the sarco solutions as

given by expressions (4.6a-d) v.'ith a=b=0 (*).

5- THE HAMILTON IA.'! APPROACH TO NON-HQLONOMIC SYSTEM.

Once we have obtained the Lagrangian function associated

with a non-holonomic system we can develop a Hamiltonian for-

malism. The procedure is essentially Dirac's theory of constrained

systems Q)irac, (1964)] since row we have a (singular) Lagrangian

function to describe the system. There is, however, some pe-

culiarities which we will clarify in what follows. For defi-

niteness let us consider a Lagrangian function of the form (1.6) ,

which we rewrite,

E(q.q.t) = L(q,q.t) + ^ . ( q ) f (5.1)

At we had pointe out the value of the constant c depends on the spec-

ification of the*. íiútir.l Ceia. For the data correspond ing to solutions

(A,6a-d) it can ce verified that c corresponds to the radius — ftfl of

the circle deccriV-.' \.y chc dir/c.



where the functions A are Lagrange multipliers and «{̂ (q) are

the holonomic constraint functions which substitute for the

non-hoionomic constraint of the original problem. Now, the key

step at this point is to treat the Lagrangian multipliers as

additional generalized coordinates, thus formally enlarging

the configuration space. The functions $.(q) can be considered

as arbitrary functions in the sense that we do not need to con

sider then as constraints. This infornation will follow as a

consequence of the theory.

In order to pass to the Hartiltonian formalism we define

the momenta canoimicaly conjugated to the generalized coordinates

(which now is the set (q^q1 =AL)):

p = 2L_ = 3L_
a 3qa 3qa

. - ik^ = o . (5.3)
1 3X1

This last expression follows fror. the fact that there is no de-

pendence of L on the "velocities" Xi.

Equations (5.3) are the primary constraints of the theory

and must be written as weak equations,

(5.4)

Hence, the additional Jlegrccr: of freedom we introduced are

constrained by th«se equations. In f.eiieral this means that the

"coordinates" Xx are arbr'cary or o'herwisc determined and,

as we shall see, this trill ho the case.



The canonical Hamiltonian for the systec is

- L

- paq
a - L - X1*. - Hc- X\ , (5.5)

where H is the canonical Hainiltonian for the system whenc

there are no constraints, i.e., the "free Hamiltonian". Ac-

cording to Dirac theory we must add to the Hamiltonian (5.5)

a linear combination of the primary constraints (5.4) and im

pose the consistency conditions that those constraints are

preserved in time. But as it is usual in theories where some mo-

menta are constrained to be zeroi*) we can freeze the momenta

ir. considering equations (5.4) as strong equations.

Now, the consistency conditions for equations (5.4) lead

immediately to

0 , (5.6)

and we recover the information that the functions «̂  are the

constraints of the theory.

We must continue the procedure and impose the time preser-

vation of the (secondary) constraints(5.6). However, now wo

This i s the case, for instance, in the canonical formalism of the gen-
eral theory of relativity where the momenta conjugated to the lapse and
shift iunctions is constrained to be zero [Tíísner et a l , (1973)1. See
also Ipirac, (1Í 0)]



face a new situation. It happens (ct least for the cases ^

have studied) that the second step beyond (5.6) lends to the

determination of the functions A1 as functions of the q fs

and p 's. At this point the procedure must be stoped Q)irac

(1950)1. There will remain a definite number of sscondary con

straints which are in fact second class. Mo;;, what has to be

done is to use the Dirac brackets with respect to these con-

straints and set them all strongly ~qual to zero. Therefore,

the Hamiltonian we are left with is the free canonical Hamiltcnian

but the equations of jr.otion are given in terras of Dime brack-

ets,

F « {F,Hc>* - {F,Hc} - {F,<í>1>cT^{<í>i ,IIc} (5 .7 )

where C.. denotes the elements of the r.atrix inverse of

6" THE HAMILTONIAN APPROACH FOR THE ROLLING dl£Y.

We now apply the method described in the last section u>

the problem we dealt with in section 4. The L:\crr.n°Lcn futc-

tion is given by expression (4.14),

where we used the notation
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\x • q5 , (6.1a)

X2 - q6 , (6.1b)

q2 + c cosq3 • 6X , (6.1c)

q. - c sinq. a 9 2 * (6.Id)

The corresponding canonical Hamiltonian is

flc " H c ~

where Hc i s the free canonical Hamiltonian

«c ' £<Pi*Pi> *

The prinary constraints are

ir1 ^ 0 , TT2 % 0 , ( 6 . 4 )

with *£ defined by equations (5.3).

The consistency conditions TT^O lead to

ex % o , «i.s?o

e2 % o ,

Imposing the tine preservation of the secondary constraintD



(6:5a,b) we obtain two new secondary constraints,

n2 CP 3_,p,
= _£ isinq3 jfc 0 , (6.6a)

m I.

Pl C P3- — £cosq3 £ 0 , (6.6b)
m I.

The tine preservation of 93 and 0^ lead to the following ex-

pressions for q5 and qg:

mcp*
(6.7a)

qA ^5inq, , (6.7b)

The procedure now must stop and we are left with the set of

(secondary) constraints {e..} ,i«l ,2,3,4, which are in fact se£

ond class. We have the following brackets among them:

0 ,

{e.,9,} » I* £-sin1 •» m Ii

2
" 3

C2

• —sinq 3 c o s 3

2

• £— sinq, cosq3

{ 03' 94 } 'TIPS •
l
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In order to write the Hamiltonian equations of motion

we need the matrix C , inverse of C=!|{0.,6.} || . From (6.8)

we obtain

I, + me
2 2

A .- detlKe.,0.)|| -(-i- ) t o ,
1 J m z l ,

(6.9)

A straightforward calculation leads to

sinq3

,c2 ...
sinq3

1 c2

sinq3 cosq3) (— • y^ sinzq3) 0

cosq,)

1 .c 2 .

(6.10)

We now use the Dirac brackets with respect to the secondary

constraints {Q^} and set all the constraints strongly equal

to zero. The equation of motion for an arbitrary dynamical

variable is given by

F - ÍF.IU*
mcp5

[{F,01}cosq3-{F,e2}sinq3]

(6.11)

It is an easy task now to show that (6.11) leads to the same



equations of motion as obtained before, namely, equations

(4.16).

7- FINAL COMMENTS

In this paper we have stablished a procedure to transfoim

a non-holonomic system into a equivalent holonomic system. A

singular Lagrangian function associated with the equivalent

holonomic system is written down based on the knowledge of

the surface (a submanifold of the configuration space) where

the motion actually occur. As we mentioned before we believe

that the efforts to construct such a holonomic system are jus_

tified because, at least in principle, one can quantize such

-systems using well known procedures Q)irac, 1964; Fradkin-ând

Vilkovisky,1977j.

We did not touch on the question of constructing an ac

tion functional for non-holonomic system which, as yet, is an

open problem (*). Our procedure does not lead to any specific

simplification of this problem. However, we expect that a

deeper analysis might shed some light in the direction to be

taken in order to overcome this question. ' fr !

Finally, we mention that our procedure does not share

any relation with the procedures proposed long ago by J.W.

Campbell and others. (See ^Campbell, 1936]] and references

there in).

(*) For details on the extension of the Least Action Principle to non-
holotwraic systems see the excellent paper by L.A. Pars, Q?ars,19543.
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