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ABSTRACT : 

Using the liquid drop model, we have performed a systematic 
study of the symmetric fusion with a neck degree of freedom and tun
nelling effects* the nuclear potential being calculated with the proxi
mity approach. Barrier heights and positions are in very good agreement 
with experimental data when they are known (light-medium systems) ; the 
recent experimental data of the reactions S^ + 58Ii£ and 4fl^ + 64N^ 
are particularly investigated. For heavier systems double-humped fusion 
barriers and isomeric states are predicted which strongly limit the 
complete fusion probability. 
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1. Introduction, 

During the fusion of light systems, the Coulomb repulsion is 
weak and consequently the deformation of the fragments is negligible. 
Furthermore tht saddle point in the fusion valley lies wall outside the 
contact point and then the fusion of two light identical nuclei is only 
governed by the balance between the Coulomb energy and Che attractive 
nuclear proximity energy which takes into account the finite range effects. 
For these light nuclei,once the saddle point haa been passed>the di-nucleus 
system goes down automatically to the compound nucleus configuration. 

For heavier systems,the situation is more complicated since the 
saddle point is near the contact point and the saddle point energy is not 
well above the ground state energy. The potential energy profile between 
the contact point and the ground state determines the kind of reaction 
which will occur : complete fusion, fast fission, depp inelastic regime ... 

This potential energy profile depends on the initial kinetic 
energy range. The lower is the energy, the longer the system stays in the 
vinicity of the interaction barrier, and one can expect that various col
lective degrees of freedom may be excited for incident energies close to 
the Coulomb barrier height. In the sudden approximation, (see Blocki et 
al 1977, Ngo H and Ngo C 1980) the densities are frozen and the potential 
results from the interaction of two overlapping nuclear spheres ; however, 
in this approximation, once the system is trapped in the entrance pocket, 
one must introduce some adiabaticity to study the evolution towards more 
relaxed configurations (Grégoire et al 19B2). The sudden approximation 
gives then the high energy limit to the potential energy ; at low and 
moderate energy, the adiabaticity trends must be introduced at the early 
stage of the reaction (see for example the modified proximity potential 
of Birkelund et al 1979 and Feldraeier 1979). 
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In this study, using the macroscopic approach of the liquid 

drop model and adding thd proximity potential of Feldmeier (1979) (to 

take into account the finite range effects of the nuclear force in a 

crevice), we define explicitely a path leading'from two separated sphe

rical nuclei to the formation of a compound spherical nucleus with only 

one parameter. We aim at reproducing the available experimental data on 

fusion (mainly light and medium systems) and we shall focus on the heavier 

systems where one can expect that the necking degree of freedom must be 

effective on both potential energies and cross sections. 

In section 2, we give our method to compute the potential enerjry 

and the fusion cross sections. In section 3 results are given for 0 + 0, 
28 28 13 13 40 iO 

Si + Si, C + C and Ca + Ca to check on experimentally studied 

systems the validity of our approach. In section 4 the medium systems are 

investigatedjparticularly Nj + Ni and N£ + Nj_ reactions for which 

a recent experiment has been made (Beckerman et al 1980 and 1982) and which 

has been investigated theoretically by Landowne and Nix (1981). Finally in 

section 5 predictions are made for very heavy systems where we discuss the 

consequences of theoccurence of double*-huraped fusion barriers. 

2, Potential energy and fusion cross section. 

When the volume conservation and some adiabaticity are assumed] 

the shapes occuring in fusion (and in fission) are often taken to be dumb

bells, two spheres joined by a parabolic neck or quadratic surfaces of 

revolution (see Hasse 1971, Moller and Nix 1976) soverne^ by several para

meters. In a recent paper (Royer and Remaud 1982), we propose a one-para

meter family (the elliptic leraniscatoïds) to describe the symmetric fusion 

process. This family of shapes continuously describes the progressive fu

sion of two spheres into a single one without any discontinuity at their 

contact point. The volume conservation is also assumed at variance with 

the sudden approach where the densities are added. The shape sequence is 

distinguished by the quick filling in of the initial crevice between the 

two fusing nuclei without sensible deformation of each fragment : a typical 

situation arising in the entrance channel of heavy-ion reactions. In our 



one-parameter shape parametriaation there is a one-to-one correspondence 
between the distance between mass centers and the dinucleus shape. The 
total energy for a given system i.i thus a function of the single variable 

E,T«.(r) *nd E„(r) are respectively the liquid drop energy and the nuclear 
LDM W 
interaction energy. 

The calculation of E T 

of Myers and Swiatecki (1967) 

•gd - kgI V / 3 B ; 

and 

B- and B are respectively the surface and Coulomb energies of the deformed 
nucleus relatively to the energies of the spherical system. They are calcu
lated with the simple formulas that we have given earlier (Royer and Remaud 
1982). A and Z are the mass and charge of the compound nucle<ts to be formed 
through the fusion of two equal fragments. The relative neutron excess I 
reads 

I - (N - Z)/A. 

The asymnetry coefficient k-, the surface coefficient a„ and the 
effective sharp radius are defined as follows : 

k g - 2.6 

a s - 17.9439 MeV 

S - 1.28 A 1 / 3 - 0.76 + 0.8 A~ 1 / 3(in ferais). 



At variance with fission studies (see Basse 1971 or Bjornholm and Lynn 

1980) Che values of k- seem not to be critical. The present value is 

close to that proposed by the Lund group. 

effects of the nucleon-nucleon force inside the crevice separating Che 

fragments (Blocki eC al 1977). 

rh_ 
E M(r) - 2y I 4»(r)/b)2ihdh j 

^ is a universal funccion giving the interaction energy divided by 2y 

per unit area between two similar flat surfaces at a separation distance 

D. We have taken the function prescribed by Feldmeier (1979). b is the 

surface diffuseness and is choosen to be 0.99 fm. In the nuclear potential 

E„(r), the sum is taken in the symmetry plane of the dinuclêus systeir ; h 

is the transverse radial distance varying from its minimum a (neck radius) 

to its maximum h . In our shape parametriaation h and D(r) are sinrolv 
m 

given by (in polar coordinates (R,8)) : 

h » R(6) sin 9 

D(r) - 2R(9) cos e + S e f f(r) 

with R(9) 2 • a 2 sin2 9 + c 2 cos26 on the surface of the 

elliptic lemniscatoi'd. (c is simply the half elongation of the composite 

system). 

As suggested by Blocki et al (1977), the separation distance 

Seff between the effective surfaces is : 

C f f being the mean between the central radii of the density and potential 

distributions. Finally the surface parameter y is given .by : 



We have determined the fusion cross sections with the usual 

partial wave summation 

a c f(E) - ffX
2(E) | (29. * 1)TA(E) 

where E i s the center of mass energy and X i s the reduced de Brogl ie 

wavelength of the inc ident i o n . 

The centr i fuga l p o t e n t i a l added to E i s simply : 

v c e n t U , r ) - 1 ï 2 ? , U + l ) / 2 j i r 2 , 

U being the constant reduced mass. The cross s e c t i o n depends mainly on 

the barr ier he ight E f and the "radius of dec i s ion" R f ( p o s i t i o n of 

i s approximated by the Hil l-Wheeler formula (see Vaz e t a l ( I98 l )> . 

Below the barr ier we have employed the WKB method : 

with K, 

T, - (1 + exp 2K.)" 1 

^r 

the center-of-mass energy. We must no t i ce that the approximation of Wong 

(1973)ï 

flw- R* E-E -

2 1 / 3 2 E ( r ) , 
w " h "S " " M ( l ^ - ' r - R o f 

gives very s i m i l a r r e s u l t s although i t uses only the s-wave parameters. 



3. Light systems. 

In their detailed report, Vaz et al (1981) have tested different 
potentials on many reactions, they conclude that two potentials nive a very 
good agreement with experimental data : the Yukawa -plus- exponential fol
ding function of Krappe et al (1979) and the nuclear potential of Ngo H 
and Hgo C (1980) based on the energy density formalism, We have summarized 
in Table I a comparison of our results with the empirical and theoretical 
data of Vaz et al for the symmetrical fusion of light systems. We notice 
that the relative neutron excess is close to zero in these light systems 
and the value of the asymmetry coefficient kg does not matter. 

We are aware of the independence of the light system fusion cross 
sections on the shape parametrisations ; however, the very good agreement 
of the barrier characteristics shows the possibly of an accurate description 
of the fusion process by the Liquid Drop Model when one includes the effects 
of the nuclear proximity (specifically with the prescription of Feldmeier 
(1979)). We shall rely on this agreement to tackle the heavier system study 
where we investigate the influence of the necking degree of freedom through 
our shape parametrisation. In fig 1, we show the cross sections of the sys-

40 40 terns quoted m Table I ; we have included the Ca + Ca data of Auger et 
al (1980). 

4. Medium systems. 

In fig, 2 we show some potential energy curves (solid lines), 
as functions of the distance between mass centres in units of R 0. The 
vertical dashed-dotted line indicates the contact point (r/RD - 1.5874). 
On the right hand side, the potential energy results from the interaction 
of two separated spherical nuclei. Our shape parametrisation gives the 
path from the contact point energy to the compound nucleus energy ; it is 
then effective on the left hand side of the dashed-dotted line. The poten
tial landscape around the contact point at increasing mass is dominated 
by the balance between the decreasing macroscopic deformation energy and 
the increasing interaction energy. For the light systems (22/A < 25), the 



interaction energy just lowers the interaction barrier, the top of which 
is well outside the contact point ; in this case, a mere linear para
bolic interpolation is sufficient to give Che path to the compound nucleus 
energy (Ngo H and Ngo C (I960), Birkelurid et al (1979), Krappe et al 
(1979)). When Z2/A > 25, an inflexion appears in the inside part of the 
potential curve ; but the potential is not dramatically changed and the 
fusion process remains dominated by the interaction barrier. 

There are increasing evidences that the fusion cross sections of 
medium/heavy systems cannot be accurately reproduced around the Coulomb 
barrier if one describes the process through one-dimensional barriers. 
Even if the fusion cross sections become more sensitive to such effects 
as dynamical deformations, shape fluctuations, we think that they are 
still some indefiniteness in the determination of the macroscopic potential 
energy surfaces. 

We have then paid special attention to the systems Nj_ + Ni 
64 64 

and Nj + N^ since, at our knowledge, they are the heaviest symmetri
cal systems for which we dispose of a systematic experimental study at 
incident energies around the Coulomb barrier (Beckerman et al (1980) and 
(1982)). 

These systems have been thoroughly investigated in theoretical 
studies by Beckerman et al 1980 and Landowne and Nix 1981 ; the main 
characteristics of these works is to • underestimate the cross sections 
under the Coulomb barrier (see also, the general conclusions of Vaz et 
al 1981 which are applicable to asymmetrical systems). We think that 
part of the discrepancy may be due to the choice of the liquid drop para
meters. This is shown in fig. 2 where we compare the fusion barriers of 
Landowne and Nix 1981 (dotted lines) with those resulting from our calcu
lations (full lines). Their model yields higher barriers which are closer 
to the contact point ; however the width remain* quite comparable. The 
consequences of these differences appears in fig 3, where are shown 



gives our estimates to be compared with the results of Landawne and 
Nix (1981) (dashed and dotted curves) and the results of Beckerman 
et al 1980 (full curves), the latter being found according to the same 
philosophy as the former. The improvement is clear and can only be con
nected with the definition of the macroscopic energies ; one must notice 
that this improvement is much larger than the one obtained by Landowne 
and Nix 1981, when including corrections as dynamical deformations and 
two-dimensional barrier transparency. A definite improvement has been 
obtained by Beckerman et al 1982 (see in fig. 3 the best fit to the 
experimental points) ; in this treatment, specific barrier characteris
tics have been adjusted for these systems and a position dependent mass 
has been introduced ; both features are complementary to improve the 
theoretical results : increase of the sub-Coulomb fusion cross sections 
without overshDot when the kinetic energy is larger than the Coulomb 
barrier. In fig. 2, we compare the fusion barriers from Beckerman et al 
1982 with those obtained in our calculations, and then we think that our 
macroscopic potential energy that lowers the fusion barriers changes for 
the better the theoretical predictions. 

Other effects can be advocated to reproduce the experimental 
data in this energy range : a better treatment of the tunnelling proba
bilities which would be refined for the energies a few MeV under the 
barrier (Vaz et al 1981) ; the neutron skin effect chat starts being 
sensible as soon as the systems are heavy ; recently Reiadorf et al 
(1982) have suggested that the apparent subbarrier enhancement of fusion 
cross sections below the barrier is due Co a dynamic barrier fluctuation 
caused by orientational and vibrational fluctuation of the surface-to-
surface distança at the barrier. 

It is then clear that we do «.Ô* expect to get a precise agree
ment with the experimental data for all '-ne systems witit a one-dimension 
model ; however, in this work, we aim at giving a fraciework for the sym
metrical fusion without case-to-case adjustments. The study of the known 



medium-system» allows us to extrapolate with some confidence our calcu

lations to heavier systems. For example, we present results for the 
90 90 

Zr -i- Zr iusion in fig. 4 ; our prediction for the barrier is shown 

in fig. 2. This system is likely to be the next that will be experimen

tally investigated and it is at the frontier from which we think that 

the necking degrea of freedom can play a dominant role. 

5. Heavy systems. 

For heavy systems the inflexion in the potential energy curves 

leads to the onset of a second maximum (for Z2/A £ 34)(see fig. 5). In 

fission studies, such double-humped barriers appear for the same class 

of heavy elements as results of microscopic contributions to the poten

tial energy (see Bjornholm and Lynn 1980). In fusion, these barriers 

have a pure macroscopical origin and come from constraints on the indi

vidual fragment deformation that has no time to develop at the beginning 

of the reaction. Then, the concept of fusion for the heaviest elements 

must be extended to the formation of isomeric states that correspond to 

the outer minimum. These states must have a life time bound by the pro

gressive modification of the potential landscape when deformations occur. 

This phenomenon is closely related to that of "fast fission" (Grégoire 

et al 1982) that is known to yield reaction products very similar to those 

following a compound nucleus formation. 

Such structures do not appear in the study of Moller and Nix 

(1977) (see also Mix and Sierk 1974) ; although they use approximately 

the same formalism (neck formation with nuclear matter volume conservation 

and nuclear force short range effect). We notice that they assume strong 

surface contributions to the macroscopic energy since their surface coef

ficient a„ is taken as 24.7 MeV while we use a s - 17.9439, the standard 

value of the Liquid Drop Model (Myers and Swiatecki 1967). Then, for the 

Pd + Pd reaction they obtain 29.7 MeV as saddle point energy (see 

in fig. 5, the dotted curve derived from Moller and Nix 1977), value to 

be compared with the 4.8 MeV height resulting from our calculations. 



As soon as we study heavier 2nd heavier systems the isospin 
asymmetry increases and the ratio (N-Z)/A progressively differs from 
zero ; the potential energy surfaces than depend on the Liquid Drop 
Model coefficient Ics which has not been checked in our systematica on 
the fusion of the light systems (ste section 3). In fig. 5, we show 
two potential curvts for the • Pd + Pd system, one with the value 
k s - 2.6 that we have used in all our study and the other when 
k„ - 1.7826 as in Myers and Swiatecki (1967). We see that there is no 
qualitative changes in the double-humped structures. 

Analysing the potential energy curves of fig. 5 according to 
the philosophy of the extra push model of Swiatecki (1982), (see also 
BjornholA 1982) ue see that an extra energy is sometimes needed to get 
a true compound system once the system has crossed the first interaction 
barrier. In our calculations the onset of such a phenomenon appears 
when Z2/A is larger than 37.5, value to be compared with that of Swiatecki 
(1982) Z2/A - 33 for the beginning of the extra push phenomenon. 

tf we define the extra push as the kinetic energy with which the 
system has tn pass the interaction barrier to reach à complete fusion 
(see Bjornholm 1982), one may compare the results of the extra push 
model (typically 8 MeV and 10.2 MeV for the l 2 4Sn + , 2 4Sn and J 2 8Te + 
128 

Te) with the differences between the two peaks appearing in the po
tential energy curves that we find for these systems, respectively 5 MeV 
and 10.1 MeV. However, these purely qualitative considerations should be 
confirmed by dynamical calculations to determine at which extent an extra 
push in the incident energy could drive the system over the inner barrier, 
since it corresponds to shapes very close to the sphere. 

We notice that in our calculations, the potential energy curves 
do not present any pocket when ZjZg >2700 ; then w? predict that no fusion 
or fusion like process can occur beyond this threshold value (compare 
with the estimate ZjZ2 >2500 * 3000 of Grégoire et al 1982). 



Conclusion. 

We have studied the fusion of identical nuclei within a one 
dimension model that takes into account the necking degree of freedom 
and the nuclear proximity effects. Beside the potentials of Krappe et. 
al 1979 and Ngo H. and Ngo C. 1980, we have shown that the old version 
of the Liquid Drop Modal when one adds proximity energy can give equally 
accurate results, at least, for the symmetrical systems to which we have 
restricted our stu'dy. We think to have define a framework giving realis
tic one-dimension fusion barrier in the whole mass range without any 
case-to-case parameter adjustment.. Our main prediction is the onset of 
double-humped barriers for the heavy systems (Z2/A > 34), that change 
the nature of the fusion process. The direct descent to a compound nucleus 
formation after the crossing of the outer barrier is hindered by the 
appearance of a secondary potential pocket. The inner barrier turns to 
be the highest when Z2/A > 37.5 which makes it hypothetical the possibility 
of a complete fusion process. At least, our shape parametrisation can be 
extended to the asyometrical reactions ; more experimental data are 
available "for these systems.which will allow to look for more experi

mental signatures of these fusion-like processes. 
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TABLE CAPTION 

Empirical and theoretical barrier heights (E f ) and 
positions (R _) for the light systems : C + C, 0 + ] 6 0 and 
28 28 

Si •»- °Si . The nuclear potential of Ngo H and Ngo C (1980) is 
based on the energy density formalism, that of Krappe et al (1979) 
uses a Yukawa -plus- exponential folding function ; the results 
are extracted from the work of Vaz et al (1981). 



REACTION 
Empirical 
(MeV) (fm) 

E of Rof 

KRAPPEetal 
E o f R of 

NGQh-NGQc 
E of R of 

our 
results 

E o f R of 
1 3^ 1 2 U C + C 6.01 7.83 5.82 8.11 5.78 8.20 5.79 8.18 

0 + 0 
10.25 8.21 
10.74 7.81 
10.85 7.70 

10.22 8.20 10.18 8.20 10.16 8.29 

28 28 
Si + Si 28.67 9.06 28.84 8.9428.94 8.90 28.57 9.12 

TABLE 1 



FIGURE CAPTIONS 

Fig. 1. Comparison between theoretical and experimental excitation func

tions. Our results (dotted curves) are compared with data of 

Charvet et al (1982) for 1 3C + 1 3C, of Birkelund et al (1979) 

for l 60 + l 60 and 2 8Si + 28Sj., of Auger et al (1980) for 
4Û„_ A 40„ 

Fig. 2. One dimensional potential barrier for the Hi + Mi ï »i * 
to un QQ 
TJ^ and Zr + Zr systems versus r/R .distance between mass 

centres in BQ units. Our potential energy (solid line) is given 

relatively to the energy of the spherical compound nucleus 

(r/RQ - 0.75). For the Ni + Ni systems the dotted curve gives 

the profile at the top of the one-dimensional barrier of 

Landowne and Nix (1981) and the dashed-dotted line indicates 
90 90 

the empirical results of Beckerman (1982).For the Zr + Zr 

system empirical results are not still known. The comparisons 

have been made relatively to infinity. 

Fig. 3. Fusion cross sections for Ni + Ni and Ni 

Our results are given by dotted curves. The solid lines are the 

two calculus of Beckerman et al (1980 and 1982) (which have done 

the experiments). The dashed-dotted curve is the calculus of 

Landowne and Nix (1981). 

90 90 
Fig . 4 . Fusion cross s e c t i o n for the Zr + Zr reac t ion . F. _ and R f 

are r e s p e c t i v e l y 181.3 HeV and 11.7 Ferrais. 

Fig. 5 . One dimensional p o t e n t i a l barrier for the Pd + Pd and 

Sn + S n systems. Our r e s u l t s are given by the s o l i d l i n e . 

For the pd + Pd the two curves correspond to k g - 1.7826 and 

k < 

Moller and Nix (1977) . Our double humped barr ier for the system 
124c A 1240 . 

Sn + Sn is also given. 
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