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ABSTRACT

Expressions for the particle and energy loss fluxes of a

plasma in a realistic mirror configuration are obtained

using self-consistent analytic solutions of a linearized

Fokker-Planck equation for ions and electrons. A magnetic

field variation along field lines is taken into account,

and both interactions between ions and electrons and effects

of the ambipolar potential are included in the analysis.

The present results show that a value of m (n : volume-

averaged particle density, T : particle confinement time)

decreases due to effects of the magnetic-field variation by

a factor of two as compared with the value for the magnetic

square-well and the total energy confinement time is almost

equal to the particle confinement time.



1. INTRODUCTION

One problem that must be considered in adiabatic-confinement

schemes is the evaluation of the unavoidable loss flux of a plasma

due to scattering by classical collisions. This loss flux deter-

mines the ultimate limit of mirror confinement. Owing to the

large collisional loss flux, the ion mean energy usually differs

from the electron temperature and the ambipolar potential builds

up so as to balance the particle loss flux of electrons with that

of ions. In order to obtain a self-consistent value of these

quantities and the collisional loss flux, it is necessary to take

into account interactions between ions and electrons and effects

of the ambipolar potential. Moreover, since particle motion

depends on a profile of the magnetic field and the distribution

function of trapped particles varies spatially, it is also re-

quired to clarify geometrical effects of the magnetic field on

particle confinement.

Several theoretical discussions on the problem of the col-

lisional loss in a magnetic mirror have been described in the

literature [1-3]. Sivukhin has expressed the ion loss flux using

a solution of the Fokker-Planck equation for an angular distribu-

tion function. Pastukhov has obtained expressions of the electron

loss flux on the basis of the approximate solution of the Fokker-

Planck equation. Analyses heretofore have been done for only one

species without considering ion-electron interactions. Further-

more, the magnetic square-well model have been invoked so as to

describe the Fokker-Planck equation in velocity space only.

Fokker-Planck codes for both ions and electrons [4,5] and the

codes which further take into account the ion bounce-motion [6,7]
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have been developed. The numerical calculation of the Fokker-

Planck equation, however, cause additional difficulties in the

calculation for electrons. In order to avoid these difficulties,

some assumptions, which are far from physical reality, have been

made and then the equation for the electrons has been reduced to

i one-dimensional equation in velocity space.

In this paper, we analytically study the problem of the col-

lisional loss in a mirror system, considering interactions between

ions and electrons, effects of the ambipolar potential, and a

realistic profile of the magnetic field. We introduce expressions

for the steady-state particle and energy balances of a plasma

derived from the analytic solution of a linearized Fokker-Planck

equation. The mean ion energy, the electron temperature, and the

ambipolar potential can be calculated self-consistently by solving

the equations for the particle and energy balances. Making use

of these quantities, we may calculate the energy loss flux and the

particle and energy confinement times.

In the next section, the Fokker-Planck equation is linearized

and averaged over the bounce-motion. This bounce-averaged Fokker-

Planck equation for ions is analyzed and the expressions for the

particle and energy loss fluxes are deduced in Section 3, in-

troducing a simplified loss boundary. In Section 4, the expres-

sions for the particle and energy loss fluxes of electrons are

calculated following Pastukhov's treatments. In Section 5, the

calculated confinement parameters for e deuterium plasma is

presented and results are summarized.
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2. BASIC EQUATIONS

2-1 Bounce-Averaged Kinetic Equation and Loss Flux

In order to derive equations for a plasma in a spatially

varying magnetic mirror, let us first consider the kinetic equation

for the distribution function f .(r,v,t) :

3f
(g^-) c + Sj (j=i,e) (1)

3f .
where (-*rr-) is the Fokker-Planck collision term presented by

d t C

Rosenbluth efc al. [8] and S. is a source term.

We assume an axisymmetric mirror whose scale length is much

larger than the Larmor radius of particles. Radial dependences

are ignored and the gyration motion is integrated out. Thus, the

steady-state distribution function can be represented as a func-

tion of the kinetic energy W , the cosine P=v,,/V of the angle

between the velocity and the magnetic field, and the distance z

along the field lines.

The bounce frequency is generally much higher than the colli-

sion frequency and the distribution function is nearly constant

along a particle orbit. Hence, it may be convenient to introduce

constants of motion as variables of the distribution function.

From the energy-conservation and the adiabatic invariant, we have

the relations

W + Zje<}.(z) = W 0 (2)
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W(l-u 2)/R(z) = W O ( 1 - U o ) (3)

where the subscript 0 denotes values at the point z=0 (i.e., at

the center of mirror) and the electrostatic ambipolar potential

4'(z) is defined as a value relative to the center. In the fol-

lowing equations, quantities at z=0 and z=L (i.e., the mirror

points) will be denoted by subscripts 0 and L, respectively. With

constants of motion Wo , Vo an<3 the variables z , the kinetic

equation is rewritten by

3f.(W 0,u 0,z)
v»— -w

9f.(W0,u0,z)
(— —gt )c+ Sj(W0,y0,z) (4)

Since the distribution function must be a single-valued function

of z , we have the following equation by integrating Eq.(4) over

the bounce motion

3f .
< (3t 1 )c > + <Sj> = ° (5)

where <A> def ined by

z t
<A> 5 -L_ | d t A = — ( I —,A (6)

is an bounce-averaged quantity and z is the turning point of

the bounce motion.

If the confining potential (R( z) -1) W o ±+Z . e<|> ( z) is maximum

at mirror points, the loss boundary is described by

Z .e<J)
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Under the bounce frequency much higher than the collision frequen-

cy, the distribution function is subject to the conditions that

it is negligibly small on the loss boundary and symmetry with

respect to the line )Jo=O • The problem is to obtain a self-

consistent solution of the bounce-averaged kinetic equation for

ions and electrons satisfying these boundary conditions.

On the basis of the kinetic equation (4), the total loss flux

is possible to express in terms of the bounce-averaged Fokker-

Planck collision term. The total particle loss flux r . through

the magnetic mirror is given by the integral of the flux density

v,,f . over the cross section and over the energy space at mirror

points:

0 -1 -L

which is reduced to

» 1 L

[ [ [ V 0 "

J ° °J °J l v « l0

3f.
x [(^) C + S j3 (9)

where we have used the relation v,, = /2W/m M and the hqs.(2)-(4).

The second term in the brackets on r.h.s. of Eq.(9) can be ignored

when the particle injection is only in the confinement region.

Since the total particle number is conserved under the collisions,

the collisional change of the particle number in the loss region

(i.e., u 0 < U O < 1 ) must be balanced with that in the confinement

region. Using this relation and the definition (6), we can

rewrite the particle loss flux r . in terms of the bounce-
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averaged collision term:

f H UC

0 0

3f .
.] (10)

In the same manner, the energy loss flux r . is easily obtained

in the form:

IJoc

dy0

0 ' 0

3f .
* [Wo<(-gT̂ ") >V0,,T .] (11)

These expressions will provide results immediately, once the solu-

tion f. to the bounce-averaged kinetic equation is obtained.

2-2 Fokker-Planck Equations for Ions and Electrons

Coefficients in the Fokker-Planck collision term are con-

sidered to be almost independent of a shape of the well-spread

distribution function because the Rosenbluth potentials are given

by the integral form of the distribution function. This feature

suggests that a possibility of a linearization of the collision

term. In a magnetic mirror, electrons are confined elec-

trostatically, hence the Rosenbluth potential can be derived from

a Maxwellian electron distribution. On the other hand, ions is
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confined adiabatically and the distribution function differs from

a Maxwellian distribution. The Rosenbluth potential, however, can

be also derived approximately from a Maxwellian ion distribution.

The validity of this linearization will be checked in Appendix A.

After the linearization, the Fokker-Planck collision term can be

written in the form:

(
3 fj } _ 2 z

n s 2 / V

T. m. T

ms S

where

x

s

x s

8

D

m
iL

IA

dt

'2

; ,

(s=i

r's =

, e )

d x s

The effective temperature T. appears in this expression. This

temperature may be determined from the equation

. - rij)f, (W,y,z) = 0 (13)

so that the total energy of the species ' j 1 is conserved under

self-collisions. The electron thermal velocity is much higher
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than the mean ion velocity, hence we neglect terms of order

1/2
(T.m /T m.) in the following equations.
1 e e 1

We now consider the kinetic equation with the Fokker-Planck

collision term for ions. The mean perpendicular energy of ions

is assumed to be large so that effects of the potential on the

particle motion can be ignored for most ions:

(R(z)-l)WOj. >> - Z ^ l z ) (14)

This inequality will be justified by the result in Section 5. The

motion of low-energy particles near the loss boundary is still in-

fluenced by the potential; nevertheless, the number of these par-

ticles is very small compared with the total particle number.

Moreover, since the potential arises mainly in a low-density re-

gion where the collision frequency is fairly low, effects of the

potential on the collision term are considered to be negligibly

small in the bounce-average. After ignoring the effects of the

ambipolar potential, we obtain the bounce-averaged kinetic equa-

tion for ions in the form:

2<n/no>

1 i
z.5Tnel e

- h(u0) [|-

}} fi(W0,li0) + <Sj> = 0 (15)
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where, the quantity h(y0) stands for

, <(l
h(y0) = (16)

p^ <n(z)/no>

Next we proceed our consideration to the equation for elec-

trons. The situation for electrons are quite different from that

for ions: the ambipolar potential is several times the electron

temperature. Under the circumstance, the confinement time may be

much longer than the electron-collision time and the distribution

function is nearly Maxwellian in the confinement region except the

vicinity of the loss boundary. Hence, we assume the bulk of elec-

trons to be Maxwellian and will consider the electron distribution

in the region near the loss boundary. Since the particle source

of electrons exist only in a low-energy region, the bounce-

averaged kinetic equation for electrons near the loss boundary can

be obtained in the form:

±_ / _H.r m 2. IT —
ToJWoUe3Wo

l e3W

T T

4W0I1

o(e ^ e)]fe(w0,y0)

= 0 (17)

where

£ ̂ W
n > (18)
e
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In Eq.(17), terms describing the ion-electron energy transfer have

been neglected for the purpose of obtaining the electron distribu-

tion function because these terras are of order T^m /T m^. T^ e ener-

gy transfer between ions and the bulk of electrons, however, must

be reintroduced when electron energy balance is considered because

the energy loss flux of electrons is balanced with this ion-

electron energy transfer.

So far we have obtained equations for ions and electrons in a

spatially varying magnetic mirror by averaging the linearized

Fokker-Planck equation along the bounce-motion. The resultant

equations (15) and (17) are the same form as those for square-well

configurations, however, the coefficients of the differential are

replaced by certain constants obtainable from the bounce-average

of spatially varying quantities.

The calculation of the coefficients requires the spatial

properties of the system. An axial profile R(z) HB(z)/B0 of a

single mirror may be characterized by the cosine-well, the simple

functional form, with the mirror ratio R .
Li

R(2) = ^[(RT +1) - (R -1)COS£TT ] (20)
4. Li Li Ii

A plasma in a magnetic mirror is usually sustained by a monoener-

getic neutral beam, and then we apply the ion particle source with

the injection energy W. and with the spread a and 3 :
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S. (W,y,z) = i 5(W-W. )
2gL/w l n

(21)

Injection energy of electrons can be ignored as compared with that

of ions and the injected particle number of the electrons is Z.

times that of the ions.
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3. ANALYSIS FOR IONS

3-1 Simplification of Loss Boundary

In general, the ambipolar potential mainly builds up near

mirror points, therefore the change of the loss boundary for ions

due to the potential is necessary to be considered even if the

inequality (14) is satisfied. The loss boundary is shown by the

solid line in Fig.l. Owing to its complicated boundary, we are

unable to obtain an analytic solution of the Fokker-Planck equa-

tion (15) . Consequently, we will simplify the loss boundary as

two broken lines shown in Fig.l so that the problem may be solved

by separation of variables. The confinement region for the boun-

dary (I) is described by

(22)

1 1/2

< d-4) (23)

and t h a t for t he boundary (n) by

-Z.e<j>
W0 > k

1 _ 1
L (24)

IPOI < d - | ) (25)

(Kk<RL)

From Fig.l it may be deduced that the confinement time for the

boundary (I) is large and the confinement time for the boundary

(H) is small as compared with that for the exact loss boundary.

The choice of the boundary (n) has some uncertainty corresponding

to the choice of a value of k . Here, we introduce the criterion

that the constant k in Eqs.(24) and (25) should be determined
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so as to maximize the particle confinement time. By solving for

these two loss boundaries, we obtain an upper bound and a lower

bound on the particle confinement time.

3-2. Distribution Function and Loss Flux

Quantities <n/no> and h(Uo) in Eq.(15) depend on an ion

angular distribution; however, this dependence will be negligibly

small because these quantities are expressed by the double in-

tegral of the distribution as shown in Appendix B. Numerical cal-

culations for various angular distribution functions imply that

the quantity h(u0) can be approximated by the value h(uo)-l/2

over a wide range of the mirror ratio. With this approximation

and the simplification of the loss boundary, we obtain the eigen-

value equation for the angular distribution:

( 2 6 )

Mm(u0c)=0

The eigenfunctions M
m(Mo) are represented by the well-known

hypergeometric function:

Mm(Uo) = F(-Xm,l+Xra;l;y2) ( 2 7 )
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Using these angular eigenfunctions, the ion distribution function

is expanded in the form:

f.(W0/u0) = Z Vm(W0)Mm(u0) (28)
1 m=l

The bounce-average of the particle source given by Eg.(21) is also

expanded into a series of the angular eigenfunctions:

00 J

<S.> = <-"-> I — 6(W0-W. )M (y0) (29)
1 n o m=l /W0

 i n m

where the coefficient J is determined from the equation
m

J =
m

rUoc
duo

f •"

0 (30)

Substituting the expansions (28) and (29) into Eq.(15), we are

able to obtain an equation for the energy distribution function

vm(w0) .

In order to obtain an analytic solution of the energy

distribution function, the following approximations may be prac-

tically relevant. The coefficient ru can be approximated by the

formula

1± = 0.705 x (̂fl.) e " O ' " 1 (31)
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without loss of requisite accuracy. The coefficient n may be

also approximated by

m ~ w o 3/2 _.
(32)

The validity of these approximations will be discussed in Appendix

A. With these approximations, we may write the equation for the

energy distribution function as

Zi

/ ̂  • 27 ff / S l i . ^ \ • -** t *̂  1'

X (X +1)T. , T.
( 2 + W ^ ) ] V m ( W o )

= 0

(33)

in a general form of the confluent hypergeometric equation.

The distribution function is subject to the condition that it

vanishes at W0=W0 and Wo=°° . The solution to Eq.(33) satis-

fying these boundary conditions can be written by

Tn .T.J W. /2T.° C 1 ̂ "" 4
Va(W0) -

in

x Gra(afb;c,Yln,Win;W0) (34)

where the Green's function G (a,b,c,Y /Wi ;W0) is expressed in

terms of confluent hypergeometric functions <j>(a,b;cW0/T.) and

a s
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G m ( a ' b ' c ' Y m ' W i n ; W o )

v +1/2 T7 „

r(b) T, l
 m2 ' m

X<

b;cW i n /T i ) [$ (a,b;cW0/T;L)

*(a,b;cW0 / T . )

(W0c<W0<Tin)

L) [*(a,b;cWin/Ti)

$(a,b;cW0 /T, )

(win<w0) (35)

where

c .=
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and F(a) is the gamma function of the argument 'a1.

Finally, the substitution of Eqs.(27) and (34) into Eq.(28)

gives the expression for the ion distribution function including

five parameters: the effective temperature of field ions T. , the

electron temperature T g , the injection energy of ions V?in , the

lowest energy of trapped ions W o , and the eigenvalues X as-

sociated with the angular eigenfunction M (p0) . Quantities

Wo and A are functions of the mirror ratio R. and the am-
c m L

bipolar potential <j> ,

In order to express the particle loss flux r . and the

energy loss flux r . in the explicit form, we will substitute

the analytic solution (Eq.(28) together with Eqs.(27) and (34))

into Eqs.(lO) and (11). Utilizing the relation

f J<JL > V ( ) i t T .;

L p

f n f d
= 4 I — [ M (p o (P , z) ) dp] 2L5. (36)

0 ° 0

we obtain the following expressions for the particle and energy

loss fluxes in the integral form:

4n2r§Ti

n i

X

X

X

3/2
W i n

m=l

3/2

[w0

CO

C

e - W i n / 2 T i

L vc

0 ° 0

3G
T m + m

wo=wo

T± V2 -Wo/2T ±

°
1

z ) ) d p ]

m
2

dW
1
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and

lWi 3/2 "Win/ZTi
W. e

in

V 4 l
m = 1 0 0

5/2 ^ m
[W0 T , in m

i 8 W o lw o=w O c

\ T. 3/2 -W0 /2T.

^ + w t ) W o 6 G r
J ° c
(°° T. 3/2 - W 0 / 2 T .

+ 2.94,meTll/2L,3/2

— (-̂ -7) Wo e XG dW0]
i m,Tf -1,.,

"uc (38)

Here, the density profile n(z)/n0 is expressed by

, <L I t l
n ( z ) _

co , ^ C

Z J d W 0 « / W 0 G l n d y M m ( p 0 ( y , z ) )

f f "cZ J dWo/WoGm dy0 M
m = 1 Woc 0

(39)

which has been determined from the analytic solution
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Equation (37) represents the particle loss flux due to the ion-ion

collisions through the loss boundary and the first and the second

terms in the brackets of Eq.(38) correspond to the energy loss

flux caused by this particle loss flux. The third term stands for

the energy relaxation due to the self-collisions; this should be

zero following the determination of the effective ion temperature

mentioned in the previous section. The fourth term expresses the

ion-electron energy transfer. Each term in the brackets of

Eqs.(37) and (38) is a function of the effective ion temperature

T. , the electron temperature T , and the ambipolar potential

4> through the Green's function G .
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4. ANALYSIS FOR ELECTRONS

The problem of the collisional electron loss in the magnetic

square-well has been analytically discussed by Pastukhov [2]. The

expression for the particle loss flux has been derived from an ap-

proximate solution which satisfies boundary conditions at the

minimum-energy point on the loss boundary. Here, we will apply

this calculation to the bounce-averaged Fokker-Planck equation

(17) .

Following Pastukhov1s treatments, we extend the domain of our

analysis to the loss region and define the bounce-average <A>

of a quantity A in this region by

L / L

<A> = f p-A/l p- (40)
J II / J V tl

0 / 0

A negative particle source, which substitutes for the collisional

loss, is assumed in the loss region and its bounce-average is sim-

plified in the physically acceptable form similar to Pastukhov's

equation (Eq.(11) of Ref. [2]):

<Se> = "

x 6(1 - Uu)u(W0 -W s) (41)

whe;:e u is the Heaviside step function, The constants q and

w
s in this expression are chosen so that both the distribution

function and its derivative along the loss boundary vanish at the

minimum-energy point (i.e., W0=-e<i and uo=l ).
L

An equation for the electron distribution function should be

expressed by adding the above source term to l.h.s. of Eq.(17).
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This equation can be reduced to the more simple form, introducing

nev variables p and 5 given by the relations p=e ° e and

3p(p 3p} + 3 C ( 1 ? } H

W /T
e
s e) = 0 (42)

Since we are interested in the solution near the minimum-energy

point on the loss boundary, we neglect terms of order (1-c2) in

Eq.(42). The solution of this equation can be obtained as the sum

of a Maxwellian distribution and the response to the negative

source:

n o e

(43)

With the aid of the boundary conditions at the minimum-energy

point (i.e, p=e'e*I.i' e and ?=1 ) , we obtain the constants q

and w in terms of the quantity R e L = (12/21^)^ , giving

0e 1
q = (44)

rr3/2 ' ^
ln[ ( 1 + ReL )
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^ J (45)

The bounce-averaged quantities I and 1- , in the particle

source Eq.(41) and in the definition of the quantity R , have

been defined by Eqs.(18) and (19), respectively. Values of these

quantities may be obtained from the calculation of W , n , and

n. including the profile of the ambipolar potential. Since the

electron distribution is nearly Maxwellian, the approximation

- | e * T | / T
ec |>(z) = T l n [ n ( z ) / n o + e u e ] ( 4 6 )

may be applicable for the ambipolar potential. Here the second

term in the brackets of Eq.(46) has been introduced so as to avoid

the divergence at the mirror point. Utilizing this expression,

we obtain I and I, for the particle on the line Wo<-e't'L and

yo=l as

L

-P- dz (47)v°"TBe

and

^rl^if we)
Thus, substituting the values for q , W , i , and Io in

S l 2.

Eqs.(41) and (43), we obtain the bounce-averaged particle source

and the electron distribution function.

The particle loss flux r and the energy loss flux rw

3f.of electrons may be expressed by replacing < (__1) > j.n Eqs.(10)
o t C

and (11) with <Sg> . With the aid of Eq.(41) together with

Eqs.(44), (45), and (48), we are able to obtain the explicit ex-

pressions for the particle and energy loss fluxes as a function

of the electron temperature and the ambipolar potential:
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2Ne
r = — ( z .

|/T - k n d + R I )]
— (49)

.)ln - 1

and

2N T

"ce
-|e<j>L|/Te

x §- (50)

; )l/2 In [
e L

wl.ere EI(x) is the exponential integral function. These equa-

tions indicate that the particle and energy loss fluxes are

proportional to the product of the total particle number N in

the magnetic mirror and the particle density n0 at the center

because the characteristic collision time toce is inversely

Proportional to nOe- The density profile n(z)/no and the

magnetic-field profile R(z) weakly affect the loss fluxes

through the quantity R .

In the analyses of this and the previous sections, we have

three unknown parameters: the effective ion temperature T. r the

electron temperature T , and the ambipolar potential <j>L . One

of equations to determine these parameters is obtained from the

condition that the third term on r.h.s. of Eq.(38), which

represents the energy relaxation due to the self-collisions,

should vanish. Another two equations are obtained from the

particle and energy balances as follows: the particle loss flux
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of electrons expressed by Eq.(49) should be equal to Z. times

the injected particle number of ions in the steady-state: and the

energy loss flux of electrons expressed by Eq.(50) should be equal

to the ion-electron energy transfer expressed by the last term in

the brackets of Eq.(38) because the injection energy of electrons

is negligible as compared with the energy transferred from ions.

These three equations constitute a set of simultaneous equations

for Ti , T e , and * L .
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5. RESULTS OF NUMERICAL CALCULATION

Self-consistent values of the effective ion temperature, the

electron temperature, and the ambipolar potential are calculated

from particle and energy balances of a plasma. With these values,

we obtain the steady-state distribution function, the energy loss

flux, and the particle and energy confinement parameters. The

results for a deuterium plasma are summarized in Figs.2-7 where

spread of the ion particle source have been chosen as a=B=0.1 .

The solid lines show the values for the simplified loss boundary

(I) shown in Fig.l and the broken lines show the values for the

boundary (n); results for the exact loss boundary will be lie

between these two lines.

The mean ion energy, the electron temperature, and the am-

bipolar potential versus the mirror ratio R are shown in Fig.2,

where W. is the injection energy of the neutral beam. We see

that dependence of these values on the mirror ratio is small and

a difference between values for the two loss boundaries is 10 %

at the most. The mean ion energy is about the same value of the

injection energy and the electron temperature is roughly 10 % of

it. The value of the ambipolar potential -e<l>L is four times the

electron temperature.

The angular eigenfunction M1(y0) versus VIO=VOM/VO and the

snergy distribution function V (w0) of ions associated with

M-^CPO) are shown in Fig.3. The distribution V^fWo) takes its

maximum at a energy lower than the injection energy and decrease

rapidly as energy increases. The mean kinetic energy is 91 % of

the injection energy for R =3 and 86 % for RT=10 .
L L
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The axial density profile calculated from Eq.(39) and the

potential profile from Eq.(46) are shown in Fig.4. Particles con-

centrate in the region near the center of the mirror and the

potential mainly builds up in a low-density region. Figure 2

together with Fig.4 imply that the inequality

(R(z)-l) Woj. >>-Z e<J> (z) assumed in the analysis for ions holds

over the whole range of the mirror ratio.

Figure 5 shows the ion-electron energy transfer and the mean

energies of both ions and electrons escaping through mirror

points. About 50 % of the injection energy is transferred from

ions to electrons through the ion-electron collisions and the

remainder is lost by the ion particle loss. The mean kinetic

energy of the ions scattered into the loss region is roughly 50

% of that of the trapped ions and the mean kinetic energy of the

electrons scattered into the loss region is about five times the

electron temperature. At the mirror points, however, the mean

kinetic energy of the escaping ions increases to about 90 % of the

injection energy and that of the escaping electrons decreases ap-

proximately to the electron temperature as are shown in Fig.5; the

escaping ions are accelerated by the potential and gain their

kinetic energy, and conversely the escaping electrons lose the

same amount of their energy as they pass through the magnetic mir-

ror. Consequently, the ion-electron collisions and the ambipolar

potential lead to the energy transfer from the trapped ions to the

escaping ions, which considerably decreases the mean energy of the

trapped ions.

The particle confinement parameter, the product of the

volume-averaged ion density n and the particle confinement time
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T , versus the mirror ratio R, is shown in Fig.6. The upper

bound and the lower bound of the confinement parameter for the

magnetic cosine-well are approximately given by

H Tn upper ~~ 2.5 x 1 0 " Hg(keV>

x log R^/lnA (nT3 sec) (51)

and

" Tn lower = L 4

x log RL/lnA (nf3 sec) (52)

respectively. Here, it may be instructive to compare the results

for the magnetic cosine-well with those for the magnetic square-

well under the same particle source given by Eq.(21) . The com-

parison shows that the geometrical effect decreases the value of

ii^ to 30-50 % .

Finally the total energy confinement parameter

TIT =(w +3/2T )nx /w. , the energy confinement time of ions
w u c n in

nTWD=wDn~Tn/(Win-Wed) , and that of electrons

n~Twe=(3/2)TenTn/Wed , are shown in Fig.7, indicating that these

values are obtained independently of the mirror ratio as

"Tw=n~xn , nTWD=2.0n-Tn , and HT W e = 0.3"n"xn .

Here, we may summarize our results as follows:

i) Expressions for the particle and energy loss fluxes of both

ions and electrons in the magnetic cosine-well have been

deduced as a function of the effective ion temperature, the

electron temperature, and the ambipolar potential. With

the aid of these expressions, self-consistent values of the
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quantities can be numerically calculated if the mirror ratio

and the injection energy of ions are given.

ii) Results have shown that about 50 % of the total injection

energy of the neutral beam is transffered from ions to elec-

trons through ion-electron collisions and the most of this

energy is given back to escaping ions through the collective

ion-electron interaction.

Hi) Comparison of results for the magnetic cosine-well and those

for the magnetic square-well has shown that the geometrical

effect decreases a value of nx to 30-50 %.

iV) The total energy confinement time of a plasma, the energy con-

finement time of ions, and that of electrons have been ob-

tained respectively as x = T , T W D = 2.0
T , and

xw =0.3x over the whole range of the mirror ratio.
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APPENDIX A

ACCURACY OF LINEARIZED COLLISION TERM

In the analysis for ions, the collision term has been

linearized by deriving the Rosenbluth potential from a Maxwellian

ion distribution and by approximating the coefficients n. and

n by Eqs.{31) and (32). Here, the effective ion temperature

has been chosen so that the total ion energy does not change by

the self-collisions.

At first we compare the particle confinement parameter for

only ions obtained from the present calculation with that from the

Fokker-Planck codes [4,9] in order to test the validity of this

linearization. Table I shows the comparison of the values for

RL=2 and RT=10 F where the magnetic square-well model has been

assumed and the monoenergetic injection of deuterons with the

lowest-mode angular distribution have been applied. An error

decreases as the mirror ratio becomes large because the distribu-

tion function spreads out with enlargement of the mirror ratio.

From this fact and the results of Table I, we may conclude that

an error due to the linearization of the ion-ion collision term

remains less than 10 % over the whole range of the mirror ratio.

An error on the particle confinement parameter due to the ap-

proximation of n is numerically checked by comparing values for

the approximate ne with those for the exact ne . The dif-

ference between these values can be shown to remain within 10 %

over the whole range of the mirror ratio.

These results suggest that the present linearization of the

collision term is reasonable for the purpose of clarifying effects
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of the ion-electron collisions, the ambipolar potential and a spa-

tial variation of the magnetic field on particle confinement.

APPENDIX B

QUANTITIES <n/no> AND h(p0)

In the case of the magnetic cosine-well model given by

Eq.(20), we have the integral expressions for the bounce-averaged

quantities <n/no> and h(p0) in Eq.(12) as

fP0-i/2 2 2 -1/2 n

<n/no> = -5 (Al)
-1/2 , , "1/2

y (pg-pz) dp
0

and

h(wo)

Mo

y2o| y

0

(A2)
where the quantity y represents

.. - „ 1-P 2
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The density profile n/no is calculated from the integral expres-

sion given by Eq.(39), so that these quantities are expressed by

the double integral of the angular distribution with respect to

the angular variable y .

The quantities <n/no> and h(yo) for the lowest angular

eigenfunction M^yo) are shown in Fig.7(a) and 7{b), respec-

tively. Figure 8(b) shows that the approximation h(Po)= 1/2

fairly holds independently of the mirror ratio. Although this ap-

proximation is not favorable near the loss boundary, it does not

leads to an appreciable error because the distribution is small in

this region.
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FIGURE CAPTIONS

Fig.l Loss boundary (solid line) and simplified loss boundaries

(broken line) for ions in Po~wo space

Fig.2 Self-consistent values of mean deuteron energy W , elec-

tron temperature T , and ambipolar potential -e<f>r under

injection of the energy W. versus the mirror ratio Rr
in L

The solid lines are values for the simplified loss boundary

(I) shown in Fig.l and the broken lines are those for the

boundary (I) . Values for the exact loss boundary may be

lie between these lines.

Fig.3 Lowest angular eigenfunction M (p0) and energy distribu-

tion V (Wo) of deuterons associated with M,(yo) under

injection of the energy W.

Fig.4 Axial profiles of particle density n(z) and ambipolar

potential <J>(z)

A positive ambipolar potential builds up in a plasma and

then the value of <j> , which has been defined so that it

vanish at the center of the mirror, is negative as well as

the value of <j> .
Li

Fig.5 Ion-electron energy transfer W a na mean kinetic ener-

gies of escaping deuterons and electrons W , w at

mirror points
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Fig.6 Particle confinement parameters for magnetic square-well

and magnetic cosine-well models versus mirror ratio R
L

The particle density n is a mean value over the confine-

ment region.

Fig.7 Total energy confinement parameter nt , energy confinement

parameter of ions ?TT , and that of electrons nT w

Fig.8 Bounce-averaged quantities <n/no> and h(yo) f° r the

lowest angular eigenfunction M (Po)
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TABLE I. COMPARISON OF VALUES FROM

PRESENT CALCULATIONS FOR ONLY IONS

WITH RESULTS FROM FOKKER-PLANCK CODES

RL

2.0

3.0

3/2

m n ( x W±n(keV)/lnA 10
 1

Code Results Present

5.24 5.63

by Roberts
and Carr

9.07 9.52

by Kuo-Petravic
et al.

V 3 sec)

Results



Wr

Loss region

-1 .0 1.0

Fig. 1



cc



= 3

0.5 1.0 1.5 2.0 2.5

F i g . 3(a)

0'
1.0

0.5

i

..

-
. 

1 
i 

.

i

• • • 1 i

V\
. . . 1 1

1 1 1

—

L = 3

0.5 1.0

F i g . 3(b)



0.5 1.0 1.5 2.0 2.5
in

Fig. 3(c)

Fig. 3(d)



o
JZ

F i g . 4 ( a )

F i q . 4 ( b )





1 1 1—I—I I I I I

o

v>

7
r-N

S.E

c

IC

0
20

Fig. 6



u
W

CO
I

a

I C

I C

i I I I I

Fig. 7



<n/nn> i i i

j _

0.5
/"o

F i g . 8 ( a )

0.5

1.0

V . O

0.5

0.4

0.3

0.2

0 1

1 1

1 1

R L
R L
R L

• i

1 . . . .

-

-

-

1 . . , ,
1.0

Fig. 8(b)


