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Abstract

Overpopulation density An.. which is defined as differ-

ence between the population densities per unit statistical

weight of the upper and lower excited levels i and j is cal-

culated as a function of the electron density n for various

electron temperatures T in recombining hydrogen plasmas.

The calculation is made for the line pairs with the principal

quantum numbers, (2,3), (3,4) and (4,5). Effect of the ground

level population density n. on An.. is calculated. In this cal-

culation the atom-atom collision and the self-absorption of the

resonance lines are taken account of. The n.-dependence of

An. . remains almost constant until the self-absorption becomes

significant. When nn is zero, an optimum value of n^ exists

for An...

The threshold condition for laser oscillation is discussed

in relation to the calculated An... Laser oscillation is possible

for the line pair (2,3) at an electron density and temperature

higher than for the other pairs (3,4) and (4,5) when the self=

absorption is negligible.
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1. Introduction

Generation of population inversion in recombining plasmas

has been attracting a large interest experimentally and theo-

8 — 17retically. Many experiments have been made only on a basis

of semi-quantitative predictions, partly owing to the lack of

full theoretical calculation and partly owing to the limitation

of the experimental devices. The theoretical investigations

have been mostly concerned with the plasma conditions for gener-

ating the population inversion in optically thin plasmas.

For producing the laser oscillation between two excited

levels in the plasmas, the population inversion must be so large

that the single-path gain exceeds a certain value larger than

unity. Recently Hara et al. have reported a quasi-steady laser

oscillation at a wavelength of 1.88 pm in a expanding pure hydro-

gen plasma produced by a high power quasi-steady MPD arc-jet.

The single-path gain of 1.05 is obtained for the transition be-

tween the levels with the principal quantum rumber of 3 and 4.

On the other hand, Bohn has calculated the gain for the hydrogen=

like transition (2-3) as a function of the reduced electron den-

sity n for various ionic charge number Z at the reduced electron

temperature 0 of 2000 K. The calculated gain considerably

increases as Z becomes higher, and can be so high that a mirror-

less system is available.

The gain is proportional to the overpopulation density:

An.. = n./u- - n./u. (i>j) where i and j are the principal quan-

tum numbers, n. and n. are the population densities and <o. and

to. are the statistical weights of levels i and j. The usual
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theory based on CR model shows that An.. has a maximum value

when n. is zero (in the optically thin plasmas), provided that

the atom-atom collision is neglected. Fujimoto has briefly

discussed An.. in a purely-recombining plasma, i.e. in the

18case of n. = 0. However, in the laboratory recombining-plasma

n, cannot be zero. When n, increases beyond a certain value in

a recombining plasma, effect of the self-absorption, particulaTly

of the resonance lines on the population inversion should be

taken account of. The atom-atom collision also makes influence

on the rate equations. The dependence of An.. upon n, must be

made clear.

In this paper, we investigate the dependence of An.. upon

n. , n and T in a recombining hydrogen plasma. For this purpose,

the rate equation for the quasi-steady state including effects

19of the optical escape factors for the Lyman series with the

Doppler profile are simultaneously solved. In an earlier work

by Tallents, fixed values were only parametrically assingned to

the escape factors when the plasma was optically thick.

Our method is more suitable to the laboratory plasmas.

2. Description of the model

The population density of the excited level n. is given by

20

.!2
(aij + nl aij ) nj = - (ail + nl ail> nl " <«i + 6i nl>'

(1)

(2 < i < 20) .
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Here, a.. and S. are given by the rate coefficients for the

radiative and the electron-collision processes, where the

optical escape factors are included. The coefficients a'.. and

£,'. are giver by the rate coefficients for the atom-atom colli-

sions.

f. 19. InThe optical escape factor A. . is given in ref

order to calculate A.. we need to know the spatial distribution

of the relevant population densities in the plasma. As a typical

example, we confine ourselves to calculation of the population

densities on the axis of cylindrically symmetric plasmas. Only

for the Lyman series A.. are assumed to be less than unity, and

for all the other transitions A.. (i>2) is set equal to unity.

For describing the optical thickness, we adopt the definition of

the mean radius of the plasma r- = \ n. (r)dr/n,(0) after ref. 19,

where I denotes the plasma boundary A plasma with r_ = 0, which

is a thread-type plasma, corresponds to an optically thin plasma.

In order to obtain An.., we solve simultaneously the rate equa-

tion and the equation of the optical escape factors for the

Lyman series for given values of n. in a region of our plasma

parameters (n , T , T and r.).e e a u

In a quasi-steady state, n. is determined by a balance be-

tween population and de-population rates for the level i, which

is expressed by

where v'^ and Û Jj are called the total depopulation frequency
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and the total population rate, respectively. They are given

by various collisional coefficients including the atom-atom

collision:

K ne ( ne Kci + nl Kci

. r . A j ^ - , (3)

VKic

+ Z F° ) + I A. A. , (4)
X3 1 ] 1D

where C . and F.. are the excitation rate coefficient by elec-

tron collisions from level j to i and its inverse deexcitation

rate coefficients, respectively, K. and K . are the ionization

rate coefficient and the three-body recombination rate coeffi-

cient for level i, respectively, A., is the Einstein coefficient

for spontaneous transition from j to i, A., is the escape factor,

3. is the radiative recombination rate coefficients, and all the

symbols with superscript 0 are the corresponding rate coeffi-

cients by the atom collisions.

3. Results and Discussion

Here, we are concerned with the level pairs with the princi-

pal quantum numbers (2,3), (3,4) and (4,5). The calculation has

been carried out for the plasma at a fixed atomic temperature

T =0.15 eV, in the electron temperature range 0.15 eV < Ta — e
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< 1.0 eV and in the density interval 10 cm < n < 10 cm

Two cases for r., are considered: r~ = 0 and 0.84 cm.

(a) Electron-density dependence of An.. for various electron

temperature

The n -dependence of An.. at n, = 0 for various T aree r 13 1 e

shown in Fig. 1. The main features are as follows: (i) With

increase in n , An.. is largely raised up and has a maximum

value at a certain value of n , which we call the optimum value,

(ii) An.. itself increases significantly as T is lowered,

(iii) The optimum value of n decreases with increase in the

principal quantum number of the level pair (in order of the

level pair (2,3), (3,4) and (4,5)).

The total population rates and depopulation frequencies of

the levels 2 and 3 versus n in a region of near the maximum

value of An3- at T = 0.15 eV are shown in Pig. 2. Since the

recombination process in such a high density plasma is almost

due to the three-body one, and the cascade processes from the

higher levels populate the levels 2 and 3, U. is nearly pro-
3 (2)

portional to n . On the other hand, v ' is almost constant

against change in n because the radiative transition to the

ground level is very large, while v . increases with the rise

in n due to the contribution of the electron-impact deexcita-

tion. The large increase in U. and the almost constant or

small increase in vQut raise An-2 until n is raised to a cer-

tain value. With the further increase in n , v ? is consider-
e out

ably raised because the contribution of the electron impact
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processes to v I becomes larger than that of the radiative ones.

Consequently, the population inversion is broken down.

The sensitive dependence of An., on the electron temperature

is mostly due to the fact that the rate coefficient of the three=

body recombination largely increases as T is lowered. The above=

described features of An.. show that for laser oscillation the

electron temperature must be lowered down to a certain value at

the optimum value of n to obtain a sufficiently large value of

An.. above a threshold value. The threshold condition is discussed

in the subsection (c).

The decrease in the optimum value of n at higher level pairs

(3,4) and (4,5) is due to the fact that effects of the electron

impact processes become dominant in such level pairs at an elec-

tron density lower than the optimum value of n for the line pair

(2,3).

(b) Dependence of An.. on the population density of the ground

level

Figure 3 shows An.. as a function of n. for the electron

density where An.. takes almost the optimum value in Fig. 1 at

T = T =0.15 eV. The solid curves represent the optically thin

case (r- = 0), while the dotted ones are for rQ = 0.84 cm, which

corresponds to optically thick cases for large n,. In the case

of r. = 0, An.. keeps almost constant until n, is raised to a

certain value, and even grows into a small peak just before the

population inversion is destroyed. This is due to the fact that

when n. is considerably large the atom-atom collisions make some
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contribution to the population rate. To see the effect of the

atom-atom collisions, we have calculated the total recombination

rate R. and the relative values for each component of U.* and

^ at n1 = 1 x io
16 and 1 x 10 1 8 cm"3. Here, Rin is the sum-

mation of three recombination rates, i.e., due to the atomic

collision F , the electronic collision F and the radiative 3_.ca ce c

The results are shown in Table 1. It should be noted that R.

is raised by more than 3 times with the increase in n, from 1 x

lfi 1 fl — "̂  1 ft

10 to 1 x 10 cm because F becomes dominant at n, = 1 x ]o

cm , while F remains constant in magnitude (Table l{a)).

This leads to larger increase in U. than in uf because the

atomic collision as well as the electronic collision makes a con-

tribution to the upper level 3 larger than to the lower level 2,

while neither of v . change. Consequently, the peak in An.^

appears near the boundary of the inversion region as a function of

n,. This effect of the atom-atom collision on An.. becomes more

prominent for lower electron density. Figure 4 shows An.. as a

function of n, for electron densities of 10 ,10 and 10 cm ,

which are lower than the optimum one. With increase in n, the

effect of the electron collision becomes smaller, and the effect

of atomic collision becomes dominant. Therefore, An. . increases

with rise in n. in the optically thin case. It should be noted

that the plasmas with r_ > 0 become inevitably optically thick to

the resonance lines when n. is so sufficiently high that the atom=

atom collision makes influence on An... Then, the population

inversion is depressed to a lower degree.

In the optically thick case, An. . begins to decrease as n.
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increases beyond a certain value, for instance, n, % 10 cm

for the level pair (2,3) as shown in Fig. 3, and finally the popu-

lation inversion is broken out at a value c" n^ lower than in the

optically thin plasmas. Let us examine the behavior of An^^ a s

an example. Figure 5 shows U. and v i for the level pair(2,3)

at n1 = 10 """cm"
3 for rQ = 0, (a), and rQ = 0.84 cm, (b) .

In both cases, each U. remains constant, but v ' decreases by

13 % at rQ = 0.84 cm. Therefore, An--, is reduced compared with

the case of r. = 0. Beyond n, =10 cm , A,2 decreases signifi-

cantly with large increase in the optical depth. Then the popu-

lation inversion is destroyed at n, *v« 10 cm

As shown in Fig. 3, An,, remains almost constant until n. %

10 cm . This is mainly due to the fact that the electron=

collision terms dominate over the other collisional terms of the

rate equation when n is set to the optimum value for the popu-

lation inversion (see Fig. 3). This feature of An.,, somewhat

relaxes the condition of the population inversion since we do not

need to reduce n, too low in the recombining plasma for obtaining

the optimum condition to the population inversion.

(c) Threshold condition of the laser oscillation

Let us consider an optical cavity consisting of two plane

mirrors with the reflectivity of r. for one and r_ for the other

separated at a distance of L. As is well known, the threshold

condition of the laser oscillation at the center of a spectral

line with Gaussian profile is given by
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An.. >

where A.. is the transition probability i+j, A.. is the wave-

length, m is the mass of the hydrogen atom, T H is the atom 1 I-M

perature (in K ) , and p = -lnr-r-, provided that the plasma is

filled between the mirrors.

In optically thin plasmas, the threshold value of An.. for

each level pair is indicated in Fig. 1 when we take, as an px;>'n'

r, = 99 %, r_ = 99.8 %, and L = 10 cm. It is obvious from Eq. (6)

that the threshold value of An.. becomes higher for the lower

level pair, i.e. the highest value is for the level pair (2,3) ..

However, laser oscillation is possible for the level pair (2,3) a

an electron temperature highevthan for the others as shown in

Fig. 1 when n takes the optimum value. For the present value;;

of the parameters of the optical cavity described above and of

the temperatures, laser oscillation is not expected for the level

pair (4,5). We must further reduce T to increase An,-, since it

strongly depends upon T . The other things we can do are to make

the mirrors with higher reflectivity and to increase the plasma

column length.

In an optically thick plasma, laser oscillat. jii is very

difficult to realize as expected from the results in Fig. 3.

12 -3For example, if n, goes beyond about 10 cm , laser oscillation

can hardly be expected for the level pair (2,3) even at the

optimum electron density.
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4. Conclusion

i) Our calculation shows that a peak value of the overpopulation

density An.. is attained at a value of n slightly lower than

that at which population inversion is broken down. The peak

value is raised with the decrease in the electron temperature.

This optimum value of n increases with a fall in the principal

quantum number of the level pair, i.e. the highest valus is for

the level pair (2,3).

ii) Laser oscillation is possible for the level pair (2,3) at

an electron temperature higher than for the others if the effect

of the self-absorption is neglected.

iii) In an optically thin plasma, An. . is maintained almost

constant until the population density of the ground level n.

increases beyond a certain value where the atomic-collision

processes become important. In an optically thick plasma, An. .

decreases due to the self-absorption. Effect of the self-absorp-

tion is the largest on the level pair (2,3) among the level pairs

(2,3), (3,4) and (4,5).
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Table heading

n* 2 0Table 1 (a) Total recombination rate R. = .Lnjn '( .+n,K .+3.),
2.o 2 0

and its three components: the atomic collision F = .£.n.n K .,
2 0 •>

the electron collision F = . Z.;i'K ., and the radiative re-
ce i=x e ci

combination 0 = ,Z.n ($.. (b) Population rate U. /u. and itsc i=l e i in - l
components (in percentage): P = n .£. C..n./U.(* , P =

cs e ĵ i jx j in ca
nl jSiCjiVii'' Pde -_»e jJi'ji^ii*' Pda = nl j5i ̂ jKn '
and P = -̂ 5±A-iiA-i"irl-i/^U±ri ^c' Depopulation frequency *̂ '

and its components (in percentage): D = n .£. C. ./v i»

Dca = nl j5iC?j/voii' Dde = neiSiFij/Vou!:' Dda = nl jh Fij/Voul'
and £ J J / ^

state n. are set to be 1 x 10 and 1 x 10 era" for r_ = 0

at n = 4 x 1014 cm"3 and T (=T=) = 0.15 eV.

D = .£.AJJA../v'^'. The population density of the ground
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Figure Caption

Fig. 1. Overpopulation density An.. vs. n at n, = 0 and T

= 0.15 eV for various electron temperatures: (a) the line pair

(2,3), (b) the line pair (3,4), and (c) the line pair (4,5).

Fig. 2. Total population rates U. divided by the statisti-

cal weight u. and depopulation frequencies v I for the line

pair (2,3) in a region of near the optimum value of An,- f°r

nl = 0 at Tg = Tfl = 0.15 eV.

Fig. 3. Behavior of An.. against increase in n. for the elec-

tron density where An. . takes almost maximum value at n, = 0

(see Fig. 1).

Fig. 4. Behaviors of An,, against increase in n. for various

electron densities which are lower than the optimum value at

n1 = 0.

Fig. 5. Histograms of U. and v ' , with their main components,

14 -3
of the level pair (2,3) at ng = 4 x 10 cm for r_ = 0 (a)

and rQ = 0.84 cm (b). The hatched areas A correspond to the

radiative transition process. The electron collisional deexci-

tation is indicated by F and the excitation by C.

- 15 -



9

8

£ 5

CM
CO

1 -

11 12 13 14 15
logne(cm~3)

Fig.l (a)



8

00 5
E

- 3

I

12 13 14 15
log ne(cm"3 )

Fig.Kb)



Threshold level

CO

h
in

C

en 3
o

10 11 12 13
logne (cm"3)

Fig.l(c)



2 3 4 5 x10'
n~ (cm"3)

Fig.2



10

E 8

< 7
en
o

ne=3x1013cm"3

1 = 5,1=4
ne=5xi012cm"3

i i i I I i i i i i i i

10
logn, (cm"3)

15

Fig. 3



10

1014cnrf3

8

•E7

ne=1013 cm"3

3 - ne=10
1?

j I I I I

10 15
log n1 (cm"3)

20

Fig. 4



00

O

U_

i
E
v

00

U_

CO

O

0 0

i
I

t
CO
II

CM O
II
o

CO
II

—

LL

Csl

It
LL

J

•in

o

o
II

. o

•r-i

X
p
CO



Table 1

(a) Recombination rate R.

(cm

1.

Rin

"V1)

9 + 23

=

1.

1 +

F
ce

8 +

16(cm"

(cm"3

23- 5

-3)

Fca

7 + 21 0

R.
in

(cm s

7.1 +

"1

-1)

23 1.

1 +

Fce

8 +

18(cm 3)

F
ca

(cm""3s~1)

23 5.3 + 23

ec

0

i

2

3

in

(cm

3.1

1.7

n. =

/2i2

V1)

+ 19

+ 19

Pce

0

0

1 +

Pca

0

0

(b) Population rate I

16(cm"

P, P
de

(%) (

73

97

3)

da

%)

0

0

P

27

3

(cm s

6.6 +

3.8 +

r

-1)

19

19

/UK

i, = 1

P
ce

0

0

+ 18

P
ca

0

0

(cm"3)

Pde

71

79

Pda

3.0

19

Pr

26

2

i

2

3

(

4.

2.

8 -

4 -

nl

t

1- 8

1- 8

— T

Dce

0

4

(c)

+ 16

Dca

0

o-

Depopulation frequency

(cm

Dde

1

54

"3)

Dda

0

0

Dr

99

42

Vout

(s"1)

4.8 + 8

2.4 + 8

D

(

out

n

ce D

%) (

0

4

1

ca

%)

0

1

1 +

Dde

1

52

18 (cm

Dda

0

2

3)

D

99

41

read 1 + 16 as 1 x 10 , etc.


