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Abstract

Expressions of the anomalous diffusion coefficient due to

the dissipative trapped ion instability (DTII) are derived for

the case with and without the effect of magnetic shear.

Derivation is made by taking into account of the single mode

saturation of the DTII previously obtained numerically. In the

absence of the shear effect, the diffusion coefficient is
2

proportional to via (v. is the effective collision frequency of

the trapped ions and a is the minor radius of a torus) and is

much larger than the neoclassical ion heat conductivity. In the

presence of the shear effect, the diffusion coefficient is much

smaller than the Kadomtsev and Pogutse's value and is the same

order of magnitude as the neoclassical ion heat conductivity.

Dependences of the diffusion coefficient on the temperature and

on the total particle number density are rather complicated due

to the additional spectral cut-off, which is introduced to

regularize the short wavelength modes in the numerical analysis.
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§1. Introduction

Recently, the anomalous diffusion caused by the dissipative

trapped ion instability (DTII) was numerically investigated by

Sardei and Wimmel. They solved the Kadomtsev-Pogutse

2)trapped-fluid equations (K-P equations) directly in a 2-D

(radial (x) and poloidal (y) coordinates) slab model with and

without taking shear effect into account. They employed the

artificial Gaussian cut-off to regularize the short wavelength

modes, avoiding discontinuous solutions. Their main result is

that initially broad wave spectrum of the DTI modes evolves to

the monochromatic one at the saturated state. Mechanism of this

single mode saturation, which is important to determine the

anomalous diffusion, is not clear in their paper.

In our previous paper (the main results are summarized in

the next section),' we made clear the process to reach the

monochromatic wave spectrum, explicitly from numerical

calculations of the model equations for the DTII. In the model

equations, finite banana width effect (FBW effect) ' and

neoclassical diffusion, which correspond to the Gaussian cut-off

employed by Sardei and Wimmel, were introduced to cut off the

short wavelength modes.

The purpose of this paper is to derive an expression for the

anomalous diffusion coefficient analytically on the basis of our

numerical results.

In the absence of the shear effect, we obtain a formula,

which is similar to that obtained by Sardei and Wimmel, in the
2

limit (r, ./a) << 1, where r, . is the banana width of trapped
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ions and a is the minor radius of a torus. However, since

(r,./a) < 1/ parameter dependences of the anomalous diffusion

coefficient is somewhat different from that of Sardei and

Wimmel's. In the presence of the shear effect, difference

between ours and Sardei and Wimmel's formula becomes more

noticeable. This is essentially due to the difference in the

parameter dependence of the spectral cut-off for the short

wavelength modes, employed by us ' and by Sardei and Wimmel.

In §2, a set of model equations for the DTII is described

briefly and main numerical results obtained in our previous paper

are given. In §3, on the basis of these results, formulae for

the anomalous diffusion coefficient are derived and the parameter

dependence is discussed. In §4, discussion and conclusion are

given.
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§2. The Model Equations and the Numerical Results of Previous

Paper3)

In order to evaluate the anomalous diffusion coefficient, we

will use the main results of our previous paper, in which we

derived the model equations for the DTII and solved them

numerically to investigate the nonlinear behavior of the DTII.

The main results are as follows.

[I] The model equations

(a) The model equations are obtained by applying a multiple

time scale expansion scheme to the K-P equations with

appropriate ordering v. << w << v , where w is the frequency

of the wave and v.., v are the effective collision frequency

of the trapped ions and of the electrons, respectively.

4 5)

(b) Finite banana width effect ' and neoclassical diffusion

are taken into account as the dissipation mechanism for the

short wavelength modes, corresponding to Sardei and Wimmel's

artificial spectral cut-off of the short wavelength

components.

(c) The obtained model equations describe explicitly time

evolution of the amplitude of the DTI mode and of the

modification of background trapped ion number density

averaged over the y direction [y-averaged density

modification].

[H] Main numerical results based on the model equations

(d) Nonlinearly saturated wave spectrum becomes monochromatic,

i.e., only the final mode ( F_ = F _ _n) remains and
IT m—ro*;, n—x

the y-averaged density modification ( H __ ) exists, where
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m and n are the poloidal and radial mode numbers,

respectively and m f is the poloidal mode number of the final

mode . At the saturated state, the normalized electrostatic

potential $(=e<j>/T) is given by

e"l9)sin(irx/a) , (1)

ky = 27rmf/b , ^ = -kyvQ ,

V0 = (50T)/(2eBrn), 6Q = / e / ( l - /E) , r n = d(lnno)/dx,

where a and b are the radial and poloidal extents of the

slab, respectively (x and y correspond to the radial and

poloidal coordinates) and t, is the fastest varying part of

the time variable t. The value v. is the phase velocity of

the DTI mode in the y direction and E is the inverse aspect

ratio of a torus. Expression (1) is consistent with the

result obtained numerically by Sardei and Wimmel.

(e) The y-averaged density modification ( H __ ) gives rise to a

saturation of the DTII. This may be true of the

calculation made by Sardei and Wimmel.

(f) Poloidal mode number of the finally remaining mode m, is

equal to that of the linearly most unstable one, which is

given by

mf = V x " (b/2irrbi)/ll - (,rb./a)
2]/2 . (2)
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The radial mode number n of the finally remaining mode is

equal to that of the longest wavelength mode, i.e., n = 1.

On the other hand, Wimmel et al. had an expression for the

final poloidal mode number m f in the form;

m, - 4m , (3)
f marg \i

"'marg = (b/27rvO> / V 7 i '

Here, m is a poloidal mode number of the margi.nally

(neutrally) stable mode. The difference between (2) and

(3) comes from the ways of taking into account the damping

mechanisms for the short wavelength:.modes.
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§3. Formulae for the Anomalous Trapped-Ion Diffusion Coefficient

3.1 Diffusion formulae in the absence of the shear effect

A general expression for the anomalous diffusion coefficient

is given by

0 = (cT/eB)2(/c/ve)((3*/9y)
2 )>. (4)

Here, the angular bracket means the average over x and y. From

the equation (1)

= ikyFf(e
ie - e"i9)sin (irx/a) ,

and we obtain

D = G/(2 1 r 2 ) /Fv i a
2 , (5)

where

G =

= 1 - ^ [ ( T r / a ) 2 + (27rmf/b)2] - (mm a r g/m f)
 2 , (6)

Here, oi „„( = - (2Trmi-/b) v . ) i s the frequency of the l i n e a r l y most
ITlctX i U

unstable mode. On the other hand, Sardei and wimmel's

diffusion coefficient obtained numerically is given by

Dsw = 3.5 x 10~
2/evia

2 . (7)
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They also derived the similar formula by the analytical

treatment, which can be expressed by '

DSW a (Gsw/12)/Fvia
2 , (7')

Gsw

Here, G g w ^ 1 from eq.(3). It should be noted that the

contributions of the additional cut-off are reflected in the

terms G and G_w# respectively.

The parameter (temperature T, total particle number density

n- and magnetic field B) dependences of the transport

coefficients D, D g w, D R p and x i N C are plotted in Fig.l (a), (b)

and (c) for the device parameters of INTOR (see Table I ) . Here,

we have plotted D and X•»,,-. for reference, which are the

diffusion formula derived by Kadomtsev and Pogutse (K-P scaling)

9)and the neoclassical value of the ion heat conductivity

(neoclassical scaling) , respectively. Expressions for D.,n and
Kir

xiNC a r e ^iven by

DRp = (/^)/(2ve) , (8)

and

^ . . (9)

We have taken the poloidal extent of the slab b equal to IT a to

compare our formula D with the Sardei and Winunel's one Dcnr.

As shown in Fig.l (a) and (b), our expression (5) has
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similar T and nQ dependences to those of the formula D g w

approximately and takes much larger value than the neoclassical

formula X'NC- Figure 1 (c) shows that both expressions D and D g w

have no B dependence approximately. However, in some parameter

range, parameter dependences of the formula D is somewhat

different from those of the formula D r7.

3.2 Diffusion formulae in the presence of the shear effect

The shear effect is taken into account by replacing the

minor radius a by the distance Aa of two properly chosen mode

rational surfaces in the shearless formulae, eq.(5) and (7). The

distance Aa is given by,

Aa = min{a, r , r /mf} , (10)

where r (= q/q1|) is the scale length of the radial variation of

the safety factor q. The replacement of a by Aa takes into

account the effective radial localization by the strong Landau

damping of the finally remaining trapped-ion mode in a sheared

toroidal field. Here, we only consider the case Aa = r /mf ,

because r % a and m > 1 usually. Then, our shearless formula

(5) is modified as,

DS = (AG S/2ir2)/£"v.r 2 , (11)
1 bi

where
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A = i r 2 [2 (2r g /b ) 2 + 1] ,

GS = Y S / ( u 2 / v )'max' v max' e

1 - r ^ K i r / A a ) 2 + (2irmf/b)2] - (mmarg/n>f)
 2 , (13)2] ( m r g / n > ) 2

= < % a > e
) f l ~ r ^ U i r / A . ) 2 + (2™ f /b)2}] - v. .

s s
If the value G has no parameter dependence, Our formula D

becomes close to the neoclassical one X-MC* O n the other hand,

Wimmel's formula (7) is modified by using eq.(3) and (10)

DSW

where

C = 3.5 x 10"2(27rr / b ) 2

or another expression from the analytical method is given by

DSW * (G s w /12)(2 i rrqA) 2 /evJ/v e • (14 •)

o

The coefficient D „ has the same parameter (T, n. and B)

dependences as the K-P scaling formula D.,,,.

The parameter dependences of the transport coefficients D ,
c

Dsw, DRp and x i N C are given in Fig.2 (a), (b) and (c) for INTOR
device parameters. Comparing with shearless case, we have
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large difference in the parameter (T and n ) dependences between

S SD and D . This is because the difference of the final mode

numbers has influences not only on the terms of the cut-off
g

effect (such as G and G_TT) but also on the distance Aa. Both

s s
of the values, D and Dct7 are much smaller than that of D _.

c

The B dependence of our formula D agrees with all the other
S Stransport coefficients, as shown in Fig.2 (c) (i.e., D , Dc,,, D

and ~2
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§4. Discussion and Conclusion

We derive the expression of the anomalous diffusion

coefficient due to the DTI1 with and without the shear effect.

In the absence of the shear effect, we obtain a formula

3!

,1)

2
given by eq.(5), which is proportional to v-a . This expression
is similar to the expression (7) obtained by Sardei and Wimmel

approximately. However, the T and nQ dependences of our formula

are somewhat different from Sardei and Wimmel's through term G,

which contains the FBW cut-off effect.

In the presence of the shear effect, both expressions

obtained by us and by Sardei and Wimmel take much smaller values

than the Kadomtsev and Pogutse's value and are the same order of

magnitude as the neoclassical ion heat conductivity.
2

However, our formula (11) is proportional to v.r ., which seems

to be like neoclassical scaling, while Wimmel's expression (14)

S 2is just similar to the K-P scaling (i.e., D_TT •* vn/v ) .

This noticeable discrepancy is owing to the difference in

ways of taking into account the spectral cut-off of the short

wavelength nodes, i.e., we introduced FBW effect but Wimmel et

al. employed the artificial Gaussian cut-off. Then, it must be

noted that scaling law is considerably affected by the cut-off

mechanisms especially for the case, where the shear effect are

included. Therefore, in order to obtain the exact scaling laws

for the anomalous diffusion due to the DTII, one has to construct

the theory not by using the macroscopic fluid equations (such as

the K-P equations) with additional cut-off, but by using the

microscopic description, which includes the cut-off effect

naturally.
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Figure Captions

Fig.l. Dependences of the transport coefficients D, D T , D _ and

X i N C on the plasma temperature (T), the total particle

number density (n.) and the magnetic field (B) in the

absence of the shear effect for the device parameters of

INTOR.

20 — 3

(a) T-dependence with n. = 1.0 x 10 m and B = 5.0

Wb/m2.

(b) nQ-dependence with T = 10 keV and B = 5.0 Wb/m .
20 -3

(c) B-dependence with T = 10 keV and n. = 1.0 x 10 m

S SFig.2. Dependences of the transport coefficients D , D_w, D

and X' N r
 o n the plasma temperature (T), the total

particle number density (n.) and the magnetic field (B)

in the presence of the shear effect for the device

parameters of INTOR.

(a) T-dependence with n. = 0.5 x 10 m and B = 5.0

Wb/m2.
2

(b) nQ-dependence with T = 15 keV and B = 5.0 Wb/m .

(c) B-dependence with T = 15 keV and n. = 1.0 x 10 m~ .
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Table I Plasma parameters for INTOR device.

Horizontal minor radius (a ) ;
a

Vertical minor radius (a^);

Averaged minor radius ( a ) ;

Major radius . ( R ) ;

Inverse aspect ratio (e ) ;

Poloidal extent of the slab (b = ira) ;

Scale length of the plasma density (|r | ) ;

Scale length of the safety factor ; (|r | ) ;

Toroidal magnetic field (B);

Safety factor (q);

1.20

1.80

1.364

4.80

0.12̂ 5

4.286

1.364

1.364

5.0

2.0

m

m

m

m

m

m

m

Wb/m


