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If one has taken leave of the innate circumstances, mother
land, parents and relations and has gone to a foreign country 
(e.g., to study there at a university), to associate there 
only with irrational friends, thus waisting ones whole time, 
then this is nonsensical. Therefore, one must always adhere to 
one's own task and follow the aim for which one has come, 
i.e., to learn and study and to concentrate only on this! 

Warn man emmal die durck das (angeborene) Sckicksal gegebenen 
Umstdnde, Heimat, Eltem und Verwandte, verlassen hat und in tin 

fremdes Landgegangen ist (urn dart zum Beispitl an eintr Universi-
tdt zu studiertn)tjedoch in diesemfremden Lande nur mil uniernunf-
tigen Frtunden (in schlechter Gtsellschaft) verkthrt und dadurch die 
game Zfit vtrsckwendet, so ist dies verrutkt. Deswegen mufi man 
immer an der tigenen Aufgabe und an dem ^iW./iir das man gtkom-
men ist, festhalten, das heifit lernen, studieren und sich nur darauf 
konzentrieren! 
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Summary 

This report approaches the basic problem of the coarse-mesh me

thod from a new side. Group theory is used for the determination 

of the space dependency of the flux. The result is a method cal

led ANANAS after the analytic-analytic solution. This method was 

tested on two benchmark problems: one given by Melice and the 

IAEA benchmark. The ANANAS program is an experimental one. The 

method was intended for use in hexagonal geometry. 
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1. Introduction 

The Diffusion Equation has a key role in reactor physics. One 

effective solution is the so called coarse-mesh (CM) method 

2-5 

The so called analytic methods have proved to be very effec

tive in this field. These analytic methods use either the ana

lytic solution of a onedimensional diffusion equation or create 

some particular solution of the 2D problem in an ad-hoc way. 

These ad-hoc considerations are not immediately applicable in 

hexagonal geometry. Another shortcoming of the analytic methods 

is that usually cross leaicages are determined from the neigh

bouring nodes using some "natural" approximation. 

This work describes a procedure which is applicable in both 2D 

and 3D both in rectangular and in other geometries. The cross 

leakage is determined without using neighbouring meshes and the 

order of the cross leakage is analytic. The analysis is based 
6-9 

on group theory . The 

rather trivial, problem. 

6-9 on group theory . The basic idea is presented here for a ID, 

Find the solution of the one-group diffusion equation over the 

V = [-a; +a] interval 

D *(x) - r <*2 * 2' 
= - + cr 

L <*x2 
>(x) = 0 (1) 

if xEV 

with the boundary condition 

•(•a) = ft and *(-a) = f (2) 

It is easy to see that eq. (1) is invariant under the f = {x-*-x} 

transformation. Therefore if we have one solution to eq. (1) 

u,(x) the u2(x) = Uj(-x) is also a solution. 



- 5 -

Furthermore the $ operation has the following properties 

* u 1 (3) 
& u 2 = u1 

which suggest to represent & as a 2x2 matrix. Let us denote £ 

the matrix of the i transformation then 

C3 
and it acts on column vectors of type 

ua(x) 

Lu2(x) 

* is brought into a diagonal form by the following similarity 

transformation: 

S"1 *3 • (o -?) where S GD 
and S changes the basis vectors as 

u, 

u. 

Ul " u2 
Ul + u2 

The elements of this vector are eigpnfunctions of i . The boundary 

condition can also be put into symmetric form: 

K+a) 
f* + fr f - f 

*(-a) h + fr fA " fr 

where both terms are transformed into (±1) times itself by 9. 

Making use of the linearity of eq, (1) and remembering that Uj(x) 

cexp(ox) is a solution to eq. (1) the general solution is 

lcV C2l 
Ul " U2 

[Ul + U2 

c shax o 
ic chotx 

L e 
CO 
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and c and c are determined from the symmetric and antisymme

tric boundary condition respectively: 

h + fr ft - fr 
ce = 2 Co = 2 

The summary of this procedure follows. The diffusion equation (1) 

is invariant under some coordinate transformations*. We found 

such a transformation which brings into diagonal form this ope

ration - the S matrix. The solution can be decomposed into func

tions which are eigenfunction of the symmetry operations i.e. 

shax and chax. The boundary condition is also decomposed this way. 

The even function must satisfy the "even" boundary condition and 

the odd function must satisfy the "odd" boundary condition, this 

fixes the constants. The generalization of this procedure for 

2D and 3D requires group theoretical considerations. 

The second part is devoted to the group theory background**. The 

theorems will not be proved here since they have been proved for 

the Schrodinger equation which, from the viewpoint of the group 

theory, is not essentially different from the diffusion equation. 

As example the symmetry of the DE over a hexagonal region is gi

ven in 2D. 

In part 3 the results of the previous part are applied to the for

mal solution of the DE. 

In part 4, the ANANAS algorithm is presented which is the appli

cation of the previous results in a 2D rectangular geometry program. 

* The x-»x transformation alvays is such a transformation but it has not 

been mentioned before as this is trivial. 

** See Ref. 15 
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2. The symmetries of the Diffusion Equation 

The diffusion equation is 

N ̂  

5$ = -D V2* + £ $ = ) 
g g g*g i 

g'=l 

vEfg'x 

keff
 U 5gg , ; g'-g *g. • Qg <DE) 

written in the usual form where 

- D is the diffusion coefficient in group g 

- £ is the removal cross-section in group g 

- X is the fission yield in group g 

- v£f is the number of secondary neutrons from fission 

- £ ,„. is the scattering cross-section from group g* to 
g g 

group g 
- k _„ is the effective multiplication factor 

eir 
- Q is the outer source 

g 
- N the number of the groups. 

- 6 , Kronecker delta 
gg' 

The region V over which the (DE) is to be solved is arbitrary. Along 

the border 3V a boundary condition is riven. This boundary con-

dition is assumed to be a linear T operator acting on the flux: 

T
 g(*b) = F<V

; *b63V (5) 

and F(x_h) is a given function. The T operator for diffusion theory 

prescribes the incoming current on the boundary: 

* W - K*.<xb) • 2D ^f(xb)! (6) 
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where 3/3n denotes the normal derivative. P. is the surface 

of the i-th face. The volume V is bordered by np faces. 

There are some coordinate systems in which the (DE) has the same 

form. Our objective is to make use of the relations of these 

coordinate systems. 

li_Definition 

A symmetry transformation with respect to the DE is a linear coor

dinate transformation such that the form of the DE is the same 

in the old and the new coordinate systems and the transformation 

leaves the region V unchanged. 

Examnles: 

We recall that any orthogonal transformation leaves the Laplacian 

unchanged thus the V region determines the symmetries. The V re

gion usually has a regular shape (sphere, cylinder, cube, hexa

gonal pile, circle, square, rectangle, hexagon or a symmetric in

terval) and the following transformations are often symmetries: 

Rotation x' = R x det R = 1 

Inversion x' = ~x 

Reflection x' = R x det R = -1. 

The transformation operator PR associated with the symmetry trans

formation R is definied by the following operator equation which 

must be an identity in x 

PR f(x) i f(R
_1x) (7) 

The effect of the coordinate transformation has been fixed but 

we need the next two theorems for the application of the group 

theory. The theorems are not proved here because their proof is 
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just verbatim repetition of the proofs available in several 

textbooks. 

li_Theorem 

If the product of two transformations is definied to mean their 

consequtive application then the {pRJ set of transformation is 

isomorphic with the matrix set {RJ describing these transforma

tions. (Proof omitted). 

g^Theorem 

If {R} is the set of the symmetry transformations of the DE then 

PR commutes with D for all R and the set {pRJ is a group G called 

the group of the DE. (Proof omitted). 

According to theorem 1 the symmetry transformations are associa

ted with matrices. Theorem 2 assures that these matrices commute 

with the DE. Symmetry operations are divided into classes. Gene

rally a physically sigrificant characteristic can be ascribed 

to each class. E.g.in the group of symmetry transformations of 

the hexagon the rotations and reflections belong to separate 

classes. 

A T set of symmetry operations form a class if for every x£0 

xTx"1 = T. 

It is assumed that one particular solution of the DE is given. 

Denote this solution e.(x). Such a particular solution can be 

given if the eigenvalues of the cross-section matrix of the DE 
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are known. If X. is one of the eigenvalues then 
ti 

(5) MX«J 
e„ (x) = e [jk| = 1; j = 1,...,N 

is an elementary solution 

Appling the symmetry transformations on this elementary solution 

a function space is spanned. The symmetry transformations may 

have a new interpretation which is more convenient for analysing 

the symmetry property of a function. This new interpretation 

assignes a matrix to a fiven transformation. Hereafter we may 

look for eigenfunctions which are invariant under some symmetry 

transformation. 

^iJTheorem 

If eiJ (x) is an arbitrary function in some space then the set 

of {Pe^ (x)} formed from all P£G defines a subspace S invariant 

under the G group of symmetry transformations. (Proof omitted). 

By virtue of the linearity of the DE each vector of this inva

riant subspace is the solution of the DE. Let us choose the 

(Pei^ (x)j functions as basis in this invariant subspace. For P 

doesn't change the scalar product it comes from (7) that this 

basis consists of 

/ • \ K • X • A 

e<j)(x) -- e - 1 - J (8) 

functions where k. = P-lc. (9) 

The number of e ^ functions is equal to the number of elements 

(h) in the G group of the DE. They are, in general, not neces

sarily linearly independent. Once this subspace is invariant un

der the group G the transformed function can be expressed by the 

coordinates: 
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(Pf) = P . f f£S (10) 

thus the matrix of P, denoted by P, expresses the image function 

(Pf) wi;h *-he old coordinates (f). As the basis consists of h-

columned veotors, the P matrix has hxh elements. 

A 

It is easy to see that any P£G operation changes only the order 

of the (e1* (x),..., e,J (x)) column vector so the P matrices are 

hxh permutation matrices. Such a representation is called regular 

representation. 

Carring out a coordinate transformation on the basis spanned by 

the e^J (x) functions new matrices are obtained. Therefore it is 

important to distinguish equivalent and inequivalent represen

tations. Naturally the question arises: which representation is 

the simplest? 

4. Definition 

presentations if there exists some matrix M such that P. = M Q. M"1 
Two representations {pj and {Q} of the group G are equivalent re

presentations if there ex: 

for all ?£. {p}, Qj£ (Q). 

The characters x (P) of a representation i are the traces of 

the matrices of the representation: 

x
(i) (P) = Y2?£} ai-

As the trace is invariant under similarity transformation (cf. de

finition 4) it offers a criterion for distinguishing equivalent 

and inequivalent representations. 
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6^_Derinition 

A representative- 1? j is said to be irreducible if each P£G 

is represented by a block diagonal matrix: 

Prom the irreducible representation we can learn the eigenfunc-

tions of the symmetry operations. Theire determination is a for

midable problem. The main difficulties are that usually the ma

trices do not commute and we have to block diagonalize h matrices 

of hxh elements. 

o 

Fortunately this problem has been solved . The results are sum

marized in the sc called character tables. In physical applica

tions the knowledge of the character table is more than enough. 

The character table says that the irreducible representation are 

eigenfunction of each symmetry operation with a given eigenvalue. 

These eigenvalues are given in the table. The eigenvalues of ope

rations belonging to the same class are equal. Thus in the table 

not single operators but classes are given. Below the mope im

portant properties of the character table are given. 

iii_Theorem 

The character table has the following properties: 

a, it is a square table, i.e. the number of irreducible represen

tation is equal to the number of classes. 

b, the first column contains the dimensions of the representations. 

c, the sum of the squares of the terms in the first column equal 

to the number of elements of the group. 

d, the first row contains only elements 1 

e, the component of a function <J> which transforms according to 
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the i-th irreducible representation of the group G is 

R1 * = & E •*(?)* Pg(*) (12) 

where ii-the dimension of the i-th irreducible representation, 

This list is not complete. Those interested in the details should 
7-10 

consult one of the standard textbooks. 

Finally the last Important theorems stating that any function can 

be decomposed into irreducible representations follow. 

5i_Thrjrem 

If $ is the set of ii. orthogonal vectors spanning the subspace 

V . and transforming according to the irreducible representation i 

of a group G of unitary operations, and if $ ^ is definied simi

larly, then all vectors in V . are orthogonal to all those in V . 

when i $ j. (Proof omitted). 

fLjTheorem 

Any solution to the DE can be decomposed into linear combinations 

of functions transforming according to the irreducible represen

tations of G. (Proof omitted). 

Examgle 

The group of the DE with a hexagon region includes the following 

operations (see Figure la): 
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identity operation 

rotation by IT/, 

rotation by 2it/. 

rotation by TT 

rotation by -2tr/. 

rotation by - IT/. 

3 

reflection through m1 plane 

m. 
m-i 

reflection through m' plane 

ml 

m̂  

= E 

= c1 
= c, 
= D 

c:1 
J. 

m„ 

= m. 

= m-

mJ 
ml 

mi 

Figure la: The Symmetry operations of the DE over a he

xagon. 

This group called 6mm or Ĉ - contains 12 elements. The operations 

belong to one of the 6 classes given in Table 1. 



- 15 -

ri;i s> >ytnl»>l 

'*', 

V* 

V, 

'i\ 

H\ 

V, 

Kli'iiii-nts 

! • : 

I> 

(•..+(•:.' 
< i + i i ' 

mi 4 i" + nu 

n»J •+ m» + mi 

hi 

1 

1 

2 

2 

A 

3 

Table 1: Classes of the point group 6mm. 

Let us assume that the ea(x) particular solution* is given so that 

the endpoint of the k vektor lies in E (see Figure la). Numbering 

the k vectors obtained by the symmetry operations applied on k 

according to the list of operations the basis of the invariant 

fubspace is 

kjX\ 

kpX^ 

/L~, xA 
— X(- — 

(13) 

and each symmetry operation is represented by a 12x12 matrix which 

permutes the basis vector (13). The unit matrix is the represen

tation of E. For example C2 is represented by the matrix 

* This solution belongs to the eigenvalue \ . 
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0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

Let us turn now to the character table given in Table 2. 

Repr./Class 

ri 
n 

'2 

f3 

rn 
F5 

r6 

Cl 

1 

1 

1 

1 

2 

, 2 

C2 

1 

1 

-1 

-1 

2 

-2 

2C 

1 

1 

1 

1 

-1 

-1 

?C4 

1 

1 

-1 

-1 

-1 

1 

3C5 

1 

-1 

1 

-1 

0 

0 

C6 

1 

-1 

-1 

1 

0 

0 

Table 2: The character table of the group 6mm. 
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This table shows that the group has four one-dimensional and 

two two-dimensional representations. The representation IV is 

eigenfunction of each operation with eigenvalue 1. Using (12) 

we can project out this representation; it is: 

(1,1,...1) 
k.xX 

K«XA 

(15) 

^12*X ] 

The ether representations can be projected out in a similar way. 

The symmetries are represented by 12x12 block diagonal matrices 

since the two-dimensional representation (IV and IV) both appear 

twice when forming the irreducible representation. (Of course in 

the character t-ible only the inequivalent representations are 

distinguished). The irreducible components have to be determined 

for each eigenvalue. 
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3. Solution to the DE 

Using the above theorems we can construct a solution in the fol

lowing way: 

a, We take an arbitrary k vector 

b, Form an invariant subspace according to theorem 3-

c, Using the character table we can project out the component of 

the solution which transforms according to the i-th irreducible 

representation (for every i). 

d, According to theorem 6 tht solution is a linear combination 

of the above determined irreducible representation. 

The determination of the coefficients in the above mentioned 

linear combination can be given by considering the boundary con

ditions. Strictly speaking, the coarse-mesh methods using the 

general solution of the homogeneous equations should give a me

thod for the determination of the constants in question and we 

have as many constants as the sum of the elements in the charac

ter table's first column. As this number is almost always greater 

than the number of the faces one boundary condition per face 

doesn't allow a full representation of the symmetry properties. 

In part 2 several results were derived for the symmetry proper

ties of the DE. We saw that the DE has the same form in some coor

dinate systems connected by a matrix transformation. We determined 

those functions which are eigenfunctions of these transformations 

the so called irreducible representations and showed how they can 

be determined. 

In this part we apply the results to the diffusion equation as it 

is used in the coarse-mesh method. The problem is definied as 

follows: 
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Find such a solution of 

5 4(x,y) = 0 (16) 

over a region V , which satisfies the 

T •(xb,yb) = F(xb,yb) (17) 

boundary condition at each (*b,yb) point of the boundary of V. 

It is assumed that the boundary condition forming T operator is 

such that if P is a symmetry operation of D then P is a symmetry 

operation of T, too. 

This assumption assures that if D has the same form in coordinate 

systems transformed to each other by P then in these coordinate 

systems T also has the same form. Such a boundary condition is 

e.g. the given incoming partial current along the boundary. 

Let us suppose that a B vector is given such that 

D e — = 0 (18) 

Bx 
According to theorems 3,5,6 and *» from e — a set of functions 

*. can be constructed transforming according to the i-th irredu

cible representation, what is more, the boundary condition 

F(xb,yb) can also be decomposed into components transforming ac

cording to the irreducible representations. (The independent va

riables xR and yg are oppressed). 
nc 

F = £ CiPi (19) 

i=l 

n - number of classes 
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where F- transforms according to the i-th irreducible represen

tation. 

Applying the elements of the G group of the DE to B we obtain 

h (= the number of elements in G) different B- vectors. Each -r-
?ir h 

sector contains one B. vector. The sector 0 i • i T - is called 
—l n 

the ground. 

^JTheorem 

The function 

2*/h 
r 

* i ( x ) « ( • ) • • i ( * , x ) d* (20) 

satisfies the DE (16) and boundary condition (17) if w(4) is such 

that 

2ir/h 

pi(xb»yb) = w U ) * *i(*»*b) d* ( 2 1 ) 

xb = (xb,yb)c3V 

Besides the i|». solution transforms according to £>.. 

Proof: 

Since f. is a linear combination of functions each transforming 

as •. the last statement is true. As each e — forming *.(<f>,x) in 

eq. (21) satisfies the DE (16) and the DE is linear, any linear 

combinations of *.($,x) functions satisfies the DE. As to the boun

dary condition (17) first it will be shown that if (17) is ful

filled over the ground then it is fulfilled everywhere in 3V. 
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Assume that 

T 4»± = ¥± 

over the ground and apply P on (17): 

P T *. = P Fi (22) 

but according to the Assumption 2. 

T P •. = P f v-
l l 

thus 

T (P *i) = P(Fi) (23) 

Here P is an operation which transforms any function form the 

ground to another sector. The fact that for every sector there 

exists at least one such a P, follows from the definition of the 

symmetry operation. The application of the different P operations 

in (23) assures that (17) is fulfilled everywhere in 3V. There

fore we have to prove that (17) is fulfilled over the ground. This 

condition gives an integral equation for w(<J>). This is just equa

tion (21). 

C.E.D. 

Theorem 9 summarizes most of the benefits of the group theory. 

We are able to decompose the boundary condition into symmetry 

classes and to give the corresponding particular solution what is 

more we have a further result. 

10i_Theorem 

The solution of the DE (16) with boundary condition (17) is 

n 

*(x) = £_* ciij)i(x) (24) 

i=l 

where ip. (x) is given by (20) and c. by (19). 
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Proof: 

Since <J>.(x) satisfies (16) so does *(x). On the boundary 

c c 

T *(x) = Y2c± T *i(x) - 5~ZciFi(—^= F ( x ) 

i-1 i=l 

so the boundary condition is fulfilled too. 

Q.E.D. 

All in all it was shown that using the symmetry properties of 

the considered node we can give the solution. To do so we must 

solve as many boundary condition problems as the number of clas

ses (n ). Most of the nodal methods use response matrices with 

N*n (N - number of the groups,n - number of the faces). It is 

obvious that it is easier to solve n times a set of equations 

with N unknowns than to solve one set of equations with N*n un

knowns. In each problem we need the solution of (20) but as the 

ground is small (in case of a square h = 8, in case of a hexa

gon h = 12) we may hope that w can be well approximated over 

the ground by simple functions. 

Face averaged incoming currents are the most frequently used boun

dary conditions in coarse-mesh methods. Although their efficiency 

has been proved several times let us emphasize again that their 

use doesn't allow a full representation of the symmetry. This 

means that the solution will not contain component(s) transforming 

according to some classe(s). 

As to the application of the presented method, it can be applied 

in both 2D and 3D problems with an arbitrary number of groups. Though 

the geometry is indifferent, the reactor must contain only corres

ponding elements. In the next part a 2D algorithm is presented in 

rectangular geometry. 
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*>. The ANANAS algorith 

Let us consider the two-group diffusion equation over a two-

dimensional rectangular node. 

2 r i 
-D V2* + t * = x > , 6 +(1-5 ,)Z tJk g g g g g I j kgff g g " g'+g 

e'-\ g.1.2 } 
V * V (25) 

The boundary condition fixes only the face averaged incoming 

currents: 

1/2 

I = i J i I*gCs i » v ) + 2D
g -=nfcs|,v)3 dv (26) gus 

I 
"2 

u = x,y s = -1,+1 g = 1,2 

ai_The_s^iTOTetr^_grogerties_or_the_sguare 

The symmetry properties are given in Ref. 8. The groups of the 

DE over a square form the group 4mm. This group contains 8 ele

ments. (Figure 1 shows where a general vector with endpoint E is 

transformed to. The coordinate system is also given there, tho z 

axis is oriented upward perpendicularly to the x,y, plane). 
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Figure 1: Stereogramm of the group ^mm. 

E - identity 

a - rotation by ir about the x axis 

a - rotation by * about the y axis 

cL - rotation by IT about the x= y axis 

dp - rotation by IT about the x=-y axis 

b - rotation by IT about the z axis 

c. - rotation by 3ir/2 about the z axis 

c2 - rotation by tr/2 about the z axis 

The group has 5 classes 

V C2 

The character table is given in Table 3« 
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Repr./Class 

Fl 

F2 

F3 

ri* 

F5 

C 
e 

1 

1 

1 

1 

2 

a 

1 

-1 

1 

-1 

0 

r cc 

1 

1 

-1 

1 

0 

e b 

1 

1 

1 

1 

-2 

2C 
c 

1 

1 

-1 

-1 

0 

Table 3. T.\ character table of the group 4mm. 

The group *» mm has four one dimensional and one two-dimensionax 

irreducible representations. The full symmetry representation 

needs 6 constants but the use of the boundary condition (26) al

lows only 4 constants. It means that ovti* solution will not con

tain some of tbj above representations. For finding the solution 

we follow the method given on page (18). The solution of (25) con

tains linear combinations of the elementary solutions which are 

eigenfunctions of the Laplacian with eigenvalue u2 and v2; 

Fy (x) = e ^ (27) 

Fv (x) = e V ^ 

v2 = \ \$\ + e| + Ae2 - ?>\)2 * I S ^ / D ^ D ^ J (28) 

V2 = § f-ej - 62 + /(0* - $ 2) 2 + U^/V^] (29) 

Bi = E./D. 6. = (Z. - 2±- vrfi)/D. 
err 

We have to find the symmetry components of F (x) and F (x). 
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First we form an invariant subspace according to step b of page 

(13). 

This space contains exponential functions with different k_-vec-

tors. They are given in Figure ?. For projecting out the symmetry 

components we need their transformation (cf. (15)). This is given 

in Table 4. 

Figure 2: The end-points of the 8 k vectors. 

Starting-
vector 

operation 

E 

ax 
ay 
di 
d2 
b 

cl 
c2 

kl 

kl 
k8 
kU 
k2 
k6 
k5 
k3 
k7 

k2 

k2 

k? 

k3 
kl 
k5 
k6 
k4 
k8 

k3 

k3 
k6 
k2 
k8 

H 
k7 
k5 
kl 

kH 

kU 
k5 
kl 
k7 
k3 
k8 
k6 
X2 

k5 

k5 
kH 
k8 
k6 
k2 
kl 
k7 
k3 

k6 

k6 
k3 
k7 
k5 
kl 
k2 
k8 
k4 

k7 

k7 
k2 

k6 
k„ 
k8 
k3 
kl 
k5 

k8 

k8 
kl 
k5 
k3 
k7 

k4 
k2 

k6 

Table 4: The transformation rules for the k vectors. 
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Now we have to carry <̂ ut the projection according to (15). The 

result is linear combination of exponentials irrespective of 

whether we use y or v. Let us introduce the notation 

P.s(x) 
sk-x 

M.v (30) 

then the symmetrized function are 

s.s(x) . r .„ pisu) 
1=1 

= 1,... 6 (3D 

where the coefficients are given in Table 5. With this the sym

metry components have been determined. We have to form the flux 

with them. The flux is a linear combination of the two S.(x) 

functions (one with F. the other with F. ). 

• ig^!**) = c(l) S. (x) + c(l) S. (x) g = 1,2 (32) gu iu - gv iv -' 6 » w ' 

where <j>. is the i-th symmetry component of the flux in group 
(i) B (i) 

g, c and c ' are the so far unknown coefficients. 

g / i 

1 

2 

3 
1 

5 
6 

1 

1 

1 

1 

1 

1 

1 

2 

1 

- 1 

-1 

1 

1 

1 

3 

1 

1 

-1 

- 1 

1 

- 1 

4 

1 

-1 

1 

-1 

1 

-1 

5 

1 

1 

1 

1 

- 1 

-1 

6 

1 

- 1 

-1 

1 

- 1 

-1 

7 

1 

1 

-1 

-1 

-1 

1 

8 

1 

-1 

1 

-1 

-1 

1 

Table 5: The w.. coefficients of the symmetrized S. func-

tions. 

For the determination of the coefficients the symmetry components 

of the boundary condition has to be determined. This goes according 
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to (15)- In Table <i k, = kg k = k2 k̂  = \L kg = k?. The re

sult is 

i 

xrg 

Vg 
^ g r g 

m l g 
+ m 3g 

•1" 

+1 

- 1 

- 1 

+ m5a 

" 1 * 

- 1 

0 

0 

+ m5a 

r o l 
i 
i 

1 
1 

. - 1 ! 

(33) 

m l g 

m 3g 

m 5a 

m 5b 

(Ix*g + ^rg + Vg + W'1* 

xfcg + xrg ~ ylg " y r g ' 

(Ix*g " W ' 2 

(Iy*g " W / 2 

(31a) 

(31b) 

(31c) 

(3ld) 

The column vectors transform according to T.t r, and IV and since 

IV has two independent vectors it occurs twice. This decomposition 

clearly shows that the boundary condition doesn't contain compo

nents corresponding to IV and IV. 

Let us remember that (32)' contains 2 unknown coefficients per group 

since we have the following relationship 

6, 

iy Da(v
2 + Bj) '2p (35a) 
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The remaining two coefficients are determined from the boundary 

condition: each symmetry component of the flux must match the 

corresponding boundary condition-component. This condition will 

be met if 

mig • "JJ' • ̂  + Cgv' H<gv « • *•* i'1.3.5..5b (36) 
where 

m sin-k J/?-y 

«ig = klxt/2>y
 (C0S W " yDgkly Sin V 7 2 si^(^)) + 

(37) 

+ k, g ^ (C0S W " 2yD klxsinklx*/2.y.sign(p
2)) 

lx 2 & 

sin k„ £/~u 
ly 2 

(i) s h klx A /2 v 

Hvg ' k l x £/ 2 v ( c h W + 2 V k i y s h k iy£ /2y ) T 

sh kly&/2v 
(ch k„ *zov + 2D vk. shk. l/0y) (38) 

kly £ /2 y l x 2 g l x l x 2 

g = 1,2 i = 1,3,5a, 5b. 

and if vi2 < 0 the circular functions are replaced by hyperbolic 

ones in (37). 

On solving (36) we obtained a particular solution which depends 

on k1. Let us denote it by <̂ . (jc-, x). The general solution is 

a weighted integral for k«. But from Figure 2 it is clear that 

k1 is an arbitrary vector lying in the ground therefore the ge

neral solution is 
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>. (x) J dkl *ig%» ±} * w % } 

'^In.argk^ir/^ 

(39) 

The weight function is a solution to (25). At this point we have 

to compromize between a good approximation and efficiency. One 

can solve (25) using numerical techniques, the result is the w 

function at certain points. The more points we have the more accu

rate results we have but the more expressions like (37) and (38) 

have to be determined. In ANANAS we tried two possibilities: 

a) Assuming w(k^) = 1 we can carry out the integration indicated 

in (59)« Using two-point Gaussian quadrature the results are 

surprisingly good. As an example the k __ dependence on the 

mesh size is given in Figure 5. The investigated benchmark was 
5 

given by Melice . 

Mtth tilt (em) 

Figure 3: Mesh-size error in k __ for different approximations, 
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b) Since we have to use two numerical procedures: one for sol

ving the integral equation (23) for w and another for the 

numerical integration in (39) v'e may hope that there exists 

one k1 vector which gives a good approximation. One guess is 

k. = (0.986258; 0.165213) 

As i l l u s t r a t i o n the 2D IAEA benchmark r e s u l t s a re given in 

Figure l*. 

0.71*66 

0.7U56 

0.13 

1.328 

1.210 

1.1*0 

1.1*1*65 

1.1*351 

0.79 

1.1*705 

1.1*537 

1.16 

1.1*91 

1.1*80 

0.75 

1.1*76 

1A69 

0.1*5 

1.225 

1.211 

1.13 

1.323 

1.315 

0.58 

1.352 

1.31*5 

0.1*8 

1.197 

1.193 

0.36 

0.6077 

0.6100 

-0 .39 

1.078 

1.070 

0.81 

1.186 

1.179 

0.6 

0.9727 

0.9670 

0.59 

0.1*660 

0.1*706 

-0 .99 

0.9338 

0.9351 

0.1*0 

1.035 

1.036 

-0 .12 

1.068 

1.071 

-0 .21 

0.9021* 

0.9061* 

-o.i+i* 

0.6875 

O.6856 

0.28 

0.5655 

0.581*9 

-3 .32 

0.9317 

0.93U3 

-0 .28 

0.91*50 

0.950U 

-0 .61 

0.9710 

0.9752 

-0.1* 

0.8320 

0.81*61 

-1 .67 

0.5838 

0.5972 

-2.21* 

0.71*87 

0.75U9 

-0 .82 

0.7283 

0.7358 

-1 .02 

0.6751 

0.6921 

-2.1*5 

ANANAS 
REP. 
ERROR (%) 

Figure 1*; The 2D-IAEA Benchmark Power Distribution, (mesh size * 10cm). 
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According to our experiments the error only slightly depends 

on the k. vector: it varies between 1% and 5$. This fact shows 

the powsr of the intuition of using only a second order cross-

leakage. If someone is ready to devote computation time for 

accuracy# this method offers an "analytic" cross leakage approxi

mation since in eq. (21) the left-hand side depends on the w func 

tion of the neighbouring node. This way an iterative method may 

serve for the determination of the weight functions in each node. 
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5. Comparison with other methods 

5 12 

Three methods are considered here. Melice aid Bonalumi con

sidered the transient and fundamental modes separately. For the 

transient modes the PWS (Plane Wave Superposition) approximation 

was used. The approximation corresponds to the choice of 
1 if arg k1 = nir/_ n = integer 

0 otherwise 

in (39). For the fundamental modes the MSB (Nodewise Seperable 

Buckling) approximation was used. In Melice's paper this means 

1 if arg k1 = (2n+l)TrM n = integer 
w(ka) = 

0 otherwise 

while in Bonalumi's method three different directions were used. 

Both methods use leakages instead of partial currerits which reduces 

the data transfer considerably. The third i 

used the PWS approximation for both nodes. 

13 the data transfer considerably. The third method called SEXI 

Finally we have to answer the question: is it possible to derive 

the above obtained flux form without group theory? The answer is 
14 

yes, as it was shown by Maeder . Using the Fourier-method one 

can derive the same relations with some differences. The integral 

equation for w (cf (20)) can be reduced only to the jO, ir/2[ in

terval. In rectangular case this interval is two times larger 

than the ground. The second difference is that N*nf coupled equa

tions are obtained in contrast with the nf times N equations of 

ANANAS. We recall that face averaged boundary conditions are used 

in this part. In general the group-theory gives N*n equations. 

(Cf. Theorem 10 and the following remarks). Besides the Fourier 

method is confined to rectangular geometry. 
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6. Conclusions 

By the investigation of the symmetry of the DE we could derive 

a set of particular solutions each transforming according to a 

given irreducible representation. These solutions involve a 

weight function which is the solution of an integral equation 

(cf. eq. (21)). This equation is to be solved over a relatively 

small interal, over the ground |0, ir/̂  j . With a correct solution 

of this equation and the correct integration in the final flux 

(cf. (20) and (24)) an exact solution can be obtained. 

A program was written using the symmetry considerations. This pro

gram (ANANAS) tried two approximations which represent a compro

mise between the accuracy and speed. The first one assumed equal 

weight in (20) and the integration in (21*) was carried out using 

a two-point gaussian quadrature. The results are just at the 

acceptable level (5% power-error) in case of the 2D IAEA problem 

but the method shows one advantage: the order of the cross-leakage 

approximation doesn't depend on the neighbours. The second approxi

mation determined numerically a favorable position of the initial 

B- vector i.e. suitable * value in (20). In this case a two times 

faster algorithm can be obtained and as the 2D IAEA results wit

nesses it, the accuracy is better than in the first approximation. 

Finally it should be emphasized that the possibilities of the 

method are far from being exhausted. Though weak points of the 

programmed algorithm offer an improvement its most prosperous 

application is in hexagonal geometry. 

£&22£i£2SS2}£D]i 
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