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PART I

INTRODUCTION AND OVERVIEW



CHAPTER 1

INTRODUCTION

This thesis is mainly concerned with time dependent processes
occurring in the hot and teneous plasma - about 1 million degrees and
higher and less than 1010cm density - that forms the outer envelopes
of many stars including the sun. These envelopes - coronae - emit in
X-rays and indirectly in the ultraviolet and are therefore mainly
observed by satellite techniques. This makes the study of stellar
coronae one of the many new branches in astronomy that matured after the
space-era had begun. The existence of the solar corona, however, was
already known ages before this era. Eclipse expeditions, the coronograph
and later radio measurements had yielded the information about the low
density and the high temperature of the outer layers of the sun.

It was Parker (1) who first realized that such a hot and extended
plasma cannot be gravitationally bound to the star and that therefore
there had to be a continuous outflow of mass from the corona into the
interstellar medium: the solar wind. Later this was confirmed by
satellite measurements.

In Parker's theory of the solar wind the structure of the solar
corona was approximated as symmetric and homogeneous, but films taken in
the 1950's - monitoring the light of some coronal emission lines -
revealed that the solar corona in fact was highly structured. This was
confirmed by the observations made aboard Skylab in the early 197O's.
The general picture that emerged was that the solar X-ray emission
predominantly comes from plasma in closed magnetic structures: the
so-called coronal loops. The magnetic field of these loops prevents the
plasma from flowing out with the solar wind and accordingly the density
and X-ray emission of the loops may become higher than that of the
surrounding open structures.

Thus two elementary structures are distinguished in the solar corona
- and it is assumed that the same applies to stellar coronae -. First
there is the open corona in which the plasma is not confined by closed
field lines. This part of a corona is responsible for the solar wind
because the thermal energy of the plasma supersedes the gravitational
potential of the sun. Secondly there are closed coronal structures, the
coronal loops, that form the building blocks of corona as observed in
X-rays.
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Part I of this thesis consists of a general introduction to the work
of this thesis and an overview of the non-linear methods that are used
in the following. Part II and part III of this thesis will be concerned
with respectively open and closed coronal structures. There is great
similarity in the physics of these two systems, but the open structures
are somewhat more complicated.

In the energetics of both open and closed coronal structures three
processes are important. Energy is lost by radiation - mainly in X-rays
- that can escape freely into interstellar space because of the low
density that makes the coronal plasma optically thin. The radiative
losses of a plasma of solar composition at coronal temperatures decrease
with increasing temperature and this is a strong destabilizing agent,
which is responsible for much of the observed variability in coronae. I
will explain this in more detail. Suppose that a certain volume of the
plasma is in energetic equilibrium: it then radiates away as much energy
as it receives from heating. Suppose further that the heating does not
depend on the temperature. When the temperature increases a little bit
the radiation loss decreases and therefore the heating rate now
surpasses the radiation loss. This leads to a further rise in
temperature, and so on. The reverse happens for a decrease in
temperature. This explains the destabilizing potential of the radiation
loss, but it should be noted that the overall stability of a corona also
depends on the other terms in the energy balance, which will be
discussed in the following.

A plasma as hot as that in the soiar corona is highly thermally
conducting. Energy is transported away from the high temperature parts
of the coronal plasma towards low temperature and high density regions
where it is easily radiated away. Therefore conduction plays an
important and stabilizing role in the coronal plasma, because it tends
to smooth out temperature differences. The various parts of the coronal
plasma are coupled by conduction and this means that the corona can only
become radiatively unstable over long length scales.

The third and up to now least understood part of the energy balance
in stellar coronae is the heating. The coronal plasma must be heated in
situ because the effective temperature of the radiation field of the
underlying stellar photospheres is much lower than that of the coronae,
which means that the plasma can not receive energy by radiative or
conductive transfer. It is generally accepted that part of the huge
amount of non-thermal energy that is stored in the photospheres of stars
in the form of material motions is somehow transferred to the corona.

The oldest and most straightforward idea is that in solar type stars
sound waves are generated in the convection zone and that these waves
develop into shocks as they propagate outwards through the photosphere
into the corona. The dissipation of these waves then accounts for the
coronal heating. For a review of this theory, see Kuperus (2). However,
observational results analysed by Athay and White (3) indicate that the
acoustic flux entering the solar corona is far too low to resolve the
heating problem. This has strongly stimulated the search for other
heating mechanisms.
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Very recently Ionson (4) has elaborated on the idea that the magnetic
structures that permeate almost the entire corona act as a sort of
waveguide for all sorts of magneto-accoustic waves. The waves are
assumed being generated in the photosphere because of the material
motions there and they dissipate in the corona while heating the plasma,
lonson has shown that the problem that the electrical resistance and the
viscosity in the corona seem far too low for sufficient heating along
these lines can be overcome because a closed coronal structure is
analogous to an LRC-circuit in which the amplitude of the AC-current
builds up until the local dissipation rate begins to compete with the
energy flux that enters the circuit at the resonance frequency. In an
LRC-circuit the dissipation does not depend solely on the resistance and
Ionson shows that the same is true for solar coronal loops. Heyvaerts
and Priest (5) have extended and clarified the results of Ionson and
have shown that not only closed but also open coronal structures can be
heated by absorption of shear Alfvén waves.

These results constitute major developments in the theory of coronal
heating but they certainly do not settle this problem for good. In my
view the negative results for acoustic heating in the solar corona have
been generalized too easily to other types of stars.

Chapter 3 to 5 - together part II of this thesis - deal with open
coronal structures. In chapter 3 I show that the observed large stellar
winds in early type stars - that probably derive most of their momentum
from direct absorption of radiation from these stars, and therefore are
not thermally driven by coronae - imply the generation of sound waves in
the photosphere that carry enough acoustic flux to heat a large corona.
This is a reversal from the old argument explaining the solar wind, in
which the hot extended corona causes the wind. Here the wind causes a
corona.

Three important parts in the energy balance of open and closed
coronal structures have been discussed so far: mechanical heating,
conduction and radiation loss. In open structures there is a fourth
constituent in the energy balance that is generally stabilizing: the
stellar wind. It is shown in chapter 4 that a slight temperature
increase in an open corona causes the mass loss to increase enormously
thereby increasing the energy loss of the corona to the wind. Thus the
stellar wind acts as a sort of thermostat keeping the temperature of the
open regions on a level that is about a factor two below that of the
closed structures in the solar corona.

In chapter 5 it is demonstrated that stationary stellar winds can
only exist up to a maximum value for the total energy flux that heats
the corona - whatever the origin of the flux-. When the flux that enters
the corona becomes too large the originally extended, hot corona moves
up to higher pressures in order to dispose off the extra energy. This
results in higher densities in the whole corona, including the outer
regions. Thereby the energy demands of the stellar wind in the outer
regions increase up to a point where conduction cannot balance these
losses anymore. This causes a lower temperature in the outer layers and
consequently a smaller mass loss. In principle this feedback is
stabilizing but as the temperature in the outer layers decreases still
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more the radiative losses become more and more important and a radiative
collapse sets in. In chapter 5 we argue that this leads to a cyclic

an extended corona with a relatively large mass loss
outer layers and no mass loss.

solution in which
alternates with a small corona with cool
The time scale of this oscillation is of the order of months.

At this moment a logical continuation of this work, and other work on
stellar coronae in Utrecht, by Kuin, Hearn and Vardavas, seems to be a
full time-dependent numerical solution - but still óne-dimensional - of
the stellar wind equations.

Part III of this thesis is concerned with closed coronal structures
in the solar corona: the coronal loops. In chapter 6 it is shown that
the plasma in magnetic loops that do not extend too far in the corona
may have a relatively cool equilibrium of about 10 000 K. As the loop
surpasses the maximum height for this equilibrium a thermal catastrophe
occurs and the plasma evolves to a very hot state in which conduction
plays an important role. In chapter 7 it is shown that the static hot
(T =; 2 x 106 K) solutions for the plasma in loops cannot be stable when
the boundary conditions that follow from the observations are imposed on
the equations that describe the thermal structure of the plasma.
Consequently the plasma in the loop will show an oscillatory behaviour
with a long lasting hot phase in which the density slowly increases,
followed by a very fast radiative collapse of the temperature leading to
a short cool phase in which the density in the loop decreases very
strongly. When the loop is drained almost completely the temperature
starts to build up again, at first very fast but much more slowly as a
temperature of a few million degrees is reached. Thereby the cycle is
completed. This cyclic "ioop model has the advantage over static models
that it explains the continuous up- and downflows observed in the
transition region quite naturally, because of the cyclic change in the
loop density that causes a continuous mass exchange between the loop and
the underlying chromosphere. On the other hand, the long lasting hot
phases explain the static appearance of loops, just as the static models
do.

In chapter 8 it is shown that the very recent theory of resonant
electrodynamic heating of loops (3) implies that catastrophic changes
must take place in the X-ray emission of a loop as the magnetic field
that determines the loop structure evolves. These results are obtained
using the formalism for the £t_a_t_i_c_ thermal equilibrium of loops, to
focus the attention on the physical mechanism that causes the
catastrophe.

In chapter 9 it is shown that similar thermal catastrophes occur in
the cyclic solutions of chapter 7 when the mechanism of resonant
electrodynamic heating is combined with the formalism of that chapter.
The time scales of these transitions are of the order of 30 minutes.
Large changes in the X-ray emission of loops on these time scales have
indeed been observed in films taken from Skylab. The thermal
catastrophes of chapter 8 and 9 require no change in the magnetic field
topology, in correspondence with the observations of Howard and Svestka
(5).
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The physical structures that are .Investigated in part II and part III f,
of this thesis are all described by non-linear differential equations.
The results that are obtained are typical for systems with non- pj-
linearities: catastrophes and relaxation oscillations. j*"j

The work on this thesis started as a search for astrophysical
processes that could be described by simple but non-linear model
equations. This was inspired by the rapid progress in dealing with
non-linearities in other parts of the natural sciences, in particular
fluid dynamics and statistical mechanics. It was felt that the often
very complicated equations in plasma- and high energy astrophysics in
many instances could be reduced to simple systems that still yield
essential information when the important non-linearities are retained.
This approach contrasts with the method - and supplements the results -
of linearization of the complete equations, which is very often done in
astrophysics.

Some of the important methods in dealing with non-linearities in
statistical- and fluid-mechanics are described in chapter 2 of this
thesis. Emphasis is laid on their applications in astrophysics. Chapter
2 does not contain any new material: it is meant to be a first and
hopefully inspiring introduction for a typical astronomer to the methods
of non-linear dynamics.

In this thesis the use of non-linear methods has been restricted >.o
the field of coronal physics. A choice for one particular field was
unavoidable because the reduction to simple model equations of the :

complicated equations that describe astrophysical processes requires
detailed knowledge of the important aspects of the problem that one is
dealing with. I do believe, however, that non-linear methods may be ,
applied more systematically than until now in other branches of j
astrophysics. Thereby the cooperation between experts in various fields
and experts in "non-linear matters" seems most promising.

In conclusion of this introduction wish to give proper acknow-
ledgement to my coauthors. Five chapters in this thesis - chapter 5 to 9
- were written in cooperation with others. Chapter 5 was written with
Tony Hearn and Paul Kuin. Tony Hearn obtained the numerical results that
are the basis of this paper and did most of the writing. Paul Kuin
realised the physical importance of the numerical instability and I
contributed to the physical explanation of the mechanism and tried to
relate the numerical iterations and the time developments with the
method of time scale analysis.

The thermal catastrophe in chapter 6 was discovered by me and the
paper was written together with Paul Kuin. This chapter was much longer
originally but we withdrew the second part when similar results were
published elsewhere in the literature.

In the discovery of the relaxation oscillation of chapter 7 it was
Paul Kuin who realised that the temperature structure in a loop remains
the same when it is out of thermal equilibrium. I derived the model i
equations and found that the problem allowed non-linear oscillations as '•>
solutions. Paul Kuin wrote the first draft of the paper. •
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It was Max Kuperus who brought the heating theory of Ionson to ay
attention in a very early phase. He also raised the question what the
possible effects of this theory would be for thermal stability of loops.
Starting from that point I could easily solve the problem and write the
paper.

Chapter 9 is again the result of my cooperation with Paul Ruin. I
combined the results of chapter 7 and 8 into a time dependent formalism
for resonantly heated loops and Paul Kuin did the numerical solution
just as he had done for chapter 7. I wrote the first draft of this
paper.

In connection with the reference to the coauthors I wish to mention
that all the chapters of this thesis have benefited much from
suggestions am? criticism by Henk van Bueren, Tony Hearn, Jan Kuijpers
and Max Kuperus.
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1. INTRODUCTION

This review will be concerned with non-linear differential equations.
Many problems in physics and related sciences are described by
differential equations and most of them are non-linear. There are no
general methods for solving these equations and although great ingenuity
has been deployed in the treatment many types of non-linear problems
most non-linear equations remain unresolved. Also, in those non-linear
equations that have been solved analytically there is a fundamental bias
in the types of solutions that are found, simply because one can only
solve analytically those problems that can be solved. Most non-linear
problems are principally irreducable to integral form and the necessary
numerical solutions of these types of problems exhibit features that
have no counterparts in integrable non-linear equations.

In the last few years considerable progress bas been made with
non-linearities. On one hand analytical methods have been developed that
can extract important information from non-linear equatic s without
actually solving them. On the other hand, the use of computers has led
to important progress in understanding the nature of the solutions of
equations that cannot be handled by any analytical method. Progress has
been greatest in the understanding of turbulence in fluid mechanics and
non-integrable Hamiltonian systems in statistical mechanics. The use of
these methods is now spreading into the more peripheral natural
sciences. It must be noted that actually some of these peripheral
sciences have initiated the recent developments in fluid mechanics and
statistical mechanics. Ecology has revived the interest in difference
equations and mappings (Sect. 4.2), the first strange attractor comes
from the field of meteorology (Sect. 4.3) and the Hénon-Heiles system of
equations (Sect. 4.4) from dynamical astronomy has become the standard
model for the onset of stochasticity in statistical mechanics.

In this chapter I will discuss some of the important developments in
non-linear differential equations and I will emphasize the application
of the diverse methods in astronomy. The methods of dealing with
non-linearities are presented in the form of simple examples that can be
checked easily but that still contain the essence of the formalism. Thus
abstract general theories and lengthy and laborious calculations are
avoided. From the examples one might get the impression that non-linear
problems are easily solved. This is not so: computations in real
physical problems are often very complicated. This is usually a great
drawback in studying the underlying methods. Therefore I shall start in
a very simple manner, although it may seem oversimplified to experts.

An important phase in the solution of a problem that is ignored in
this paper is the model building. The reason for this is that that there
are no general rules: each problem has its own pecularities justifying
an individual approach. Model building is necessary because the general
equations describing a problem are generally far too complicated to be
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solved directly, even by computer.
In non-linear model building one retains some non-linear terms in the

simplified equations that describe the non-linearities that are thought
to be relevant. One may distinguish different types of non-linear
models:
1. The mathematical simulacrum. One uses a set of non-linear equations

known to have solutions that exhibit phenomena that are similar to
what is observed. The model equations may have nothing to do with the
actual problem. The purpose of this kind of modelling is merely to
show that non-linearities indeed may lead to solutions that behave as
strangely as the observations.

2. Ad hoc equations. One starts with the governing equations and
simplifies them using some plausibility arguments about the effects
that are going to dominate the solutions. This modelling is on
somewhat firmer grounds than the previous example, but still there Is
no direct relation between the original and the model equations.
Examples of this are the dynamo equations (Sect. 4.5) and the
equations for the plasma in coroaal loops in chapter 7 of this
thesis.

3. Approximated equations. One reduces the governing equations to a
simpler form with the use of some - possibly severe - approximations.
The difference with the ad hoc equations is that one can check from
the results their consistency with the approximations. Consistent
results ars valid solutions of the governing equations, but the model
probably does not describe all possible solutions.

In the following I shall deal with three main aspects of the solutions
of non-linear equations. These are catastrophes (Sect. 2), bifurcations
(Sect. 3), and strange attractors (Sect. 4). Emphasis is laid upon their
applications in astronomy. Solitons will not be discussed in this paper
since there are already so many applications of soliton theory in
astrophysics that this would require a review of its own.

2. CATASTROPHE THEORY

2.1 Theory

Catastrophe theory is not so much a theory as a conceptual framework.
Many of its results are not new, but the way they are put together makes
the conception a very transparent one, that is easily understood and
applied In all sorts of fields, also outside that of the physical
sciences. For some examples of these applications I refer to a book with
selected papers by Zeeman [1], a popular paper by the same author [2]
and a book by Poston and Stewart [3] with many physical examples. For
the topological foundations of the theory I refer to a book by Thorn [4],
the inventor of catastrophe theory.

Catastrophe theory applies to those situations where gradually
changing parameters lead to sudden changes in the variables. Depending
upon the number of parameters and variables In the problem concerned a
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number of elementary catastrophes may occur. In this paper I will only
be concerned with the simplest "cusp" catastrophe, for one varying
parameter and one variable.

Consider a system described by the following differential equation

bx - x; (2.1)

where x is the derivative of x with respect to time. In this expression
there are two parameters, of which one - b - will be kept constant, (the
reason for introducing b will become apparent in Section 3). The other
parameter - p - is assumed to vary on a tiraescale that is larger than
the typical time scale for x to reach its static equilibrium. The static
equilibria of (2.1) are characterized by x = 0 and the solution is given
by

p = - b (2.2)

The solution is displayed graphically in Fig 2.1 for b > 0. For b < 0
there is only one p for a given xg; a situation that I shall not be
concerned with in this section. By a simple graphical transformation one
obtains Fig. 2.2, which depicts the static solution xe as a function of
the parameter p. Note that for certain values of p there are multiple
solutions for x£ .

One may investigate the stability of the static solutions by the
usual method of first order perturbations to the static solutions. The
resulting linear differential equation for the perturbation E = x - xeis

e = (b - 3xe
2) e

Thus the solutions are stable for
The stability at |x | = /b/3

(2.3)

|x I > /b/3 and unstable forlx I< /b/3
e e

depends on higher order terms. This point
can proved to be unstable in this case. The unstable static equilibria
are dotted in Fig. 2.2. Now, for given values of b and p and a given
initial value of x one may follow the evolution of x without explicitly
solving Eq. (2.1). At any given point the direction of the evolution,
that is the sign of x, can easily be calculated. This direction is
indicated by the arrows in Fig. 2.2. One sees that the equilibrium
curve, defined by x = 0 divides the regions with x < 0 and x > 0. It is
also evident: that there are no runaway solutions - i.e. solutions with
|x| -+ co - because for large |x| t!ie nonlinear terra in (2.1) dominates.

After a certain time all solutions must converge to one of the two
branches of stable static equilibria. Now, suppose that p changes -as a
result of some process that is not incorporated in Eq. (2.1)- on a
timescale that is large compared to the timescale on which x reaches its
equilibrium. A small change Ap in p (see Fig 2.2) will tend to drive x
from its equilibrium, but this is immediately followed by the return of
x to its equilibrium (Ax in Fig 2*2) in a time that is much shorter than
the timescale for the change in p.
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Figure 2.1 The solution of Eq. (2.2).

Figure 2.2 The catastrophe pioture of Eq. (2.1).

Hence any excursion from equilibrium driven by the change in p is
immediately restored and x will remain effectively on its equilibrium
curve during the variation in p. However, this is impossible at the
turning points of the curve x (p) and there something special will
happen: a catastrophe.

For instance, assume that x is on the upper branch of the equilibrium
curve and that p decreases. As the turning point x = /b/3 is reached
stability is lost and x can only follow the arrows and evolve on a short
timescale towards the lower equilibrium branch. This transition will
appear as a catastrophe, an almost discontinuous change. Suppose now
that p starts to increase again. Then a second catastrophe will occur at
x =- /b/3 . Note that in the region where there are multiple solutions
for x (|p|<2b/3 /b73)there is hysteresis in the solutions for changing p:
x "remembers" where it came from.

This simple example shows two things:
1. Catastrophic or almost discontinuous changes of a certain variable in

a physical system as a result of a gradual change in an external
force -or parameter- may be modeled within a framework of smooth
equilibrium surfaces of the physical variable that contain turning
points and therefore multiple solutions for some values of the
external force.

2. This framework makes it possible to explain the time dependent
behaviour of the variable without actually solving its evolution
equation. In many applications one may not even know the full
evolution equations, but only the equilibrium surfaces, the direction
of the arrows and some relevant time scales.
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In the language of catastrophe theory the parameter that varies
gradually is called the "control"parameter and the variable that
undergoes discontinuous changes, the "behaviour" variable.

Before I proceed to some applications of this theory in astronomy I
will explore point 2 somewhat further and show that in many cases it is
not even necessary to make a full stability analysis.

Suppose that one knows the equilibrium curves for a problem. The p,x
space is divided into two or more regions by these curves. Suppose that
one also knows the direction of the evolution arrows at one point in
each region of the p,x - space. Then the evolution arrows must have the
same direction in each region as the one arrow that is known, since an
evolution arrow can only change sign at the equilibrium curves, where x
= 0. A branch of the equilibrium curve is only stable when the arrows at
both sides point towards it. Therefore at every turning point of the
equilibrium point the stability must change sign. However, this is only
strictly true for one behaviour variable.

The situation is more complicated when there is more than one
"behaviour" variable. In particular one must be very careful when one
has a behaviour variable that is indicative for a whole function, for
example the total magnetic energy of a magnetic field in a certain part
of space. In a diagram displaying the value of this variable as a
function of some parameter instability may only become worse at a
turning point, i.e. one eigenmode more becomes unstable at that point-
Here a full stability analysis is needed. For an example of such a
situation, see Katz [8].

2.2. Applications in Astronomy

A clear example of the use of catastrophe theory in astronomy is the
van Tend and Kuperus model [5,6] for the filament eruption that
-probably- causes the solar flare phenomenon. Van Tend and Kuperus model
a filament by a current in the solar corona, that is subject to three
forces :

1. The Lorentz force on the current, due to the surrounding magnetic

field.
2. The hoop stress. It is assumed that the current circuit is closed by

a return current in the photosphere. This causes an upward force on
the coronal part of the current, since each closed current circuit
wants to expand.

3. The gravitational force on the filament. Filaments are observed to
carry relatively cool and dense plasma, which means that there is a
mass excess compared with the surrounding hot and tenuous coronal
plasma.

1>e vertical equilibrium of the filament is determined by -these three
forces and one may now calculate the height h where equilibrium is
reached for a given current I. Fig. 2.3. gives these equilibrium
configurations together with the evolution arrows. One immediately
recognizes the catastrophe picture. As the current -the control
parameter- gradually increases the filament will rise and finally lose
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log(h(km))

Figure 2.3 The catastrophe picture for the filament eruption in the

van Tend and Kuperus model I 5,6]} (from van Tend [ 6) ).

equilibrium at the end of the branch a and erupt to a new stable state
on branch y« These filament eruptions are actually observed in the solar
corona at the onset of solar flares and the energy released is of the
order of the flare energy.

From a completely different field comes the work of Hut [7] on the
dynamical evolution of a binary system under the influence of tidal
forces. Hut uses the fact that the total angular momentum of the binary
system is rigorously conserved and that its total energy cannot but
decrease under the influence of tides. Thereby the equilibrium solutions
and the direction of the evolution arrows of the system can be found
without the need to solve -or even write down- the detailed evolution
equations. For the restricted case of a circular coplanar orbit, the
situation is nicely condensed in one drawing, Fig. 2.4. The stars raust
move on a line of constant L (total angular momentum) and the equilibria
and evolution arrows are indicated, a is the distance between the stars.
Clearly only for a limited number of initial values stable coplanar and
corotating solutions are possible. Stability only occurs when the
orbital angular momentum exceeds the sum of the spin angular momenta by
more than a factor of about three. Unstable orbits lead to coalescence
of the binaries or to disruption due to the strong centrifugal forces in
the stars as a -*- 0.

Other examples of the use of catastrophe theory in astronomy are the
gravothermal catastrophe of Lynden-Bell [10], recently extended by Katz
[8] and Deraaret et al. [9] and the thermal catastrophe in solar coronal
loops, treated by Hood and Priest [11], see chapter 8 of this thesis for
a discussion. Two other thermal catastrophes in coronal loops are the
subjects of chapter 6 and 8 of this thesis, while in chapter 9 a
catastrophe in a cyclic solution is obtained.
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Figure 2.4 The evolution of the distance between coplanar binaries in a

circular orbit under tidal frictiov. This figure is from Hut [ 7).

3. BIFURCATIONS

3.1. Ordinary Bifurcations

Let us consider again the model Eq. (2.1). Now I allow for variations
in b and take p = 0.

bx - (3.1a)

For all values of b this equation has the static solution x = 0 and for
b > 0 there are two other solutions, x =± /b . Using the method of
first order perturbations one immediatefy finds from (3.1) that the
solution x = 0 is stable for b < 0 and unstable for b > 0. For the
solutions |x /IT one finds (e = x - x )

- 2eb (3.1b)

which implies stability. These results are summarized in the bifurcation
diagram Fig. 3.1. Just as in the previous section the arrows indicate
the direction of the evolution. This example is about the simplest that
one can give for a bifurcation. A bifurcation is always connected with
the loss of stability of a static solution caused by the change in some
external parameter. When the original static solution gives way to a new
-not necessarely stable- equilibrium that branches off at the point of
loss of stability, this is called a bifurcation. More precisely, in the
words of Iooss and Joseph [12]: "Bifurcations are equilibrium solutions
which form intersecting branches in a suitable space".

The theory of bifurcations is not particularly new. Already in 1834
Jacob! studied a bifurcation in the equilibrium of selfgravitating
rotating bodies [13] and he introduced the word "Abzweigung". Poincaré
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Figure 3.1 The supercritical bifurcation.

introduced the French word "bifurcation" in 1885 in a study on the same
subject [14]. Many reviews and books have appeared since. A fairly
recent one is the SIAM review by Stakgold [15]. Iooss and Joseph present
an introduction at the undergraduate level [12). What is new in the
theory of bifurcations is the realisation of the decisive role that may
be played by bifurcations in the onset of chaotic behaviour. This will
be the subject of Sect. A.

There are many types of bifurcations but in this review I shall only
give some examples of the bifurcations that are important in connection
with the other sections. To establish the connection with catastrophe
theory I proceed with Eq.. (2.1) and now analyse the case p =£ 0. Suppose
p > 0. The static solutions are given by

b = X 2 - n/x (3-2)

-p one obtains the same figure
- x , so nothing is lost by the restriction to positive p.

This is illustrated in Fig. 3.2. Forp
for xe

v

Fig. 3.3 shows the corresponding solution of x as a function of b.
Again the evolution arrows may be obtained easily and thereby one finds
the stable and unstable branches. It is evident that the bifurcation has
vanished: the equilibrium solutions no longer intersect. For small
p this is called an "imperfect" bifurcation. The same figure might have
been obtained by taking a cross-section of constant p in Fig. 3.4, which
gives the equilibrium surfaces in x,p,b-space. The point in showing this
is to illustrate how in many actual physical systems one side of a
bifurcation is preferred, because of small imperfections in the system.
For example consider a straight elastic column under an end load b as
indicated in Figs. 3.5 and 3.6. (this example comes from Iooss and
Joseph [12]). When the load increases the completely straight column in
Fig. 3.5 may eventually buckle either to the right or to the left, but a
slightly bent column, such as the one in Fig, 3.6 will buckle to the
left. The bifurcation diagrams of these bucklings are similar to Figs.
3.1 and 3.3 respectively.
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Figure 3.2 The solution of Eq. (3.2). Figure 3.3 The imperfect bifurcation

bifurcation point

Figure 3.4 The equilibrium surface of Eq. (2.1) in x,pyb-spaee.
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In Fig. 3.3 a catastrophe is possible for a solution along the lower
branch as b decreases, but the reverse catastrophe cannot happen. Only
after a finite perturbation in the equilibrium along the upper branch ,
large enough to bring x in the domain bounded by the unstable solution a
jump to the other branch is possible. Note that in the surface of x in
x,p,b - space there is only one real bifurcation at the origin.

fy-

b
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'/////////A

W////M
Figure 3.5 The buckling of a

straight elastic column.

Figure 3.6 The buakling of a

bended elastic column.

The analysis of perfect bifurcations is continued by considering a
slightly more complicated version of (3.1)

x = bx + 2ax2 •- x3

The static solutions are

(3.3)

(3.4)

The last two solutions appear when b > - a . These solutions and their
stability are given in Fig. 3.7. The solution that intersects the
solution x = 0 at b = 0 now exists on both sides of b = 0. This is
called a two sided or transcritical bifurcation, in contrast to the
example in Fig. 3.1, which is a supercritical bifurcation. Note the
subtle differences with the imperfect bifurcation, Fig. 3.3. The
transcritical bifurcation is actually the simplest bifurcation, since
locally, -i.e. in the neighbourhood of the bifurcation point- it
involves a quadratic nonlinear term instead of only a cubic one. The
quadratic term is in general the lowest order nonlinear terra that one
obtains in a series expansion of the evolution equation around a certain
static solution.

Finally I demonstrate the subcritical bifurcation. Consider the
evolution equation

x = bx + 2ax3 - xs (3.5)
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Figure 3.7 The transaritical bifurcation.

As in (3.1) and (3.3) there is a static solution x = 0 that changes
stability at b = 0. When a < 0 and close to the bifurcation point, the
fifth order terra in (3.5) is of no interest and the problem may be
reduced to the form (3.1) by a trivial transformation. For a > 0 the
third order term contributes to the instability and one needs to include
the higher order terms to find the bifurcating solution. The equilibrium
solutions, apart from x = 0, are defined by

D = X - 2ax (3.6)

Using this one easily finds the bifurcation diagram, Fig. 3.8. As usual
the stable and unstable branches and the evolution arrows are indicated.

In this example one encounters again the possibility of h_ysteresis
with changes of the parameter b. This hysteresis curve is slightly more
complicated than the one in Fig. 2.2, but the topology of the hysteresis
loop, for example in the north- west quadrant, is the same as that for
the catastrophe curve.

3.2 Hopf Bifurcations and Limit Cycles

So far T have only considered bifurcations in evolution equations for
one variable. When this study is extended to the case of two or more
variables one encounters the possibility of the branching off from a
Ë£rio.d_iiL solution. This is called a Hopf-bif urcation, after E. Hopf, who
introduced the related theorem of strict crossings in 1942, [16].

Again I will demonstrate this bifurcation from a simple example.
Consider the system of evolution equations
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Figure 3.8 The suhcritiaal bifurcation.

x = -y + bx - x - y x

y = x +by - y3 -x2y (3.7)

For any value of b a static solution of this system is x = y = 0. It
can be shown that there are no other static solutions of (3.7). The
solution for the linear part of (3.7) for some given initial values
x0 and y0 is

x(t) = xQ e cos t - y0 e sin t

y(t) = y0 e cos t + x0 e sin t
(3.8)

This represents a damped oscillatory solution for b < 0. Evidently the
static solution loses stability as b increases from negative to positive
values: the system now starts to oscillate with an increasing amplitude.
As before one might expect the branching off, from a stable static
solution, but examination of (3.8) reveals that the period of the
oscillations remains unchanged as b increases and moreover there are no
static solutions apart from the "null" solution. The alternative Is that
an oscillatory solution branches off and grows In amplitude until the
nonlinear terms prohibit further growth. Whether this really happens
depends on the precise form of the nonlinear terms, just as in the case
of an ordinary bifurcation.

In example (3.7) a cyclic solution does indeed branch off and this
may be verified by a complete solution of the system. For this purpose
change to polar coordinates
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r2 = x2 + y2 (3.9)

t// = arctan (y/x)

One easily obtains with the use of (3.7)

rr = br2 - r1*

Hence the stationary solution for b > 0 is

r = /b

\p = ip + t (3.11)

By perturbing this solution one finds that the amplitude of the
oscillation is stable and that the solution is indifferent for small
phase shifts. The bifurcation diagram, Fig. 3.9, is analogous to that of
Fig. 3.1 except that now along the vertical the amplitude of the
oscillation is given.

The solutions in the x,y plane spiral towards the circle r = /TT ,
that is called the limit cycle, because it attracts all solutions. See
Figs. 3.10 and 3.11.

A Hopf-bifurcation is always associated with a degeneracy in the
problem that is treated. When the evolution equation contains only real
coefficients the dispersion matrix for small amplitude perturbations to
the static solutions yields only real or complex conjugated eigenvalues.
A Hopf-bifurcation occurs when the real part in the pair of complex
conjugated eigenvalues changes sign and thus at least two eigenvectors
simultaneously turn unstable, which is degeneracy. When a real
eigenvalue changes sign an ordinary bifurcation takes place.

One may classify Hopf-bifurcations just like ordinary ones. It can be
shown that there is no transcritical Hopf-bifurcation, which is caused
by the degeneracy of the problem (for a proof, see [12], Chap. VII).
Thus only the subcritical and supercritical Hopf-bifurcations remain
(cfr. Figs. 3.1 and 3.8).

For the subcritical Hopf-bifurcation there is again the possibility
of hysteresis, with the two coexisting solutions now being a point
attractor and a limit cycle. For a given value of b in the hysteresis
region the solution in the x,y-plane is depicted in Fig. 3.12. The
region of initial values that lead to the point solution is separated
from the rest of the plane by a separatrix or repelling cycle. The
radius of both cycles as a function of b can be found in comparing with
Fig. 3.13, which gives the bifurcation diagram for a Hopf-bifurcation
defined by the equations

r = br + 2ar3 - r5

J = 1 (3-12)

For slowly increasing b the steady solution may catastrophically change

29



Figures 3.9 up to 3.13 Upper left: the super-

critical Hopf-bifurcation. Upper right and left:

a solution of Eq. (3.7) with resp. the initial

value outside and inside the limit cycle. Lower

left: some solutions after a subcritieal Hopf-

bifurcation (Eq.C6.12)). Lower right: the bifur-

cation diagram of the subcvitiaal Hop f-bi furcation.
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into an oscillating one with finite amplitude and for decreasing b a
stable cyclic solution may suddenly disappear and give way to a static
solution.

It is clear from the above discussion a Hopf-bifurcation leads to a
limit cycle. When for a given differential equation all solutions
converge to a periodic one -in a certain domain of initial conditions-
this solution is called a periodic attractor and its representation in
phase space is a limit cycle. Equations for one degree of freedom have
only stable static solutions as attractors: point attractors.

The stability of the periodic solutions that branch off in a Hopf-
bifurcation is investigated with the use of the Floquet- theory, a
generalised form of the usual perturbation analysis [12, Chap. 7]. The
examples of this section are so simple that a separation of variables is
possible and stability is evident, but in more complicated situations
this is not so and then one has to use this Floquet-theory.

3.3 Bifurcations in partial differential equations

So far I have treated bifurcating solutions in ordinary differential
equations. They may be suggestive with respect to phenomena that are
encountered in continuous physical systems, like fluids or gases, but no
more than that, because these systems are described by -sets of- partial
differential equations.

The Rayleigh-Bénard experiment is an example that has obvious
importance for astrophysics. It is extensively described by Busse, both
from the theoretical and experimental point of view and with emphasis on
the development of turbulence [17]. In the Rayleigh-Bénard experiment a
fluid layer is heated from below, so that the the top and the bottom of
the fluid layer are kept at a constant, but different temperatures. The
temperature of the bottom of the fluid is the higher one. For small
temperature differences there is no motion in the fluid and the heat
transport takes place by conduction. As the temperature difference
between the top and the bottom is increased steady convective cells
appear when the Rayleigh number of the system, which is a non-
dimensional measure for the temperature difference between the upper and
lower boudary, (see Busse [17] for a definition), exceeds a certain
critical value. This onset of convection is clearly suggestive of a
bifurcating (supercritical) solution, because the "amplitude" of the
convection is very small for Rayleigh numbers that are only slightly
larger than the critical value.

The question to be adressed is, do bifurcations actually occur in the
equations that describe Rayleigh-Bénard convection and in other
equations that exhibit similar phenomena, like the Navier-Stokes
equation? The answer is yes and many examples are given in the book on
"Hydrodynamic Instabilities and the Transition to Turbulence" [18],
which contains selected papers written by experts in various parts of
fluid dynamics. Bifurcations are actually very common in partial
differential equations. I will continue in the spirit of the previous
sections by demonstrating a simple example.
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Consider the equation

3u 32 u ̂  , 3 (j
— = + bu - u3 <-J

oC ~ 2

9 x
for the function u = u(x,t). This equation has to be solved for t > 0
and 0 < x < 1 , with prescribed boundary conditions u(O,t) = u(l,t) = 0
and initial data u(x,O) = f(x), where f(x) is some arbitrary function,
satisfying the boundary conditions. The static solutions satisfy

3x!
+ bu - u 3 = 0 (3.14)

One easily verifies that u = 0 is a static solution. To investigate the
stability of this solution I note that any function y(x) in the domain
[0,1] satisfying the boundary conditions may be decomposed in
Fourier-modes as follows

00

y(x) = 2 a /2 sin (mïïx) (3.15)
n=l n

The amplitude of the n-th Fourier component is calculated by

1
a = ƒ y(x) JÏ sin (mrx) dx (3.16)

n o
One may carry out this procedure for the function u(x,t) at any instant
t, by letting the amplitudes of the modes be functions of t.

oo

u(x,t) = 2 a (t) /2 sin (nTrx) (3.17)
n=l

For small perturbations of the solution u (x,t) = 0 we may neglect the
cubic term in (3.13). Decomposition of (3.13) in Fourier modes,
multiplication by /? sin(mmc) and integration over 10,1) yields for each
m an ordinary differential equation describing the evolution of the
amplitude am (t)

a = (b-m2TT2) a On - 1,2, ...) (3.18)
m m

The result is that for b < tr2 all amplitudes decay to zero and that as b
surpasses the value TT2 the first eigenmode becomes unstable, while all
the others remain stable.

Eq. (3.13) is called a reaction „ diffusion equation, because it is an
evolution equation for u(x,t) in which there is a reaction part (bu-u3)
and a diffusion part (92u / 9x2 )• Note that the diffusion enhances the
stability compared with the pure reaction equation (u - bu - u 3 ) , which
loses stability for the null-solution as b becomes larger than zero
(cfr. Eq. (3.1)).
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I will calculate now what happens when b is slightly larger than TT2 .
Therefore I introduce the parameter

6 = b - TT2 (3.19)

Since it is the first eigenmode that becomes unstable one expects the
bifurcating solution to be dominated by this mode. However, the solution
cannot consist solely of this mode as one may verify by inserting the
trial solution ue (x) =£ sinftrx) in (3.13). The remaining terms are of
order e2 and this suggests that one should try a series expansion.

I shall call the static amplitude of the first mode . It is defined
by

l

e = ƒ u (x) Ü sin (irx) dx (3.20)
o e

and I try to find an expression for the static solution in terms of

u (x) = Z ^~ u (x) (3.21)
6 n=l n' n

and

= E 4« <3
n=l n' n

Inserting these expressions in the evolution equation and collecting the
terms for equal exponents of z one finds to the third order in z

1 : e ̂  + eite1 : e + eit\ =0 (3.23)

ö

3

E * 6

a*u2 +

9x2 +

92u3

3x7

ir e u2

2

ir2e3u3

6

(3.24)

(3.25)

The solution of (3.23) is Uj(x) = q /"2*sin(7rx) with c2 an arbitrary
constant. The definition of z in (3.20) implies Cj= 1 and

l

ƒ u (x) /2 sin (TTX) dx = 0 f or n > 2 (3.26)
o n

This means that none of the functions u for n ̂  2 have components along
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the first eigenmode. Applying this to (3.24) yields <Sj = 0. The solution
of (3.24) yields u2(x) = c2/2sin(frx), but the normalization condition
(3.26) only allows ca= 0. Because u3(x) neither has a component along
the first eigenmode, integration of (3.25) over [0,1] after
multiplication with /2sin(7rx) yields

S2 - 3 = 0 (3.27)

and the resulting equation for u3 is

+ TT2u, = 12/1 sin3 (ÏÏX) - 9/2 sin TTX (3.28)
3x2

One may use the goniometrical identity

sin3 (TTX) = |- sin (TTX) - |- sin (3TTX) (3.29)

which is easily derived from the definition of the sine-function

sin (TTX) = (ei7TX- e~iïïX)/2i (3.30)

to find the simplified expression

- + TT2U = - 3 / 2 ' s i n (37TX) ( 3 . 3 1 )
3x2

The solution is

u (X) = i l ± s i n (3TTX) (3 .32)

3 8TT2

Thus

6 = I e2 + 0(e3) (3.33)

u (x) = e sin (TTX) + ̂ - ^ sin (3TTX) + 0(e") (3.34)
e 16TT2

It can be shown that the cubic term in (3.33) and the quartic terra in
(3.34) are zero.

I return now to the original variables and express u (x) as a series
in (b - TT2 ). This may be accomplished by successive substitution; that
is, we try to find e (6) as a series in 6 • The result is

v (x) = ± Z 2 ^" 7 7 * sin (TTX) + c,(b-TT2)3/'2 sin (3 TTX) + O(b-r)5 ' '2 (3 .35)
e
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The coefficient c3 depends on «5̂  , which has not been calculated.
This result shows a supercritical ordinary bifurcation, with its

important component along the eigenmode that becomes unstable at the
bifurcation point. The bifurcation diagram for the first eigenmode is
analogous to that shown in Fig. 3.1. It is generally true for
bifurcations in more than one dimension that the important part of the
bifurcating solution lies along the destabilised eigenmode. In the words
of Iooss and Joseph, [12]: "The part of the problem having a zero
projection into the null space is like the lively tail of a little dog".

This example demonstrates an important result: in the neighbourhood
of bifurcation points the problem of solving partial differential
equations may be reduced to solving a set of ordinary differential
equations. This gives an enormous simplification of the problem and
bifurcation theory is therefore very powerful in dealing with partial
differential equations.

t
x

b —

Figure 3.14 A sketch of a "tree" of bifurcating solutions.

All types of bifurcations can occur in partial differential
equations, including the Hopf-bifurcations of the previous section. The
stability of the bifurcating branches may again be investigated with the
use of small perturbations. For the example above the result is that the
branching solutions are stable. As one follows the bifurcated solutions
for increasing forcing parameter - b in all our examples - new
bifurcations may occur when the bifurcated branch loses stability at
some point. One may find whole "trees" of bifurcating solutions such as
as sketched in Fig. 3.14.

The particular example of this section has been solved with the use
of the method of power series expansion, see [12]. In the literature one
may find reference to two other methods, the "Liapunov-Schmidt" method
(e.g. Vainberg and Trenogin, [19]) and the "center-manifold" method, see
the review mentioned above [15]. These methods are mathematically more
sophisticated, but series expansion is the most useful in actual
computations.
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Bifurcation theory has been applied with success in the equations
that describe the Rayleigh-Bénard problem, the Taylor experiment,
Couette flow and other, related hydrodynamical problems.

3.4 Applications in Astronomy

Wiegandt has found a bifurcation in the equations of stellar dynamics
for the problem of uniformly rotating stellar systems with non-isotropic
velocity dispersions [20]. In the case of systems with ellipsoidal
geometry - very common for stellar systems - a bifurcation point is
found where non-axisymmetric (three-axial) equilibria branch off from
the set of axisymmetric equilibria. His results are analogous with the
well known results for self-gravitating fluid bodies (Chandrasekhar and
Lebovltz, [21]) up to the point where exactly the same equations are
found. Rotating stars are often modeled as rotating self-gravitating
bodies, although the fluid approximation of constant density is
obviously very inappropriate for stars. A recent review on the
connection of this subject with bifurcation theory is given by Lebovitz,
[22].

A bifurcation in the dynamo equations, which describe the oscillating
solar magnetic field, is found by Yoshimura [23]. He proves that a
steady solution branches off from the well known periodic solutions and
he suggests that the magnetic fields of the earth and planets and the
fields of magnetic stars can be understood this way.

Relaxation oscillations - limit cycles or periodic attractors - have
been found in various astrophysical problems. The best known example is
the relaxation oscillation of variable stars, Cepheids, RR-Lyrae and
Mira-stars. This subject has become a whole separate field in
astrophysics. For an extensive review, see Cox [24].

Thermal limit cycles have been used to explain X-ray burst sources by
Barranco et al. [25]. With a simple two zone model the authors find that
helium burning in the envelopes of accreting neutron stars will proceed
periodically, giving rise to outbursts of X-rays during the relaxation
phase of the oscillation. Analogous results are suggested by Kuijpers
and Pringle for the accretion on white dwarfs [26].

A thermal relaxation oscillation in the ïoronae of early type stars
is proposed in chapter 5 of this thesis and a similar result is obtained
for the plasma in solar coronal loops in chapter 7 and 9. After the
publication of chapter 7 I realised.that the loss of stability of the
static solution at a = 1 (see chapter 7 for the meaning of this
parameter) is probably is a subcritical Hopf-bifurcation. Analytically
we have found stable static solutions for a > 1> which at a = 1
discontinuously give way to a - numerically calculated - relaxation
oscillation with finite amplitude. It is also found that for a = 1.1 -
slightly greater than one - the periodic and the static solution
coexist, while for a = 1.3 the cyclic solution has disappeared. This is
very suggestive of a bifurcation diagram like the one in Fig. 3.8.
Analytical calculation of a series expansion around the bifurcation
point has yielded that the third order terms indeed contribute to
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As they should for a subcritical bifurcation.

4. THE ONSET OF TURBULENCE

4.1 Scenarios for the Transition to Chaos via Bifurcations

A fluid or a gas is said to be turbulent when its behaviour is highly
unpredictable. One may predict the motion of a test particle in a fluid
for a certain time ahead, but as time goes on the predictions become
less and less accurate. On the other hand turbulent fluids and gases
usually have a rather regular average behaviour. When f(r,t) is some
property of the fluid or gas - like the temperature, pressure or
velocity - one expects the limit

= lim - fT

T-«o
 T 0

f(r,t)dt (4.1)

to exist and to be independent of f(r,O), but rather depend on
quantities describing the totality of the fluid, like energy content,
volume, or on the external forces, like the temperature difference
between the boundaries in the Rayleigh-Bênard experiment.

There is a conception of turbulence which goes back to the 1940's and
is due to Landau [27] and Hopf [28], and which is worked out in Landau
and Lifshitz [29]. It may seem a rather logical generalisation of the
bifurcation theory of the last section. It was shown that in Hopf-
bifurcations an attracting point sheds a limit cycle and it is
straightforward to extend this idea to higher dimensions. In three
dimensions a limit cycle may shed an attracting torus, which is a
surface in three dimensional space containing periodic motion with two
frequencies whose ratio is not a rational number, (if the ratio were
rational any particle trajectory on the torus would finally reach a
point where it had already been and the trajectory would degenerate into
a one dimensional curve, a complicated limit cycle). In higher
dimensions more and more tori with periodic motions that are rationally
independent might shed off and this might continue to infinity. Finally
one would be left with a motion with uncountably many rationally
independent frequencies that gives a Fourier spectrum of the motion that
cannot be distinguished from the smooth Fourier spectrum obtained in
certain experiments on turbulence, for example in the Rayleigh- Benard
experiment at high Rayleigh numbers, (Gollub ef al. [30]).

This scenario for the transition to chaos via an infinite cascade of
bifurcations requires an infinite number of degrees of freedom for the
fluid motion, but this is no problem, since the fluid motion is
described by partial differential equations, which do have infinite
degrees of freedom (cfr. Sect. 3.3). However, there is an intuitive -
but hard to prove - objection against such an idea. Because the
turbulent gases and fluids are all viscous and conducting one expects
such a thing as a smallest scale for the variation in the fluid
variables. For example for the temperature

37



> 1 (4.2)

where 1 is some length that is determined by the thermal conductivity.
The temperature structure in a fluid with given dimensions would then be
described by a finite number of eigenmodes, with length scales in
between the largest length in the fluid and and 1. This finite number of
eigenmodes would restrict the phase space of the system to finite
dimensions and henceforth only a finite number of bifurcating tori would
be possible.

A much more serious objection against the Landau and Hopf idea comes
from Bass [31], who called attention to the fact that unlike turbulent
solutions multiperiodic solutions do not phase mix. The experiments on
turbulence show that the autocorrelation function g(x)

g(T) = lim \- ƒ f(t+t0) f(t) dt (4.3)

decays to zero as t ->°° . This is not true for the raultiperiodic
functions in the Landau-Hopf scenario, see Joseph in "Stability of fluid
motions" [32],

It was realised by Ruelle and Takens , in a now celebrated paper
[33], that turbulence is a phenomenon that will already occur after a
few bifurcations. Unlike in the Landau-Hopf idea turbulence is not
connected with periodic attractors, such as limit cycles or tori, but
with a new type of attractor: the strange attractor. The Ruelle Takens
idea of turbulence is in agreement with the intuitive idea mentioned
above that turbulence roust be explained as a finite dimensional
phenomenon.

4.2 Chaos in One Dimensiona\_ Maps

The first order difference equation to be studied here comes from
ecology and describes a seasonally breading population in which
generations do not overlap (May, in "Theoretical Ecology" [34] and in a
review paper [35]). The population in the (n+l)-th season is
proportional to the number x and it depends on the population in the
former season as

x , = bx (1-x ) (4.4)
n+1 n n

This equation describes the tendency of the population to increase from
one generation to the next when it is small and for it to decrease when
it is large (e.g. by food shortage). It comes back in many contexts, see
the review [35] and references therein.

B will be restricted here to 0 < b < 4 so that the interval [0,1] is
mapped into itself. Only initial values in this domain will be
considered so that any sequence of x will remain in it. One of the
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appealing features of the above equation is that one can study its
solutions and verify its strange behaviour as b increases on a simple
programmable pocket calculator. For b < 1 all solutions decay to zero
and for 1 < b < 3 there is an attracting point solution that is not
zero. There is a nice graphical way to study the solutions of Eq. (4.4),
due to Hofstadter [36] and displayed in Fig. 4.1. The parabola in the
figure is the function bx(l-x) and it gives the image x of a certain
x . After having obtained x one may transform this image into a new
original by drawing a horizontal curve that intersects the line x +. =
xn at some point. From that point the procedure can be repeated as is
demonstrated in Fig. 4.1. For b < 1 all solutions converge to x = 0. For
b > 1 the stable attracting solution is located at the intersection of
the line and the parabola, the other point that is mapped into itself.

A very elegant way to >̂tudy the stability of the solutions is
described in [35], to which we refer the interested reader. It is found
that as b becomes larger than 3 the static solution loses its stability
and gives way to a periodic solution with period 2. This solution is
displayed in Fig. 4.2. There is a clear analogy here of course with the
Hopf-bifurcation in differential equations.

At b = 3.45 a new bifurcation occurs and now an attracting periodic
solution with period 4 originates. As b is increased further the
behaviour becomes more and more complicated. Cycles with higher and
higher periods - always 2 - bifurcate, but the parameter "window" - in
b - for each cycle becomes increasingly shorter. There is a point of
accumulation in the domain of b for this successsion of bifurcations at

b = 3.5700 Beyond that value all cycles of period 2 are passed
and the behaviour of x becomes "chaotic", see Fig. 4.3. We need to be
more precise about this chaotic behaviour. It is characterised by two
phenomena:
1. Sensitivity to initial data. Two sequences x , x , etc. with

slightly different initial values become totally different after a
finite number of iteraticns. This means that the long term behaviour
of the system is essentially unpredictable: no matter how precise the
initial values are, in the long run this will not be precise enough.

2. Aperiodicity. There is an uncountable subset of initial data which
never set down to periodic behaviour. The Fourier plot of these
sequences is smooth, just as in some experiments on turbulence.

There are also uncountably many initial data which lead to stable
periodic orbits, as was shown by Li and Yorke [37], It is proven by
Guckenheimer [38] that there is one "stable" cycle for each value of b
that attracts almost all orbits. However, this cyclic behaviour is
completely destroyed by small arbitrary disturbances. Yorka and Yorke
[39] investigated the slightly noisy equation

x , = 3.83 x (l-x ) + 0.001 (4.5)
n+1 n n

where the sign of 0.001 is chosen randomly at each iteration. It was
found that periodicity completely disappeared. Note that for b <
3.5700... this noise would not destroy the stability.
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Figure 4.1 A stable point solution of Eq. (4.4).

Figure 4.2 A period 2 solution of Eq. (4.4).
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There would be fluctuations around the static solution or around the
stable periodic orbits of the order of 0.001. Further it is noted that
even without the noise it takes thousands and thousands of iterations
before the transients associated with the initial conditions are damped
out and periodicity sets in. Therefore, for all practical purposes the
solutions are chaotic.

These solutions demonstrate chaos in a system with one degree of
freedom, although it was not described by a differential equation, but
by a difference equation. It will be demonstrated in the next section
that there is a close connection between difference equations and
differential equations in higher dimensions, via the method of Poincaré-
sections. This one-dimensional model already shows chaotic behaviour, in
complete contrast with the Landau and Hopf picture, who called upon
infinitely many degrees of freedom. The reader may note that this
example is also in contrast with the Ruelle-Takens picture, who claimed
that the onset of chaos already occurs after a few bifurcations, while
for Eq. (4.4) there are infinitely many bifurcations before chaos sets
in.

i generally
chaotic

behaviour

0.5 -

attracting
periodic solutions

1.0 3.0 3.45 | 3.57
3.54

Figure 4.3 The sequence of static, periodic and chaotic behaviour as b

increases in Eq. (4.4). Note the changes in scale at b - 3.0 and at b - 3.5700

This behaviour is not characteristic for the onset of chaos. In the
next section there is an example of the coexistence of chaos and
periodic solutions after only a few bifurcations. The Fourier- spectrum
of such a system gives a few peaks at the frequencies of the cyclic
solutions and a "noisy" background, due to the chaotic behaviour. May
[35] also gives some examples of direct transition from point attractors
to chaos in one dimensional mappings, (x =

n+1
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In the region 3 < b < 3.5700... of the example (4.4) an attracting
2 n -period orbit sheds of a 2 n -period orbit as b Increases. These
bifurcations occur after smaller and smaller intervals in b, until
convergence is reached at b = 3.5700... Feigenbaum discovered on a
simple calculator that these "windows" of periodicity converge at a
universal rate. Let bn be the value of b at which a cycle of period
2n is shed off. Then the ratio of two succeeding intervals is more and
more accurately described by

b - b
n n-1

b ,i " b
n+1 n

5 = 4.669 (4.6)

as n increases. Using this expression one may derive

b - b
n «

-c6-n (4.7)

In the mapping of Eq. (4.3) one has c = 2.661... and b^ = 3.5700...
This Feigenbaum sequence has turned out to be a universal sequence for the
period doubling bifurcations in all sorts of problems! b^ and c are
dependent on the problem one is concerned with but 6 is a universal
constant for dissipative mappings - i.e. difference equations, that are
derived from differential equations that describe systems with
dissipation -. Many Feigenbaum sequences have been discovered
numerically and experimentally. References to a whole forest of
Feigenbaume in all sorts of situations are given in the program of the
"Dynamics Days Twente 1982", see [40].

An important conclusion that has been made in the study of Feigen-
baum sequences is that full - i.e. large scale - chaos sets in beyond
the point of convergence of the sequence. Thus one may predict large
scale chaos knowing only the values of the forcing parameters belonging
to the first two periodic bifurcations: given the values of 6 (a
universal constant) bj and b2 (problem dependent) one can easily
calculate b , with Eq. (4.7).

4.3 Strange Attractors and Turbulence

Turbulence is a phenomenon that one encounters in dissipative fluids
and gases under strong external forcing. When the forcing is stopped all
motion finally damps out and the system settles down in its rest-state.
Under moderate external forcing the system settles down in a steady
state: for example convective cells in the Rayleigh-Bénard experiment.
This settling down is an example of insensitivity to initial _j[atja. It
does not matter at which state the system is in the beginning of the
experiment, its final state is always the same. Sometimes the situation
is slightly more complicated because there is more than one final state
for a given forcing and each final state attracts a whole set of initial
states. Within such a set insensitivity to initial data remains however.
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Attractors are mathematical objects that may describe such
situations. In Sect. 2 there are many examples of point attractors.
These attractors yield insensitivity to initial data just as in
dissipative fluids. Static solutions that are unstable - all the dotted
curves in Sect. 2 - are called "repellors" or "separatrices". These
objects show sensitivity to initial data. Two points separated by a
separatrix, no matter how small their initial distances, always end up
at a finite distance in the phase space - and in real space! -.
Turbulence is an example of a phenomenon that is highly sensitive to
initial data, but the situation in turbulent fluids is much more
complicated than the examples in Sect. 2., in which there is always a
finite number of separatrices. Two points on an infinitesimal distance,
but further located arbitrarily in the phase space are unlikely to be
separated by a separatrix. In turbulent fluids, however, any two
randomly chosen sets of initial data diverge as time goes on. Does that
mean that there is an infinite number of generalised separatrices?

On the other hand it seems that not all possible states are realised
in a turbulent fluid. On the average turbulent fluids look "alike",
whatever the initial conditions might have been. Hence the system
probably still has some attracting properties and should be described by
an attractor. Moreover, the fluid has recognizable attracting states for
all situations except turbulence and these attracting states are
essentially connected with dissipation, so it would seem reasonable to
expect some attractor being related with turbulence.

Thus, what one is looking for, is some mathematical object to account
for turbulence, which is an attractor but at the same time yields
sensitivity to initial data and thereby is a repellor.

That such an object might exist can be made plausible by an analogy
with an object of the "real" world: the labyrinth. People who get into a
labyrinth never come out - if it is a good labyrinth - and thereby the
labyrinth resembles an attractor. On the other hand, once inside, the
path of each person becomes highly chaotic and two persons entering
through the same gate might follow completely different pathways. In the
long run each person will visit almost every point in the labyrinth, so
some must be able to get out, (we note that also in strange attractors
some, but only very few orbits can leave the attractor, see Rabinovitz
[60]). The distribution of many persons in the labyrinth will be a nice
smooth function after some time, even when they all started at the same
place at the same time.

The first strange attractor in the literature comes from the field of
meteorology and was discovered by Lorenz [41], who investigated a set of
equations introduced by Saltzman [42], Saltzman worked on the
instability of convection between two parallel plates - a rough model of
the earth's atmosphere - and reduced the governing hydrodynamic
equations with some severe approximations to the three degrees of
freedom system

x = lOy - lOx

y = bx - y - xz
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z = xy - (8/3)z (4.8)

Here the numbers 10 and 8/3 already represent a choice for some tunable
parameters. It is sufficient for our purposes to keep b as the only free
parameter. Note that the equations are actually derived from the
hydrodynaraic equations and thus are not just ad hoc model equations.
This strengthens the case for the relation between turbulence and
strange attractors.

Again this model system is a very simple one that can easily be
solved numerically. The system is truly dissipatlve in the sense that
its volume In phase space shrinks continuously. The expansion rate of an
infinitesimal volume 6 V = 6 xöyóz in phase space is given by

id,. dx dy dz (L Q)

ÖV dT ( V ) 6 ^ 5 d - + d 7 + dïï (4*9)

Yet the solutions do not settle down to a static or periodic state. An
example of a solution for b = 28 and the origin as initial value is
given In Fig. 4.4. The nonperiodicity of this solution is reflected in
Fig. 4.5 which shows the Fourier-spectrum of x(t): the spectrum is
clearly smooth. sensitivity to initial data is shown in Fig. 4.6. The
position of a large set of points is projected into a plane. These
points had started very close together (within the resolution of the
figure) some time earlier but in the figure they fill the whole space of
this "butterfly" attractor. The nonperiodicity and sensitivity to
initial data cause all the time dependent correlation functions between
variables to decay to zero as t -*• °° , just as in the experiments on
turbulence.

As in the preceeding examples of this review there is a tunable
parameter b in the Lorenz equations that determines the nature of the
solutions. It is easily verified that for b < 1 the origin is an
attractor. At b = 1 a bifurcation occurs and two additional static
solutions develop. When b becomes larger than 24.74 no stable static
solution remains and the solution is chaotic, such as in the example
that has been given for b = 28. In the region 24.06 < b < 24.71 there
seems to be an analogon of the subcritical Hopf-bifurcation. In this
parameter-range there are two stable static solutions - point attractors
- coexisting with solutions that oscillate irregularly forever. Each
solution has its "basin of attraction", that is a region in phase space
in which all orbits are attracted.

The difference between a strange attractor and the ordinary point and
periodic attractors is the sensitivity to initial data in the former.
This is indeed caused by generalised separatrices within the attracting
part of phase space as was suggested above. Helleman gives a very lucid
explanation of this [43], He shows that in strange attractors there are
infinitely long separatrices, intersecting each other in infinitely many
points, while "miraculously folding away their loops and plies within
the strange bands of the attractor". Hence every two points within the
attractor are separated by the ubiqitous separatrices and thereby have
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Figures 4.4 (upper) 4.5 (lower right) and 4.6 (lower left). 4.4 displays

a perspective view of a solution of the Lorenz-equations (4.8) with b = 28.

4.5 gives the Fourier-spectnm for the variable x(t) in a solution with the

same value of b. 4.6 gives the projection into a plane of the positions of a

large set of solutions that all had started at the same point within the reso-

lution of this figure. Evidently there is sensitivity to initial data. Figs.

4.4 and 4.6 are from D. Ruelle, La Recherche 11^ 132 (1980). Fig. 4.5 is from

D. Farmer, J. Crutchfield, H. Froehling3 N. Packard and R. Shaw, in [SO],
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completely different trajectories in phase space.
There are many types of strange attractors in between simple limit

cycles and truly chaotic attractors. Many attractors give overall
oscillatory solutions which seem to be disturbed by some noise only.
Helleman prefers to reserve the word aperiodic attractors for these
objects [43]. Others display as much noise as oscillatory behaviour and
some are chaotic with only some reminiscence of periodicity. A
continuous transition from periodicity to chaos takes place for the
Rossler attractor [44] as its tunable parameter is increased.

x = -y - z

y = x + by

z = 0.4 + xz-8.5z (4.10)

In Fig. 4.7 one sees a perspective view of the attractor and its
projection in the x,y-plane together with the Fourier-spectra for
respectively b = 0.17, b = 0.19 and b = 0.30. This may be compared with
the power spectra for the velocity in the Rayleigh-Bénard experiment on
water (Gollub et al. [30]), depicted in Fig. 4.8. As the Rayleigh-number
(R) in the fluid increases, more and more periods bifurcate - analogous
to the period doubling sequences in the one dimensional mappings in the
previous section - and at the same time the amplitude of the smooth part
of the spectrum increases, until full turbulence is reached in Fig.
4.8e. Upon lowering the Rayleigh-number, Fig. 4.8f, to a previous value
- that of Fig. 4.8c - the old situation is not restored: the spectrum
remains "noisier" than before and a new period f has emanated.

There are many roads to turbulence as the differences in the outcome
of the experiments on Rayleigh-Bénard convection, the Taylor experiment
and Couette flow show. There are also many different strange attractors,
as the difference between the Lorenz-attractor and the Rossler-attractor
may show. However, it is now generally felt that there is a connection
between dissipative systems and strange attractors and thereby that
turbulence is essentially a finite dimensional phenomenon.

In autonomous differential equations - i.e. equations without
explicit time dependence - strange attractors appear first when there
are three degrees of freedom, just as the periodic attractor originates
in two dimensions. At present it is impossible to tell whether there
will be still other attractors in higher dimensions. That three
dimensions is the absolute minimum for a strange attractor follows from
the Poincaré-Bendixson theorem [45], which states that for two degrees
of freedom the only attractors are point attractors and periodic
attractors.

46



O 01 02 03 04 05

Figure 4.7 A perspective view of the solutions of the Bossier equations

(4.10) and Fourier-spectra at b = 0.17 (b), b = 0.19 (d) and b = 0.30 (f).

This figure is from D. Farmer, J. Crutch field, H. Froehling, N. Packard

and R. Shaw, in [ 30].
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Figure 4.8 Fourier-spectra of the velocity in the Rayleigh-Bênard experiment

on water. R is the Rayleigh number. R is the Rayleigh-number at which the

static solution disappears. This figure is from J.P. Gollub3 S.V. Benson and

J. Steinman, in [ 30] .
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Now I return to the question of the connection between difference
equations and differential equations* Consider the motion of a point in
3 dimensional phase space governed by some system of differential
equations. One may reduce the problem by considering only the
intersection of the trajectory with a given plane in phase space, for
example the plane z = 0. Each intersection of the plane and the
trajectory - if there is one - has coordinates (x ,y ,0) and is
completely determined by the coordinates of the n-th iteration, because
the future trajectory of the point in phase space is completely
determined when the initial set of coordinates is given. Hence there
must exist a transformation

V l = f(xn'yn)

that contains essentially the same information as the three first order
autonomous differential equations. The real problem of course is finding
the functions f and g, but it is certainly worth while trying to do so,
because it reduces the problem to one that one can solve on a
pocket-calculator! These mappings - called Poincaré- or return-mappings
[46] have been found for the Hénon-Heiles attractor [47], which will be
discussed in the next section. The form of the Poincaré-mapping for this
attractor is calculated by Hénon [48]

For a = 0 one finds back the first order difference equation of the
previous section, known as the "logistic equation". In general
differential equations with three degrees of freedom yield two-
dimensional Poincaré-mappings, but it may be shown that a whole class of
two-dimensional mappings reduces to one-dimensional ones, see Helleman
[42].

In conclusion of this section about strange attractors and chaotic
behaviour I make a historical note. In experimental investigations of
electrical circuits during the second world war Cartwright and
Littlewood found chaotic behaviour. This was the motivation for them to
study the solutions of the van der Pol equation under periodic external
forcing, (the van der Pol equation describes electrical circuits). In
1945, Cartwright and Littlewood published a paper [49] on the equation,

y' + k(l-y
2) y + y= bXK cos (\t + a) (K large) (4.13)

This is a second order non-autonomous differential equation, but it is
trivially transformed into a third order autonomous equation by
introducing a new variable z = At and adding the equation

z = A (4.14)

Chaotic behaviour is possible for this equation and is observed in
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numerical solutions. However, the chaotic region is not attracting and
most orbits end up in stable limit-cycles, which are phase locked with
the driving term - i.e. the period of the oscillation is an integer
multiple of the driving period -. Most of the interest was directed to
this last phenomenon and the importance of the possibility of chaos has
elapsed the physical and mathematical community for more than 25 ye.~rs!
The results of Lorenz in 1963 [40] also remained largely unnoticed until
the paper by Ruelle and Takens in 1971 [33]. At that time even these
latter authors did not know of Lorenz" work.

4.4 Chaos in Conservative Systems

In conservative systems the possibility of chaotic solutions has been
known for a long time. Poincaré [50] and Einstein [51] published papers
on the subject in 1892 resp. 1917, but apparently the physics community
was then not ready to appreciate the full consequences.

The difference between conservative systems and dissipative systems
such as the ones in the previous sections is that in a conservative
system the volume in phase space is rigorously conserved (cfr. Eq.
(4.9)). This implies that there is at least one integral of motion. In
the case of Hamiltonian systems this is the energy. Hamiltonian systems
are very important in astronomy because they describe the motions of
stars in clusters and galaxies, the motions of the planets and the sun
in the solar system and in general n-body systems (without tidal
friction). In Hamiltonian systems there is always an even number of
degrees of freedom because the equations of motion are second order
differential equations in each variable. The simplest case of a particle
moving in a one dimensional potential is described by an equation of
motion of the form

where V(x) is the potential. There is a two dimensional phase space
containing x(t) and x(t). The above equation can always be reduced to an
integral, whence it is said to be solved analytically. One obtains

(4.16)

with E denoting the - conserved - energy of the motion. The trajectory
of the particle in phase space is completely characterised by the
velocity and the position of the particle at a given time, which also
yield the energy.

A slightly more complicated set of equations , which should be well
known to most astronomers, is that of the motion of a point particle in
a gravitational field in three dimensions, for example the motion of the
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earth in the sun's gravitational field. In dimensionless form and
Cartesian coordinates it is described by

(i = 1,2,3) (4.17)

This set of equations may be solved analytically and yields five
integrals ~ energy, the three components of the angular momentum and the
direction of the perihelion - which completely describe the motion In
phase space, and in real space. The position of the planet is then found
given the time of the last perihelion passage or the position at any
other time. Although Eqs. (4.17) form a sixth order system there is not
the least hint of chaos. The trajectories in phase space are all neatly
closed curves, or run to infinity.

I will now use an example that is even simpler than (4.17) to show
that chaos is connected with non-integrability. This example actually
comes from astronomy and it was published in 1964 by Hénon and Heiles
[52]. The equations describe the orbit of a test star with low mass in
the gravitational field of the other stars in a galaxy

x = - x - 2xy

y = - y + y2_ x2 (4.18)

Only modest non-linearities are present in this simple system. The
forces on the right hand sides may be derived from a potential

V(x,y) = Kx 2+y 2) - x2y-y3/3 (4.19)

and therefore energy is conserved

E = Kx 2+y 2) + V(x,y) (4.20)

Eq. (4.20) may be used to eliminate one of the variables, for instance x
and thereby (4.18) is reduced to a third order system with a tunable
parameter E. This result sounds probably familiar by now. In contrast
with the equations of the previous section this third order equation is
not dissipative, i.e. an infinitesimal volume in phase space does not
shrink continuously. Hence there are no attractors in this problem. Up
to now other integrals of the Hénon-Heiles equations have not been
obtained. Probably they do not exist as was shown by Gustavson [53].

Fig. 4.9 shows the results of the numerical calculations. Each dot in
the figure represents the intersection of a trajectory with the plane
y,y. For the lowest energy, E = 1/12, several trajectories with
different initial conditions have been used. Each trajectory tends to
remain on a closed curve in the y,y-plane, indicating that it is
confined to a torus in phase space. This would mean that there is an
extra integral of motion that determines these tori. For a slightly
higher energy, E = 1/8, some tori seem to remain, but chaotic regions
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Figure 4.9 The solutions of the Hénon-Heiles equations (4.18) in the y,y-

plane. Each dot represents the intersection of an orbit and the plane. The

dots at E = 1/6 are generated by one orbit. This figure is from M. Hênon

and C. tieiles, Astron. J. 69_, 73 (1964).

become evident. The random dots between the islands are generated by one
orbit. At E = 1/6 the dots represent the trajectory of one point. Apart
from some very small persistent islands the motion is now truly chaotic.

In the Hénon-Heiles system, just as in dissipative systems, the
transition from order to chaos is gradual as the magnitude of the
tunable parameter - the energy of the test star in this case - is
increased. This has interesting consequences for the motions of stars in
galaxies.The motion of low energy stars is likely to be confined to some
periodic orbit, while high energy stars may wander around unpredictably
in the galaxy. Since the stars in a galaxy probably have some smooth
energy distribution one expects order and chaos to coexist.

4.5 Applications in Astronomy

As far as conservative systems are concerned one can hardly speak of
applications of methods of non-linear dynamics since some of the
pioneering work on chaotic behaviour comes from the study of stellar
systems. The Hénon-Heiles equations have become the canonical example of
the onset of stochasticity in statistical mechanics. Since non-linear

51



stellar dynamics has become a full grown field of astronomy one cannot
do it justice in just a few sentences and therefore we refer to a review
on "Integrable and stochastic behaviour in dynamical astronomy", by
Contopoulos and Casati [54J.

There have been comparatively successful attempts to describe the
solar cycle as a strange attractor. Zeldovitch and Ruzraaikin [55] have
reduced the non-linear dynamo equations to a form which is exactly the
Lorenz system, Eq. (4.8), apart from different numerical values for the
tunable parameters. The result is a noisy 11-year period oscillation, as
is observed. From time to time, at irregular intervals, the oscillation
disappears and the system stays for some periods in a rest state with no
magnetic activity, analogous to the known Maunder, Sporer and Mediaeval
mimima (Eddy, [56]). This rest state corresponds to a region around the
origin in the space of the Lorenz attractor. Ruzmaikin [57] has
elaborated upon this model and has shown that it can also explain the
double humped peaks in the curves of total sunspot area as a function of
time.

The attractor that describes the solar cycle is one between a limit
cycle and a truly strange attractor. There is the dominating periodicity
of 11 years, but on shorter and longer time scales the behaviour of the
dynamo is very irregular.

Similar results have been obtained by Cattaneo et al. [58], who
constructed a simple parametrised mean field dynamo including the
interaction between the magnetic field and the differential rotation.
This model consists of seven coupled non-linear ordinary differential
equations and the solutions again yield t'.ie 11-year cycle with
superposed on it irregular noise and Maunder- minima at irregular
intervals. It is found that as time passes all the phase information is
lost and therefore the precise long term behaviour is unpredictable,
despite the strong periodicity.

Chaotic and aperiodic solutions are discovered in all sorts of
systems now and probably this expansion will continue for some time.

In conclusion for this section I will speculate about the
possibilities for chaotic behaviour with regard to the work in this
thesis. There is a small hint on this possibility in stellar winds in
chapter 5. It might be that the relaxation oscillation found in this
chapter is the first of a sequence of period doubling bifurcations: a
Feigenbaum sequence (see Sect. 4.2). Large scale stochastic behaviour is
then expected at the point of convergence of the period doubling
sequence. Therefore it will be interesting to increase the value of the
forcing parameter - the acoustic flux in this case - and see whether and
where a second bifurcation occurs. Using the universality of the
Feigenbaum sequence one may then predict the value of the forcing
parameter at which large scale chaos sets in. This is important because
without this general idea numerical solutions exhibiting chaotic
behaviour would probably be attributed to deficiencies in the computer
program and be thrown away. The observations discussed in chapter 5 do
suggest chaotic behaviour and the gasdynamic equations that describe
stellar coronae and winds are indeed very similar to the usual
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hydrodynamic equations for which chaotic solutions are known to exist.
The major difference between the two sets of equations is that the
stellar wind equations explicitly allow for a density stratification,
but this is an additional complexity, which presumably only makes the
solutions more complex in behaviour and does not destroy the
possibilities already existent.

5. CONCLUSIONS

Catastrophies, bifurcations and strange attractors are all
intrinsically related with non-linearities. Linear differential
equations may be solved analytically and therefore the motion of
particles in phase space is on well defined curves. That this is not
always the case in non-linear systems is a discovery of great importance
that has major implications for our view on physics. Most people do not
intuititively think that there are processes that are completely
deterministic and yet intrinsically unpredictable in the long run. The
inability to make long run accurate predictions for every day matters
such as the weather or the economy is usually ascribed to inadequate
computer facilities (in meteorology) or inadequate theoretical
foundations for such computations (in economy). Yet, simple mathematical
models, such as the ones in this paper, show that unpredictability may
have more profound reasons. The key is sensitivity to initial data, a
phenomenon that can beat any computer. I will give a final very simple
example of this, due to Lauv/erier [59], to convince even the most
reluctant computer fanatic. Consider the following procedure, which
anyone can program on a computer:

1. Start with an arbitrary number smaller than one.
2. Multiply this number by two and subtract one if the result is larger

than one. (The result if again smaller than one).
3. Repeat this procedure on the outcome.
4. And so on . . .
In the computers "mind" a number looks like a sequence of zeros and
ones: 0.110....010, whatever the number of digits is that the computer
can handle. Multiplication by two in this notation just means that every
digit shifts one position to the left, so one finds 1.10....010? It
depends on the specific computer that is used whether the last digit is
a zero or a one and probably this number is arbitrary. After only a few
iterations, exactly as many as the number of digits that the computer
can handle, the result of the iteration has become totally unpredictable
from the initial value. Yet from one iteration to the next the result is
very accurate. No matter how good the computer is, it cannot predict the
result on the long run.

On the other hand the reverse procedure yields highly predictable
results, so there is nothing special to the previous example.
1. Take a number between one and two.
2. Divide by two.
3. Add one when the result is smaller than one.
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4. Divide again by two
5. And so on

One may verify that the result converges to 0.111111...

In most branches of astronomy
non-linear dynamics is only in its
led the way, like stellar dynamics,
seems promising in many parts of

the application of the methods of
infancy, but some branches have even
Application of non-linear techniques
astronomy. Tn particular I want to

mention stellar winds and accretion as well as the time dependent
radiative transfer in moving media. Some very preliminary results are
outlined in this thesis.
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SUMMARY

The existence of rapidly growing sound waves in the expanding
atmospheres of hot stars is demonstrated. The sound waves are amplified
by the dependence on the radiative forces associated with the impurity
ion resonance lines. Strong sound waves with a period of 15 minutes to
several hours may be expected. The estimated acoustic flux produced by
this mechanism is 8 x 109 erg cm"2 sec"1 for t, Puppis (O4ef) and 7 x
108 erg cm"2 sec"1 for e Orionis (BOIa). This energy may be sufficient
to heat a corona.

Key words: Early type stars, radiation driven sound waves, coronal
heating, mass loss
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1. INTRODUCTION

Recently Nelson and Hearn (1978) have demonstrated a Rayleigh- Taylor
type instability driven by the radiative forces associated with the
resonance lines of impurity ions in the expanding atmospheres of hot
stars. The absorption profiles of these lines are Doppler-shifted toward
the wings of the absorption lines. The Raleigh-Taylor type instability
results from the increase of the radiative forces exerted on an element
of the gas when it receives a small perturbation to the expansion
velocity of the atmosphere. This increase in force then causes an
increase in the perturbation

Nelson and Hearn estimated the growth rate of the Rayleigh- Taylor
type instability and obtained the following dispersion relation for the
first order perturbations in density and velocity (their Eq. 11)

n3 - An2 + c 2 (k 2 + k 2) n - Ac 2 k 2 = 0 (1)
s x z s x v /

The perturbed density <5p and the perturbed velocities 6u and 6w (resp.
horizontal and vertical) have a dependence with position and time of the
form exp(nt + ikxx + ikzz). cgis the isothermal sound speed and A is the
derivative of the velocity dependent radiative force: A =—<,- . Gravity
is directed along the z-axis, but no gravity term is present in Eq. (1),
since it has been assumed that the perturbation scale-length is much
smaller than the density scale-height of the atmosphere. The x-axis lies
along the surface of the star and it is assumed that no variation takes
place along the y-axis. The perturbations are assumed to be isothermal
because the cooling time by Lyman continuum radiation is far shorter
than any other timescale. Nelson and Hearn solved Eq. (1) numerically
and found one real root, which corresponds to the Rayleigh-Taylor type
instability, and two complex roots, which they erroneously claimed
represent damped sound waves.

In this letter it will be shown that the complex solutions of Eq. (1)
do not represent damped, but strongly amplified sound waves. The driving
force for this amplification is the same as that for the Rayleigh-Taylor
type instability of Nelson and Hearn. Consider a sound wave travelling
in an outward radial direction. The compression in the wave will have an
excess fluid velocity compared with the mean stellar wind and so it
experiences an increased force (-*—)6w . The rarefraction in the wave has
a fluid velocity which is less than that of the stellar wind, so it
experiences a reduction in the radiative force -(-=~-)6w . This causes the
density and velocity perturbations in the wave to grow.

There is a clear analogy here with the classical damped harmonic
oscillator, which also has a damping force proportional to the velocity.
Reversing the sign of the damping constant one finds the amplification
described in this letter.
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Nelson and Hearn Include the Influence of the stellar wind on the
radiative force from a line by giving a Doppler-shift to the absorption
profile and thus find the velocity dependent radiative force f(w). The
effects of the velocity perturbation on the radiative transport in the
atmosphere have not been included. This coupling may become important
for large amplitude waves.

The assumptions of Nelson and Hearn are retained here. In the
following section an approximate analytical solution for the roots of
the dispersion relation is obtained, showing the existence of strongly
amplified sound waves. In the rest of the paper an estimate is made of
the energy such a mechanism might provide in the atmospheres of two
typical hot stars.

2. DERIVATION OF THE SOUND WAVES

The dipersion reation (1) can be written in a non-dimensional form by
substituting

k = k sin 0 ; k = k cos 9
(2)

n = Ap ; a = c 2 k2/A2

The result is

h(p) = p3 - p2 + ap - a sin2 0 = 0 (3)

Because h(0) < 0 and h(l) > 0 one real root of Eq. (3) has to lie
between 0 and 1. Since the sum of the real parts of the roots is equal
to minus the coefficient of p2 there has to be a second positive real
root or two complex conjugated roots with positive real parts. For large
values of a and 0 < p < 1 the terms p3 and p2 can be neglected, which
gives for the first root

p2 = sin
2 6

A kx 2 (4)

k 2 + k 2

X Z
This is the result found by Nelson and Hearn.

It is now easy to calculate the other two roots: the factor in front
of p2 represents minus the sum of the roots and a sin2 6 is the product
of the roots. Thus

P
2»3

j (5)
j « P

COS
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These solutions represent growing sound waves in the directions 9 and
- 0. They are growing because of the positive real part In the frequency
and they have a wave character because of the Imaginary part of n 2 , .
For 0 = 0 or IT - radially travelling waves - these results are exact,
irrespective of the value of a .

3. THE MAXIMUM PERIOD OF THE SOUND WAVES

The most interesting solutions are for waves travelling radially
outward, then k and the root n are equal to zero and can be removed

X 1

from the dispersion relation. The effect of gravity is included by
adding a term -ik g, where g is the effective gravity resulting from the
acceleration due to gravity modified by the mean acceleration from the
radiative forces of the resonance lines. The dispersion relation then
becomes

n 2 - A n + c 2 k 2 - i k g = 0 ( 6 )
s x z °

To find the imaginary parts of the frequency and the wave-vector
substitute,

n = io) + |A

ik = ik - g/2c 2 (7)

This yields

to2 + A2/4 = c 2 k2 + c 2/4H2 (8)
s

where H = c 2/g is the pressure scale height. This corresponds to the
following solutions for the sound waves

6w(z,t) = 6w exp f(iw + A/2)t - (ik - l/2H)z)
(9)

(Sp(z.t) = <Sp exp ((iu + A/2)t + (ik + l/2H)z)

When A is zero the conservation of acoustic energy is guaranteed.
When A2/4 « c 2/4H2Eq. (8) gives a maximum period, the Lamb period:

P = 4TT H/cs. For cs
2/4H2 << A2/4 by the same reasoning it is found:

X = 4TÏ C S/A . When A
2/4 =c 2/4H2 there are no limits on the wavelength

or period in1 the region of amplification in the stellar atmosphere.
However, outside this region the restriction P = 4trH/cg is still
valid. When the above conditions on P and X are both fulfilled the wave
will propagate at almost the isothermal sound speed, so that these
conditions can be put in the form

P = Minimum (4ir/A , 4TT H/C ) (10)
ItlclX S
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4. THE RELATION BETWEEN GROWTH RATE AND WIND VELOCITY

Nelson and Hearn calculated the intensity profile for a line with a
non-LTE source function in a static atmosphere and then integrated over
the Doppler-shifted absorption profile to find the velocity dependent
radiative force per gram f(w). This force has a minimum for w = 0,
because then the maximum of the absorption profile coincides with the
minimum of the line intensity.

At the photospheric densities considered, the mean stellar wind
velocities are less then 5% of the sound velocity, while the thermal
velocity of the impurity ions - which is proportional to the Doppler
width of the absorption profile - is about 1/3 or 1/4 of the sound
velocity. Thus the following approximation is suggested

f(TL,w) = f(TL,0) + 8(TL.O) W
2 (11)

with T-, denoting the line optical depth and B(T,) a constant of
proportionality depending on the details of the line transfer.

From Eq. (11) the relation between A =-r— and 3d ) is found. When
there are N equivalent lines this yields

A = 2g N w (12)

Nelson and Hearn give numerical results for the growth time of a
perturbation (t £ I/A) for the C III resonance line at 997 A* . The
relation t = t2Bw)"x gives an excellent fit (within 1%) with their
results. From these results (3 was found to be only varying slowly with
optical depth

B - 0,091 B (A'T) [c.g.s.] (13)
Vth

B(X,T) is the value of the Planck function at the line centre wave
length X and v is the thermal velocity of the ion.

th

5. ESTIMATES OF NON-THERMAL ENERGY FLOW

It is assumed that a small amplitude wave will grow until its energy
gain by radiative amplification equals the energy losses by dissipation.
With F denoting the energy flux of the wave this yields

J7 U Z I , • I J.' U £• I i

' diss. v -'arapl.

Eq. (14) actually states that in an equilibrium the amplification length
and the dissipation length are equal. Using Eq. (9) with F ^ p(6w)2,
p ^ e~z/H and z = cgt gives

62



'ampl. s

Any sound wave will gradually assume a saw-tooth wave form while
growing, so dissipation will mainly take place at the shock front, where
the velocity gradient is steep. Ulmschneider (1970) gives the following
expressions for the energy flux and disipation in a saw-tooth wave

F = 1/3 P(6w)2
max cs (16)

] =^l
F dz I,. c P p

•Miss, s

We have takeny (the ratio of specific heats) = 1, in agreement with the
numerical results of Hearn (1973) for isothermal saw-tooth waves.

By combining Eqs. (14), (15) and (17) an expression relating shock
period and shock strength is found

P = UP. (18)
A p

From this it shows that strong shock waves (5p-p ) are only possible for
wave lengths that are equal to or larger than four times the
amplification length,

m m A

Together with Eq. (10) this determines the possible range of the periods
of strong shock waves in stellar atmospheres. Waves having a wave length
longer than 4-JT times the amplification length or scale height will not
propagate and waves with a wave length shorter than four times the
amplification length will not grow to large amplitudes.

An order of magnitude estimate for the energy flux of strong waves
can be made by taking (6w) = c ,

max s

F = 1/3 p c 3 (20)
max s

These results enable us to make some predictions for stellar atmospheres

6. APPLICATION TO EARLY-TYPE STARS

The periods and fluxes of strong radiation driven sound waves are
expressed in terms pf stellar parameters: effective temperature T ,
mass M, mass loss M, photospheric radius and density R and p0 (the
subscript refers to photospheric conditions). The reduction in the
effective gravity resulting from electron scattering is included (T).

Strong sound waves coming from the photosphere are expected to have a
minimum period
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P . = 4/A
mm

0.091 N B(A,Tn) wc - 1

2 v (21)
th

The maximum period i s ti times this minimum period. The s t e l l a r wind
ve loc i ty in the photosphere i s calculated using the continuity equation
for stationary flow

M = 4TT RO
2 p0 W (22)

With X = 997 A* (for the C Ill-ion) and assuming T = T and one
hundred equivalent lines (N = 100), following Castor, Abbot and Klein
(1975), then

l,96R°2p;W(exP fi^l-aisec.] (23)P .min •
M

where M is expressed in M^/yr, pQ in gram cm
 3 , Ro in solar radii and

T in degrees Kelvin. P . has to be smaller than P = 4TT H„/C , or
eft m n lamb ° s »

P l a m K = 5,91
l a m b M(l-D

[ sec.J (24)

where M and RQ are in solar un i t s .

Table 1: Parameters for x, Pup-pis and e Orionis

Star

Type

T . £ £ [ °K]

M [ Mjyr]

po [gr.cm"3] l)
M [M }

(i-r)

X, Puppis

04ef

42.700

5 . 10~6

1,31 . 10~9

69

0,71

17

e Orionis

BOIa

28.800

1,6 . 10"6

2,08 . 10~10

45

0,66

33

Ref.

a

a

b

c

a

a

a

Footnote to Table 1: 1) These values are extrapolations from the values
given in the model atmosphere in a) at unity Rosseland mean optical depth.
References to Table 1:
a) Abbot, D.C3 1978, Astrophys. J. 225, 893.
b) hamers et al. 1976, Astron. AstrópTys. 49_, 327.
e) Kuruaz, B., Peytremann, E., Avrett, E.,~l974, "Blanketed Model Atmos-

pheres for Early-Type Stars", Washington, Smithsonian Inst.
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Two stars 5Puppis and e Orionis, considered representative for 0-
and B-stars, are examined. Their parameters, with references, are given
in Table 1. For both stars P . < Pn , , so that the expected acoustic

rain lamb v

fluxes are obtained from (20). This is compared with the total radiationflux blocked by the impurity ions (see Table 2),

rad
(25)

Avbl denotes the frequency part of the spectrum blocked by the ions -
given a velocity amplitude of the waves of cs - and Avpl is related to
the approximate width of the Planck-function: AE = kT eff . Using again
the wave length of the C Ill-ion and N = 100 it was found

F , = 3,51
rad

10"" T
eff

7/2 [c.g.s.] (26)

From Table 2 it is seen that only a small fraction of F , is needed to
rad

generate strong waves, indicating that the waves indeed have little
effect on the radiation field.

Table 2: Calculated parameters for r, Puppis and e Orionis

min ••
pmax l
Plamb
Fmax '
F rad [

Dl. f .

Star

minutes]

» 1
[ •• 1

e r g . cm"2

M tl

| II It

. sec"1]
11 1
11 ]

15

46

120

8.3

5.7

9.9

Puppis

. 109

. 1012

. I01 0

E Orionis

120

380

6

7

1

2

10

,3 .

,4 .

,6 .

I0 8

10 1 2

109

Explanation of the symbols:

P • is the minimum period for strong sound waves

P is the maximum period for strong sound waves

\amh ^s *^e max^mum pe~riod for any sound wave

F is the maximum acoustic flux in the stellar atmosphere

F , is the radiation flux that is blocked by 100 impurity ion

resonance lines

F j , is the flux that is needed to explain the observed mass lossm . f . J r

rates with the "minimum flux corona" theory (Hearn, 1975)

Also given in Table 2 are the fluxes needed for the minimum flux
coronae to expla in the observed mass loss r a t e s (Hearn, 1975). The
expected acous t i c f luxes are too small to heat these types of coronae.
However, the a c t u a l f lux needed to heat a corona of an ea r ly - type s t a r
might be s i g n i f i c a n t l y smaller than that proposed by Hearn, because a
s o r t of "vacuum c leane r" e f f ec t due to the s t rong r a d i a t i o n pressure on
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the cool outflowing gas farther out of the star, which accelerates the
flow to very high velocities (Castor, Abbot and Klein, 1975).

Observational evidence for the waves proposed in this paper comes
from very recent work of Ebbets (1979). He found that many 0- and
B-stars have photospheric macroturbulent velocities of the order of the
local sound speed and that there is a strong correlation between large
macroturbulent velocities and large outflow velocities in the outer
layers. These latter velocities, when large, are always correlated with
large mass losses.
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SUMMARY

A simple semi-analytical model for stationary stellar coronae is
developed. The model is based on the assumption of an isothermal corona
and a transition region of constant pressure. It is shown that the
temperature structure of the transition region is described by a one
parameter differential equation. This leads to a one parameter set of
solutions for the temperature structure of the transition region. Only
one of these solutions is in agreement with the boundary condition at
infinity.

Using the period and the flux of the acoustic waves that are assumed
to heat the corona as the only input-parameters a complete semi-
analytical solution for the corona is found and fairly good values for
the main parameters of the solar corona are obtained.

Sound wave dissipation is not widely accepted at this moment however.
Therefore a completely analytical model with constant heating up to an
arbitrary height is developed. There is no physical justification for
constant heating, but since the exact heating mechanism is unknown it is
as good as any other heating mechanism. This model leads to the same
type of solution as the acoustic heating. This indicates that the exact
heating function does not matter much for the global temperature
structure.

The models of this article are compared with the "minimum flux corona
theory" of Hearn (1975) and the flaws and successes of the latter are
explaines by it.

Key words: transition region, stellar coronae, solar corona, heating
mechanism, minimum flux.
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1. INTRODUCTION

Why is the solar corona hot and teneous and not dense and cool? Would
not the latter situation be in agreement as well withlith a global
energy balance in the corona?

The question what determines the combination of base pressure and
temperature of the solar corona - in the sense of a spatial and temporal
mean - has been investigated by many authors (Kuperus, 1969: Review -
see references therein; Lamers and Kuperus, 1974 McWhirter, Thonemann
and Wilson, 1975; Flower and Pineau des Forets, 1976). Endier et al.
(1979) and Mangeney and Souffrin (1979) conclude from general
theoretical models that indeed only one combination of base pressure and
temperature is in agreement with a stationary situation in the solar
corona. In this article by means of a very simple semi-analytical model,
it is shown that a relation between the temperature and base pressure of
any corona is determined by the energy balance in the transition region
between chromosphere and corona. Because of this interdependence, the
corona can only achieve energy balance by changing its base pressure.

The term "transition region" will be used here for the region between
the top of the chromosphere - where conduction becomes unimportant - and
the temperature maximum, where the conduction vanishes too. This implies
that there is no conduction of heat between the transition region and
other parts of the atmosphere.

We assume that absorption of radiation from other parts of the
atmosphere plays no role in the transition region, but that the
radiation losses are very important: they are the only way a static
transition region can loose energy.

The source of energy supply to the transition region is not yet
understood, but to account for the observed temperature maximum, some
heating mechanism must be present. The local energy balance in the
transition region is determined by the energy-loss and supply described
above and a third term describing the divergence of the flow of heat
conduction. This relation takes the form

where q, is the heating, q the radiation loss and Ĵ the conducted heat.
This equation has been analysed firstly by Giovanelli in 1949. He

shows the equation is appropriate in the transition region and corona as
defined above and concludes that it will bring about a transition region
with a very strong temperature gradient. He does not give full
solutions, as will be done in this paper, since the heating and
radiation loss function are unknown to him.

Lamers and Kuperus (1974) use a two parameter model for the heating -
as will be done in this paper - in their analysis of Eq. (1). They find
some illustrative numerical solutions.
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These and many other numerical solutions reproduce correctly the
steep temperature rise in the transition region and the nearly
isothermal corona. By the numerical character of the solutions it is
often obscured that a full solution is only dependent on the heating
function and that therefore the coronal base pressure and temperature
are both dependent parameters. It is a basic goal of this work to stress
this relation and deduce the interdependence of the parameters.

Eq. (1) will be solved in the next section in two specific cases:
firstly the heating by dissipation of sound waves according to Lamb
(1962) is investigated, secondly a heating function described in a
mathematical convenient form is used.

In the following sections these results will be combined with the
global energy balance of the corona and this will lead to some
reasonably good predictions for the coronal parameters of the sun.
Finally, in the light of this fairly simple model the minimum flux
corona theory of Hearn (1975) is reexamined.

2. THE ENERGY BALANCE

The following assumptions are being made:
1. the thickness of the transition region is small compared to the

stellar radius, so a plane parallel geometry may be used.
2. the gas pressure in the transition region is constant.
3. the hydrogen is fully ionized.
4. stellar wind velocity and energy are negligible in the transition

region.
5. the transition region is homogeneous in the horizontal direction, so

a one dimensional description is valid.
6. the sound waves entering the transition region are damped linearly.
This last assumption cannot be true at the chromospheric boundary, but
it will be shown that at higher temperatures linear conductive damping
becomes very important.

In this treatment the magnetic field is completely neglected for the
sake of simplicity, although it is admitted that this may be unrealistic
for actual stellar coronae.

With the assumptions made above the gas law can be written as

P. = 2 n kT <2>
0 e

where Po is the constant pressure, ng the electron density, k
Boltzraann's constant and T the temperature.

The radiation losses oT a hot ionized gas of stellar composition have
been calculated by Cox and Tucker (1969), Tucker and Koren (1971),
McWhirter et al. (1975) and Raymond, Cox and Smith (1976). Their results
can be formulated as
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Lemaire 1969). The estimate of K„ given by Athay (1971, p. 36) will be

The function j(T) can be approximated for 10̂  K < I < 5 x 106 K within a
factor two by

jo(T) = 1.8 x 10~
22 [ erg. cm3 . sec"1 ] (*)

The heat conduction in an ionised gas is given by J = - K — , where the
conductivity K depends only on the temperature: K = K 0 T^

2 (Chapman and
Cowling 1939, Spitzer 1962, Braginskii 1965, Devoto 1968, Delcroix and
Lemaire 1969). The
used in this paper.

KQ = 1.1 x 10~
6 erg . cm"1 . sec"1 . deg""7/2 <5>

This yields for the divergence of the conducted heat

V J a - l [ K T5/2 H i (6)
- dh [ Ko dh J

where h is the height in the transition region.
The dissipation of sound waves is described according to Lamb (1962)

by the differential equation

„ _ d F(h) _ F(h) (7)
qh dh L (T,ne)

F(h) is the acoustic flux and L(T,n ) is the dissipation length given by
e

L (T,ne) = —2 JL. («)
{ j v + | v' (1-I/Y) ) a2

Here c stands for the speed of sound, a is the frequency of the sound
waves, v is the viscosity andv' the thermometrical conduction
coefficient, y is the ratio of the specific heats. McWirther et al.
(1975) found that L(T,n ) is fully determined by conduction: v' » v . The

ethermal conduction coefficient is given by v'= ic (oc ) , where < =
Ko T 5'2 is the conductivity (cfr. 5) and p = n "V. is the density by
weight of the plasma. c„ is the specific heat per gram, c = l.Sk/ym"1,

V H
where y is the specific atomic weight (y = 0.5) and m„ the mass of a
proton. Substituting these relations in (8) yields

2a n T 2

L (T,ne) J t _ (9a)

Y 3 / 2 I" , -15/2 , 3 ,

2a = Y . , 4 ~T- — — (9b)
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Here x is the period of the sound waves. With Kfl given by (5), the usual
values for k and m H (Allen, 1973), \i = 0.5 and y =

 5/3 i c i s found

a = 110 [ deg . cm3 . sec"2 ] (10>

Eq. (1) for the local energy balance can be put in the following form
with the results above

jf
' dh I dh I 4k» T*<h> « T2 P,

(7) and (11) form a coupled system of differential equations for the
unknown functions T(h) and F(h). The boundary conditions are

T(h=0) = T , =2.10* K, J(h=0) = 0, F(h=O) = Fnchrom o

Fo is the acoustic flux coming up from the convection zone, that enters
the transition region.

3. SOLUTION OF THE ENERGY EQUATION

The coupled system of Eqs. (7) and (11) can be made dimensionless by
choosing the new variables

t(x) = ^ - (12b)

where T is defined such that the coefficients of the second and third
term of Eq. (11) are equal

i P 2 F k T2

Jo " _ o a (13)
4k2 T 2 a Pn T 2

a o

and L(T ) is given by (cfr. 8 and 2)
cL

L(T
3

«Pp T2

k T 2
a

The result is
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( 1 5 a )

~ = - f t2 (15b)

Here e and f(x) are defined as

= ZM (16a)

e = " .a (16b)
L(Ta)F0

Eq. (15) can be further simplified by choosing the new variables

n = t7/z (17a)

yx (17b)

The result is

^ T V f (18a>
dyz

dy
_ / | f */7 (18b)

7

It is easily verified that the derivative of n is proportional to the
heat conduction. Therefore the boundary conditions of (18) are r\ (0) =

(Tchrom^a5 ' f ( 0 ) = 1 a n d d n / d y|y=0 = °' T h e integration has to be
performed up to a maximum value of r) . Using the parameter values
T L = 2 x 10" K, T = 100 sec, F„ =106 erg cm"2 sec"2 and Pn = 0.2
chrom , o °
dyne cm , which may be appropriate for the solar corona, one finds
T * 6.23 x 105 K and n(0) = 10~

5.
An analytical approximation for the solution for small n can be found

by neglecting the last term in (18a). The first integral of (18a) is
then

(19)
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From the boundary condition follows |c| = 7/3r)(0)3/7 < 0.01. This term
will be neglected which is equivalent to taking n(0) = 0» The solution
of (19) is then

The amount of dissipation can be found by integrating (18b), using (20)
for n(y)

f(y) = exp ( - 0.25 J£ yls/l1) (21)

For small y and e this justifies the neglect of the dissipation term in
(18a).

When n + 1 the dissipation can no longer be neglected. Therefore
Eq, (18) has been neglected numerically starting from n = 0.3. The other
boundary conditions follow from (29) and (21). Second order accuracy
could be reached because of the absence of terms containing J- • The
results of these calculations as a function of the only parameter e are
summarized in Fig. 1. The following conclusions can be drawn:
1. A temperature maximum is reached only for E < 0.111.
2. The (dimensionless!) maximum temperature is only weakly dependent on

e . For e = 0, tmax = 1.38 and for e = 0.111, t = 1.51.

3. The thickness of the transition region (xmax) is about proportional
to e .

4. The acoustic flux that passes the temperature maximum, and therefore
is left over to heat the corona, decreases proportional to e from
100% for e = 0 to 22% for e = 0.111.

The physical reason for point 1 is that when e > 0.111 the temperature
structure of the transition region - determined by the local energy
balance equation - is such that the overall radiation losses in the
transition region cannot be compensated by the acoustic flux entering
it.

The first integral of (1) is

h h

J(h) = | qh dh - | qr dh (22)

For e> 0.111 the right hand side of (22) is always smaller than zero.
At the maximum temperature, however, the conductive flow J must vanish.
In this situation when there is not enough heating to keep the
transition region radiating statically, some coronal material must cool
down and one expects the transition region to move down to lower
pressures (i.e. lower e ), where the radiation losses are smaller and
can be compensated again by the incoming flux (cfr.Van Tend, 1979). Thus
e < 0.111 sets a maximum to the range of pressures that are possible in
the transition region for a given heating flux.
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2.0

max

0.02 004 0.06 0.08 0.10 0.111

Figure 1 The dimensionless maximum temperature t„ (dots), width of the
transition region xmax (dashes) and accoustie flux that tunnels through
the transition region (drawn) as a function of the parameter e , for
aecoustic heating by thermal dissipation. The results are obtained by
numerical integration of (18). For e > 0.111 there are no solutions.

Solving T from (14a) and filling in the numerical values of a, jQ>
and <„ yields

P V"
2

T = 2.08 x io6 — — t K]

V

(23)

T2 is T in unities of 100 seconds and F6 is Fo in 10
6 erg cm"2 sec" .

P is given in dyne cm"2 . For e and L(Ta) it is found in the same
manner

e = 7.82

2 5 / B 3/"t

2

p 19/8

(24a)

L(T ) = 1.84 x 109 T \ ~ \ [cm]a 2 i pn J
(24b)

Simple expressions for the maximum temperature and base pressure for any
corona heated by dissipation of sound waves are obtained by combining
(23) and (24) with the numerical result z < 0.111 and t

m a x
1-51
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Po < 0.26 F6
19/25 T2"

6/25 [dyne . cm"2] (25a)

Tmaj£<1.13x 106 (F 6T 2)
8 / 2 5 [K] (25b)

When F, and T, are given, the parameters e and T = t T are
6 z o » r max max a

functions of Po alone. Because tmax is about constant over the whole

range of e it may be approximated by its mean, ï = 1.44. This yields

the following reation between Po and T :

V A 'T '
T =3.00 j — 106 [K] (26)
max \

r6

4. THE BOUNDARY CONDITION AT INFINITY

When the heating of a stellar corona by dissipation of sound waves is
assumed and the acoustic flux Fo and the wave period T are given, a set
of possible combinations of base pressure PQ and temperature T of the
corona are found from the solutions for the transition region. It will
be shown that only one of these combinations is consistent with the
boundary condition at infinity.

The region beyond the temperature maximum can be approximated fairly
well as isotherm for a solar type corona. The density and stellar wind
velocity as a function of height are then determined by the critical
Parker solution that fits the combination Po , T and the boundary
condition at infinity that the pressure goes to zero (Brandt, 1970).
Using this, Hearn (1975) derived expressions for the energy losses In
the corona by radiation (F ) and stellar wind (F ), with the assumption

r w
that the corona is isothermal up to the critical point and beyond that
expands adiabatically

Mi
F = 6.18x io7 üj- Po x

2 exp (1.33- 1.16 x - 0.0364 x2) (27a)

F =2.84x10 — Po
2 (0.208 x2 + 1.03 x-1.27) [erg cm"2 sec"1] (27b)

r M3

Here M is the mass and R the radius of the star in solar units and x is
a measure for T given by

max

5.78 x IQ6 M
T R
max

( 2 8)

The flux that is available to compensate for these losses is found from
the calculations of the last section (Fig. 1)
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F. = f (y ;e) F. (29)
in • ' m a x °

A s t a t i o n a r y s o l u t i o n r e q u i r e s F . • F = F + F , s o
in out r w

( 3 0 >

With (24) and (26) P and T may be expressed as functions of e , x2
and F . When this is filled in in (27) a - rather complicated -

gg

expression for Fr+Fw/F0 i s found:
V I o 2 / 5

r R2 E * / 2 5 R3 £

- 1 = 0 . 1 7 1 ^ ^ j - + 0 . 2 4 7 -
0.171^ ^ j +0.247

F0 M V 3/ 2 5 T 28/25 „2 _ 33/50
re l2 L2
R<> 16/25 P 1 3/25

-0.0967 | y ^ ^
12/25

l2

Ji = 2.24 x 106 M
F (T? T" ̂2/5 R

0.603 MM
R

In Fig. 2 the curves (F + F )/FQ and f(y ) as a function of are
given for the solar corona (R = M = 1). For simplicity it is assumed
that Fg = T 2 = 1 ,since the calculations deal only with orders of
magnitude anyhow. The point of intersection of the curves in Fig. 2 ( E =
0.105) determines the static model for the solar corona. A comparison
with observations is given in Table 1. It must be stressed that the
model applies specifically to open field regions. It is clear that the
orders of magnitude are right.

The comparison between observed and calculated temperature structure
is given In Fig. 3. The overall structure is the same, but the
calculated maximum temperature is too low. The divergence at
temperatures beneath 25 000 K is no surprise since the energy Eq. (1)
and several assumptions of Sect. 2 are no longer valid in that regime.

The model Is consistent with the assumptions of Sect. 2. One finds
that thickness of the transition region is only 4% of the solar radius.
Integration of the momentum equation using the derived temperature
structure gives a decrease of pressure of less than 40% throughout the
transition region and this variation is mainly concentrated at low
temperatures (T < 105 K). Combination of the calculated stellar wind
losses and the equation of continuity gives an enthalpy flux in the
transition region of less than 2% of the acoustic flux. Finally, the
wavelength of the sound waves (A = T,T 2 1.3 x 109 cm) is comparable to
the dissipation length given by Eq. (24b). This means that conductive
damping indeed is very important.
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1.0r

0.02

Figure 2 The energy consumption of an isothermal corona ( ), compared
to the energy supply to the corona ( ). The point of intersection of
the curves determines the value of e for which there is energy balance.
The energy fluxes are expressed as fractions of the total energy flux,
entering the transition region.

t
logT

10 15 20
h(108cm)

Figure 3 The calculated structure of the transition region (...) versus
the observed temperature structure ( ) by Dupree and Goldberg (1967).
The maximum temperature calculated is reached at 30 x 10a cm.
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Table 1.

Details of the model of the solar corona with heating by sound wave dissipation,

compared to observations.

Physical Quantity

Acoustic Flux at the base

of the Transition Region

[ erg cm"2 sec"1 )

Period of the sound waves

1 sec ]

Pressure in the Transition

Region { dyne cm'2 ]

Coronal Temperature

1 K ]

Stellar wind losses

[ erg cm"2 sec"1 ]

Radiation losses in the

corona | erg cm"2 sec"1]

Conduction in the Transi-

tion Region [ erg cm"2sec~l 1

Theory

Input

Parameters

1.0 x io6

100

Calculations

0.25

I.I I x io6

8.7 x 10*

5.4 x io5

3.7 x 105

1.4

1.0

1.9

4

3

4.5

Observations

0.7 x I05

< M 10*

spectrum peaked at

100

0.22

0.17

* 10b: Quiet region

x I06: Coronal hole

x 106: Active region

x IO1*

x io5

x 10s

Reference to Observations

Boland et al. (1973)

Athay and White (1978)

Deubner (1976)

Withbroe and Gurman (1973)

Dupree (1972)

Oupree 6 Goldberg (1967)

Withbroe and Wang (1972)

Chiuderi et al. (1970)

Kuperus (1969 )

Athay (1971, p. 58)

Athay (1971, p. 49)
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5. CONSTANT HEATING

A complete theory about coronal heating should make quantitative
statements about the magnitude and distribution of the energy deposit in
the transition region and corona. The theory of wave heating described
in the last two sections does so but is hardly accepted at present on
observational grounds (Athay and White, 1978). However, in this paper it
has been useful as an example of how the structure of the corona and
transition region are determined by the heating mechanism.

Other theories concerning coronal heating often fail to make
quantitative predictions. Therefore the heating function used in this
section will be a mathematical idealisation, designed to make the
equations easy to solve. It will be assumed that the heating is constant
up to a certain height L above the beginning of the transition region.
When the total heating flux is Fo this means that the heating at a
certain point is given by Fo/Lo . The heating function is then
characterized by these two numbers Fp and Lo and the solution of the
energy equation is dependent on these two numbers only.

Now, with the assumptions made in Sect. 2 the following differential
equation for the temperature structure of the transition region may be
derived

K * Ls/a dT I j° P ° 2 . !» { , _6(h-L )J (32)
o dh [ dh J 4 k2 T2(h) Lo

Here 9(h) is the step function. The boundary conditions are again
idealized to T(h=O) = 0 and J(h=O) = 0. Ta is again defined to make the
coefficients of the second and third term in (32) equal,

Jo V Fo
4 k2 T / " hi <33>

This model is illustrated in Fig. 4. The method of solution of (32) is
analogous to that of Sect. 3 and therefore will be summarized,

t = -1 (34a)
a

x = A (34b)
Lo

Kfl T
 7/2

e = " » (34c)
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f
T

'max

isobaric
transition regioni

isothermal
corona

adiabatically
expanding

stellar wind

L o ^(Parker critical point)

Figure 4 The coronal model of Sect. 5. The run of temperature is given
by the drawn line. The heating (dots and dashes) is constant up to a
certain height Lo . The total heating flux is Fo . The temperature
structure of the transition region is found by analytical integration of
the local energy balance equation (32). The maximum temperature and base
pressure of the corona are found as a function of Fo and i0 by applying
the boundary condition at infinity.

t7/2

y-/lx

(34d)

(34e)

2 i ü = n " - / 7 - [ i - 8 ( y
dy2

- / |
(34f)

The first integral of (34f) is

f o r
(35a)

7 =y|), for (35b)
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The maximum value of j-| has to be attained for y«Sy -^, because if -j-1 is

/ 7 dy

r . _, — it will remain so for larger y, as can be seen from
(35b). Thus

max
t = IT| = 1-53max 3

(36)

The second integral of (34f) is (for y<,/Z)

n

o 3 -nf

Using the change of notation u =

hypergoniometric function,

(37)

W7

*• m a x

this may be expressed as a

y- 5
(38)

Here B(u; 11/8, 0.5) is the incomplete g-function

( U
(u; -»-,

8

(39)

Inverting (38) and restoring the original variables gives the solution
for the run of temperature in the transition region as a function of the
base pressure, incoming flux and extent of the heating

T<h> - I 2É 7 3

7/8 11/8

V h?/S V'* \
—4
11/8J

[K ] (A0)

As in the last section it will

heating parameters FQ and L , the base pressure PQ is

be shown below that, given certain

no longer an

independent variable. Firstly, however, a maximum value for e ,

analogous to that of Sect. 3 will be determined.

The value of y, for which the maximum temperature is reached can be

evaluated explicitly by substituting the known number n m a x as the upper
boundary in
Because

the integral (37). The numerical result is y
max

6.07.

0.190 (41)

The physical reason

mentioned in Sect,

transparant: when h , _

total heating is used up and the

for this maximum of e is the same as the one

3. In this case the situation is even more

> L_ and no maximum temperature is reached yet the

heating part in Eq. (22) will not grow
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further. The radiation part will continue to grow, so the conducted heat
J will obviously only become more negative and a maximum temperature (J
= 0) cannot be reached.

Since y and therefore x are known and the heating is constant
max max

up to Lo it is easy to calculate the fraction of the
over to heat the corona

flux that is left

f (x ; e) = 1 -x = I - 2.29
max max

(42)

This flux has to compensate for the energy losses of the corona. These
losses may be expresed as a function of e alone by using the definition
of T (33), e (34c) and the relation Traav = 1.53 T (36) to eliminate
P and T from the coronal loss Eq. (27). This defines the value of E
and thus'fne static solution for the tró.tsition region - corona system.

This solution
for the solar

depends on the choice of F6 and The range of
corona is rather restricted by observations, but that

of L9 is not because it has no direct observational interpretation. In
Table 2 the results for the equilibrium values of the solar corona are
given for F = 0.8 and 1 < L g < 15.

Although the corona-transition region system as defined in the
introduction has no conduction losses at its boundaries, a "conduction
loss" has been defined to make a comparison with observations possible.
The internal conduction has a maximum at T = T and one easily
calculates from (35) that this fractional conduction is equal to
4 /e/21 - thereby a physical interpretation of E is found -. This
fraction will now be identified with the fractional conduction losses
from the corona. The energy loss to the solar wind is calculated from
(27) and the rest of the energy input is obviously radiated away in the
region where T > T a .

From Table 2 it is seen that the maximum temperature varies very
little for different heating functions, while the energy loss to stellar
wind varies strongly. This confirms that the Parker solar wind is an
efficient thermostat for the corona (Kuperus, 1972). It is interesting
to note that the maximum temperature is lower for more intense heating
and that therefore the same flux distributed over a great vertical
extent is far more efficient in producing the solar wind than intense
confined heating. At the same time it is clear that the height of the
maximum temperature gives a good indication of the vertical extent of
the heating, as is also obvious from very general arguments.

For theoretical reasons it might be interesting to know what would
happen if the flux that heats the corona would be different. Table 3
shows that the base pressure of the corona is rather sensitive to the
energy input. This leads to the conclusion that the response of the
corona to a change of energy input is a change of volume, not so much of
temperature.
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Input Parameters

Incoming Flux (F6)

[ 106 erg cm"2 sec"1]

0.8

0.8

0.8

0.8

0.8

0.8

Vertical extent
of the heating
tt.)

[ 109 cm]

1

2

3

6

9

15

Results

Coronal base
pressure (Po)

[ dyne cm"2]

0.32

0.27

0.24

0.19

0.17

0.14

Coronal
temperature
(T )max

[ 106 K]

0.84

1.02

1.11

1.24

1.32

1.42

Height above
chromosphere of
temperature
maximum (h )max

[109 cm]

0.93

1.86

2.63

4.58

6.25

9.09

Fractional energy flux
losses to stellar wind
(fw), radiation (fr)
and conduction in the
transition region (fc)

35

35

33

29

26

23

fw (%)

1.4

8.1

14

26

32

40

fr (%)

63

57

53

45

42

37



00

Incoming flux (F6)

[ 106 erg cm"2 sec"1]

0.2

0.4

0.6

0.8

1.0

1.2

1.5

2.0

3.0

Vertical extent
of the heating
(L9)

[ 109 cm]

3

3

3

3

3

3

3

3

3

Coronal base
pressure (Po)

[dyne cm"2]

0.086

0.15

0.20

0.24

0.28

0.32

0.37

0.45

0.59

Coronal
temperature
(T )max

[ 106 K]

0.79

0.95

1.04

1.11

1.16

1.19

1.24

1.30

1.38

Height above
chromosphere of
temperature
maximum (h )max

[ 109 cm]

2.90

2.85

2.75

2.63

2.54

2.46

2.35

2.22

2.01

Fractional energy flux
losses to stellar wind
(fw), radiation (fr) and
conduction in the trans-
ition region (fc)

fc (%)

37

36

35

33

32

31

30

28

26

fw (%)

< 1

4.7

9.7

14

18

21

26

32

39

fr (%)

63

59

55

53

50

48

44

40

35



The conclusion of this section is that the approximation of the
heating function in a stellar corona by constant heating gives
acceptable results for the main parameters of the open solar corona and
that some interesting features of the open corona are illustrated by the
model. The mo<?el of this section may be easily extended to the
atmosphere of other late-type stars, as long as it can be shown that the
idealisation of the boundary conditions at the bottom of the transition
region remains valid.

6. COMPARISON WITH THE MINIMUM FLUX CORONA THEORY

Hearn (1975) has derived expressions for the energy losses by
radiation, stellar wind (27a and b) and by conduction to the transition
region for an isothermal corona with a given base pressure. The losses
are expressed as fluxes. The general form of these expressions is

F = P2 f(T) + P g(T) (A3)

Here T is the temperature of the corona, P the base pressure and F the
energy flux. f(T) is a decreasing function and g(T) an increasing
function of T. From the mathematical point of view Hearn's model implies
that the dissipation is a £ -function at the base of the corona.

Eq. (43) defines a set of curves in the (F,T)-space parametrized by
P. The "minimum-flux" principle states that for a corona with a given
base pressure, P , the energy losses are minimal. This defines a one to
one transformation from P to T, within a certain domain of T. For energy
balance the acoustic flux entering the transition region - corona system
must equal the energy losses. Therefore by specifying F base-pressure
and temperature of the corona are determined.

The structure of Eq. (43) is such that for the set of curves in the
(P,T)-space parametrized by F the locus of the minimum flux coronae is
the same as the locus combinations of (P,T) for which P is maximal.
Stated differently: the solution of ("3'jrJF=constant = 0 is the same as
that of (-gf)p=constant = °* T h i s l s illustrated in Fig. 5.

Thus, the "minimum-flux principle" gives a relation between the
previously unrelated variables P and T in Eq. (43). However, in this
paper it has been shown that the relation between P and T (P and Tmax)
is determined by the energy balance in the transition region. Many
authors have stressed this point in their criticism of the minimum-flux
theory (Endier et al. 1979; Mangeney and Souffrin 1979; Van Tend 1979).

The actual relation found in this article is dependent on the
specific heating mechanism assumed, but even in the most general case it
is simple to show that the model Is completely determined by the balance
equations and the proper boundary conditions. Hearn and Vardavas (1981)
find numerically a stationary solution for the run of the four state
variables of the coronal plasma (pressure, temperature, velocity and
density), and the run of the acoustic flux. The balance equations are:
1. the equation of state,
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Figure 5 The minimum flux coronae. The drawn lines give the energy
consumption of an isothermal corona as a function of the temperature
(Eq. 43) for a constant base pressure. The minima of these curves define
the minimum flux coronae. For a given flux entering the corona there is
only one curve that is tangent to the line of constant flux. This
defines a unique coronal model (FQ, TgJ
intersect the line F = FQ. Therefore (Fo , r,
pressure" corona.

PQ ). Curves with P > P„ do not
Po) is also a 'maximum

2. the equation of continuity,
3. the momentum equation,
4. the local energy balance,
5. the dissipation of energy.

The boundary conditions, except one, are determined by demanding a
smooth connection with the conditions deep in the photosphere, that are
unaltered by the existence of a corona. The last boundary condition is
the velocity of the gas at the connection point: it may be very small
deep in the photosphere, but it may not be taken zero, for then no
stationary mass-loss and no stellar wind are possible. The system is
completed instead by demanding that pressure goes to zero at infinity.
Thus one is forced to the conclusion that there is no place for a
"minimum-flux" or "maximum-pressure" principle In general.

Another way of analyzing the minimum flux theory is verifying Its
predictions. This may be done by comparing with the models of this work,
since the minimum flux theory predicts the coronal base pressure and the
temperature, whatever the heating distribution may be. The argument for
this is that the high conductivity in the corona will cause a
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logP-

Figure 6 Comparison between the predictions of the minimum flux corona
theory (drawn line) and the models of this paper, for a solar type star.
The open circle represents the acoustic model of Sect. 2 (Table 1). The
crosses represent the models of Table 3 with varying incoming flux and
constant vertical extent of the heating (L9 = 3). The dots are the
models of Table 2 with constant incoming flux (FQ = 0.8) and varying
extent of the heating. The filled square givss the prediction of the
minimum flux corona theory for F& = 0.8.

redistribution of heat anyway. Therefore, even if the heating functions
used in this paper are physically unrealistic, this does not matter in
comparison with the minimum flux coronae. The minimum flux relation
between coronal base pressure and temperature is found by applying the
minimum flux constraint to (43). using the expression of Hearn (1975;
Eq. 14, 19 and 33) for the functions g(T) and f(T). This relation is
independent of the incoming flux. Tt comprises all possible solutions
for solar type coronae. In Fig. 6 this relation is compared with the
results of the models of this paper. It shows that for constant incoming
flux there are different static solutions, explicitly depending on the
vertical extent of the heating, though the minimum flux theory predicts
one and but one solution in this case. Only in an approximate sense the
conductivity argument of Hearn is correct: a variation of a factor 15 in
the extent of the heating causes a variation of only a factor 2 in the
base pressure and temperature of the corona.
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DISCUSSION AND CONCLUSIONS

On the basis of a simple model of a stellar corona and the assumption
of acoustic heating the following results have been obtained:
1. It has been shown that the period and flux of the sound waves that

heat the corona are the only external parameters needed to describe
the corona and transition region.

2. Fairly good estimates have been derived for the coronal parameters of
the sun, (Table 1).

3. Simple expressions for the upper limits for coronal temperature and
base pressure in any isothermal corona heated by dissipation of sound
waves have been derived, (Eqs. 25a and 25b).

The same simple model with the assumption of acoustic heating replaced
by constant heating up to an arbitrary height yields:
4. It is shown that only the heating function needs to be specified in

order to obtain a full solution.
5. Rather good results for the parameters of the solar corona may be

obtained with this heating function.
6. It is shown that heating over a length of several times 109 cm is

necessary to produce the observed solar wind.
7. It is shown that the response of the solar corona to the change of

energy input would mainly be a change of base pressure - and thus of
volume - and not of temperature.

Analysis of the "minimum-flux corona theory" (Hearn 1975) and comparison
with the models of this paper reveals that
8. There is no "minimum-flux" principle. The heating function needs to

be known explicitly for complete solutions, but the minimum flux
theory may give correct order of magnitude estimates for coronal
parameters.

It is readily admitted that the coronal models of this paper are an
enormous oversimplification of reality. One cannot hope to make
reasonable predictions of observable quantities of stellar coronae
without inclusion of a magnetic field. However the fact that the models
of this paper are simple and almost completely analytical makes it
easier to gain insight in what are felt to be some important features of
a corona (e.g. the influence of the boundary condition at infinity). It
also makes comparison possible with the minimum flux corona, another
oversimplified model of stellar coronae.
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CHAPTER 5

RELAXATION OSCILLATIONS AND DOUBLE TEMPERATURE

STRUCTURES IN STELLAR CORONAE

A.G. Hearn, N.P.M. Kuin, and P.C.H. Martens

Sterrenkundig Instituut, Utrecht

Submitted to Astronomy and Astrophysics

SUMMARY

Further work using the iterative method of Hearn and Vardavas (1981)
for calculating stationary models for stellar coronae has shown that the
coronae of small extent obtained with large fluxes of mechanical energy
are not stable. It is suggested that the corona undergoes a relaxation
oscillation in which a single extended corona collapses to a double
corona which in turn builds up to a single extended corona again. An
order of magnitude estimate of the period of the relaxation oscillation
is more than 70 days. Such a coronal relaxation oscillation may be an
explanation for the observed variations of mass loss from late B and
early A type supergiants and perhaps from Be stars.

The inclusion of radiative forces resulting from the absorption of
photospheric radiation by resonance lines should increase the period of
the oscillation. If these radiative forces are sufficiently strong they
should stabilise the oscillation giving a double corona structure. Such
a model could in principle explain the observed soft X-ray emission of
OB supergiants and the discrepancy between mass loss rates deduced from
the ultraviolet and radio measurements. In such a double corona system
the mass loss rate would be determined by the mechanical heating and not
by the radiative forces. This decoupling of the mass loss from the
radiative forces gives the possibility of another type of relaxation
oscillation when the mass loss resulting from the mechanical heating is
so large that the resonance lines providing the radiative forces become
optically thick.

Key words : Stellar coronae, stellar winds
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1. INTRODUCTION

A number of stationary models for stellar coronae have been
calculated by Hearn and Vardavas (1981) and Vardavas and Hearn (1981)
using a new method for solving the coupled equations of motion,
continuity, energy and state for which the boundary conditions are posed
at two points, one deep in the photosphere of the star and the other at
infinity. For a given heating mechanism, in this case heating by
sawtooth waves with a specified period, the method gives a unique
solution for the equations. In particular the pressure of the transition
region is determined by the solution of the equations and is not
included arbitrarily as a boundary condition. Models of stellar coronae
have been calculated for a typical OB supergiant (44.1 solar masses,
27.8 solar radii, 31000 K effective temperature), although radiative
forces in the wind have not yet been included.

The method of Hearn and Vardavas (1981) for calculating a time
independent solution of 'the equations describing a model corona is
iterative. Starting from a hydrostatic, radiative equilibrium model, the
first iteration forms a very modest corona with a transition region at
very low pressure. Only a very small part of the mechanical flux remains
after dissipation in the photosphere and chromosphere to heat the
corona. The place where the corona forms in this first iteration is
where the heating due to the dissipation of the wave is larger than can
be radiated away. This depends on the details of the dissipation scale
length and the density scale height in the photosphere.

The corona formed by the first iteration is never In energy balance.
The energy balance in this and succeeding iterations is always worst at
the base of the transition region because energy is conducted down into
the transition region from the corona and the pressure of the transition
region is not sufficient to radiate all the conducted energy away. The
heating at the base of the transition region raises the temperature
thereby moving it to higher pressures. At a higher pressure a greater
mechanical flux passes through the transition region to heat the corona,
and this increases the flux of energy conducted down the transition
region.

The coronal models calculated by Hearn and Vardavas (1981) were
heated by a sawtooth wave with a period of 1.7 x 10 "* sec. This period is
slightly shorter than the Lamb cutoff period for the photosphere of the
star. For moderate fluxes of these sawtooth waves (103, 101* and 10 5 erg

_ 2 1

cm sec" in the photosphere) the transition region moves finaly to a
pressure at which energy balance is attained at all points. The corona
in these cases is an extended corona, like the solar corona, with a
modest mass loss.

6 — 2 1

For a higher mechanical flux (10 erg cm sec" in the photosphere)
a corona was obtained during the iterative solution in which the
pressure of the transition region and the temperature of the corona were
so high that the energy losses by radiation and the stellar wind in the
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outer region of the corona were so large that they could not be balanced
by mechanical heating and thermal conduction. As a result the
temperature distribution collapsed down to radiative equilibrium leaving
a small corona only 0.03 stellar radii thick just above the photosphere.
As the temperature of the outer region collapses, the critical point
moves to greater distances and the small corona has a negligible mass
loss.

This inability of an extended corona to exist at higher pressures had
been expected (Hearn 1975), although the formation of a corona of such a
small extent was not. Cassinelli et al. (1978) had concluded from an
analysis of the Balmer a line profile of c, Orionis (0 9.5 Ib) that if a
corona existed it must extend for less than 0.1 stellar radii. Hammer
(1982) has confirmed the upper limit for the existence of a stationary
extended corona using very different numerical methods for calculating
the coronal models. His numerical methods as they stand cannot produce
the models of small coronae, but his results do confirm the other
results of Hearn and Vardavas (1981).

The upper limit for the base pressure in a stationary extended corona
has been confirmed by Souffrin (1982) using rather analytical
considerations.

Further work with the calculations of Hearn and Vardavas (1981) has
shown that the model of a small corona with a radiative equilibrium
temperature distribution above it is not a properly converged solution.
The iterative solution undergoes a relaxation oscillation and one must
conclude that for coronal models heated by a flux of mechanical energy
greater than a threshold value a stationary solution for the corona does
not exist. Souffrin (1982) has also suggested that under these
conditions a stationary solution cannot exist, but he gives no
indication of what might happen.

In general the course of an iterative solution to the time
independent equations bears no relation to the proper solution of the
time dependent equations. In the present paper physical arguments are
given which suggest that in this particular case the development of the
iteration does give an indication of what the time dependent behaviour
may be, and it is suggested that the whole corona will undergo a
relaxation oscillation. It appears that there is a whole new field of
coronal physics to be worked out.
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Figure _1_ The temperature distribution of the oorona is
schematically for various phases of the relaxation oscillation.
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2. RELAXATION OSCILLATIONS OF STELLAR CORONAE

The relaxation oscillation which the iterations perform are shown are
shown schematically in Fig. 1. A single extended corona is formed which
moves to higher pressures and temperature because the pressure of the
transition region Is not large enough for the transition region to
radiate away all the energy conducted down into it. The mass loss
increases until the densities in the outer regions are so high that the
mechanical heating and thermal conduction are no longer able to maintain
the coronal temperature against the energy losses through radiation and
the stellar wind. This leads to a collapse of the outer regions and
consequently the critical point moves to larger distances from the star
and the mass loss begins to decrease. The maximum mass loss rate at the
critical point obtained in these iterations is 2 x 10~12 MQ yr"1 At
this stage the pressure of the transition region is 1.3 x 10~2 dyn
cm"2 and the flux of mechanical energy passing through the transition
region to heat the corona is 4.3 x 101* erg cm"2 sec"1. The maximum
coronal temperature is 1.8 x 10 K.

The collapse of the temperature distribution of the outer regions
results in a corona ~.-7ith two transition regions, one facing towards the
photosphere and the other facing outwards. As the second transition
region becomes steeper It drains more energy away from the small corona.
The maximum temperature of the corona then falls and the first
transition region moves to lower pressures. The maximum pressure of the
first transition region obtained in the iterations is 2.5 x 10~z dyn
cm"2 and the mechanical flux passing through It is 7.2 x lO1* erg
cm"2 sec"1, but because the outer regions have cooled so much the mass
loss at this stage is negligible, 3 x 10 M yr"1. The maximum
temperature on the other hand has increased further to 1.9 x 106 K.

The temperature distribution of the corona continues to collapse and
can find a stationary solution of a small corona, only 0.03 stellar
radii thick with a maximum temperature of 7 x 105 K. This is the
solution published by Hearn and Vardavas (1981). The pressure of the
first transition region is 7.3 x 10~3 dyn cm"2. The second transition
region is almost as steep as the first and has a pressure of
4.1 x 10" dyn cm" . The flux of mechanical energy passing through the
first transition region into the corona is 2.7 x lO^erg cm"2 sec ~* and
the flux of mechanical energy passing through the second transition
region and leaving the corona is 8.8 x 103 erg cm"2 sec~l. This flux of
mechanical energy continues outwards and just as in the first iteration
at some point the dissipation becomes larger than can be radiated away
and a second corona forms at a low pressure. This second corona is not
in energy balance and again in successive iterations the base of the
transition region heats up, moving the transition region of the second
corona to higher pressures. In later Iterations the second corona
swallows up the small corona forming a single extended corona which
moves to higher pressures until the temperature distribution of the
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outer regions collapses once again.

In general, the development of iterations for a stationary solution
of equations bears no resemblance to the development of the time
dependent solutions of the equations. In this particular case there are
aspects to the solutions which lead one to think that the development of
the iterations gives an indication of the development in time.

During the build up phase of the iteration the largest departures
from energy balance occur at the base of the transition region because
its pressure is not enough for it to be able to radiate away all the
energy conducted down into the transition region. The iterative solution
is so designed that a net heating always produces an increase in the
temperature. Thus excess heating at the base of the transition region
heats gas at photospheric temperatures up to coronal temperatures,
increasing the total mass of the corona and hence its base pressure. The
movement of the transition region in the iterations to higher pressures
follows what is known to happen in the time dependent solutions for
closed coronal structures (Krall and Antiochos 1980, Craig et al. 1982).
Further an examination of the relevant time scales of the corona shows
that during the movement of the transition region to higher pressures
the corona is in a quasi-stationary equilibrium.

An estimate of the time needed for a corona to build up its
transition region pressure may be found by assuming that a fraction a_ of
the flux of mechanical energy heating the corona returns to the bottom
of the transition region to heat gas at photospheric temperatures up to
coronal temperatures. The velocity at which the transition region moves
forward is then given by

-v(r) p(r) C Tc(r) = aFm(r) erg cm"
2 sec"1 (1)

where v is the velocity of the transition region measured at the radial
distance r, p is the gas density, C is the specific heat per gram at
constant pressure, T (r) is the coronal temperature when the transition
region is at radial distance r and F is the mechanical flux passing
through the transition region. In the iterations one finds that the
fraction of the flux of mechanical energy returning to the base of the
transition region is about 0.1. Table 1 gives the velocity of the
transition region estimated from Eq. (1) as a function of the radial
distance in stellar radii. The pressure p , mechanical flux F and
electron density n& are taken from the coronal model obtained after the
first iteration. The coronal temperature T is the maximum coronal
temperature of the coronal model obtained when the pressure of the
transition region is equal to the pressure given in column 2. This was
obtained by interpolating between coronal models obtained in successive
iterations. In the first iteration the corona forms with a transition
region at a pressure of 6.7 x 10~6 dyn cm" . The maximum pressure of the
transition region obtained in the iteration before it collapses outwards

™» 2 •" 2

again is 2.5 x 10 dyn cm . Integration of the estimated velocity of
the transition region given in Table 1 over the distance necessary for
such a change in pressure gives a time for the build up of the corona of
6.4 x 105 sec or 74 days.
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Table 1

The pressure p dyn cm,-2 the flux Fm erg cm~ see'1 of mechanical energy

and the electvon density ne am~3 all measured in the photosphere are

given as a function of the distance in stellar radii. T K is the

maximum temperature of the corona and v is the velocity of the

transition region when the pressure of the transition region is p. It is

assumed that 10% of F heats the bottom of the transition region.

r/r,

1.0199

1.0248

1.0298

1.0347

P

3.45

1.16

4.90

6.69

io-2

I0"3

io-5

io-6

F
m

9.41

5.51

2.47

2.89

10"

103

103

102

n
e

8.56

2.87

1.01

5.49

109

10B

107

10s

1.90

7.59

1.15

5.49

Tc

106

10s

105

io-

_——J

V

-8.6

-3.7

-3.1

-1.2

103

10*

10s

106

In general, this time may be underestimate of the build up time since

it neglects the outflowing velocity of the stellar wind against which

the transition region will have to move. In this particular case the

velocity of the stellar wind is much smaller than the velocity of the

transition region.

There are a number of time constants relevant to this build up phase

of the corona and these are given in Table 2. Each time constant has

been calculated for the corona with the maximum and minimum pressures of

the transition region occuring during the cycle.
T! is the time over which the pressure of the transition region

increases by a factor £ as a result of the movement of the transition

region with a velocity v.

H
P _
v

kT

m

T IT
= 6.02 103 --£.

v M sec.
eff

(2)

where H is the pressure scale height in the photosphere, v is the

velocity of the transition region, k is Boltzmann's constant, T is the

temperature of the photosphere equal to 14440 K, y is the mean atomic

weight, m is the mass of proton and geff is the effective gravity of the

star at the photosphere. R is the radius of the star in units of solar

radii, equal to 27.8, and M ffis the effective mass of the star in units

of solar mass corrected for radiation pressure due to electron

scattering, equal 25.108.

T2 is the time over which the mechanical flux passing through the
transition region increases by a factor

the transition region with a velocity v.

dissipation scale length H is

as a result of the movement of
For weak shock wave theory the
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(3)

where C is the adiabatic velocity of sound, y is the ratio of the
specific heats, P is the period of the sawtooth wave and F is the flux
of the sawtooth waves»

T2 = _£. = 4.96 1O~3 P I 5 ' * -^T sec (4)

where ne is the electron density in the photosphere at the base of the
transition region, T is the temperature of the photosphere and v is the
velocity at which the transition region moves.

These two time constants must be compared with three other time
constants. T3 is time within which a pressure balance is reestablished
in the corona after a perturbation.

H
C i R2

T3 = = 0.47 T * ~ - sec (5)
i "eff

where H is the pressure scale height of the corona, Tc is the
temperature of the corona and C. is the isothermal sound speed in the
corona. T̂  is the time within which the internal energy of the corona
will change as a result of heating by a flux F of mechanical energy.

m

T„ = ? ^ r H c = 278 ,os !tr^c

m m

where p is the pressure of the transition region. - p H is
approximately the internal energy of the corona.

The time T5 within which the internal energy of the corona will
change as a result of thermal conduction is of the same order of
magnitude as T,, since the greatest flux of conducted energy is that down
the transition region and this is not much less than the heating by flux
F of mechanical energy.
m

^5 =* T, (7)

One sees from Table 2 that the times T, , T, and T, within which the
3 4 O

corona responds to changes in the pressure and mechanical heating are
much shorter than the times in which the pressure and mechanical heating
of the corona change as a result of the transition region of the corona
moving to higher pressures. This means that in this build up phase of
the relaxation oscillation the development of the solutions during the
iteration indicates the development in the time dependent solution
because each iteration corresponds to a quasi-stationary state.
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Table 2

Five time constante ave calculated for the corona. T is the maximum
temperature of the corona and v is the velocity of the transition
region, both when the transition region pressure is ptr . Fm is the flux
of mechanical energy and ne is the electron density, both in the
photosphere at a point where the pressure in the photosphere is equal to
Ptr' T ie the temperature of the photosphere.

p dyn cm 2
tr

T
c

V

F
m

T
P

n
e

T

T2

T3

%

K

cm s"1

erg cm"2 s"1

K

cm"3

= H /v s
P

= Hp/v s

= H /c. s
c x

2 ptr c m s

- 1 ptr Hc / Fc = T, s

2.1

..9

-1.0

6.6

1.4

5.3

2.7

3.8

2.0

1.7

1.7

10"2

106

103

10*

10"

109

I06

106

10"

105

105

6

5

-1

2

1

6

2

1

3

3

3

.7

.5

.2

.9

.4

.3

.2

.6

.6

.6

.6

10"6

10"

105

101

10"

105

10"

10"

103

103

103

During the collapse phase of the relaxation oscillation the
iterations show a collapse at first of the temperature of the outer
regions of the corona. Here the stellar wind is the dominant energy
loss. As the coronal temperatures of the outer regions collapse the
critical point moves away from the star and the mass loss falls very
rapidly. At this stage radiative losses become more important than the
losses caused by the stellar wind and complete the collapse to a
radiative equilibrium region. The iterations show the formation of a
second transition region which moves to higher pressures as the collapse
continues. The time taken for the collapse phase may be comparable with
that of the build up phase when the second transition region moves up to
higher pressures in a similar manner as the first transition region. If
on the other hand the coronal temperature collapses with a time constant
determined by the loss of the internal energy of the gas by radiative
losses, the collapse phase will be much shorter than the build up phase.
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A stellar wind is so sensitive to the average temperature of the
corona that In general it serves as a stabilizing agent (Kuperus 1972,
Martens 1981). Why is it then that in this case the stellar wind is the
cause of the relaxation oscillations? The reason is that the transition
region up to the temperature maximum and the outer layers of the corona
are not strongly coupled together energetically. The densities of the
transition region are determined mainly by the mechanical heating and
radiation losses, whereas the wind is not an important energy loss in
the transition region, at least in the present calculations. In the
single extended corona an increase in the density of the transition
region results in an increase in the densities in the whole corona. With
a large mechanical heating in the transition region the densities in the
single, extended corona may become so high that thermal conduction,
which is independent of the density, is not sufficient to balance the
losses from the stellar wind in the outer layers of the corona. The
temperature of the outer layers then starts to decrease thereby reducing
the energy demands of the stellar wind because the critical point moves
away from the star. In the absence of radiative losses this would
stabilize the corona. But as the temperature of the outer layers
decreases the radiative losses increase because the radiative energy
loss coefficient (Cox and Tucker 1969) increases with decreasing
temperature and because the electron density increases with decreasing
temperature. This causes a radiative collapse of the temperature. Thus
it is the increase in the transition region densities leading to a
cooling of the stellar wind in the outer layers which triggers the
instability.

3. THE EFFECT OF RADIATIVE FORCES

None of the calculations described so far have included the effect of
radiative forces. It is generally accepted that radiative forces
resulting from the scattering of photospheric radiation by resonant
lines from imperity ions such as CIII, CIV, NV etc. are responsible for
accelerating the stellar wind from hot stars up to the velocity of 1000
to 3000 km s"1 observed in the P Cygni type profiles of these resonance
lines from hot stars. The inclusion of these forces must modify the
coronal relaxation oscillations.

When the corona has collapsed to a two corona temperature structure
there are two critical points with real velocity gradients. The first
critical point lies in the outer part of the small corona and the second
critical point lies in the outer, extended corona. The velocity
distribution through the first critical point, in the absence of
radiative forces, does not extend to infinity because in the radiative
equilibrium region between the two coronae there is not sufficient
energy available to prevent the matter falling back into the star. The
necessity of sufficient energy over the whole atmosphere has been
discussed in similar case, that of a corona with a diverging geometry,
by Kuin (1981). The only valid solution for the velocity distribution
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through the two coronae then goes through the second critical point and
the mass loss is then much smaller.

If the radiative forces acting in the region between the two coronae
are sufficiently strong then the mass loss will continue to be
determined by the first critical point and the mass flux will be very
much greater than in the absence of radiative forces. It seems likely
that the inclusion of radiative forces will increase the period of the
oscillations since the transition region of the second corona has to
move against a larger mass flux during the build up phase. Indeed it
seems likely that if the radiative forces are sufficiently strong the
period of the oscillation will become infinite and the result will be a
stable double corona structure, although if the mass loss is too large
the second corona will be blown away.

In these coronal models with a small corona, with or without a second
corona, the mass loss is determined by the critical point in the small
corona, that is determined in its turn by the mechanical heating. The
radiative forces are essential for a large mass loss to exist, but they
do not determine its magnitude.

When the magnitude of the mass loss is decoupled from the radiative
forces in this way, another type of relaxation oscillation is possible.
If the mass loss controlled by the small corona is small the
accelerating wind will be optically thin in the resonance lines and the
velocity distribution in the acceleration region depends only on the
radiative forces. If the mass loss is too large, the wind will become
optically thick and the radiative forces will decrease. The resulting
decrease in the acceleration will increase the optical depth still
further. Now the mass loss will fall rapidly until the wind is optically
thin in the resonance lines. The mass loss will then increase again
until the lines become optically thick.

This may be explained in another way. There is a maximum mass loss
which can be carried by the radiative forces away to infinity. In
practice this maximum mass loss may be substantially smaller than the
absolute maximum loss calculated by Lucy and Solomon (1970) assuming
that all momentum of the radiation is transferred to the wind. If the
mass loss determined by the critical point in the small corona exceeds
the maximum mass loss that can be carried away by the radiative forces a
stable mass loss cannot exist. The trivial equilibrium of zero mass loss
cannot exist either because the corona will heat up again giving a mass
loss. A time varying mass loss is then the only possible solution.

4. COMPARISON WITH OBSERVATIONS

The mass loss from a corona depends very sensitively on the coronal
temperature so that during the coronal relaxation oscillation without
significant radiative forces the mass loss will build up rapidly from a
negligible loss rate as the second corona moves to higher pressures and
coronal temperatures. The largest mass loss will occur during the single
extended corona phase. As the coronal temperatures collapse, the mass
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loss will be rapidly reduced. The short bursts of mass loss which one
expects during this coronal relaxation oscillation may be the
explanation of a number of observations.

The variability of the outer envelope of late B and early type
supergiants has been well established since the Ha observations of
Rosendhal (1973). Observations with BUSS by Lamers et al (1978) of the
Mg II and Fe II resonance lines of a Cyg (A2 la) and 3 Ori (B8 la)
confirmed that for at least these two stars the mass loss occurs as
"puffs". This interpretation has been supported by IUE observations of
the Mg II lines of 3 Ori by Bates et al. (1981).

Henrichs et al. (1980) and Henrichs (1982) have suggested that
changes in the narrow, blue shifted, absorption components in the P
Cygni lines of C IV, NV and Si IV measured with IUE in Y Cas (BO.5 IVe)
can be explained by an increase in the mass loss for about a day
occuring at intervals of a week to a month.

If a stable double corona structure is obtained through the action of
radiative forces, this may explain some of the current discrepancies in
the interpretation of the observations of OB supergiants. Sahade (1980)
has already suggested that the observations of some Wolf Rayet stars
could be explained by a double temperature structure for the corona.

Einstein observations of the spectral distribution of X-ray emission
from stars such as c, Pup (04 f) made by Long and White (1980) and
Cassinelli et al. (1981) show that the X-ray emission from these stars
is too soft to be explained by the small coronal model developed by
Hearn (1975), Cassinelli et al. (1978) and Cassinelli and Olson (1979).
The small corona model predicts a much harder X-ray spectrum than is
observed because the soft X-rays emitted by the small corona are
absorbed by the stellar wind. It should be noted that the X-ray
observations do not prove that the small corona does not exist. The
double corona model with an extended second corona clearly enables soft
X-rays to be emitted and to leave the system. This provides an
alternative explanation for tha soft X-ray spectrum to that of radiative
driven shocks propagating through the wind that has been suggested by
Lucy and White (1980) and Lucy (1982).

The mass loss rates for hot stars deduced from radio measurements
with the Very Large Array (Abott et al. 1980) tend to be higher than
those deduced from the P Cygni resonance line profiles in the
ultraviolet. The difference is mostly a factor of 2 or 3, but the most
extreme difference comes from 9 Sgr (04 V((f))) for which the radio
measurements give a mass loss which is 50 times bigger than that deduced
from the ultraviolet observations. In the double corona model the rapid
acceleration by radiative forces to maximum velocity occurs in the
region between the two coronae. The mass flux deduced from a given
observed line profile is proportional to the velocity gradient assumed
for the wind. If the distance between the two coronae is small, then the
mass flux needed to explain the observed line profiles may be
significantly greater than in the existing interpretations in which the
acceleration of the wind is assumed to continue out to infinity.
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5* DISCUSSION

One of the most interesting features of the coronal relaxation
oscillation proposed here is that it occurs with a long time scale. The
estimate made in Sect. 2 of the time for the transition region of the
second, extended corona to move from the low pressure where a corona is
first formed to the higher pressure where the corona begins to collapse
is 74 days. This may be an underestimate since it does not include the
sweeping of material through the transition region by mass loss.

This time scale is also dependent on the heating mechanism. If the
corona is heated by a mechanism which deposits energy further out, then
the second corona will form further out from the photosphere and the
period of the relaxation oscillation will be correspondingly increased.
In the iterations of the stationary solution used to infer the existence
of the relaxation oscillation, the second corona forms at a distance of
only 1.04 stellar radii. The transition region takes, according to the
estimate, 74 days to travel 0.02 stellar radii. With heating mechanisms
with a much longer dissipation scale length this could be increased
considerably. For this reason the further study of changes in coronal
and mass loss of stars may yield information about the coronal heating
mechanism.

The coronal relaxation oscillation may explain variations in the
outer layers of a star which takes place with a long time scale, without
any significant change being necessary In the conditions of the star
itself, or in the mechanical flux delivered by the star to heat the
corona. This is contrary to the suggestions of Costero et al. (1981),
Doazan et al. (1980) and Heidmann and Thomas (1980) who argue that
changes over periods of months in observed line profiles from stars must
be the result of significant changes in the dynamical motions beneath
the photosphere.

Observations of changes of stellar winds and mass loss do not show a
regular oscillation, but exhibit changes which have more of a stochastic
nature. The relaxation oscillation in the present work has been obtained
with a flux of mechanical heating which is only just above the threshold
flux for a stable solution. The stellar wind obtained from such a model
is some orders of magnitude below the observed mass loss rates. This
suggests that the mechanical heating necessary to explain the
observations must also be much larger. Theoretical estimates of fluxes
of acoustic waves generated by resonance line driven radiative
instabilities (Martens 1979) are also some orders of magnitude larger
than the fluxes used in the present calculation. The equations
describing the time dependent development of a corona and wind are
complicated nonlinear equations, in which the flux of mechanical heating
is a parameter.

The solutions of nonlinear equation frequently have different domains
depending on the value of an input parameter. For small values of the
parameter a stationary solution exists. If the parameter exceeds a
threshold value a rather well defined oscillation exists. For still
higher values of the input parameter the solution enters a chaotic
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regime. The solution in the chaotic regime is still completely
deterministic, i.e. it is governed by a complete set of differential
equations, but the solution is so sensitive to the initial conditions
that in practice one can never predict its behaviour over long times
(May 1976, Yorke and Yorke 1981).

One of the best known examples of this behaviour is the transition
from laminar flow to turbulence. For example the flow behind a circular
cylinder depends on the velocity of the flow (Batchelor, 1967). For a
low velocity, the flow round the cylinder is laminar. At higher
velocities a stable vortex system exists behind the cylinder and at
higher velocities still the vortices develop asymetric oscillations and
move downstream. One may expect then that fluxes of mechanical heating
necessary to give the observed mass loss rates the solutions of the
coronal model equations could have entered this non-periodic domain.

6. CONCLUSIONS

If a corona is heated with a flux of mechanical energy greater than a
thresold value a stationary extended corona cannot exist. It is
suggested that the whole corona undergoes a relaxation oscillation in
which a single extended corona changes to a double corona structure in
which the second corona moves to higher pressures and forms a single
extended corona again. This relaxation oscillation has a long time
scale. An estimate of the period in one case is more than 70 days. This
type of coronal relaxation oscillation may explain observations of
variable mass loss rate in A and B type supergiants and Be stars. The
time scale of the changes will depend on the nature of the heating
mechanism and further study of the variations may be one way of studying
the heating mechanism.

The radiative forces in OB. stars which are thought to be responsible
for accelerating the stellar winds to higher velocities will modify the
relaxation oscillation, making the period longer or stabilizing it to a
one or two corona structure. A two corona structure may explain not only
the soft X-ray emission from these stars but also the discrepancies
between the measurements of the mass loss from the UV and radio
observations.

The mass loss in these stars would be determined by the flux of
mechanical heating and not by the radiative forces, even though the
radiative forces are necessary for the mass loss to exist. Under these
circumstances another type of relaxation oscillation is possible when
the mass loss determined by the mechanical heating is greater than the
mass loss which can be carried away by the radiative forces.

It is suggested by analogy with other work done on the solutions of
nonlinear equations particularly in hydrodynamics that for the large
mass loss rates that are observed in many stars the relaxation
oscillation will not have a clearly defined period, but will exhibit a
chaotic behaviour.
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CLOSED CORONAL STRUCTURES : CORONAL LOOPS

105



CHAPTER 6
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SUMMARY

We consider a relatively "cool" equilibrium state of the plasma in
coronal loops and show that this state exists for loops whose heights do
not exceed a few times the pressure scale height at the temperature for
which the radiation losses are maximum. This maximum height does not
depend on the absolute magnitude of the heating and only very weakly on
its distribution.

Key Words: solar corona, thermal stability, sun: transition region
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1. INTRODUCTION

It is now well known that the solar corona is filled with loop like
structures, which account for most of the solar X-ray emission. Since
the observations indicate that the lifetime of these structures is
larger by an order of magnitude than their radiative timescale (Foukal,
1976, Levine and Withbroe, 1977, Sheeley, 1980) much theoretical effort
has been spent in recent years in developing static models for coronal
loops (for a recent review see Monsignori-Fossi, 1981).

The general picture of a hot coronal loop seems now fairly well
established, but the situation is more confused when it comes to the
possibility of the gas being in a relatively cool equilibrium
(̂  10** K), that has been found numerically by Hood and Priest (1979).
Their results were obtained under the assumption of constant pressure,
although for the cool loops the pressure scale height is generally
smaller than the loop length. In a follow up paper Wragg and Priest
(1981) included the influence of gravity, but their calculations were
concerned with the hot equilibrium and the absence of it under certain
circumstances.

In this paper it is shown by physical arguments and a simple
analytical model calculation that cool equilibria are possible for most
heating mechanisms as long as the loop height (i.e. the radial distance
between the top of the loop and the top of the chromosphere) does not
exceed the pressure scale height of the temperature associated with the
turn-over point of the radiation loss curve (at constant pressure). For
larger loop heights only hot equilibria remain possible.

This result contradicts those of Hood and Priest in so far that here
a maximum loop height is found for cool equilibria which does not depend
on the heating rate nor on the pressure in the loop, and that the latter
is not a free parameter.

2. THE COOL EQUILIBRIUM

The static loop model of this paper is essentially the same as that
of Rosner et al. (1978). We briefly summarize the important assumptions.
1. Transport processes along the magnetic field dominate over

perpendicular transport, therefore the energy equation is essentially
one-dimensional.

2. The cross sectional area of a loop is constant.
3. The gas inside the loop is static (v = 0).
4. The loop is symmetric around the top.
5. The temperature increases Konotonically along the loop, and reaches

its maximum at its top.
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At relatively low temperatures (̂  10 *• K) the energy balance is
predominantly one between local heating and radiation losses, as
conductivity can be significant only over very short distances. This may
be symbolised as

where q* is the local heating rate and q are the radiation losses. A
typical value for the radiation losses at 20 000 K is 10 erg
cm"3 sec"1 for a pressure of about 1 dyne cm"2 (see Fig. 1). The
conductive dissipation q is given by

qc = Kfl T
7/2/L2 (2)

where Ko T
5' 2 is the Spitzer (1962) conductivity with a numerical value

of Ko of about 10 ~6 (c.g.s.) and L is a typical length scale. For T * 2
x 101* q equals qr at L^IO1* cm, which is much smaller than a
typical loop length (108 to 10la cm). Thus there are two possibili-
ties:
1. Conductive losses are important at some point in the loop but then

there is a very steep temperature gradient of the order of
T/101» cm as 1 K/cm at that place, which means a sharp increase in
temperature - a situation that is well known to exist at the base of
hot coronal loops -. However at the same time this sharp temperature
increase rules out the possibility of the gas being in a relativily
cool equilibrium in the whole loop.

2. There are no steep temperature gradients in the loop and the plasma
has a temperature of the order of ÏO1* K at every point in the loop.
This means that conductive losses may be neglected and that Eq. (1)
may be used for the energy balance.

For the radiation losses q we may use the radiation loss formula for
an optically thin plasma (Cox and Tucker, 1969, McWhirter et al. 1975),
because the cool loop is assumed to be standing out in the corona and
surrounded by hot, optically thin gas. With the help of the gas law for
a fully ionised hydrogen gas

p = 2 ne kT (3)

where p is the pressure, T the temperature, n the electron density, and
k the Boltzmann constant. We can write

qr = P
2X(T)

The function x(T) is given In Fig. I. In our view it is more
fundamental to regard the function x (T), the radiation loss at
constant pressure, than the radiation loss at constant density as is
most often done. The reasons for this are:

1. In the transition region the temperature rises by about two orders of
magnitude while the pressure changes very little. Therefore the
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radiation loss function is dominated by the rapid decrease in
density, which is reflected in X(T> (Chiuderi and Kuperus, 1976).
The Field - criterion (1965) for thermal stability reads (6JC/6T)p <
0, where JC is the sum of energy gains and energy losses. The
contribution to (&E/6T) from the radiation losses is positive for
the whole downward slope of X CO in Fig. 1 Therefore, if there is
not enough compensation by the other terms in the energy equation,
this whole temperature region is unstable.

2

logXCT)
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0

-1

o

~ McWhirteretal.
Raymond
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\

\

6 7
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Figure 1 The radiation loss curve for an
constant pressure. X (T) is expreseed in am3erg"1

optically
sec~l .

thin plasma at

The heating function q is still unknown; in fact an important aim of
coronal modelling is to determine the total amount of heating and its
distribution. However, some theoretically proposed heating mechanisms
may be parametrised as

qh = HpV (5)

where H, y and 6 are constants which depend on the specific heating
mechanism (Rosner et al., 1978).

Eq. (1), (4) and (5) define a relation between pressure and tempera-
ture at every point in the loop. This relation may be visualised as a

curve in the log p - log T diagram on which the solutions of (1) must

lie (Fig. 2). The curve is given by

log x(T) - «Slog T = log H - (2 - Y) 1°8 P (6)
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It can be seen in Fig. 1. that the left hand side of Eq. (6) has a
maximum at T « 20 000 K for - 1.5 < <5 < 3.2 This maximum shifts
discontinuously to T « 105 K for 6 < - 1.5 . This can be verified
by constructing a set of lines in Fig. 1 with different slopes
-o through the top of the radiation loss curve. Therefore for y < 2
and - 1 . 5 < < 5 < 3 . 2 p has a minimum at T = 2 x 101* K and for 6 <
- 1.5 it has a minimum at T= 105 K . For y = 2 p is undefined (the
solution of Eq. (6) is an isotherm) and for y > 2 p has a maximum
instead of a minimum.

We will concentrate here on the case y < 2 and - 1.5 < <5 < 3.2
because most of the theoretical heating mechanisms considered in the
literature satisfy these constraints. The topology of the solution
curves in the log p - log T plane remains the same within these bounds:
the pressure decreases with increasing temperature, then has a minimum
at T = 2 x 10"1 K and increases again when the temperature rises
further. This is illustrated in Fig. 2 for the case y = 6 = 0 and H = 4
x 10"" erg cm"3 sec"1 . At the right of the curve qr = q^ the radiation
losses are more important than the heating and therefore the lower
branch of the curve represents a stable equilibrium (a small increase in
temperature causes excess radiation losses and therefore cooling and
vice - versa). By the same reasoning the upper branch of the curve is
unstable. Application of the Field - criterion (1965) leads to similar
results.

The lower branch of Fig. 2 represents the locus of the cool loops.
These loops are based in the chromosphere at high pressures, but the
pressure at the top may be lower than that of the surrounding coronal
gas, although not lower than the appropriate pressure P M T N •

Now consider a flux tube with a given heating mechanism, which is
slowly rising out of the chromosphere into the corona. The matter in the
tube adjusts itself to the decreasing pressure by warming up, thereby
maintaining the balance between heating and radiation. When the top of
the loop surpasses the height at which the minimum pressure occurs, the
cool equilibrium is no longer possible. The equation of hydrostatic
equilibrium requires the top pressure to decrease further, but the
energy balance can not be maintained at such low pressures. The plasma
in the loop will then seek a new equilibrium, which may be the "hot"
loop also indicated in Fig. 2. In the analysis of this paper the pres-
sure stratification plays an important role, contrary to the calcula-
tions of Hood and Priest, and therefore the consequences of this will be
investigated below.

Given the solution of the energy equation (6), that for hydrostatic
equilibrium may be written as

I *£-ƒ_£_ I 1 3lQ8X(T)I 9T _
p dh " |2-Y T 2-Y 9T ƒ Bh "2RT

Here h is the height in the corona and R is the gas constant. We choose
the level h « 0 somewhere at the top of the chromosphere and denote the
temperature there as Tc (Tc « 7000 K, see Avrett, 1981).
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Figure 2 The log p - log T diagram for loop models with constant heating
per unit volume, q-, = 4 x lO'* erg am~3sec~l. The radiation losses a, of
Raymond et al. (1976) are used. The drawn line is the curve where
heating and radiation losses cancel. The stable cool loops lie along the
lower branch of this curve. When the pressure in the top of such a loop
- determined by the equation of hydrostatic equilibrium - becomes lower
than P^TN a thermal catastrophe occurs and only the hot solutions remain
possible. The main part of a hot loop lies in the "conduction zone",
where conductive dissipation is important in the energy balance. This
region is connected with the chromosphere by a very thin transition
region, where the conductive flow is important because of the very high
temperature gradients. The points on both loops indicate points at equal
distances (this is not exact).
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Above this temperature the ionisation of the plasma is indeed nearly
complete as can be verified by inserting the energy equation In the
modified Saha-equation (Brown, 1973). Integrating up to the temperature
Tj. at the turnover point of the radiation loss curve we find the maximum
loop height for cool loops (hj.).

(8)
?R ( f 'I

hM =T2^)i l{j T91°SX(T)}-

An estimate of the integral in (8) is made by using a power law fit to
the rising part of the radiation loss curve

X(T) = X0T
a, a * 4 (9)

The result is

"M (2-y)g UM " V KlU)

Since T c w T„ /3, we conclude that for most of the theoretical heating

mechanisms - which satisfy the constraints y < 2 and 6 < 3.2 (<a ) -

the maximum loop height is of the order of the pressure scale height at

T , which is about 10 8 cm. This shows that the cool loops stand out

above the transition region, which has only a thickness of the order of

10 7 cm.

3. DISCUSSION

The most interesting result of the analysis of the previous section

is that it indicates that the maximum loop height for cool loops depends

only very weakly on the heating mechanism and the radiation losses: it

does not depend on the constants of proportionality (x and H) and is

only linearly dependent on the exponents a , 6 and y . This may be

understood by realising that the pressure acts as a thermostat by

assuming the value which is required for energy balance: if the heating

changes, the pressure changes accordingly. In this respect the most

important feature of the radiation loss is that it reaches a maximum at

a certain temperature, hence for higher temperatures there is no local

equilibrium between heating and radiation loss.

These results clearly contradict those of Hood and Priest (1979) in

the sense that they find a thermal catastrophe by varying not only the

loop length, but also the amount of heating or the pressure. However, in

our analysis the pressure is no longer a free parameter. Also differing

from the results of Hood and Priest is our conclusion that, for a given

heating mechanism there is only one loop length at which the thermal

catastrophe occurs.
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SUMMARY

We consider the interaction of the hot plasma in coronal loops with
the underlying chromospheric plasma, and find stable static equilibria
if the coupling between corona and chromosphere is sufficiently strong.
However, for typical coronal loop conditions the Interaction is not
strong enough for perfect stabilisation and an oscillatory solution is
found with a period of about a day. The latter solution is very similar
to the static solution during most of the time and is relatively cool
only during a short while. We tentatively identify this cyclic behaviour
with the observed upflows and downflows in the solar corona.

Key Words : solar corona, thermal stability, sun : transition region
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INTRODUCTION

Hot plasma confined in closed magnetic structures, the socalled
coronal loops, accounts for most of the solar X- and perhaps stellar X-
ray emission (Vaiana et al. 1981). Since the hot plasma in loops is
observed to exist on time-scales longer than its cooling time, static
solutions for the energy balance of the plasma were derived by many
authors (for a recent review, see Monsignorl-Fossi, 1981). The static
solution gives rise to a relation between the plasma pressure and tempe-
rature and loop length - a scaling law - , which does not depend on the
heating mechanism (Rosner et al. 1978), However, the observations of
long lived loops (excluding flare related loops) of Pye et al. (1978),
Maxson and Vaiana (1977) and Cheng (1980) do not quite obey this scaling
law. This may be due to their low spatial and spectral resolution, but
perhaps the discrepancy is due to something more fundamental: there
might be no static solutions at all.

A normal mode analyses of the static solutions by Priest (1978) and
Habbal and Rosner (1979) shows that temperature perturbations with a
wavelength comparable to the loop length may give rise to an instability
because of the temperature dependence of the radiative losses. More
refined numerical calculations, considering the stability against
isobarlc (in space and time) perturbations, by Antiochos (1979), Hood
and Priest (1980) and Chiuderi et al. (1981) show that static solutions
with vanishing conductive flux at a base temperature of 20 000 K or more
are unstable. Yet, these are the conditions at the base of coronal loops
that have been derived from observations by Vernazza, Avrett and Loeser
(1981).

Stabilisation may take place by a feedback from the chromosphere to
the corona or by the form of the heating function. Both observations and
theory suggest that in flares the socalled "evaporation / condensation"
mechanism is at work (e.g. Krall and Antiochos,1980). The scenario is
that temporal excess heating leads to an excess conductive flow at the
base, which results in the " evaporation " of chromospheric material
leading to an increase in coronal density and therefore in radiative
losses. The reverse happens when the heating is not sufficient to keep
the loop radiating statically. When this "evaporation / condensation"
mechanism is also the feedback mechanism in ordinary coronal loops, the
excursions from equilibrium are essentially non - isobaric in time and a
new stability analysis is needed.

In this paper we consider a feedback mechanism which follows the
"evaporation / condensation" scenario and which is based on the cited
observation that coronal loops are always thermally insulated (i.e. no
conductive flux across the base) and have a base temperature of 20 000 K
or more. We show that the plasma in a typical coronal loop is not static
but oscillates non - linearly around the static solution, with a period
of 5 to 20 times the cooling time of the hot plasma (which is about
103 sec). During most of this time the plasma in the loop is in a hot
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phase with slowly increasing density, and during a short phase the tem-
perature is relatively low, while the density drops dramatically. This
result reconciles three distinct observations.
1. The long lasting hct phase explains the observed lifetime of hot

coronal loops.
2. The loops may indeed be thermally insulated with a base temperature

of 20 000 K or more, without complicating the first observation.
3. The observed ceaseless dynamic behaviour of the plasma in the

transition region follows naturally from the cyclic behaviour of the
hot plasma.

2. THE HYDRODYMNAMIC EQUATIONS

Owing to the strong coronal magnetic field a one dimensional
description of the plasma in the coronal loop is valid.

Consider a coronal loop of halflength L, with constant crossection.
With z along the magnetic field we have

9n 9 / _s JJJ

d v 2 9p
 + E„ = O (2)

dt V1

| d£. + | p |v 3 (K T5/2 |I) + E - „^(T) (3)
2 dt 2 oz oz ° oz H

which are the equations of conservation of mass, momentum and energy
respectively. These are supplemented with the gas law,

p = n k T- y m^ n c 2 <4>

Here p is the pressure, n is the particle density, v the plasma
velocity, T the temperature, t the time, kR the Boltzmann constant,
m̂ j the mass of the hydrogen atom, g ,, the gravitational accelleration
along the loop and, cg the isothermal sound speed. The mean molecular
weigth JJ = 0.5 . On the right hand side of the energy equation appear
the thermal conduction, heating and radiative losses, K T S'2 is the con-
ductivity with Ko = 10~

6 erg cm"1 K~7^2 sec"1 (Spitzer, 1962). EH is the
heating which is assumed constant per unit volume in this paper. \p(T)
is the radiative loss function for an optically thin plasma, (Cox and
Tucker,1969).
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2a THE STATIC SOLUTIONS

As a first aproach to the problem Rosner et al. (1978), and many
others thereafter, sought for static solutions. Constant pressure is
generally assumed because the coronal pressure scale height is large
compared to a typical loop length. Eqs. (1) to (4) then reduce to a
second order differential equation for the temperature structure T(z).
To obtain a fully analytical solution for the static case we parametrise
the radiation
10 '

losses by a single power law ijj ( T ) = iJ>0 (4>0
, Y= 0.5) which is accurate for T > 2. 101* K. The boundary con-

ditions at the base of the loop are idealised as T = 0 and F
CO

0,
which is justified because the chromospheric temperature is negligible
compared with the coronal temperature in the rest of the loop, and
because the chromosphere cannot sustain an appreciable conductive flux.
Because of symmetry the boundary condition at the top is dT/dz = 0. The
solution of the equation yields two scaling laws expressing the two
integrals of the differential equation.

E„ = n.2 ill T.T (5)

n.L
Ko(3-2y)

0.5

2(2+y)

7+2y
T. 4 (6)

B is the beta function. The temperature appearing in the scaling law is
that at the inflection point of the T 7^2 distribution, where the local
heating balances the local radiative loss. It is easily shown that the
radiative loss at T^ is also the mean over the loop. Therefore the tem-
perature and density at the inflection point are the energy loss
weighted mean values for the loop atmosphere. Similar scaling laws are
found in numerical calculations with more exact radiation losses and
boundary conditions (Chiuderi et al. 1981).

The static solution for the temperature structure is given by

T(z) = T

where g"1 is the inverse of the incomplete beta function and

(7)

= (7/(3-2Y))
 2 + Y T. (8)

is the maximum temperature. (For

Thus the static solution for
determined by the loop length and the heating rate. For

= 0.5, T_. = 1.65 T. ).
the thermal structure is completely

a more general
heating mechanism of the form E

H H pe Tr similar results are
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obtained. In all cases a very thin transition region is found, while
along most of the loop the plasma is nearly isothermal. The reason for
such a temperature structure is the strongly non-linear dependence of
the conductivity on the temperature.

2b THE TIME DEPENDENT BEHAVIOUR

As pointed out in the introduction the interaction between the
chromosphere and the corona is important for the thermal stability of
the loop.

Pressure equilibrium is restored on a dynamical time scale,

x, = L/c = 77.6 Lo/T,* sec (9)
d s 9 6

where c is the isothermal velocity of sound (numbers in the index are
exponents of ten while c.g.s. units are used). This timescale is much
shorter then the thermal timescale

Tth = I P /(n'* (T)) = 828'T63/2/n10 SeC

for the corona. Therefore during thermal perturbations the plasma in the
loop will be nearly in pressure equilibrium, and the induced velocity
fields will be subsonic. As in the static models we now adopt a constant
pressure along the loop.

Comparing the thermal timescale with the conductive time scale

Tc = 3 p X2/(8TT2 K0 T
7/2) = 52n, 0X 9

2/T 6
5 / 2 sec ( 1 1 )

where \ is the wave length of the perturbation (Field, 1965), one finds
that T. < Tth for X < L, and typical loop conditions. Therefore the loop
will always react as a whole to thermal perturbations, thereby main-
taining its typical temperature structure necessary to fulfill the chro-
mospheric boundary conditions. Thus we may consider the loop as one sys-
tem, tied together by conduction and thermally insulated.

Even when the effects of optical thickness are neglected, the
chromospheric plasma is very distinct from the coronal plasma, since it
has a point by point energy balance because conduction is so low in the
chromosphere. Therefore deviations from energy balance owing to the mass
exchange forced upon it by the coronal plasma may be restored easily by
an adaption of the temperature structure, as indeed has been observed by
Vernazza et al. (1981).

In view of the dicussion above we will consider the overall energy
balance, by integrating the energy equation over the length of the loop.
The result is
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We have used here the thermal insulation of the loop, its symmetry
( v(L) = F (L) = 0) and the absence of strong pressure gradients. T and
n are the mean temperature and density in the loop. In the derivation of
Eq. (12) it was assumed that the loop .length is constant. This is
correct to the order H/L < 0.1 , where H is the pressure scale height at
the base of the loop. The term in Eq. (12) containing v (the plasma
velocity at the base) is the enthalpy flux at the base which results
from the displacement of the transition region into the chromosphere.
Using the continuity equation, the absence of strong pressure gradients
and 9/3t * •/Tt.u

 o n e finds that this term is typically a fraction
To/T• ** 0.02 of the other terms in the equation, and therefore it will
be neglected.

When the mean temperature - T - in the loop is higher than its
equilibrium temperature T. an excess conductive flux into the transition
region originates, which will heat chromospheric material at the base of
the loop. This extra flux may be approximated by K (T - T^ ), an
expression that is at least correct to first order. An estimate for the
coefficient K is found by inserting typical loop values,

K = Ko T.
5/2/L (13>

The chromospheric mass at the base of the loop is heated to typical loop
temperatures as the transition region passes through it. The energy flux
needed to heat dN chromospheric particles per unit volume to the loop
temperature T in dt seconds is 1.5 dNkT/dt. There are no work terms in
this equation because the total volume and total mass of the
chromospheric plus coronal part of the loop is constant. In terms of the
increase of the mean coronal density this energy flux is 1.5 kT dn/dt L.

When the excess conductive flow reaches the base of the chromosphere
shock waves may originate there, yielding an energy loss from the corona
into the chromosphere. One may allow for this by leaving only a fraction
f of the excess conductive flux available to "evaporate" chromospheric
particles. This extra energy loss implies that a loss term of the form
(1 - f)K(T - T. ) must be added to the right hand side of the energy
equation (12).

When the temperature is lower than the inflection temperature of the
static solution the loop density decreases because the conducted flux is
now too low to keep the transition region radiating statically and some
of the material must cool down. This is described by the same
expressions, except that now f = 1, because all of the energy is really
lost, (f < 1 for T < T. would imply an extra heating term in the coronal
plasma).

This yields an equation describing the interaction between
chromosphere and corona:

fK(T-T-)/L = I . 5 L T (dn/dt)

0 < f < 1, for T > T £
 ( 1 4 )

f = 1 , for T < T.
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The integrated energy equation (12) and this interaction equation
describe the evolution of the mean density and temperature in coronal
loops. With the help of the gas law Eq. (4) the following dimensionless
equations are derived

% = :L {1 -ii2 ̂  (T)- a(T-l)}
at n

^1= f aÜ-T"1)
dt

(15)

where T = T / T ^ n = n / n i } t = t / tQ, <RT) = i|/(T) / iK^

3n. kT.
1 *

(T.)
103 sec, a =

K T.
(16)

L n. 2 if) (T.)

The value of a may be found with the use of the scaling laws and the
estimate for K in Eq. ( 1 J ) . We derive

11+2Y

a = 4
2 r3_2 Ï

2(2+Y)

3-27
(17)

which is only dependent on the exponent in the radiative loss function.
For Y = 0*5 we have a = 0.2 , and for y = 1.0 , which is the slope
of the radiative loss function at typical loop temperatures, a=0.15.
For other K then Eq. (13) different a may be found.

3. LINEAR STABILITY

Upon linearising around the static solution (n ,T ) = (1,1) stability
is found for a > 1 (very efficient coupling) - Fig lc -, overstability
is found for 4f+l - / (4f+l)2"rl < a < 1 - Fig. lb -, and straight runaway
into the non-linear regime for a < 4f+l - / (4f+l)i;-l - Fig. la -. The
growth rate for the instability (1 - a )/ 2 is not influenced by the
efficiency f. Therefore for a typical value of the coupling parame-
ter a = 0.2 (see above) there is no stable equilibrium for the plasma in
the loop.
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Figure 1 The solution of Eqe. (15) in the phase plane of dimensionless
temperature and density (Eq. (16))- The arrow of time is indicated.
T^ is 106 K. In oase a and b the initial values are small (0.1, 0.1) and
they evolve to nonlinear osaillations. In case o the static solution is
stable. Case a corresponds most to the solar case. Fora =1.1 the final
state depends on the initial conditions, where values near the static
solution evolve towards it (1), while other values (2,3,4) evolve
towards the nonlinear osaillation. A sepavatrix divides both regions.
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4. NONLINEAR BEHAVIOUR : LIMIT CYCLE

We have solved Eqs. (15) numerically using a fourth order Runge Kutta
method, for T^ = 106 K. For the radiation losses we have used the
piecewise power law given by Hildner (1974). An accuracy check showed
that over one period of the relaxed oscillation the energy balance was
better then 0.1 percent.

In the n",T plane (Fig. 1.) we see that the solutions for a < 1 ap-
proach very quickly a limit cycle. This represents a stable oscillation
of the system (Fig. 2). The plasma is hotter than in the static case and
the density slowly increases. Then, suddenly cooling occurs followed by
draining . Then the loop heats up quickly and the density begins to
increase again. We tentatively identify this process with the observed
upflowing material in the upper transition region. The velocities
involved are of the order v * L/(0.1 t ) * 0.1 cs. This shows that the
velocity term in the pressure balance may indeed be neglected. Table 1
shows the results of the calculations for different a's and f's. This
period varies from several hours to about a day, which is the range of
observed lifetimes of loops (Howard and Svestka, 1977). The radiative
losses are given in Fig. 3., which shows that the model predicts sudden
brightenings in transition region lines during the draining phase. Inef-
ficient feedback (f < 1) only increases the periods, but the overall
picture remains the same.

Another noteworthy result is the coexistence of a stable limit cycle
and a stable static solution for 1 < a < 1.3. The separatrix between
these solutions in the n,T-plane is indicated in Fig. Id. The ultimate
configuration of a loop now depends explicitly on its history.
Considering the high level of disturbances in the actual solar corona we
conclude that static solutions, although computationally possible, are
very unlikely in reality.

Table 1.

a f Period* log T log T . n /n. n . /n .
° max m m max I m m I

1.1
0.9
0.2
0.2

1
1
1
0.5

4.18
4.49
17.6
27.8

*Period in

6.27
6.31
6.73
6.76

units of

4.39
4.23
3.94
3.95

t
0

1.36
1.45
2.69
2.29

0.053
0.059
0.12
0.12
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5. DISCUSSION

We have solved the energy equation along one field line. There is no
a priori reason to expect that the solutions for neighbouring field
lines are in phase. Because observations of a loop always refer to a
mean over many field lines we have calculated the emission measure
predicted by our model under the assumption that the phases are
distributed evenly. We found that it is identical to that of a hot
static loop with a slightly higher inflection temperature. However,
contrary to the static model, our model predicts the coexistence of some
cool and some very hot material. This may apply to the observations of
Foukal (1976) of cool cores in hot active region loops, and to the
observations of Pye et al.(1978) who concluded that any loop model has
to include some very hot material. Together with the observations that
have been discussed in the introduction this makes the cyclic behaviour
obtained in this paper a plausible scenario.
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SUMMARY

A theory for the thermal stability of hot coronal loops is presented,
which is based on the resonant electrodynamic heating theory of Ionson
(1982) and the evaporation/condensation scenario of Krall and Antiochos
(1980). The theory predicts that gradual changes in the length of a loop
or in its magnetic field strength can trigger catastrophic changes in
the X-ray visibility of the loop, without the need for a change in the
magnetic field topology.

A natural explanation is thereby given for the observations of X-ray
brightenings in loops and loop evacuations with coronal rain.

Key words: Coronal loops, thermal catastrophe
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1. INTRODUCTION

In a recent paper Ionson (1982) has demonstrated that the physics of
the heating of coronal loops is represented by an equivalent
LRC-circuit. It is shown that a coronal loop has a resonance frequency
given by v = VA ML, where V is the Alfven velocity and L the
half-length of the loop. The loop absorbs all the power that is
available in the photospheric power spectrum at that frequency. No power
is absorbed at other frequencies: the loop acts as a high quality
resonator.

For a given heating function and loop length the static solution for
the thermal structure of a hot coronal loop is well known. The solution
finds an expression in two so-called scaling laws (Rosner et al., 1978).
With the use of these scaling laws, the observed photospheric power
spectrum and the observations of loop lengths and magnetic fields Ionson
succesfully reproduced the observations of the thermal parameters of
loops: pressure and maximum temperature.

In his paper Ionson focused his attention to the electrodynamic
aspects of his theory and thereby overlooked some consequences for the
thermal stability of loops, which are worked out in this paper. It is
shown that owing to the shape of the photospheric power spectrum coronal
loops are unstable in certain resonance frequency intervals. When the
resonance frequency of a loop passes the edge of a stability interval -
due to a change of external parameters - a catastrophic change In loop
density occurs, such that the loop jumps into the next stable frequency
interval. These jumps will manifest themselves observationally as sudden
changes In X-ray visibility.

The existence of certain frequency intervals where the thermal
equilibrium is stable does not necessarily mean that these loops are in
static thermal equilibrium. Stable thermal oscillations, of the kind
proposed by Kuin and Martens (1982), may be present, which have a period
of many thermal time scales and which, during a very large part of their
period, are very similar to the static solutions. However, in the
forbidden resonance frequency intervals any thermal equilibrium is
absent because the same mechanism that is essential in the stabilisation
of the non-linear oscillations of Kuin and Martens - the evaporation
/condensation mechanism - now has such a back-effect on the heating that
the loop is driven into a stable frequency interval.

In the next section we show how the radiation loss of a loop may be
expressed as a function of resonance frequency and then we go on to find
the thermal equilibria and classify their stability (Sect. 3). Finally,
we demonstrate the possibility of catastrophic changes and compare with
observations.
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2. THE EQUILIBRIUM RESONANCE FREQUENCIES

When the heating of a coronal loop (EL, ) and the loop half-length (L)
are given the thermal structure may be calculated. In the numerical
calculations of Serio et al. (1981) the influence of gravity - which
becomes important for loop lengths comparable to the coronal pressure
scale height - is included to give a generalisation of the scaling laws
derived be Rosner et al. (1978). These scaling laws - which represent
conserved quantities of the differential equation for the energy balance
- are given by

T
m a x ~

 K 4 x '°3 <P 0L)
1/ 3fK], (1)

and

'°5
lerS cm-^ec"1] (2)

R Ls/6 * 12 Hp

Here T is the maximum temperature in the loop, PG the base pressure,
H the coronal pressure scale height (H ** 6.12 x 103 T cm.) and
E g the average radiation loss per unit volume. The original results
contain an exponent term of the form exp(-L/25H ) in the right hand side
of Eq. (1), which is neglected here because the loop lengths involved in
comparison with the observations are smaller than 2 x 1O10 cm., while
the maximum temperatures are higher than 2 x 106 K. This makes the
exponent term equal to unity within 10% accuracy.

To establish a relation between resonance frequency and radiation
loss we proceed as follows. The resonance frequency is given by (Ionson,
1982)

v = VA/4L = —i? x p J/2 (3)
A STr^L

where B is the magnetic field strength and ~p the mean density in the
loop. We use the gas law,

P = 2pRT (4)

with R denoting the gas constant, and the exponential drop of pressure
with height to find an expression for the mean loop density (a
semi-circular loop geometry is assumed)

Po T H
p= 2RT— X TT {1 i H

max v p

Again, since the observations at hand show that L/T < \Qh, we
max
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simplify this expression and obtain

P = 2 R T — ( 6 )

max

which is accurate to about 33%. We emphasize that any theoretical result
obtained with Eqs. (1) and (6) is only selfj-consistent when L/T < lO1*.

It is now straightforward to eliminate p , Po and ^max from Eq. (2).
The result is

7.26 x 1020B7/2 f-8.58 x 10 13 L3/2

x expx exp v
B

s.s.

Thermal equilibrium is found when the mean heating and the mean
radiative loss cancel, because there is no conductive flux at the base
of the loop in a static situation,

ER(v) = EH(V) (8)

The resonance heating function E^ depends on the photospheric power
spectrum in the following manner (Ionson, Eq.61).

E H ( V ) = 9 ' 0 6 * 1 Q l 2 x S(v) [ e rg cm""3 sec"1] ( 9 )

L

S(v) represents the photospheric power spectrum. The form used by Ionson
is given in Fig. 1. It successfully reproduces the observations of hot
loops and is consistent with observations of the spectrum at solar plage
regions.

Now, for a given field-strength and loop length - which may be
regarded as external parameters, since the low plasma (3 guarantees that
they are not influenced by the thermodynamic state of the loop plasma -
the solution of Eq. (8) yields one - and in some cases a multiple -
solution for the resonance frequency. All further loop parameters (resp.
Ep, Po, T m a x, p) may now be derived with the use of the scaling laws and
the definition of resonance frequency. In Fig. 1 the radiative loss and
the heating (both times L2 are given as a function of resonance
frequency. For a given L and B equilibrium is found when these curves
intersect.

3. THE THERMAL STABILITY

The temperature structure of coronal loops shows a thin transition
region with a sharp temperature rise and a large nearly isothermal part
with a temperature of a few million degrees. Now, consider a small
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temperature rise in the coronal part of the loop, caused for example by
temporal excess heating. Since at coronal temperatures the optically
thin radiation loss decreases with temperature (Cox and Tucker, 1969)
the loop cannot regain its equilibrium by temporarily increased
radiation loss. If there were no interaction with the chromosphere the
loop would be unstable to these temperature pertubations.

According to the evaporation/condensation scenario (Krall and
Antiochos, 1980) a rise in coronal temperature leads to an excess
conductive flow into the transition region. This flow reaches the base
of the transition region but cannot penetrate into the chromosphere,
because the conductivity at chromospheric temperatures is so low that
very high temperature gradients - of the order of 1 K/cm - are needed to
transport a conductive flow of the order of 106 erg cm"2 sec"1, (Martens
and Ruin, 1982). Thus the temperature would drop to zero in about lO1* cm
if the region were to remain static and then still the main part of the
conductive flux would reach the zero temperature boundary. Clearly this
is an unphysical situation and what will happen is that a thin layer at
the base of the loop is heated up impulsively to coronal temperatures so
that this material will be redistributed over the loop: evaporation
(more correctly, expansion). This increase in mean density leads to an
increase in radiative loss - which is proportional to the the density
squared - until a point is reached where heating and radiation losses
cancel again.

The opposite occurs when the temperature falls below its equilibrium
value. Now the conductive flow into the transition region is too small
to keep it radiating statically and some material must cool down:
condensation (or draining). The density decreases by expansion of the
gas in the loop until the equilibrium is restored again.

This scenario may be formalized by the expression

& ~ E - E
dt Ĥ \

where "p is the average density over the loop structure again and E„ and
EJJ are the average heating and radiative cooling. ̂  indicates equality
of sign. The time constant involved is typically the plasma cooling
time. Taking into account the relation between the mean density and the
resonance frequency - Eq. (3) - and noting again that the loop length
and the magnetic field-strength are independent of the therraodynamic
state of the loop, we may rewrite Eq. (10) in terms of the resonance
frequency,

§ -ER(V) -EH(V) (11)

Here we have stressed the frequency dependence of the heating and the
cooling because this dependence decides on the thermal stability of the
loops.

Consider a loop in thermal equilibrium and suppose the mean density
increases a little. This means an increase in resonance frequency.
However, because the heating depends almost monochromatically on the
frequency, the heating changes too and when this change is an increase
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that is larger than the increase in radiative loss the equilibrium is
unstable. An analogous reasoning holds for a decrease in density. Thus,
the mathematical expression for the stability criterium at some
equilibrium resonance frequency is

< O (12)
vo

This criterium is a global one in contrast to the field criterium (1965)
which is a criterium for local stability. The predictions of Eq. (12)
are valid and will coincide with that of a complete normal mode analysis
when the evaporation/condensation is indeed the dominant response of a
coronal loop to deviations from termal equilibrium.

It is now straightforward to indicate the regions of stable and
unstable equilibria in Fig. 1.

4. CATASTROPHIC BEHAVIOUR

Consider a loop with a slowly increasing loop length or a slowly
decreasing magnetic field strength - or both -. The radiation loss curve
of the loop moves slowly to the left in Fig. 1, so its equilibrium
resonance frequency slowly decreases (let us start with the loop with B
= 10 Gauss and L = 4 x 10s cm). Fig. 1 shows that at the same time the
radiative loss of the loop decreases and so will its X-ray visibility.
At some point in the development of' the loop two new intersections of
the heating and radiative loss curve will emerge - one stable and one
unstable -, but the loop will remain in its original stable
configuration. Then, as the loop evolves further, the radiative loss
curve becomes tangent to the heating curve at some point near 2 x
10~3 Hz. At the next instant the stable equilibrium disappears and the
loop evolves in a thermal time scale towards its other stable
equilibrium. At the new equilibrium near 1.5 x 10~3 Hz. the radiation
loss is about 8 times larger than in the original situation. This must
be surely visible as a sudden X-ray brightening of the loop and it is
important to cote that this brightening is a purely thermal process,
without the need for a change in the topology of the magnetic field.
Howard and Svestka (1977) report such X-ray brightenings from Skylab
movies: (their paper, 6.2) "Loops can also be exited to emit in X-rays
without the reconnection process", and also: (conclusion 10) "In one
case long faint loops reappeared suddenly (...) It is most likely that
the fields and invisible loops (i.e. field lines) existed prior to
sudden reappearance (indeed they were seen in the previous rotation).
(...) This change in their nature - perhaps in their field strengths -
also caused the loops to become visible".

When the length of a loop decreases, or when its magnetic field
increases the reverse will happen. The radiative loss curve now moves to
the right in the frequency diagram (Fig. 1) and the radiation loss
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Figure I The heating and cooling of a coronal loop as a function of the
resonance frequency. The drawn curve represents the heating times the
loop length squared, which is proportional to the photospheria power
spectrum and therefore does not depend on the loop parameters. The
dotted curves give the average radiation loss times L2. The unity along
the vertical is 10 erg cm~ sec~ , L is expressed in units of 10 cm
and the magnetic field strength B in units of 10 Gauss. Thermal
equilibrium is found at the intersections of the curves and its
stability, according to the criterium of Eq. (12), is indicated.

gradually increases until again the stable equilibrium disappears. Now
the loop finds a new stable configuration at about eight times smaller
radiative losses. This must be visible as a sudden loop evacuation and
coronal rain, because the cooling matter quickly losses its buoyancy.
Such observations are reported by Levine and Withbroe (1977).

Similar transitions will take place in relatively small loops, which
have resonance frequencies of 6 to 7 times 1(T3 Hz. The radiative loss
curve which is found at the right hand side of Fig. 1 (L - 3 x 109 cm, B
- 13 Gauss) does not intersect the heating curve within the figures
frame. One may safely assume some intersection at very high frequencies
because the radiation loss decreases very fast with increasing
frequency, while the photospheric power spectrum will probably attain
some constant very low lying "shot noise" level. At these levels the
loops are virtually empty - because of the low heating rate - and they
will remain so until by the same process as described above this
equilibrium disappears.
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The catastrophic transitions discussed in this section have been
indicated in Fig. 2, which gives the relation between the parameter
L/B2 and the equilibrium state resonance frequency. This relation is
found by solving Eq. (8) and noting that for the observed loops (L*? 2 x
10 cm) the exponent term in the radiative loss function Eq. (7) is
equal to unity within very good accuracy for the equilibrium solutions:
this makes the two parameter problem (L, B) a one parameter one (L/B2 ).
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As an example we will now examine in more detail the "small loop
brightening", shown in Fig. 2. The resonance frequency before the jump
is 8.2 x 10~3 Hz., afterwards 3.2 x 10~3 Hz. From Fig. 1 one obtains
that the heating before the catastrophe is 1.4 x 10lH /L2 (erg
cm"3 sec"1) and afterwards 3.6 x 10 /L Here L is expressed in cm.
Using the scaling laws one finds that before the jump the pressure is
6.8 x 10' /L (dyne cm"2 ) and afterwards 1.1 x 109 /L. Thus the jump in
the pressure Ap is almost equal to the final pressure.

The duration of the event - the thermal time scale - may be estimated
as

T = EH (final)

For the "small loop brightening" the result is T = 4.6 x 10~7 L (sec).
The total energy of the event is about

Etotal ^ E
H <

f i n a l ) T V

where V is the volume of the brightening loop. With a denoting the
aspect-ratio of the loop one finds that Etotal ~ l o l° (aL)2 i n this
example. Hence the total energy is of the order of 1027 erg for a
typical small loop brightening.

This energy is still two orders of magnitude too small to explain
compact flare loops and moreover there is no way this model can explain
the impulsive phase of such phenomena, since the timescale is much too
large.

By similar energy considerations the claim of Priest (1981) that the
thermal catastrophe of the kind proposed by Hood and Priest (1980) may
explain compact flares is discarded. Thus both theories explain the same
phenomena - loop brightenings and evacuations - by the same physical
mechanism - the thermal catastrophe -. However, there are essential
differences between the theories when looking at the detailed physics.
Hood and Priest calculate the thermal structure of a loop using a
variable non-zero conductive flow at the base of the loop. Thereby they
create an extra degree of freedom in the solutions, which is essentially
their control-parameter for the triggering of the thermal catastrophe.
Most authors use a thermally insulated loop for the reasons mentioned in
Sect. 3 and because of the observational evidence given by Vernazza et
al. (1981).

In this paper we find a thermal catastrophe for thermally insulated
loops, which is caused by the resonance character of the heating. The
control parameters (L, B) are now really independent from the thermal
structure. Moreover the catastrophes of this paper imply an enormous
change in the heating rate, a feature that is absent in the models of
Hood and Priest.

134



5. CONCLUSIONS

We have demonstrated that the temporal behaviour of coronal loops
under quite different circumstances can be understood as catastrophic
changes in the thermal properties. The critical point in this theory is
the vital importance of the photospheric power spectrum, which in the
theory developed by Ionson (1982) determines the total heating of the
loop. The resonance frequency of a loop couples the heating to the
photospheric power spectrum, but the heating has a feed-back on the
resonance frequency through the Alfven-velocity and this determines the
thermal equilibrium and its stability. For a reasonable photospheric
power spectrum, consisting of two maxima, we find four types of
catastrophes, which we identify with small and large loop evacuations
and loop brightenings.

It should be emphasized that our results do not depend crucially on
the photospheric power spectrum that is assumed. For a power spectrum
with one maximum still two catastrophic transitions are possible. These
are in the most general terms the loop evacuation (or collapse) and the
loop brightening. Since the photospheric power spectrum, the loop length
and the magnetic field strength are external parameters, any change in
these may trigger the sudden loop transitions.
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SUMMARY

The time dependent model of Kuin and Martens (1982) for the thermal
structure of the plasma in a coronal loop is extended to account for the
mechanism of resonant electrodynamic heating (Ionson, 1982). It is found
that, just as in the models of constant heating of Kuin and Martens, the
static thermal equilibrium for the loops is unstable and that the time
dependent solutions for the plasma in a loop are cyclic, consisting of a
short cool phase and a long hot phase. This last phase is almost
identical to the static solution and this explains the static appearance
of a loop.

In addition to this cyclic behaviour catastrophic transitions in the
X-ray emission of a loop may occur, as a result of a gradual change in
the loop length or the magnetic field strength. Similar catastrophes
were already demonstrated for the static solutions by Martens and
Kuperus (1982). The transitions take place in about 30 minutes, which is
much shorter than the period of the thermal oscillations, and is about
equal to the radiative time scales of these loops as was estimated by
Martens and Kuperus. The strong changes in X-ray emission, that are
observed in Skylab movies (Howard and Svestka, 1977 and Levine and
Withbroe, 1977) are identified with these catastrophes.

Finally a comparison is made with the numerical solutions for the
evolution of the plasma in coronal loops by Oran et al., 1982, Peres et
al., 1982 and Craig et al., 1982.

Key words: Coronal loops, thermal evolution, resonant electrodyamic
heating, thermal catastrophe.
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1. INTRODUCTION

In a recent paper Kuin and Martens (1982) - henceforth KM - have
proposed a time dependent model for the thermal structure of hot coronal
loops. The rationale for this model is that the observed vanishing
conductive flow at a temperature of about 20 000 K at the base of
coronal loops (Vernazza et al., 1981) is incompatible with stable static
solutions for the thermal structure of hot coronal loops, as was shown
by Antiochus (1979), Hood and Priest (1980) and Chiuderi et al., (1981).
KM described the dominant physical processes in the plasma of coronal
loops in a simplified version of the governing hydrodynamic equations
and found that the plasma along a field line exhibits cyclic behaviour,
alternatively cooling and heating up again. During a large part of this
cycle the time dependent solution is nearly identical to the the static
one and this explains the static appearance of hot coronal loops.
However, the time dependent solutions are superior to the static ones in
showing a continuous mass exchange between the corona and the
chromosphere, thus explaining the ceaseless up- and downflows in the
transition region. Moreover the time dependent solutions explain the
coexistence of cool and very hot material in coronal loops, as is
required by the observations of Foukal (1976) and Pye et al. (1978).

In their paper KM have used a heating function that is constant in
space and time. Ionson (1982) has recently proposed that loops are
heated by the dissipation of resonant waves. He has shown that there is
a close analogy between a coronal loop and a LRC-circuit with a high
quality factor. The footpoints of the loop are anchored in the
photospheric plasma and because of the high density there they are
forced to follow the motions of the plasma. Standing waves with a period
that is equal to the resonance period of the loop build up as a result
of the footpoint motions until an equilibrium is reached between the
wave energy entering the loop and the energy dissipated in it, that
heats the plasma. Working back from the observations of hot coronal
loops Ionson (1982) has shown that the energy spectrum of the waves that
enter the loops has two maxima, one at about the frequency of the
chromospheric three minute oscillations (Deubner, 1981) and one at the
convective turnover time. When the resonance frequency of a loop
coincides with one of these peak frequencies of the power spectrum the
loop is strongly heated and is clearly visible in X-rays.

Using this resonant electrodynamic heating theory, Martens and
Kuperus (1982) - henceforth MK - have shown that as a consequence of
gradual changes in loop length or magnetic field strength catastrophic
changes in the thermal structure and X-ray emission of coronal loops
will take place. This forms a natural explanation for the observations
of X-ray brightenings (Howard and Svestka, 1977) and loop evacuations
(Levine and Withbroe, 1977).
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Both Ionson (1982) and MK have used the static solutions for the
thermal structure of coronal loops in the application of the resonant
electrodynamic heating theory, although these solutions are probably
unstable as was argued above. In this paper electrodynamic heating is
coupled with the time dependent model for the thermal structure used by
KM. A priori it is not clear whether one should expect similar results
for the time dependent and static solutions, since the cyclic variation
of the mean density results in a time dependent heating function and
this in turn couples back to the mean density: a feature that is absent
in the static solutions. However, we find as before that all the static
solutions are unstable, that cyclic behaviour is preserved qualitatively
(period and amplitude of the oscillations may vary substantially) and we
also find back the catastrophic transitions of MK.

In the next section the formalism describing the time dependent
thermal structure with resonant electrodynamic heating is given and in
Sect. 3 we study the static solutions and their stability. In Sect. 4
the time dependent solutions are studied. Finally in Sect. 5 the model
of this paper is compared with other numerical solutions.

2. BASIC EQUATIONS

The time development of the mean temperature T and the mean particle
density n along a field line in a coronal loop is described by KM,

(2)

p = nkT (3)

Here p denotes the pressure in the loop, t the time, E the heating in
the loop and iJ;(T) the radiative loss function for an optically thin
plasma (e.g. Cox and Tucker, 1969). In Eqs. (2) and (3) k is the
Boltzmann constant and T. is the inflection temperature of the
T7'distribution, for which the local heating and radiation losses
cancel.

Eq. (1) describes the overall energy balance of the loop in which
conduction plays no role, since it only redistributes energy within the
loop. Therefore an inbalance between the mean heating and mean radiation
loss results in a change in the thermal energy in the loop. Eq. (2)
describes the interchange of matter between the corona and the
chromosphere, according to the "evaporation / condensation" scenario.
For a detailed derivation of these equations see KM. Eq. (3) is the gas
law.
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In Eq. (2) K is a constant that measures the strength of the coupling
between chromosphere and corona. When K is large a slight temperature
excess in the corona leads to the "evaporation" of a large amount of
chromospheric material, such that the radiation loss increases and the
temperature is reduced again to its equilibrium value. The reverse
happens for a temperature decrease. When K is small there is not enough
"evaporation" or "condensation" for perfect stabilisation and the static
equilibrium cannot be restored. This leads to a cyclic solution such as
the one obtained by KM. For K = 0 there is no "evaporation" or
"condensation" and the loop is thermally unstable. K depends on the loop
parameters as

K A K O T . 5 / 2 / L 2 (4)

is the Spitzer (1962) conductivity coeffficient (<0 = 1.1 xHere
6 u 1 1

10 ~ erg cm" sec"
~7/2 ) and L is the halflength of the loop. X is a

dimensionless constant that measures the strength of the coupling. Its
exact value cannot be determined within this coarse formalism. The best
estimate given for it in KM (their Eq. (16)) is X = 1.

The temperature at the inflection point of the static solution (T^)is
found by eliminating the density from the scaling laws (see again KM)

T.
l

(3-2Y)

4(2+Y)2

7

[3-2YJ
2(2+Y)

(5)

Here B is the 8-function. Y is the logarithmic slope of the single
power law fit to the radiative loss function, that has been used in the
analytical calculations. Y = 0.5 gives the best fit in the temperature
range 2 x 10" K to 2 x 107 K, which is the region of interest for solar
coronal loops. This fit is accurate within a factor two, while the
radiation losses for constant pressure decrease with five orders of
magnitude in this temperature region. ForY = 0.5 Eq. (5) reduces to

T. =
l H

L 2 / K J 2 7 x 0.63

The heating of a loop is a function
cy V given by Eq. (61) of Ionson (1982),

(6)

of the resonance frequen-

EH(V) P(v)/L2 (7)

where P(v) is proportional to the power spectrum of the waves that heat
the loops. For the resonance frequency of a loop Ionson (1982) gives

_A
4L

B n (8)

with V denoting the Alfven velocity, B the magnetic field strength and
m the mass of a proton. The power spectrum used by Ionson is accurately
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described by the following analytical expression

2.

P(v) = 9.06x 101 5 (c.g.s.)(9)

with, Vj = 1.25X10"3 Hz. V2 = 4.50 x|Q"
3 Hz.

0.370 x io"3 Hz. Av2 = 1.50x]0"
3 Hz.

(10)

The first two terms in (9) represent the two peaks in the power spectrum
and the third a low lying "shot noise" level present at all frequencies.
Its exact magnitude is chosen arbitrarily. Eqs.(l) to (10) give a time
dependent description of resonantly heated coronal loops in the solar
corona.

In order to simplify this set of equations we eliminate EH , T̂  and p
and introduce the following constants

LQ = 109 cm

Vfl = vi = 1.25 x10" 3 Hz
\ 1 5= 9.22x iolb erg cm"1 sec

T = T.(L0,P0) = 1.16X10
6 K (see Eq. 6)

= 4.76

1.5 n0 k Tfl Lfl
2

•o

6

erg cm3 sec"
1

IT' V L" V
o vo

364 sec

n 2 = 1.90 Gauss

1.5 k n 0 L /
0.2 X

(11)

Thus the following set of equations is derived, with the barred
quantities denoting the dimensionless variables and parameters expressed
in the units of Eq. (11),

(12)
dt
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P(v)}5/7
? d 5 = ct{p(y)}

dt L

V = 1/ (Ln)^

T- (13)

(14)

+ 0.01 (15)

In Eq. (13) aP 5 / 7 / L 2 is the dimensionless analogon of K in Eq. (2). In
the following analytical calculations we will retain a as a parameter to
investigate the sensitivity of the results on the its exact value. In
the numerical calculations we will use a = 0.2, consistent with y = 1,
throughout.

For the radiative losses x(T) w e h a v e adapted the power law fit of
Hildner (1974). The result is given in Table 1. This fit is somewhat
more accurate than the single power law fit, with slope y » 0.5, that
has been used for simplicity in the analytical calculations.

Table 1

The power7 law fit to the dimensionless radiative loss function
(ID), calculated from the results of Hildner (1974): V(?) = <F0 ?

Y.
(Eq.

0

0.0129

0.0629

0.259

0.690

0.0129

0.0629

0.259

0.690

8.62

Y

7.4

1.8

0.0

-2.5

-1.0

9.29 * 1012

244

16.8

0.573

1.00

3. STATIC SOLUTIONS AND LINEAR STABILITY

From Eqs. (12) to (15) it is evident that the static solutions only
depend on the loop length and the magnetic field strength. It is not
possible to find explicit expressions for the static solutions, but an
implicit expression for the equilibrium resonance frequency
by

v is given

(16)
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This equation may have multiple solutions as was already shown by MK.
Applying first order perturbations with a time dependence exp(St) to

the static solutions one finds after some tedious but straightforward
calculations the following dispersion relation

= o

with

u B2 ( 1 8 )

V 2

and

R(V
s V = V

s
(19)

In Eq. (17) a denotes the coupling constant between chromosphere and
corona and y the slope of the radiative loss function at the equilibrium
temperature T . For loops with T larger than 8 x 10 K we have y = - 1.
We note that for constant heating - R(vs) = 0 - one recovers the results
for linear stability of KM. When the coefficient of the second term in
Eq. (17) is negative at least one of the roots of the equation must have
a positive real part and the solutions are unstable. Therefore a
sufficient condition for instability is

-28 (20)

where we have used y = ~ 1 and a = 0.2. When this criterium is violated
a positive real root still exists provided that the third term in
Eq. (17) is negative. For negative y this is true when

R(Vs) < | Y « _ 3 . 5 (21)

Thus we conclude that the static solutions are unstable for any form of
the function R(v ) given the values of a and y for hot coronal loops.

From the criteria (20) and (21) it follows that for y = - 1 static
solutions may exist in certain frequency intervals for a > 2/3. This
criterium is somewhat less stringent than the criterium a > 1 for
stability in the case of constant heating, KM. However, the frequency
dependence of the heating also introduces unstable frequency intervals
for values of that gave stable solutions before. For example, we find
unstable solutions for a = 2, y * - 1 and P(\J) given by Eq. (15) in the
frequency intervals (of v ) , (0.41 , 0.80), (1.14 , 1.57), (1.76 , 2.64)
and (4.22 , 6.62).
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4. THE TIME DEPENDENT SOLUTIONS

A) Limit cycles

Since the static solutions are unstable for typical values of a andy
it is necessary to study the time dependent solutions of Eqs. (12) to
(15) numerically.

20 30 HO SO
TIME ( IN UNTS OF t o )

Figure 1 Some examples of the time dependent solutions for loop
atmospheres, showing one (la,h), two (lo,d) and three temperature
plateaux (le,f). All quantities are expressed in the units of Eq. (10).

We find that for all values of the parameters L and B the solution
relaxes to a limit cycle in the ü,T-plane, but that the form of the
limit cycle and its period depend strongly on the exact parametervalues.
Some examples of solutions are shown in Fig. 1. From this figure it is
evident that the important qualitative features of the time dependent
solutions for constant heating, see KM, are preserved: during a large
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part of the oscillation the plasma is in a quasi-static very hot phase,
which is followed by rapid cooling, draining and finally rapid heating.
An interesting feature is that in some examples 2 or 3 temperature
plateaux exist. For example in Fig. lc one sees that there is a phase
lasting approximately 3.5 hours with a temperature of about 105 K, a
second phase of about 12.5 hours with a temperature of 1.2 x 106 K and a
final phase of 4.5 x 106 K lasting for 10 hours. (We note here that the
above represents a solution along one field line, not in the whole loop:
we will come back to this in Sect. 4c.) We understand these plateaux as
phases where there is almost a stable equilibrium between heating and
cooling, the first one at a very high resonance frequency and
consequently at a very low heating rate, while the other two equilibria
correspond with resonance frequencies near the peaks of the power
spectrum.

Table 2

The results of the time dependent solutions as a function of the
parameters loop length L and magnetic field strength B. At each
combination of L and B are given the period of the oscillation, the
maximum pressure, the maximum temperature and the number of temperature
plateaux per oscillation. All quantities are expressed in c.g.s units.
The results marked with * yield a plasma g that is higher than one and
therefore these solutions do not correspond to real loops.

B

1

3

7

\i

1
.90

80

60

15.2

gauss

109

4.04 x 10
9.94 *

4.0?x io

1

6.19x 10

6.88 *
5.06x 10

3

4.00x 10

0.238
1.43x 10

2

4.00 x 10
0.228

I . 4 3 X 10

2

3

6

3

6

3

6

3

6

2

6 . 7 3

4.

5 .18

2

5.31

2 .

4.62
1

8.04
0 .1

1.43
2

8.03
0.1

1.43

2

X

X

65

X

X

17

X

X

17

x

X
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x

109

ÏO3

*

106

10 3

*

106

I 0 3

106

ÏO3

106

4 x

1.26 x

1.40

.5.43 x

1

1.62 x

2.08
4.02 x

1

2.48x

1.69
5.06 x

3

1.61 x

0.0572
1.43 x

2

I0 9

10"
*

I 0 6

10"
it-

ÏO6

10"

106

10"

106

8x

2 . 1 5 X

0.424

4.51 x
1

2.69 x

1.14

5.18 x

3

2.I3X

0.487

4.62 x

1

3.21 x

0.0258
1.43 x

2

109

10"
*

I 0 6

10"

106

10"

106

10"

106

1.6x

4.44 x

0.109
3.75X

1

5.03 x

0.361
5.43 x

2
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In Table 2 we have summarized the results of our numerical
calculations for the values of the loop lengths and magnetic field
strengths that are relevant in comparison with observations. From this
table we see that that there is a general trend of decreasing pressure
with increasing loop length. This is easily understood when one realises
that the heating is proportional to p7'6 (e.g. the scaling laws of Serio
et al., (1981)) and that the heating is also proportional to
L~2 (Eq. (8)). Further there is a dichotomy in the results for the loop
temperatures: there is a set of loops with T = 1.4 x 106 K (and
generally low pressures) and a set with T > 3.0 x 106 K (and relatively
high pressures). The set of high temperature loops has limit cycles such
that the resonance frequency of the loop is in the range of one or two
of the peaks of the power spectrum during a large part of the cycle.
This brings about the relatively high pressures of these loops. In the
set of "low" temperature loops the resonance frequency does not attain
the high energy part of the spectrum and these loops are therefore
teneous and not very hot. Probably these loops are not discernable
amidst the diffuse background of the corona. The exceptions in the
general trend of decreasing pressure with increasing loop length are
present when for increasing loop length the loop undergoes a transition
from the set of "low" temperature, teneous, loops to the set of hot and
dense loops. It is interesting to see what the time dependence of the
transition will be as a result of the slow evolution of the magnetic
structure outlining the loop.

b) Thermal Catastrophes

We have investigated the response of coronal loops to a slow
variation in the loop length and/or magnetic field strength. We found
that in general the limit cycle varies slowly with these parameters, but
that sometimes an almost discontinuous transition to a completely
different limit cycle occurs. This feature is analogous to the thermal
catastrophes that have been found for the quasi-static solutions by MK.
We did not recover the result that a loop with a slowly changing loop
length undergoes two thermal catastrophes during its evolution. There is
one "brightening" for increasing and one "evacuation" for decreasing
loop length. This brightening and evacuation correspond with jumps of
the resonance frequency towards and from the region of the peak
frequencies of the power spectrum, and thus with transitions between the
two sets of loops, mentioned in Sect. 4b. The occurence of only one
catastrophe, instead of two, is caused by the "smearing out" of the
resonance frequency, as is evident in Fig. 2f, which s.,^s the evolution
of the resonance frequency.
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Figure 2 A thermal catastrophy triggered by a slow variation in loop
length (T) and magnetic field strength CÏÏ). Fig. 2a shows the evolution
of temperature and density. The aatastrophy occurs at F= 45. Fig. 2b
shows the evolution in the phase plane, with (1, 2, ..., 12) denoting
the time sequence. Figs. 2o and 2d show the limit cycles (for constant ~B
and L) before and after catastrophy. In Fig. 2e the evolution of the
radiative losses is given and Fig. 2f shows the variation of the
resonance frequency. The power spectrum is dotted along the vertical in
Fig. 2f, on an arbitrary scale, for comparison.
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It can be seen from Figs. 2 and 3 that the catastrophe takes place
within 5 times t , that is in about 30 minutes. This transition time is
of the order of the thermal timescale of these loops, as was predicted
by MK. (Note that tQ itself is not the thermal timescale of the loop,
cfr. Eq. (11).) Fig. 2d shows thai: the mean radiation losses increase by
about a factor 10 which means that the transition is less pronounced
than the corresponding transition for the static solutions (26 times).
The reason is that the oscillation of the resonance frequency around the
peak frequencies of the power spectrum results in a lower mean heating
rate than in the static situation where the resonance frequency is
stationary at the peak frequency.

The apparent existence of instabilities in the time dependent
solutions of equations that have unstable static solutions themselves
brings one to consider the concept of instability in more detail. The
cyclic solutions for loops have typical periods of 1 to 20 hours and
exhibit long lasting hot phases which do not change much over one
radiative time scale (15 to 30 minutes). Thus these solutions are
relatively stable on short time scales (i.e. short compared to the
oscillation period). The thermal catastrophes are instabilities that
operate on one radiative timescale and therefore these instabilities
also manifest themselves in solutions that only vary over longer times.
Thus the concept of instability also applies to this sort of time
dependent processes. We have now three timescales in this problem: one,
the longest, belonging to the change of the "control" variables (L and
B), a second one belonging to the thermal oscillations, and a third, the
shortest, inherent to the catastrophic changes. Similar features are
present in other non-linear differential equations, for example Duffings
equation. This equation and the whole concept of instability are
extensively reviewed in Poston and Steward (1978).

c)Comparison with Observations

For a proper comparison between theory and observations it is
important to notice that we have considered the energy equation along
one field line, since thermal conduction across the field lines is
greatly inhibited by the magnetic field. Using the expressions of
Spitzer (1962, chap. 5) one finds for the ratio between the thermal
conductivity perpendicular and parallel to the magnetic field, Kĵ  resp.

( 2 2 )

Here n • .„ denotes the ion number density expressed in units of
1010cra"3 ' , B the magnetic field in units of 106 Gauss and T the
temperature in units of 106 K. The heating due to the parallel
respectively perpendicular conductive flow may be estimated as
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(24)

Identifying 1 .. with the loop length L one finds that parallel conduction
dominates for

> f—I L = 10"5 L (25)

Therefore one does not expect a phase relation between the cyclic
variation of temperature and density on field lines that are more than a
few times lĵ  apart. For example one expects the coexistence in the loop
of hot and cool material, a feature that is confirmed by observations as
was already mentioned in the introduction. Observations refer to a mean
over the loop diameter (% 0.1 L) and therefore one has to compare theory
with observations by calculating some mean in the solutions. It is not
clear a priori how this mean has to be calculated. The most
straightforward answer to this question is in our view that one has to
calculate the emission measure for every "elementary" loop of diameter
10~5 L that has a definite phase and then sum all the contributions to
the total emission of the loop under the assumption that the phases are
distributed evenly. The form of the resulting emission measure may be
compared with the observed ones and when there are no large dicrepancies
the calculated emission measure may be treated as an observed one and
the temperature and pressure of the loop can be derived. This program
has been carried out by KM in the case of constant heating and it was
found that the calculated emission measure is identical in shape to the
observed ones. For the resonantly heated loops these calculations will
be done in a future paper. At this time we may already notice that for a
loop with a given length L there is still the magnitude B of the
magnetic field that can be choosen arbitrarily. Therefore it seems a
rather trivial matter to reproduce the results for the observations of
loops as long as there are no direct measurements of the magnetic fields
of these loops.

In his results for static loops lonson (1982) has eliminated the
magnetic field as a free parameter by introducing a scaling relation
between the pressure and the magnetic field. This scaling is based upon
simultaneous measurements of the photospheric magnetic fields and the
pressures in active regions (Golub et al., 1980). However, inspection of
the data reveals that the spread around this relation is large (of the
order of a factor 2) and moreover the extrapolation from photospheric to
coronal magnetic field strengths is very uncertain.

In conclusion of this section we remark that interpretation of our
numerical results as representing the solution for a tiny "elementary"
loop, that has no phase relation with neighbouring "elementary" loops,
forces one to give up the interpretation of the period of the
oscillation as the lifetime of an observed loop, see KM.
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Figure 3 A second example of a thermal catastrophe. The catastrophe
takes place at 't = 100, indicated in Fig. 3a. The evolution in the phase
plane - Fig. 3b - clearly shows the discontinuous transition between the
limit cycles.

5. COMPARISON WITH OTHER NUMERICAL SOLUTIONS

Recently Peres et al. (1982), Oran et al. (1982) and Craig et al.
(1982) have published numerical solutions of the full one dimensional
hydrodynamic equations for the coronal loop plasma. These authors seem
to have overcome the major numerical problems associated with the
enormous variations of temperature and pressure gradients in the
transition region by Introducing variable grid spacing, in one case
supplemented with a nonlinear Lagrange formalism (Craig et al.)« Thereby
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the Important flaws of earlier numerical models (e.g. Kostyuk, 1976,
Nagai, 1980) have been removed. It is clarifying to compare these
results with the results of this paper.

Firstly we note that the calculations of this paper do not represent
solutions of the full set of hydrodynamic equations. Instead, on the
basis of numerical evidence for the "evaporation/condensation" mechanism
(Krall and Antiochus, 1980, see also Craig and Me Clymont, 1981) we have
simplified the set of partial differential equations to a set of
ordinary differential equations, which are much easier to solve
numerically. Therefore, although our results may be very illustrative in
indicating various possibilities for the time dependent behaviour of
coronal loops, they cannot be regarded as the "ultimate truth". However,
the same applies to the numerical solutions mentioned above, which yield
conflicting results, owing to the difference in boundary conditions,
spatial distribution of the heating, radiative loss function, initial
conditions, etc.

Oran et al. (1982) and Craig et al. (1982) find "evaporation" and
"condensation" in their models during the relaxation to equilibrium but
they find no evidence for persisting cyclic behaviour. However, the
results of Oran et al. do not properly reproduce the conditions at the
chromospheric boundary: the conductive flux vanishes at 101* K instead of
between 2 x 101* K and 3 x 101* K as the observations require. Thus the
whole upper chromosphere is absent in these models.

The results of Craig et al. (1982) correctly reproduce a vanishing
conductive flow at 2 x 10"* K but these authors have choosen their
heating function and radiative loss function in such a way that both
increase the stability of their solution. According to the Field
criterium (1965) the influence of heating plus radiative losses is
stabilising when

< 0 (26)

P
Here the subscript p means that the derivative has to be taken at
constant pressure. In the work of Craig et al. Ej,^ 1/T and EL ^ T for T
< 105 K so that the whole region beneath 105 K is stabilising. In the
work of Oran et al. the region beneath 2 x 101* K is stabilising. It was
already shown by Antiochus (1979) and Chiuderi et al. (1981) that a
stable region at the base of a loop that is large enough may stabilise
the whole loop atmosphere. Since the unmodified radiative loss function
peaks at about 2 x 10"1 K, the heating function is not known in detail
and observations indicate a vanishing conductive flow at 2 x 10^ K there
seem to be no compelling reasons to assume such a stabilising region.
Further we note that because heating and radiation loss only appear as a
sum in the hydrodynamic equations the introduction of a steep increase
of radiation losses with temperature (as is done by Craig et al.) has
the same influence on stability as the introduction of a steep decrease
of heating with temperature (as is done by Peres et al.).

Peres et al. have used the temperature profile that is inferred from
observations by Vernazza et al. (1981) to deduce the heating function
that reproduces this temperature profile. Thus they derive a temperature
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dependent heating function E„(T) that quickly decreases for temperatures
increasing above chromospheric values. The same heating function is used
during the perturbations, although this cannot be justified without a
detailed knowledge of the heating mechanism. For example in the heating
theory of Ionson (1982) changes in the heating rate are associated with
changes in the density and not with changes in the temperature. In their
calculations Peres et al. start with a static equilibrium and then
follow the response of the loop to slight isobaric perturbations in the
temperature distribution. They find that the loop relaxes to its static
equilibrium, apart from persisting small amplitude pressure variations,
apparently originating in the transition region and propagating into the
corona. Upon doubling the heating rate la the corona they find that the
loop atmosphere evolves to an oscillatory solution. The amplitude of the
oscillation is modest compared to the oscillations of this paper, but it
is important to note that the numerical experiment shows that the
ultimate configuration of a loop depends crucially on the initial
conditions. Qualitatively the same feature is present in KM, who find
that for some values of the coupling constant a static and dynamic
solutions may coexist, the static solution being stable to small and
unstable to large perturbations. Bearing in mind that an observable loop
originates after a catastrophic change in the heating rate of a factor
of about 10 - we have shown that this applies both to static and time
dependent models - we find it highly unlikely that a loop atmosphere
will ever be able to come near the static equilibrium and therefore the
stability of the static solution to snail perturbations proves very
little.

Another noteworthy result of the work of Peres et al. is that they
find IH> evidence for "evaporation" and "condensation". Instead upon an
increase in the heating rate the loop atmosphere evolves towards a
dynamic solution, whereby the pressure of the transition region
fluctuates. Peres et al. note that this increases the mean radiative
loss in the transition region because this loss is proportional to the
pressure squared and the triangular inequality holds (<P2> > <P>2 , < >
referring to the time average). In our view this oscillation and the
absence of "evaporation" is due to the strong temperature dependence of
the heating. Excess conductive flow reaching the base of the transition
region locally heats up the cool material: the onset of "evaporation".
However, because the local heating rate declines very rapidly with
temperature the heated material is suddenly deprived of its heating
source and cools down again, etc. In this process the excess conductive
energy can be radiated away because of the triangle inequality mentioned
above and because the heating at the base is intermittently switched
off. Therefore we expect the inhibition of "evaporation" only to be
typical for the type of time dependent heating function that is used by
Peres et al.

In conclusion of this section we stress that there is still an
enormous lack of understanding of the detailed heating function and the
radiative processes in the lower transition region and upper
chromosphere. Detailed numerical calculations for the loop atmosphere
show that there is a wealth of possibilities for the time dependent
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behaviour, depending crucially on the energetics of the lower boundary.
Therefore, in our view, it is surprising that many authors spend so much
effort in trying to find solutions that relax to the static state, while
oscillating solutions explain the observations much better.

6. CONCLUSIONS

We have combined the time dependent description of a loop atmosphere
of KM with the resonant electrodynamic heating theory of Ionson (1982)
and have obtained the following results:

1. All the static solutions for the loop atmospheres in the solar corona
are unstable.

2. The time dependent solutions show a cyclic behaviour consisting of a
long lasting hot phase and a short cool phase.

3. As in the quasi static solutions catastrophic transitions may take
place in the X-ray emission of the loop, that are triggered by slow
changes in the loop length or the magnetic field strength. The time
scale for these transitions is the thermal time scale of the plasma,
which is much shorter than the period of the oscillation.

The time dependent solutions explain a number of observations much
better than the static ones:
4. The ceaseless up- and downflows in the transition region are a

natural consequence of the oscillation.
5. The paradox that the boundary conditions for the loop plasma that

follow from the observations of Vernazza et al. (1981) lead to
unstable loop atmospheres and that yet the loops have a static
appearence is resolved because the time dependent solutions are
similar to the static ones during a large part of their cycle and
there is no phase coherence in the oscillations of the plasma over
transverse length scales larger than 10 s loop length.

Because the cross section of the observed loops is much larger than
10~5 loop length the loops will have a filamentary appearence, while
observations referring to the whole loop must be compared with suitable
averages of the time dependent solutions.

Comparison of the results of this paper with the results of full
numerical solutions for the loop atmosphere (Peres et al. (1982), Oran
et al. (1982) and Craig et al. (1982)) shows:
6. The heating distribution and radiative loss function in the low

transition region and upper chromosphere are of crucial importance
for the stability of the solutions of the whole loop atmosphere.

7. The full numerical solutions show evidence for the "evapo-
ration / condensation" mechanism and indicate the non uniqueness of
the static solutions. In particular oscillatory solutions may be
found when the initial conditions do not coincide with the static
solution.

There are no full numerical solutions yet that include resonant
electrodynamic heating.
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The simplified set of equations of this paper allows us to study
resonantly heated loops for a large set of external parameters and even
for time varying external parameters, while for the full equations this
is still prohibited by the amount of computer time that is needed.
Despite the simplifications the results of this analysis reproduce a
large number of observed features of coronal loops.
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NEDERLANDSE SAMENVATTING

Dit proefschrift bestaat uit drie delen. Het eerste deel biedt een
algemene inleiding (hoofdstuk 1) en en een overzicht van een aantal
methoden om niet-lineaire differentiaalvergelijkingen te behandelen
(hoofdstuk 2). Het tweede en het derde deel gaan over tijdsafhankelijke
processen in stercorona's.

In hoofdstuk 2 wordt een korte beschrijving gegeven van catastrofe-
en bifurcatie-theorie en van "strange attractors" (vreemde
aantrekkers?). M.b.v. catastrofe- en bifurcatie-theorie kan men
belangrijke informatie verkrijgen over het gedrag van oplossingen van
niet-lineaire differentiaalvergelijkingen zonder die vergelijkingen
volledig op te lossen. Strange attractors vindt men alléén in numerieke
oplossingen van niet-lineaire vergelijkingen. Er zijn duidelijke
overeenkomsten tussen de eigenschappen het wiskundige fenomeen strange
attractor en het natuurkundige verschijnsel turbulentie.

Het opvallende van zowel strange attractors als catastrofes en
bifurcaties is dat Jeze zich al voordoen in betrekkelijk simpele - maar
wél niet-lineaire - systemen van differentiaalvergelijkingen. Daardoor
heeft de mening postgevat dat analoge verschijnselen in de natuurkunde
beschreven kunnen worden met even eenvoudige modelvergelijkingen, als
die maar de essentiële niet-lineariteiten bevatten. Met veel succes is
dit idee inderdaad uitgewerkt in de vloeistofdynamica en in de statis-
tische mechanica.

De oorspronkelijke opzet van dit proefschrift is geweest om een
aantal processen in de astrofysica op dezelfde manier te beschrijven.
Uiteindelijk heb ik me daarbij moeten beperken tot het gebied van
stercorona's omdat juist voor het afleiden van simpele modelverge-
lijkingen een gedetaillerde kennis van alle aspecten van een bepaald
probleem noodzakelijk is.

Deel II van dit proefschrift behandelt een aantal processen in open
coronale structuren, waarbij sterrewinden een belangrijke rol spelen. In
sterren zoals de zon is de thermische energie van het plasma in open
coronale structuren zó hoog dat de zwaartekracht van de ster gemakkelijk
overwonnen kan worden en dientengevolge stroomt het plasma vrij de
interstellaire ruimte in. In vroeg type sterren is de thermische energie
van het plasma in de buitenlagen vaak veel lager, maar ook daar worden
sterrewinden waargenomen, omdat de stralingsdruk op de materie in de
buitenlagen in die sterren gemakkelijk de zwaartekracht overtreft.

In hoofdstuk 3 wordt aangetoond dat de interactie van het stralings-
veld met de uitstromende materie leidt tot het opwekken van geluids-
golven die genoeg energie kunnen bevatten om bij dissipatie in de
buitenlagen een corona te verhitten. Hoofdstuk 4 behandelt de
uitgebreide ijle en hete corona's zoals die van de zon. In dat hoofdstuk
wordt onderzocht hoe op een fysisch realistische manier de randvoor-
waarden gekozen moeten worden bij de vergelijkingen die de stercorona
beschrijven. Het blijkt dat de totale energieflux die de corona verhit
en de typische dissipatielengte voor die flux de enige grootheden zijn
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die tevoren gespecificeerd moeten worden om de structuur van een corona
te bepalen. Haast automatisch komt naar voren dat de sterrewind werkt
als een soort thermostaat, die de temperatuur van de open coronale
structuren op een niveau houdt dat in het geval van de zon ongeveer een
factor twee lager is dan dat van de naburige gesloten coronale struc-
turen.

In hoofdstuk 5 wordt aangetoond dat wanneer de energieflux die een
stercorona verhit een bepaalde waarde te boven gaat de uitgestrekte hete
en ijle corona thermisch instabiel wordt en er een cyclische oplossing
ontstaat, waarbij de corona zich afwisselend in een koele en in een hete
fase bevindt. Dit mechanisme wordt in verband gebracht met de waar-
genomen veranderlijkheid van de sterrewinden van vroeg-type sterren.

Het derde deel van dit proefschrift gaat over het gedrag van het hete
plasma in de zogenaamde coronale lussen. Het magneetveld van coronale
lussen is zo sterk dat het plasma in de lus alleen langs de veldlijnen
kan bewegen. Omdat de lus aan beide zijden verankerd is in de steratmos-
feer kan het plasma niet wegstromen zoals in de open coronale struc-
turen. Daardoor kan het plasma in lussen heter en dichter worden dan in
het open gedeelte van de corona. Coronale lussen met een hoge tempera-
tuur en dichtheid zenden veel Röntgensraling uit en dit wordt waarge-
nomen vanuit ruimtevaartuigen.

In hoofdstuk 6 wordt aangetoond dat wanneer een coronale lus niet te
ver boven de chromosfeer uitsteekt het plasma in die lus in een relatief
koel thermisch evenwicht (ong. 10 000 K) kan zijn. Wanneer de lus verder
opstijgt in de corona zal bij het overschrijden van een maximum hoogte
plotseling het koele evenwicht onmogelijk worden en het plasma zal dan
sterk in temperatuur stijgen.

In hoofdstuk 7 wordt het gedrag geanalyseerd van het plasma in coro-
nale lussen die zichtbaar zijn in Röntgenstraling (met een temperatuur
van ongeveer 2 miljoen graden). Het blijkt dat het plasma zich niet in
een stabiel thermisch evenwicht bevindt. Ook hier wordt een cyclisch
gedrag gevonden met een langdurige hete fase en een korte koele fase.
Daarbij wordt voortdurend materie uitgewisseld tussen de lus en de
onderliggende chromosfeer. De uitwisseling vindt plaats via het over-
gangsgebied, de dunne scheidingslaag tussen de corona en de chromosfeer
waarin de temperatuur snel oploopt van 20 000 K tot enige honderddui-
zenden graden. Het onrustige beeld van het overgangsgebied dat blijkt
uit de waarnemingen van de Dopplerverschuivingen van emissielijnen wordt
met dit cyclisch gedrag op natuurlijke wijze verklaard.

In hoofdstuk 8 worden de consequenties onderzocht voor de thermische
structuur van lussen van het recentelijk ontdekte mechanisme van reso-
nante elektrodynamische verhitting. De hoge temperatuur en de grote
stralingsverliezen van het plasma in coronale lussen vereisen immers een
of andere vorm van lokale verhitting, maar tot voor kort tastte men in
het duister omtrent de preciese aard daarvan. Het is nu aangetoond dat
een coronale lus bij een bepaalde frequentie - de resonantie frequentie
- alle energie absorbeert die de lus in de vorm van magneto-acoustische
golven bereikt. Het blijkt in hoofdstuk 8 dat bij deze vorm van ver-
hitting de lus zich in twee thermische evenwichtstoestanden kan bevin-
den, één met een relatief lage dichtheid en temperatuur en één met een
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hoge dichtheid en temperatuur en dus met een grote R'óntgenemissie
Wanneer de lengte van de lus of de sterkte van het magneetveld langzaam
veranderen kan de ene toestand plotseling overgaan in de andere. Dit
soort catastrofale overgangen is inderdaad waargenomen in Röntgenfilms
die aan boord van Skylab gemaakt zijn.

Bij het afleiden van de resultaten van hoofdstuk 8 is gebruik gemaakt
van een statisch lusmodel om de aandacht te concentreren op het fysisch
mechanisme achter de catastrofes. Het plasma in lussen is echter niet
statisch, zoals is aangetoond in hoofdstuk 7. In hoofdstuk 9 worden dan
ook de resultaten van de twee voorgaande hoofdstukken gecombineerd in
een numeriek model. Het blijkt dat ook in de cyclische oplossingen cata-
strofale overgangen plaatsvinden. De periode van de cyclus is veel
groter dan de tijdschaal van de catastrofes en daarom zijn ze goed te
onderscheiden.

De voornaamste fysische reden voor de veranderlijkheid met de tijd
van de thermische structuur van stercorona's is de vorm van de
stralingsverliesfunctie. Die is namelijk zodanig dat de stralings-
verliezen afnemen met toenemende temperatuur. In hoofdstuk 9 wordt nog
eens expliciet aangetoond dat in het gehele temperatuurgebied boven
20 000 graden de stralingsverliesfunctie een destabiliserende invloed
heeft.

De analyse van de gevolgen hiervan is het thema van dit proefschrift.
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STELLINGEN

behorende bij het proefschrift

NONLINEARITY AND INSTABILITY IN STELLAR CORONAE

De vorm van de stralingsverliescurve van een optisch dun plasma, met een
samenstelling zoals die van de 2on is een belangrijke oorzaak van de
veranderlijkheid van zowel sterrewinden als de Röntgenemissie van coro-
nale lussen.

Dit proefschrift.

Wanneer de verhitting van het plasma in coronale lussen plaatsvindt via
het mechanisme van resonante elektrodynamische verhitting, en wanneer
de waarnemingen van magneetvelden , temperaturen en emissiematen van
lussen correct zijn, dan volgt daaruit dat alléén lussen met resonantie-
perioden van ongeveer 200 sec. en ong. 800 sec. sterk verhit worden1.
Een mogelijke verklaring voor de periode van 200 sec. is dat de chromos-
ferische drie minuten oscillaties2 magneto-acoustische golven met dezelf-
de periode aanslaan aan de onderzijde van de zogenaamde "canopé"-structu-
ren3. De resonantie bij een periode van 800 sec. kan veroorzaakt worden
door plaatsveranderingen van magnetische fluxbuizen als geheel t.g.v. de
bewegingen van convectiecellen1*.

De fotosferische 5-minuten oscillatie heeft te weinig impuls om flux-
buizen als geheel te verplaatsen en eventuele megneto-acoustische golven
met die periode kunnen zich niet naar de corona voortplanten5.
Daarom is het waarschijnlijk niet juist om de bron van de coronale ver-
hitting in de fotosfeer te plaatsen, zoals de term "Photospheric Power
Spectrum" suggereert1.

1 Ionson, J.A.: 1982, Astrophys. J. 254, 318
2 Deubner, F.L.: 1981, in "The Sun as a Star", NASA Sp-450, Ed.

Stuart Jordan
3 Jones, H.P., Giovanelli, R.G.: 1982, in "The Proceedings of IAU-Symp.

102", Zurich, Zwitserland, in press
4 Rutten, R.R. en Cram, L.E.: 1981, in "The Sun as a Star", see 2.
5 Spruit, H.C.: 1982, Solar Phys. 7j>» 3

Bij de stabiliteitsanalyse van het magneetveld van coronale lussen,
wordt ten onrechte meestal het effect van de kromming van de lus als
geheel verwaarloosd1»2»3: de stabiliserende werking daarvan is van de-
zelfde orde van grootte als die van het wél beschouwde effect van
"line-tying" \

1 Chiuderi, C. , Einaudi, G.: 1981, Solar Phys. _7_3, 84
2 Hood, A.W., Priest, E.R.: 1981, Geophys. Astrophys. Fluid. Dyn.
3 Kattenberg, A., Sillen, R.M.S.: 1982, Solar Phys. 1^_, 343
4 Solov'ev, L.: 1975, Review of Plasma Physics b_, 239, Consultants

Bureau, New York, Ed. M.A. Leontovich



4. Het empirische model voor de energiebalans in het overgangsgebied van de
zon van Jordan1 is onjuist omdat de energievergelijking die impliciet
wordt aangenomen bij de veronderstellingen over de vorm van de emissie-
maat niet de juiste is.

1 Jordan, C.: 1980, Astron. Astrophys. 8£, 355

5. Door Marlborough en René-Roy is al in 1970 aangetoond dat iedere statio-
naire sterrewind een Parker-type kritisch punt móet hebben. Dit kritisch
punt is ook aanwezig in de resultaten voor stralingsaangedreven sterre-
winden van Castor, Abbot en Klein2, zoals men met hun figuur 8 kan na-
gaan. Ten onrechte wordt in de tekst van het artikel daar geen aandacht
aan besteed, waardoor lange tijd de indruk bestaan heeft dat de fysica
van deze soort sterrewinden fundamenteel anders zou zijn dan die van
thermisch gedreven sterrewinden, (zie b.v. J ) .

1 Marlborough, J.M., René-Roy, J.: 1970, Astrophys. J. J_60_, 221
2 Castor, J.I., Abbot, D.C. en Klein, R.I.: 1975, Astrophys. J. 195, 157
3 Cassinelli, J.P.: 1979, Ann. Rev. Astron. Astrophys. \J_, 275

6. De waarneming dat er reeds 680 miljoen jaar geleden een zonnecyclus met
een periode van 11,2 jaar bestond1, ondersteunt in sterke mate het idee
dat de zonnecyclus beschreven kan worden met een periodieke attractor .

1 Williams, G.E.: 1981, Nature 291_, 624
2 Dit proefschrift, hoofdstuk 2, deel 4.5 en de referenties daarin

7. Het besef dat de onwikkeling van systemen volledig wetmatig bepaald kan
zijn en dat toch het resultaat op wat langere termijn principieel onvoor-
spelbaar is1 zal ook buiten de natuurwetenschappen, vooral op het gebied
van politieke en sociale wetenschappen tot nieuwe inzichten kunnen leiden.

1 Zie de bespreking in hoofdstuk 2 van dit proefschrift en de referenties
die daar gegeven worden

8. Het geautomatiseerd literatuuronderzoek t.b.v. de natuurwetenschappen zou
sterk aan bruikbaarheid winnen, wanneer de auteurs van theoretisch werk
niet alleen het onderwerp en de resultaten van hun analyse, maar ook de
gevolgde methode van onderzoek zouden vermelden in de samenvatting en de
sleutelwoorden van hun publikatie.

9. De vraag "Als God almachtig is, kan hij dan een steen maken, die zó
zwaar is dat hij hem zelf niet kan optillen?", is een nuttig voorbeeld
van een gepopulariseerde vertaling van de stelling van Gödel1'2.

1 Gödel, K. : 1931, Monatshefte für Mathematik und Physik, JJ8, 173
2 zie ook: On Formally Undecidable Propositions, New York, Basic Books,

1962



10. De grenzeloze minachting en de mateloze arrogantie waarmee de meeste
natuurwetenschappers - waarvan N.B. over de hele wereld zeker 50% voor
de wapenindustrie werkt - spreken over de eisen van maatschappelijke
relevantie die aan hun onderzoek te stellen waren, is kenmerkend voor
het intellectueel en moreel niveau van deze natuurwetenschappers en
zegt niets over de zinnigheid van die eisen.

11. Herverdeling van arbeid over alle leden van de maatschappij zal de zaak
van de vrouwenemancipatie pas dan volledig ten goede komen als tegelijk
met de betaalde ook alle onbetaalde - vnl. natuurlijk huishoudelijke -
arbeid eerlijk verdeeld wordt.

Commentaar op de resolutie "Arbeid" van de PVDA t.b.v. het 19 partij-
congres in april 1983

12. De verbeelding is in zoverre aan de macht dat niemand de creativiteit
van machthebbers overtreft in het bedenken van argumenten om hun han-
delen te rechtvaardigen2.
1 Voor een een bedroevend voorbeeld volge men de huidige "discussie"
over kernwapens

13. In verband met de methoden, vorm en inhoud van de meeste natuurweten-
schappelijke proefschriften verdient het aanbeveling de formule "hora
est", uitgesproken door de pedel ter afsluiting van de openbare verde-
diging van zulk een proefschrift, te vervangen door "log out".

10 januari 1983 Piet Martens
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