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In recent years Poincare gauge theories {PG) of gravitation have •become

a viable alternative to Einstein's theory of general re la t iv i ty ' . It

involves a Riemanti-Cartan space-time (U^) with the tetrad coefficients e*.

and the connection coefficients F* = -F* regarded as independent

geometrical variables. (The conventions of Ref.l are used throughout.) The

corresponding gauge field strengths are the torsion

and the curvature
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In accordance v i t h the general ideas on Yang-Mills gauge f i e ld s ' we adopt

= ±
- q.

( 1 . 3 )

ABSTEACT

A ra the r general procedure i s developed in order t o reduce the two

f i e ld equation* of the Poincare gauge theory of gravi ty fcy a modified anaatz

for the curvature tensor involving double d u a l i t y . In the case of ^ u a s i -

l i nea r Lagrangians of the Yang-Mills type i t Is shown t h a t n o n - t r i v i a l

to rs ion solutionswith dua l i ty p roper t i es necessar i ly " l ive " on an Einstein

space as met r ica l background

as our most general quasi-linear *' Lagrar-"i.an density, Here J(* = v8iHlG/e
denotes the modified Planck length, e = det e^a, F.-= F ^ " 6 the scalar
curvature and A a cosmological constant. The canonical field momenta

l) 2)
are usually taken as linear in torsion or curvature, respectively. Hov-

ever, one should be open to more general gauge invariant Lagrangians

HIHAHAEE - TEIESTE

October 1981

* To be submitted for publ ica t ion .

(1.5)

capable of generating an essentially non-linear gauge dynamics similar to
h)h)

for electromagnetlsm and more recentlythoBe proposed, e.g. by Born and Infeld

discussed by Hills in the case of non-Abelian gauge fields in order to achieve
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deducable from such a general Lagrangian are represented by the following

Maxwell type field equations:

and

of first order.

Here

e- =

(1.65

(l.T)

« (1.8)

conpriae the momentum currents of the translational and rotational gauge fields .

The sources on the right-hand side of (1.6) and (l.T) are the canonical momentum

currents and the canonical spin currents of the matter fields.

I t has been suggested earl ier 7 ) > 8 ) that the tetrad field e^a should

be regarded as a gravitational Higgs field. This view gets further support from

the fact that the basic, set (1.6) and (l.T) of field equations correspond

to a coupled Yang.Mills-Higgs system rather than to pure gauge field eauations.

(This point of view can be made particularly transparent by reformulating PG

in terms of globally defined differential formes 9 ) . ) The field equations are

supplemented by the two Bianehi ident i t ies

(1.9)

(1.10)

on Riemann-Cartan spacetime.

II. DOUBLE DUALITY AK3ATZ t'OH Tdc. CURVATURE

in order to solve the vacuum field equations{1.6) and (l.T) the strategy

of Belavin g t j l . 1 0 ) used in the derivation of the instanton solution will be

adopted. In our case this amounts to employing the (modified) double duality

ansatz

for the rotational field momenta ff^\ The right, left and double dual

tensors are defined according to the following conventions:

* F « F
6-t

( 2 .2 )

( 2 . 3 )

(8.1*)

where £""'" with fiyi'J = -1 is the anholonondc Levi-Civita tensor.

It should be remarked that the ansatz (2.1) may be regarded as a

generalization of the duality rotation

C ( 2 . 5 )

-3 -

of a gauge field strength T , vhich in the case of electromagnetic plavs a

decisive role in the Rainich g«—tri.ation l l f ' 1 2 ) of the coupled Einstein-

Maxwell system. It is the general virtue of such a duality ansatz that It

will "rotate" the dynamical part of a gauge field equation into the

corresponding Bianchi identity, thereby facilitating considerably the search

for exact solutions.
1̂ )

Such a procedure has been applied by the author to Yang-s theory

of gravity l k ) in the search for pseudoparticle solutions, as well as. by

Baekler et al . l 5 ) in order to rederive Baekler's non-trivial^torsion solution

for a certain class of quasilinear PG Lagranglans. Recently 1 T A multi-

monopole solutions of the Yang-Mi11s-Higgs equation have been constructed

using likewise a duality ansatz as a first step.

16)
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III. SOLVING THE SECOND FIELD EQUATION

first
Let us/turn to the second field equation (l.T) and assume from now on

that the translational field momenta are quasilinear, i.e can be expanded in

terms of the irreducible parts of the torsion:

•> =f»

pure axial torsion

(3.6)

is mandatory in order to satisfy the second field equation.

Applying the ansatz (2.1) to (1.7) and noting that its constant curvature piece

after covariant differentiation produces the modified torsion

X "

IV, REDUCTION...OF THE FIRST FIELD EQUATION

The next step is to reduce the first field equations (1.6). However,

its antisymmetric part

the left-hand side of (l.T) may be calculated with the help of the algebraic
identity

F (3.3)

as follows:

' ''

AS already remarked the curvature part F
OB of the duality ansatz

(2.1) will be mapped into the second Bianchi identity (1.10) and consequently

drops out, whereas the "unit" curvature term in (2.1) produces a certain amount

of torsion, which may be adjusted by a proper choice of the free constant

So as to make the right-hand side of (3.It) vanish.

Two cases have to be distinguished. For

A) ''spherical' torsion

(U.l)

written anholonomically by introducing

.a)

turns out to be redundant for solutions with duality properties. To see this,

insert the duality ansatz (2-l) into (1.8). A calculation reveals that

(It.3)

is proportional to the antisymmetric Ricci tensor in a U^, provided we add

the boundary tern 5 5 p ' j r S *F*°fy6
 o f t h e Euler-type (see Ref.13) to the

Lagrangian. On the other hand, in cases A and B we have found conditions

under which (3.14) vanishes. Using this information as well as (It.3) for

— = 0, the vacuum field equation (It.l) transforms into

s 2 e Fr,
(it.U)

(3.5)

has to he required, whereas for

which is nothing but the contracted form of the first Bianchi identity (1.9).
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If — ^ 0, the requirement I\ „, - 0 remains, which In the quasilinear case

is met hy the contraction of the ansata (2.l) as long as 1 - 7 f - f2 + ^t-.

1* 0. Then we are left vith the symmetric part

+ ^ Atp £• cap — < C.5)

of the f i rs t vacuum field equation (l .6) where

P
t

f (h.6)

ia the translattonal contrihutlon from {k 2) and depends therefore only on torsion

From the expression (3.1) of the translational field momenta it may tie deduced

that its symmetric part

due to the requirements (3.5) or (3.6) is reduced to

' f ol/
t.6)

provided our analysis has been restricted to a theory which is also quasilinear

in the curvature, i.e, to a model for which

~ 7t L f"

F̂

holds. (The particle rontent of such quasilinear models of gravity has

analysed recently ' for A = 0.) The crucial step in the reduction of

>4**5) Is to note the identity (Hef.15, Eq.Ct.5)}

T* ^ - -
(U.12)

for the difference between the Einstein tensor G " D U }) with respect to a

symmetric (Christoffel) connection {"•'} of general relativity and the

corresponding tensor

(U.13)

ROT.
Furthermore, the curvature dependent part £• i of the gauge momentum

currents (i8) after substitution of the duality ansatz (2.1) assumes the form

" - '

i.e. It involves the traceless Ricci tensor f, ~\ a n d a trace part. The

latter ia proportional to a constant

F = -

-7-

In a Hiemann-Cartan spacetime. The additional symmetric tensor Y_ a
(U_12) depends solely on torsion

Then, on account of (U.8), the relation (U.12) can te employed to eliminate

the covariant derivative in the f i rs t field equation (lt.5). Using also (it.9)

the Einstein-type field equations



remain • with an effective "eosmological constant"

(t.151

* A <U-16)

21)of p a r t i a l l y microscopic origin-

V_ SOLUTIONS WITH SPHERICAL TORSION

Let us now consider the CPS«= A in which the antisymmetric part of

the tors ion vanishes. A calculation reveals tha t the left-hand side of (4.15)

i s zero. This i s not surpr is ing, since the conditions (3.5) r e l a t e our case

to the special one studied by Baekler et al. 15)
in which the same result holds

Furthermore, if we restrict ourselves to a. model which has no contribution

linear in the curvature in the Lagrangian, i.e. for — = 0 , it follows from

(U.15) that the symmetric part of the first field equation reduces completely

to the Einstein field equations

«!> + $* hi ~° (5 1)

of general relativity written holonomlcslly.

In order to ohtain non-trivial torsion solutions, we may integrate
the duality ansatz (2.1) on an Einstein space as metrical background. This
s t i l l difficult task has been undertaken in Eef ,15 for a particular model
specified by the choice

of the characteristic parameters of the quasilinear Lagrangian (1.3).

In a spherically symmetric background among others, a nev derivation
Is thereby achieved. This solution is reminiscent

22)
of the coupled Einstein-Yang;Mills

of the Baekler solution

of the self-dual Instanton solutions

system, inasmuch as in both theories the metric is not deformed off from an

Einstein space and both configurations also have no flat space analogues.

-9-

23)
Benn et al. have found a similar spherical solution as Baekler's

In a model with y 4 0 on an Einstein space. In viev of

whether

i t may be questioned

the latter assumption i8 really the roost general starting point
for such a deduction. Nevertheless, their solution may possibly be valid

in the model studied in Kef 15.

VI, CONFIGURATIONS WITH AXIAL TORSION

In the case B of pure axial torsion, the symmetrized translational

field momenta (1*.8) have to vanish on account of (3.6). Consequently f the

first field equation reduces to

±( '-A_ (6.1)

This relation may l>e substituted in the result Ct.15) Which holds in general

for configurations with duality properties.

"Using also (3.6) we finally obtain

The right-hand aide of (6,2) vanishes for Y EBus we are again- d^ and - !
2. x

left with an Einstein equation with afdifferent)cosmological term. Consequently,

an Einstein space provides the background geometry In the search for solutions

with axial torsion. 6o far no explicit solutions of (2-l) have emerged

in this case. For a background with axial symmetry the methods described by
25)

Tomimatsu could possibly provide a way out.
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