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Abstract : It is shown that depolarisation due to beam-
beam interaction can be exactly suppressed in an electron 
storage ring. The necessary "spin matching" conditions to 
be fulfilled are derived for a planar ring. They depend 
on the ring optics, assumed linear, but not on the features 
of the beam-beam force, like intensity and non-linearity. 
Extension to a ring equipped with 90° spin rotators is 
straightforward. 

INTRODUCTION 

Beam-beam interaction, which limits the maximum achievable lumino
sity in storage rings, has been found1 3' to also decrease the electron 
beam polarisation in comparison with the obtained polarisation of a 
single beam. This effect appears very natural as each time the orbit of 
an electron is perturbed there is correspondingly a spin rotation. 
Beam-beam interaction excites vertical betatron oscillations. Correspon
dingly spin experiences rotations around a radial axis, leading to a 
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decrease of vertical spin component and to depolarisation. 

As depolarisation occurs already at luminosities somewhat smaller 
than the maximum luminosity, it has been believed that polarised elec
tron beams could only be obtained at the price of a reduction in lumi
nosity. That: would notably limit the practical interest of polarisation 
in e e or ep rings. 

Search for reducing the beam-beam depolarisation is highly desira
ble for high energy electron rings in project. In fact a method seems 
possible in the famework of the "spin matching" idea. 

The principle of spin matching'1""6' is to decouple spin motion from 
orbital motion. In this way betatron and energy oscillations, produced 
by quantum fluctuations of synchrotron radiation, do not affect spin 
motion. Depolarisation would be completely suppressed. This decoupling 
must be realized at each point where a photon can be emitted, i.e. in 
each magnet. It requires several matching conditions on the optics of 
the ring. 

The principle of "spin matching" can be extended to the case of 
bearo-beam interaction. Spin motion has to be decoupled from transverse 
betatron oscillations in presence of beam-beam forces. Such a decou
pling has to be realized at each interaction point. It requires also 
matching conditions on the optics. 

The merit of this idea is due to K. Steffen6'. Be requires that 
spin motion is not perturbed by betatron motion between two interaction 
points. One is then left with spin rotation due to the beam-beam kicks 
themselves. For a complete decoupling these kicks must be incorporated 
in spin matching conditions. A difficulty comes from the fact that 
beam-beam interaction constitutes a non-linear lens, the strength of 
which varies with beam current. Similar spin matching conditions to 
those of K. steffen can be written, but only for the linear part of the 
strength, and only at one current intensity. 

The aim is here to show that other spin matching conditions can be 
found which incorporate beam-beam kicks and which are valid for any 
bearo-beam force strength, linear as well non linear, and at any current. 
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It will be assumed here that the ring has no other non-linearities 
than the beam-beam interaction. In fact non-linear fieldsr produced by 
sextupolas, are always present in high energy electron rings. This diffi
culty can be overcome imposing for sextupoles similar spin matching condi
tions to those for beam-beam interaction. She only limitation is that such 
conditions have to be fulfilled for each sextupole, and large storage rings 
need numerous sextupoles. It will be difficult to fulfill too many condi
tions. Nevertheless non-linearities of sextupoles will be ignored here. 

2. PRINCIPLE OF SPIN HATCHING FOR BEAM-BEAM INTERACTION 

For reason of simplicity one only considers here a flat and hori
zontal machine, without vertical bends and solenoids. Therefore pola
risation is built-up along the vertical magnetic field by the 
Sokolov-Ternov effect7'. Horizontal kicks and oscillations do not. 
affect vertical polarisation. The vertical component of beam-beam force, 
has only to be considered. 

In fact the extension of spin matching to a non-flat ring is 
straightforward. Spin matching conditions can be obtained for radial 
component of beam-beam force, as well as for the vertical one. One has 
only to fulfill twice more spin matching conditions. This case is of 
particular interest when the interaction regions are equipped with 90" 
spin rotators providing longitudinal polarisation at interaction points. 

The principle of spin matching for beam-beam interaction can be 
understood in a very similar way to spin matching for quantum fluctua
tions. Correspondingly to the energy loss produced by the emission of a 
photon in a magnet, one considers the vertical kick produced by beam-
beam interaction at one interaction point. 

This vertical kick changes the vertical betatron oscillation. 
Within the assumption of linear optics between interaction points, the 
new oscillation is the sum of the preceding oscillation plus an addi
tional oscillation initiated by the kick (Fioure 1). 

At the following interaction point another vertical kick, and 
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another additional oscillation, occur. The vertical motion is thus a 
superimposition of successive additional oscillations. It is worth 
noting that, within this picture, each kick is incorporated in the 
additional oscillation that it initiates. In this way,each oscillation 
remains after purely linear, although the particle experiences periodi
cally the non-linear beam-beam force. 

The spin matching conditions consist of imposing that spin rotation, 
produced by one additional oscillation, cancels out. It requires in 
fact two conditions since this rotation has two components in the plane 
of the ring (a radial component and a longitudinal one). Cancellation 
means that spin rotation, produced by the beam-beam force at the cros
sing of the interaction point, is exactly compensated by spin rotation 
produced by the subsequent additional betatron oscillation. The latter 
spin rotation is the result of all spin rotations from the time just 
after the initial kick up to infinite time, taking account of betatron 
damping. This result is not zero in general as spin rotations in qua-
drupoles do not commute with spin precession in bending magnets. One 
simply requires that this resulting spin rotation is exactly opposite 
to the spin rotation at the interaction point. 

Moreover the amplitude of the additional betatron oscillation is 
proportional to the kick which has initiated this oscillation. Therefore 
spin rotation at the interaction point and spin rotations, produced by 
the subsequent additional oscillation, are both proportional to the 
kick. Therefore the two matching conditions are exactly independent of 
the kick strength. Here is the most important point. Whatever is the 
kick strength : non linear in the vertical and horizontal displacements 
at the interaction point, variable with beam intensity and dimensions, 
the two matching conditions are the same. If they are fulfilled for one 
kick and its additional oscillation, they are fulfilled for all the 
other kicks and additional oscillations, independently of their strength. 

Finally it is worth noting that if one requires also spin matching 
conditions for photon emission in one magnet for example, they do not 
need to take into account the effect of beam-beam kicks, since the two 
special spin matching conditions take care of them. These other spin 
matching conditions, designed without considering the beam-beam inter-



action, are not in fact destroyed by it if the ring is so made transpa
rent for beam-beam interaction. Effectively the assumption of ring 
optics linearity means that there is a linear superimposition of oscil
lations created by photon emission in one hand and beam-beam kicks with 
their additional betatron oscillation in the other hand. Spin matching 
conditions for the former oscillations are thus independent of spin 
matching conditions for the latter, in the same spirit spin matching 
conditions for beam-beam interaction are not affected by photon emission. 
However, spin precession frequency is slightly modified by small energy 
variations due to synchrotron radiation. It may appear some breaking of 
these spin matching conditions in case of large energy spread, as for 
usual spin matching conditions. 

It is clear that this spin matching procedure is completely inde
pendent of the nature of the kicks, it applies to any type of kick. It 
may also be applied to the kicks in sextupoles, as mentioned in intro
duction . 

3. DERIVATION OF SPIN MATCHING CONDITIONS FOR BEAM-BEAM INTERACTION 

One considers only vertical betatron oscillation in a planar ring. 
At one interaction point (s = 0 ) , a particle experiences a vertical 
kick Az', function of vertical displacement z of the particlet but 
independent of the slope z of the orbit at this interaction point. 
After the kick, and before the following interaction point, the betatron 
oscillation is : 

z(s) - 1 - ^ 2 * coe* +*lB &™ tz' + Az'> sin* 

ds where 4 = -r- is the betatron phase (4 = 0). B and 6 are the 
Z i p 2 2 Z 

Jo 
amplitude functions at azimuth s and at the interaction point respecti
vely. 

The kick has produced an additional vertical betatron oscillation : 
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To this additional oscillation is associated, along a unit orbit lentgh, 
an additional spin rotation around radial axis by an angle u proportio
nal to the second derivative of z., i.e. to the product of the gradient 
K^ by the displacement z, : 

ta » (v + 1) K_ z. 

where v is the spin tune (v=ya, a is the gyromagnétic factor and y is 
the lorentz factor). 

This additional spin rotation, assumed to be small, can be repre
sented by an infinitesimal 2 x 2 matrix8' : 

R = 1 - - a) al 

Additional spin rotation, which occurs in quadrupoles mainly, is 
interleaved with normal spin precession around vertical magnetic field 
in bending magnets. These successive spin rotations in quadrupoles do 
not cosinute with spin precession. Therefore these spin rotations do not 
add up as the particle velocity rotations do. It explains why the overall 
additional spin rotation does not average to zero as the betatron oscil
lation after damping. 

In order to add up the spin rotations, one has first to commute them 
with spin precession. The rotation matrix R at azimuth s is transformed 
into rotation matrix R* at interaction point <s=0) after commutation 

- | * o 3 

with matrix D = e , which represents spin precession from azimuth 0 
to azimuth s df* is the spin precession angle) : 

+ i + 
R' = D HP = 1 - ; ID D o D 

Using matrices o+ = = (a. ± io ), the matrix R' can be written ! 

R* = 1 - a *^ +
4^_ + hermitian conjugates) 



1(*±* ) 

•i - <" + 1 , K

z \ K e z * r 

city)* the betatron and spin precession phases are advanced by 
u = 2w 0,/S and M * 2irv/S respectively. Therefore matrices ft satisfy : 

v 3 ? » -
i<M±M,> 

S)x(s> 

Now the overall spin rotation, due to the additional betatron oscil
lation, is given by integration of fl+ from s=0 to infinity, with the 
above periodicity-like property, this integration reduces to an integra
tion on one superperiod only : 

IJ'I - I e 

2*R/S 

nt(s) ds 

Convergence of the series results from betatron oscillation damping, 
i.e. from a small imaginary part in the phase advance 11 . The sum of the 
series is : 

(2TR/S 
a+(»> = • 

n ±M =*(VH > N|BJ^-!-

2IH/S 
_ i<*±*-> 

This overall spin rotation compensates the spin rotation due to 
the vertical kick Az' if the following niatric condition is fulfilled : 



since the rotation around radial axis, due to the kick, is represented 
by the 2 * 2 infinitesimal matrix : 

This matrie condition is in fact a set of two spin matching 
conditions necessary for cancelling the two horizontal and orthogonal 
components of spin rotation. These two matching conditions are given by 

i.e. by the real and imaginary parts of the complex coefficient of o^ 
1 

u*u_ 

2TTR/S 

K Z ^ C O s ( * + 

2TTR/S 

4. CONCLUSION 

These two spin matching conditions look very similar to usual spin 
matching conditions. In particular if one imposes the usual four condi
tions : 

/2uH/S 

\% 
( cos*'! T c o s O 
\ simjj \sint / ds 

the second one of the two matching conditions is thus fulfilled, but 
not the first one. In other words the ring is spin transparent for the 
betatron oscillation initiated by the beam-beam interaction, but not 
for the kick itself due to this interaction. Bowever it is likely that 
this partial compansation is already reducing significantly beam-beam 
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depolarisation. 

Finally these spin matching conditions, as usual ones, are depen
dent on the validity of three assumptions î linearity of the ring optics, 
stsallness of spin rotations due to radial kicks, and large distance to 
any strong depolarisation resonance (the latter for avoiding a signifi
cant piling up of these small rotations which would lead to a non-corami-
tativity of these rotations). 
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FIG. 1 : a) Schematic vertical betatron oscillation with kicks 
at interaction points IPÏ, IP2, IP3. Dashed lines .• 
continuation of betatron oscillation aftei IPl t IP2 
and IP3 respectively, ignoring the Hck at the cor
responding interaction point 

b), c) and d) : additional betatror oscillation initiated 
by bsam-beam kick at interaction points IPl, IP2 and 
IP3 respectively 


