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Abstract

The mechanism of the current generation in a collisionless

plasma by a train of travelling mirrors with modulated phase

velocity is studied based on the theory of intrinsic

stochasticity.

It is shown that, if the phase modulation is small, the main

contribution to the current generation comes from the phase

mixing of the trajectories of trapped electrons in each Fourier

component of a driving wave. For the case of a moderate phase

modulation, however, formation of a large stochastic region due

to the overlapping of primary resonances is very effective for

increasing the generated current. Large phase modulation has

little advantage in the current generation because the stochastic

regions are formed, so to speak, at random in the phase plane.

The results of analytical evaluation based on the above

theory agree quite well with results of numerical experiments.



i 1. Introduction

1 2)Current drive by an RF wave ' is one of the most promising

methods for sustaining the plasma current in a tokamak. In a

simplest version, the RF wave is a train of travelling mirrors

with constant phase velocity. In a collisionless plasma, the

main mechanism responsible for current generation is the phase

mixing of trajectories of electrons trapped in the wave trough,

i.e., the formation of the plateau region in the velocity

4)distribution function. Since the number of trapped electrons

is limited by the amplitude of the applied wave, the magnitude of

the generated current is relatively small.

The above argument suggests that any means for the increase

of the number of electrons which participate the current genera-

tion is quite useful for amplifying the current. For this end,

modulation of the phase velocity was proposed by Matsuura.

In this paper, the effect of the modulation is studied on

the basis of the theory of intrinsic stochasticity. We consider

a collisionless plasma in order to clarify the role of

stochasticity and choose a sinusoidal modulation of the phase

velocity. The basic equations are given in Sec. 2. In Sec. 3,

phase trajectories of electrons are analysed and the area of the

stochastic region, i.e., the plateau region is evaluated. Then

the magnitude of the generated current can be calculated

numerically. Numerical experiments were executed to test the

validity of the theoretical results. In Sec. 4, we will see that

the results of the numerical experiments support the theoretical

estimation. Section 5 is devoted to the summary and some discus-
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sions.

§ 2. Basic Equation and Primary Resonances

The following situations are considered:

A collisionless plasma is contained in a cylindrical vessel and

immersed in a constant, strong magnetic field B of the axial

direction. Ions are assumed to be immobile background. The ini-

tial distribution of electrons is isotropic Maxwellian. The mo-

tion of an electron is assumed to be adiabatic, so that the mag-

netic moment is a constant of motion. The electron motion is

analysed in terms of three variables: the position and the

velocity in the axial direction, and the magnetic moment which

corresponds to the velocity perpendicular to B .

The phase velocity of the wavy magnetic field is modulated

sinusoidally, with the average value v , the amplitude Av , and

the period t (Fig.l). In the reference frame moving with the

average phase velocity v , the travelling wavy magnetic field

and the equation of motion for electrons along the axial direc-

tion are given by

B = BQ[ 1 + EC O S { kz-A<f>(t)} ] 3 (2.1)

and

dt 8z
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Here p=v /(2B) is the magnetic moment of the electron(divided by

the electron mass), i.e., an adiabatic invariant. The quantity e

denotes the ratio of the magnitude of the wavy field to i®Ql-

The term A(|>(t) describes the modulation of phase and is given by

= -Csin(2irt/t ) , (2.3)

the parameter £ means the magnitude of phase excursion.

With the aid of eqs.(2.1) and (2.3), eq.{2.2) is rewritten

as

dv
z

dt

W = ka
n n

where J (x) denotes the Bessel function of the first kind. Ac-

cordingly we see that a sinusoidal driving wave with a

sinusoidally-modulated phase velocity is equivalent to a series

of sinusoidal waves with equally-spaced phase velocities

Vphn = 2 n 1 r <^ k tD' an<3 a m P l i t u d e k a
n-

For the purpose of viewing the characteristics of the motion

of electron governed by eq.(2.4), it is convenient to use the

surface of section method. In this method the trajectory of the

electron is plotted in z-v plane at intervals of the period t .
z p

The particle is in resonance with the Nth component of the wave,
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if v is nearly equal to the phase velocity v . „; only one term

W in the right-hand side of eq.(2.4) is effective, and other

terms are averaged out owing to their rapid oscillations. Then

there appears an island in the surface of section plot on z-v

plane. Thus islands are formed in the vicinity of each phase

velocity v (n=0,+l,...). The width of the nth resonance is

defined as the trapping half-width of a one-dimensional

monochromatic wave Wn_ in this case, the width of the nth

resonance is 2/Tci [~, and the spacing between adjacent resonances

is given by

6 = 2ir/(ktp) (2.5)

(see Fig.2). These resonances are called the primary resonances.

§ 3. Analysis Based on Theory of Intrinsic Stochasticity

In this section we analyse the phase trajectories of elec-

trons for several typical cases and study their relevance to the

current drive. Numerical calculations for the demonstration of

phase trajectories are executed under the following normaliza-

tion: time, position, and velocity are normalized in the unit of

(kv ) , k , and v respectively, where v . is the thermal

velocity of initial Maxwellian distribution. The magnetic field

is normalized by the magnitude of the constant magnetic field

lB0!.
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A : Case of small phase modulation

When the modulation of phase velocity is very small, so that

holds, usually the condition

(n=0,±l, ) (3-D

is satisfied, because usually 2v/la~l<6 is valid and « (n^O) is very

small. Then, according to Chirikov's criterion, ' the over-

lapping of primary resonances does not take place. In this case,

however, we can go on with our analysis a little further.

Under the assumption ?<<1, eq.(2.4) may be approximated by

dv

dt* = V W-1" W1 • (3l2)

Since W and W , are relatively small compared with W_, we con-

centrate our attention on the vicinity of the separatrix of W_.

Analysis is executed straightforwardly following the well-known

"perturbation scheme", where W.. and W_, are considered as pertur-

bations. Then we find another kind of resonances, which are

called "secondary resonances". Some manipulation and derivation

of secondary resonances are given in the Appendix. For the pur-

pose of judging the onset of the stochasticity of phase trajec-

tories due to the overlapping of secondary resonances, Chirikov's

criterion is also useful. Since the secondary resonances exist

densely near the separatrix, there is at least one narrow

stochastic layer.

Examples of secondary resonances are demonstrated in Fig.3

in the form of surface of section plots in the z-v plane. Here
z
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the period t is chosen as 2.5, e is 0.1, and y is 1.5. The

velocity modulation Av , is chosen as 0.4 in (a) and 1.6 in (b),
ph

respectively. 22 particles with different initial conditions,

which are denoted by crosses, are tracked until 300 periods. One

can see a thin stochastic layer near the separatrix of W As to

v -axis, the reference frame and the experimental frame adopted

in Sec.4 are exhibited on both sides.

From the viewpoint of the enhancement of current generation,

the enlargement of the plateau region, i.e., the formation of the

stochastic region outside the separatrix of W_, is significant.

In these cases considered here, the width of stochastic region is

very small, and the resultant increment of the averaged velocity

is mainly due to the phase mixing in each resonance.

B : Case of moderate phase modulation

When the modulation of phase velocity is moderately large

and £ is of the order of 1, the overlapping of the primary

resonances may or may not occur, depending on other parameters.

When the overlapping occurs, it occurs for small |n|, because

J ct | gets smaller as |n| increases(see eq.(2.4)j.

Accordingly, we can expect that the overlapping takes place

up to mth resonance, i.e.,

(3.3)

In this case, stochastic particle motions due to the overlapping

of primary resonances take place and the boundary of the

stochastic region is composed of the separatrices produced by
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W and W m , .
m+1 -m-1

Examples of surface of section plots in this case are ex-

hibited in Fig.4. Here period t is chosen as 10.0, e is 0.1,

and JJ is chosen as 1.0. The velocity modulation AV is 0.2 in

(a) and 0.8 in (b), respectively. 24 particles (denoted by x's)

are tracked until 300 periods. The overlapping of primary

resonances takes place as expected. Three components (W ,-W,) in

Fig.4(a) and five components (w_2~
wo) *n Fig-4(b) overlap respec-

tively.

The overlapping of primary resonances is significant for en-

largement of the plateau region. The particle distribution in

these stochastic regions develops into a plateau distribution.

C : Case of large phase modulation

Finally, we consider the case where the argument of the Bes

sel functions is very large,

e >>

Since for large argument £ the Bessel function has the asymptotic

form

T ,r, ,2 ,1/2 r- (2n+l)it
Jn(C) = (̂ jp) cosU-i jj—*—

the widths of primary resonances are of the same order of mag-

nitude irrespective of n, but are sensitive to the phase
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When the amplitude e is very small, the vidths of primary

resonances are all small and the condition for the overlapping of

primary resonances will never be satisfied. In this case, the

distribution functions in these resonances developed into plateau

distributions independent of each other.

When e is fairly large, the situation will be much more com-

plicated. Because the width of resonance io sensitive to £ and

n, and furthermore the location of the stable equilibrium or-

bit (the center of a resonance) changes by v with the change of

sign of Bessel function, the overlapping of adjacent resonances

occurs, so to speak, at random on the phase plane.

An example is demonstrated in Fig.5, where the period t is

chosen as 10.0, e is 0.1, y is 0.5, and AV , is 3.0. Here 26

particles are tracked until 300 periods. The mapping has a very

intricate aspect. It is noted that the island which corresponds

to W is isolated, i.e., the plateau regions are formed locally.

In these circumstances, the resultant change of the averaged

velocity may be not so large.

The magnitude of the generated current is calculated from

the change of the distribution function in velocity space. We

restrict our attentions to the case £^1, and neglect the deforma-

tion of the perpendicular velocity distribution function. The

stochastic behavior of an electron is determined by the variable

y, besides the wave parameters v , Av n, e, and t . The

stochastic boundary v (z,u) for each set of wave parameters is

determined according to the conditions, (3.1) or (3.3). Then the

change of the averaged velocity A < V > is given by
z
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r2-n/K ,-<» rv
A<v > = •—] dz dp dv v B n ( l+ecoskz)z 27TJo >0 K Z z °

j z,p)-fni(v )} ( 3 - 5 )

where

f -(

'th

pBn(l+ecoskz)
-}

'th

/ 2™th 2vth

Jo
 dzJv

+dv
z
 f m ( v

— ....(plateau region) f
dz +dv

0 v̂

(other region) .

Here f and f denote the initial Maxwellian distribution func-

tions in the axial and perpendicular direction, respectively, and

f" is the plateau distribution. The results will be compared

with the results of numerical experiments in the next section.
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§ 4. Numerical Experiments

Numerical experiments are executed for the purpose of

testing the validity of the previous evaluation based on the

theory of intrinsic stochasticity. A coordinate system

(z,v ,v ) , i.e., one-dimensional in space and two-dimensional in

velocity space is used. The motion of electrons in the exter-

nally applied field, eqs.(2.1) and (2.3), is assumed to be

adiabatic and followed by solving eq.(2.2) by the "leap-frog"

method. A periodic boundary condition is set for field quan-

tities and particle motions. All quantities are normalized in

the same manner as in Sec.3.

Experiments are executed for averaged phase velocities

v ,.=1.0 and the magnitude of the travelling wavy field e is 0.1.

The periods of modulation are chosen as follows: t =2.5 for

which the o.verlapping of primary resonances does not occur and

t =10.0 for which the overlapping of primary resonances is

dominant. Time evolution of the change of averaged velocity is

demonstrated in Fig.6, where the period t is 10.0. The mag-

nitude of the change of averaged velocity versus the magnitude of

modulated phase velocity is exhibited in Fig.7. The experimental

results are plotted as squares(t =2.5) and circles(t =10.0), and

F P

the theoretical results calculated from the expression (3.5) are

drawn as solid lines. For the case of t =2.5, the phase mixing

effect in the island produced by W seems not to be negligible.

The dashed line exhibits the theoretical evaluation in which the

correction due to this effect is taken into account. The ex-

perimental result for the parameters t =10.0 and Av ,=3.0 is an
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example of the large-phase-modulate case. The increment of

averaged velocity A<v > is clearly smaller than the case with
z

Av =0.8. In Fig.8, the magnitude of the change of averaged

velocity versus the periods of modulation is exhibited. We can

observe abrupt increase of A<V_>, which comes from the enlarge-

ment of the plateau region due to the onset of the overlapping of

primary resonances. From these figures, it is seen that the

theoretical estimations agree quite well with the experimental

results;

§ 5. Discussions and Summary

The mechanism of the generation of current by a travelling

wavy magnetic field with modulated phase velocity is clarified on

the basis of the theory of intrinsic stochasticity: the current

is generated as a result of formation of a plateau region in the

phase plane and is enhanced by the expansion of the plateau re-

gion due to the stochasticity of electron trajectories induced by

the modulation of the phase velocity.

The boundary of the plateau region is determined in terms of

the magnetic moment of the electron and the characteristics of

the externally applied wave. Knowing the boundary, we can

evaluate the generated current. Numerical experiments executed

in Sec. 4 supported the evaluation by this method.

It has been shown that overlapping of primary resonances is

very effective for the expansion of the stochastic region, and

consequently for the enhancement of the current. The criterion
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for the occurrence of the overlapping is given by eq.(3.3). The

overlapping occurs most easily between the Oth and the 1st

resonances, for which case the criterion is rewritten as

h( ? ) > 7T2/( k 2 t 2BnEP ) , ( 5 . D

where h(?) = {/| JQ(?) \+</\J1lZ) I )
 2- T he function h{£) has a mag-

nitude of the order 1 for |£|s2 (1.0£h(£)<2.366) and independent

of y. Accordingly, the criterion shows that, for a set of fixed

wave paramerers, there is a critical value for y, y , such that,

for p>y , the overlapping of the Oth and the 1st resonances takes

place. Figure 9 shows the relative contribution of electrons

with different values of y to the increment of the averaged

velocity A<v >. The ordinate F(p) is ob'-.ained by expressing
z

r
eq.(3.5) as A<v >= F(y)dy. There is a jump of the curve at theZ J°
critical value y . In the range p<p , the contribution comes

c c

solely from the phase mixing of trajectories inside of the Oth

resonance, while in the range M>VC, the enlargement of the

stochastic region due to the overlapping of resonances is

responsible for the increase of the averaged velocity. The com-

parison of Figs. 9(a) and (b) shows that, while the contribution

of the phase mixing inside of the resonance is almost the same

for the two cases, the contributions from the enlarged stochastic

region are much different from each other. When t =3, the con-

tribution of the extended part of the stochastic region is just a

minor correction, while when t =4 it dominates over the original

contribution. This change illustrates the abrupt onset of in-

crease of A<vz> at t ~3 in Fig. 8.
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Finally it should be stressed that too large velocity

modulation has not so much advantage, because in that case the

stochastic region is torn in pieces(see Fig. 5 ) . Then it seems

that there exists an optimal combination of the external

parameters.
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Appendix : Secondary Resonances

We introduce the following transformation,

kz = Z ,

vz = -SV
Z

t = T/(k/5p . (A.I)

Then the motion of an electron is governed by the Hamiltonian

H = HQ + Hx , (A.2)

HQ = -|-Vz
2 + cosZ , (A.3)

a,

H = — {cos(Z-nT)-cos(Z+nT)} , (A.I)
1 a

where the time-dependent Hamiltonian H.. describes the effect of

the modulation of the phase velocity and is considered a small

perturbation and n=2TT/(t k/ô ") .

It is well known that the treatment of the unperturbed

Hamiltonian H is much facilitated by introducing the action-

angle variables, I and Q:

I = i |vzdZ , (A.5)

9 = ™$n. . (A.6)
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where S is the generating function

fZ
S(Z,I) = j Vz(Z ,I)dZ . (A.7)

These variables are explicitly written down with the aid of the

elliptic integrals,

I = ~ E(bQ) , (A.8)

F(Z/2,b )
0 = 4 {l+sign(V)—w. N

u }+^{l-sign(V)} , (A.9)
U

where K and E are the complete elliptic integrals of the first

and the second kind, respectively, P is the incomplete elliptic

integral of the first kind, and the modulus b- is given by fol-

lowing expression:

ifw ' <o<bo<i)

W being the unperturbed energy of the electron. The trajectory,

which corresponds to W=l, is called separatrix.

In the action-angle variables, the equations of unperturbed

motion are expressed as

(A.12
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where f2 (I) is given by

2b0K(b0) • (A.13)

Then the motion of electrons described by H=H +H, is given by+H.

al
dT

(A.15)

The second term of the r.h.s. of eq.(A.15) is neglected in

analysing particle trajectories near the separatrix. Equation

(A.14) is rewritten with the aid of eqs.(A.3) and (A.4) as

dT dHQ
L 8Vz dT 3Z dT '

= TTppr. V cosZ——sin(nT) . (A.16)

The term V cosZ in eq.(A.16) can be expressed as a function of b_

and Z. Then, with the aid of the series expansion of Jacobian

9)elliptic function in terms of the nome q,

q = exp{-irK([l-bo]
1/2)/K(bo)} , (A.17)

we obtain

d l oo

clT1 = I=irn(I){ sln(TiT+2n0)+sin(nT-2n0) } , (A.18)
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0 = n(i)T+e0 , (A.19)

rn(i) =

The secular variation of I arises only when the condition

2mn{I)-n=0 holds for some integer m, where the variation of F(I)

through I is assumed to be negligibly small. Accordingly the kth

resonance surface I is defined by the solution of the following

equation:

2kft(Ik)-n = 0 . (A.20)

This is called "resonance condition".

In the vicinity of I , only the kth resonance term is sig-

nificant, because the contributions from other terms in eq.(A.18)

will be averaged out to zero. Thus in the vicinity of I the
K

single resonance approximation is valid and the equation of mo-

tion is given by

|i = rk(I)sin(nT-2k0) , (A.21)

f| = 12(1) • (A.22)

The expression for the kth island is obtained as the first in-

tegral of motion from eqs.(A.21) and (A.22):

£ - d l + Jj-cos[2k{0-JKl. )T}] = c o n s t . (A.23)
rk(i)
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Figure Captions

Fig. 1. The phase velocity of the wavy magnetic field.

Fig. 2. Schematic illustration of primary resonances.

Fig. 3. Surface of section plots for the case of small phase

moduration(the overlapping of secondary resonances),

(a) Av =0.4 and (b) Av h=1.6.

22 particles with different initial conditions (x) are

tracked until 300 periods. Other parameters are chosen

as follows:

t =2.5, e=0.1, and y=1.5.

As to v -axis, the reference frame and the experimental

frame are exhibited on both sides.

Fig. 4. Surface of section plots for the case of moderate phase

moduration(the overlapping of primary resonances).

(a) AV ,=0.2 and (b) Av ,=0.8.pn ph

24 particles (x) are tracked until 300 periods. Other

parameters are chosen as follows:

t =10.0, e=0.1, and y=1.0.

Fig. 5. A surface of section plot for the case of large phase

modulation.

26 particles (x) are tracked until 300 periods. Other

parameters are chosen as follows:
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=3.0, t =10.0, e=0.1, and P=0.5.

Fig. 6. Time evolution of the change of averaged phase velocity.

Fig. 7. The change of averaged phase velocity A<v > versus the
z

magnitude of phase modulation Av Experimental results

are plotted as squares(t =2.5) and circles(t =10.0).

Theoretical results are drawn as lines. The dashed line

exhibits the theoretical result in which the correction

due to the phase mixing effect in the island produced by

W , is taken into account. Here the parameter e is

chosen as 0.1.

Fig. 8. The change of averaged velocity versus the period of

modulation. Theoretical results are drawn as solid lines

and experimental results are plotted as circles. Here

the parameter e is chosen as 0.1.

Fig. 9. F(£), the relative contribution to A<v >.
z

(a): t =3.0 and (b): t =4.0.

Other parameters are chosen as follows:

Av =0.8, e=0.1, and v D h Q=1.0.
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