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Abstract : 

A Landau-Ginzburg-Wilson aodel associated with a single irredu

cible representation which exhibits an ordered phase whose symmetry group 

is not a maximal isotropy subgroup of the symmetry grc-ip of the disordered 

phase is constructed. This example disproves the maximality conjecture 

suggested in numerous previous studies. Below the (continuous) transition, « « 

order parameter points along a direction which varies with the temperature 

and with the other parameters which define the model. 

An extension of the maximality conjecture to reducible 

representations was postulated in the context of Higgs symmetry breaking 

mechanism. Our model can also be extended to provide a counterexample in 

these cases. 

Symmetry changes which occur in second order phase transitions 

have been a subject of many studies in the last fifty years. Host of 

these studies are based on Landau theory ClH3] , and more recently, also 

on renormalization group arguments [4][5] . The theory of Landau and 

Lifshitz provides an extremely powerful tool for analyzing the possible 

changes of symmetry occuring in second order phase transitions. According 

to this theory, the order parameter associated with the transition, 

•j *n , has to transform as a basis of la single irreducible repre

sentation R of the symmetry group G of the disordered phase. Moreover 
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not every irreducible representation R may be associated with a second 

order phase transition. Only those representation* (referred to as actiye 

representations [3]) which satisfy certain criteria are allowed by this 

theory [lH4],[6l. Although the theory of Landau and Lifahitz imposes 

strong restrictions on the possible irreducible representations which 

may participate in a second order transition, it does not provide a simple 

answer to the question of what are the possible symmetry groups G which 

oay be associated with a given representation R . These groups are deter

mined by the direction that the order parameter vector [4-,...,$ ] takes 

below the transition. In order to find this direction one should first 

construct the Landau-Ginzburg (LG) Hamiltonian associated with the transi

tion, by determining all possible invariants up to fourth order in $. , 

and then minimize this Rami 1 torn an [7]. Renormalization group (RG) argu

ments provide further re frictions on the possible changes of symmetry 

occuring in second order phase transitions. It has been suggested that 

only those irreducible representations which have a stable fixed point 

may be associated with a continuous transition[S] . Moreover, RG calcul

ations may also help in restricting the possible directions that the 

vector [-$,,... ,<t] may take below the transition for those representations 

which are allowed by the theory. For example, consider the Landau-Ginzburg-

Wilaon (LGW) model associated to the n-component order parameter which 

n 4 
has cubic symmetry, namely, with cubic &nisotroDy term v t $>. . 

i-1 * 

By minimizing this Hamiltonian one finds that the direction of the order 

parameter vector below the transition is either [1,0,.--,0] or [1,1,,-,,!]. 
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depending on whether v is < 0 or > 0 , respectively. On the other 

hand RG studies in d * 4-e dimensions (c > 0) indicate that the 

stable fixed point associated with this model satisfies [5] v* • 0 for 

n < 4+0(e) and v > 0 for n > A + 0(e) . This suggests that in second 

order transitions and for n > 4+0(E) the order parameter vill lie in the 

[l,,..,l] direction below the transition, since this is the direction 

favored by v* > 0 . On the other hand for n < 4 + 0(c) these calculations 

do not provide additional restrictions beyond those found by the Landau 

theory, since v » 0 . 

In all the examples studied so far it was found that the direction 

£$,»•••»$ 1 of the order parameter vector below the transition cannot 

be arbitrary but is rather restricted to certain symmetry directions de

termined by the fourth order invariants. It has been observed that in 

all these cases, the symmetry group of the ordered phase, G , is a 

maximal • isotropy subgroup [9] of the group G . In other words, the 

group G is such that one cannot find a direction in the (4.,...,* > 

space whose symmetry group C. satisfies G ^ G- ^> G . The example 

of the cubic model clearly illustrates this observation . Both directions 

[1,0,...,0l and [l,...,l] , which are allowed by the Landau theory, 

are symmetry direction, and they correspond to maximal isotropy subgroups 

of the cubic group. It has therefore been conjectured [10] that in 

second order phase transitions, the symmetry group of the ordered phase 

if always a maximal isotropy subgroup of the symmetry group of the disor

dered phase. This conjecture provided the missing link between the active 

representations R and the possible symmetry groups G . It has been 

observed [11],[7] that in certain cases the truncated LG model has a 

higher symmetry group than that of the matrix group representing G . 
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Subsequently! the maxioality conjecture has been reformulated to refer 

to this higher symmetry group [13], The conjecture hag also been formul

ated in the context of the Higgs problem in gauge field theories [12] . 

Furthermore, it was extended [14],[15] to cases in which the order para-

Deter (Higgs field) belongs to a reducible representation. 

Xn this Letter we analyze a model which provides counterexample to 

this conjecture. He find that in a certain range of its parameter space, 

the order parameter vector associated with this model does not point along 

a symmetry direction. Hie direction of this vector varies with temperature 

T and with the other parameters which define the model. In previously 

studied cases, the only way to get to such a phase is via a tetracritical 

point or possibly through other multicritical points. Let (^t^qX^T?) 

be an n - 6 -component order parameter associated with the following 

LGW aodel 

3 3 

"B1 z i-1 L x " i«l * l 

3 3 3 
- U< E +2+?f)2 " V I (*;+?S - W( Z * f ,2 (1) . 

i-1 l 2 i-1 l 1 i = l 1 "• 

Consider the case in which u,v and w are positive. Clearly, v > 0 

favors an ordering in which the two vectors C^,*,^) a n d (•ViFo*^ point 

along cubic body diagonals. On the other hand w * 0 favors ordering in 

which the two vectors (•i*2*3' *"* (•1*2*3' a r e PerPendicular to each 

other.Since there are no two body-diagonal directions which are perpendi

cular to each other, the two terms v and w are competing. As a result 

the order parameter vector (*i*2*3 *i*2*3^ ™*11 take an intermediate 

direction which is not associated with a maximal isotropy subgroup of the 
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symmetry group of the model Eq. (i) • To make this argument more quan

titative ve have minimized the Hamiltonian Eq(l) and determined the 

possible ordered phases in the entire (v,w) plane. For stability of 

the model (assuming u > 0) we require u+v > 0, 4u+2v+w > 0, and 12u+2v+3w > 0. 

the resulting phase.diagram is given in Fig. 1. Four different 

ordered phases are found in this figure. Three of these I, 11, and III 

correspond to an order parameter which points along a (maximal) symmetry 

direction. Ve shall refer to them as maximal phases. On the other hand 

in the fourth phase, refered to as non-maximal phase, which exists in 

the region — > 0 and — > 0 the order parameter points along a direc

tion (aab aa-b) which is not a symmetry direction. Here 

2 r(v+w) 
a - ^ » (2a) 

4v +6vw+24uv+32uw 

.2 _ v+2w 2 
b - — a . (2b) 

To complete this analysis we consider the symmetry properties of 

the model Eq (1) and show that the solution Eq (2) does not correspond 

to a maximal isotropy subgroup of the symmetry group G of the model 

Eq. (1). The group G is generated by the cubic group Q acting on 

the two vectors (t.t,^) snd (*\?2 ^3) simultaneously, and by the 

following four generators : an operator which reverse the direction of 

^1^2*3^ b u t leaves (*i +2 *3* unchanged n : i . •* -J. , •. +*. ,1-1,2,3 ; 

an operator which interchange •. and 7. but leaves #. and "$1 

i - 2,3 unchanged y x : + 1++ Tj , ̂  -* ^ , Tj •* ? 4 , i - 2 , 3 , 
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and similar operators y- and u- which interchange $„ "*—*" $1 

— , 2 2 

and $_ *—»• 4- respectively. These generators satisfy n * p. B 1 

i « 1,2,3 . The group G consists of 48 * 16 <• 766 elements. The 

symmetry group G of the ordered phase IV is defined by the following 

four generators : a[UO] , p, » u, ^ UjC.tllOj , where o is 

a reflection and C, is a two-fold rotation which belong to 0. . This 

group has 16 elements. It is obvious that the group G is not a maximal 

isotropy siiigroup of G . Consider for example an order parameter 

pointing along [110 110]. Its symmetry group G. is defined by five 

generators : oCllOl , p. , p- , v„ and C_[110] . This group has 

32 elements and it satisfies G => G. ^ G . Also the symmetry group 

G, associated with an order parameter pointing along {00100-1} 

satisfies G 3 G- 3 G . This group has 64 elements and is generated by 

the group C, [00l] and by the elements u- , p and û o- [001]. (16 ] 

TUi3 model can also be used to provide a counterexample to the extended 

mavizislity conjecture when the order parameter belongs to two irreducible 

representations [14] [15] . Let P: be the same irreducible representation 
as before, defined by the order parameter ^i^2*3 *1*2*2^ * Consider 

a one dimensional irreducible representation S , whose basis function 0 
3 

transforms like Z 4.$". , namely, li^e the determinant of R . The 
i=l x L 

reducible representation R-*-S provides a counterexample. 

By varying the temperature, r , and one of the fourth order 

coupling parameters, say, w , the system may cross-over from one type 

of ordering to another. This is illustrated in Fig. 2, where the f—,—) 

phase diagram is given for u,v > 0 . This phase diagram exhibits three 

phases : a disordered phase at r > 0 , an [aab aa-b] phase at r < 0 

and — > 0 and a [ 111 llll phase at r < 0 and — > 0 . The point 
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(r - 0 w - 0) is a multicritical point M at which the three transi

tion lines which separate the three phases meet. This point is of the 

3 
-same type as the polycritical point [17 ] found in superfluid He 

We now analyze the phase diagram of the model Eq> (1) using KG 

caculations. He first note that by applying RG transformations to this 

model one generates an extra invariant, 

- 3 2-2 
v ^ *i*i . (3) 

Therefore; one has to 6tudy the Hamiltonian Eq. (1) together with 

the fourth order term [18] Eq. (3). This model is closely related to the 

one associated with the magnetic phase transition in type II bcc anti-

ferromagnets [191 Ii this system, each of the two interpenetrating simple 

cubic lattices which constitute the bcc lattice, is antiferromagnetic. 

Tf one denotes the sublattice magnetization of one cubic lattice by 

<ti+2*3̂  an(* *-̂ at °* tne otber by (4,$,$-») » then the six-component 

order parameter (tii'o'K ^i^yF*) describes the transition in type II 

bcc antiferromagnets. The LGW model associated with this case is given 

by the model Eq. (1) together with Eq.(3), plus an extra fourth order 

invariant [20]. Our mc.iel is also related to certain structural transi

tions in A15 compounds associated with Brillouin zone corner (R-point) 

order parameter [21], The RG analyzes of these models have already 

been carried out to leading order in e - 4-d . Using these studies we 

find that the model Eq. (1) together with Eq. (3) does not possess a 

stable fixed point. This indicates liiat the transition from the disor

dered phase tc the ordered ones is first order. The multicritical pqint 

M then becomes a triple point. 
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The model Eq. (1) is not the only model exhibiting a phase with 

non-maximal iaotropy group. The straightforward generalization of this 

model to one with 2m-component order parameter with odd n is such 

example and there exist others [22] . Xt la expected that the mean field 

phase diagram of such models should be schematically given by Fig. 2, 

where y • — now represents aome parameter which measures the competition 

between the various fourth order terms. It is interesting to note that 

RG considerations may affect the structure of the non maximal phase quite 

drastically. For example if the model possesses a stable fixed point, y , 

which favors a non-maximal phase, the direction of the order parameter 

is expected to remain constant along the transition line, a ™ , since 

it is determined by the fixed point. This is in marked difference from 

the mean field result which suggests that this direction should vary along 

°HM • 
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Figure Captions 

Fig. 1 : (-,—) phase diagram of the model Kq. (1) , for u > 0 . Dashed 

lines indicate the stability limit. The model exhibits four 

ordered phases of which three (1,11,111) are maximal and one 

(IV) is non-maximal. The direction of the order parameter 

vector is indicated in each phase. The phases are separated 

by first order transition lines. 

Fig. 2 : (—,—) phase diagram (u > C,y i 0) obtained by mean field 

calculations. Thin lines indicate contir.jous transitions while 

thick lines - first order transitions. In (a) M is a multi-

critical point and in (b) it is a triple point. 
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