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ABSTRACT 

An evaluation is made of the suitability of analytical and 
statistical sampling methods for making uncertainty analyses. The 
adjoint method is found to be well-suited for obtaining sensitivity 
coefficients for computer programs involving large numbers of equations 
and input parameters. For this purpose the Latin Hypercube Sampling 
method is found to be inferior to conventional experimental designs. 
The Latin hypercube method can be used to estimate output probability 
density functions, but requires supplementary rank transformations 
followed by stepwise regression to obtain uncertainty information on 
individual input parameters. A simple Cork and Bottle problem is used 
to illustrate the efficiency of the adjoint method relative to certain 
statistical sampling methods. For linear models of the form Ax_=_b it 
is shown that a complete adjoint sensitivity analysis can be made without 
formulating and solving the adjoint problem. This can be done either 
by using a special type of statistical sampling or by reformulating the 
primal problem and using suitable linear programming software. 
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EXECUTIVE SUMMARY 

INTRODUCTION 

ONWI is currently developing an integrated set of first-order 
models for the NWTS program. Using these models ONWI wishes to perform 
uncertainty analyses of the performance of the isolation system. From 
these analyses, ONWI intends to define the uncertainty in the performance 
predictions at various levels of confidence and determine the models and 
model parameters that make the qreatest contributions to that uncertainty. 

OBJECTIVE 

This task involves a review of the literature, reports, and 
other documents related to techniques for making uncertainty analyses. 
Uncertainty analysis is concerned with the effects of variations in the 
magnitudes of input parameters, called input uncertainties, on the varia
tions of computed outputs, called output uncertainties. Some computed 
outputs are relatively sensitive to small changes in some input values, 
and are relatively insensitive to changes in other input values. For 
large computer simulations, based on many mathet.itical equations and 
hundreds of input parameters, the sensitivities of computed outputs to 
changes in individual inputs, or combinations of inputs, are not readily 
apparent. Some techniques for making uncertainty analyses make direct 
use of the mathematical equations that are represented and solved by the 
computer code. These techniques are called analytical and are well-
represented by a technique known as the adjoint method of sensitivity 
analysis. Other techniques for making uncertainty analyses treat the 
computer code as a "black box". With these techniques the input parameters 
are perturbed according to certain patterns. The computer program is then 
re-run for each pattern In order to determine the sensitivity of computed 
outputs to changes in inputs. The perturbed input patterns are fre
quently selected in accord with statistical concepts associated with the 
design of experiments. For this reason such techniques for making 
uncertainty analyses are called statistical sampling techniques, and are 
represented by a method known as Latin hypercube sampling. 
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The objective of this task is to compare the analytical 
and statistical sampling techniques for making uncertainty analyses, 

PROCEDURES 

The task was accomplished by reviewing published literature, 
reports, computer codes, and other documents related to techniques for 
making uncertainty analyses. Frequent discussions and small workshops 
were held with the Technical Monitor and Technical Administrator as the 
effort progressed. Conference calls were made with several experts to 
obtain clarifying information. 

A simple example, called the Cork and Bottle problem, was developed 
to illustrate the strengths and weaknesses of the analytical and statistical 
sampling methods. 

RESULTS 

The analytical methods are found to be superior to the statistical 
sampling methods in logical rigor and numerical accuracy. This finding 
stems primarily from the fact that analytical methods make direct use of 
the mathematical equations that are represented by the computer code. 
Among the analytical methods, the adjoint method is found to be particularly 
well-suited for obtaining the sensitivity coefficients for all input para
meters, taken individually or in combination. With proper attention to 
coding procedures and with the use of currently developing software for 
obtaining partial derivatives (GRESS), the incremental costs for formu
lating and solving th.:i adjoint version of the computer code can be 
minimized. 

Among the statistical sampling methods, the Latin hypercube 
technique is found to be based on procedures that are generally unacceptable 
to classically trained statisticians. This stems directly from the use 
of random procedures to determine which combinations of perturbed inputs 
should be run using the computer code. With the use of Latin hypercube 
sampling it is necessary to make rank transformations of the datas followed 
by stepwise regression, in order to obtain questionable sensitivity 
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information on individual input parameters. Latin hypercube sampling 
is based on a sampling method that does not control the type or extent 
of confounding among main effects and interactions. As a result, the 
sainplinQ is inferior to conventional expérimental desi nos, such as frac
tional factorials and main-effect designs. The primary virtue of Latin 
hypercube sampling is the fact that it yields unbiased estimates of the 
probability density functions for computer outputs. 

The adjoint method of sensitivity analysis is not well known 
outside of the field of nuclear engineering. Simple expository examples 
of the method were not found in the literature. Some practitioners sug
gested that the simplest examples of the adjoint method are represented by 
eigenvalue problems or by sets of simultaneous differential equations. 
At the risk of oversimplification, a simple Cork and Bottle problem 
was developed on this task for expository purposes. The problem is 
found to provide simple illustrations of several of the principal features 
of the adjoint method. The problem also serves to provide a basis for 
comparing techniques of sensitivity analysis based on statistical sampling 
with those of the adjoint method. 

Because of the linearity of the Cork and Bottle problem, several 
interesting and possibly useful results were obtained. A generalized 
Cork and Bottle problem consists of a set of n simultaneous linear equa
tions in n unknowns, denoted by Ax_=b, together with a response function 
of the form R=c-x_. For such systems with A, b s and c specified, the 
adjoint sensitiyity equation is found to be given as follows: 

dR dc _,_ ,3b 3A » 
Oct — da da da — 

where a is a generic variable that can assume the label of any of the A, 
b, or c input parameters, and x_ and y__ respectively denote the vector solu
tions to the original and the adjoint version of the problem. The 
numerical sensitivities can be found once the numerical solutions for x_ 
and y_ are obtained. 

For the linear case it is found that a complete adjoint sensitivity 
analysis can be made without formulating, coding, and solving the adjoint 
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version of the primal problem. This can be done in either of two ways. 
One method is based on a special type of statistical sampling, called 
adjoint-sampling in this report. The other method is based on trans
forming the primal problem into a linear programming problem. 

In the adjoint-sampling method, n additional runs of the primal 
program are required. The n additional runs are defined by successively 
increasing the value of each b-parameter by unity, then re-running the 
program, and re-computing the value of the response function. The change 
in the value of the response function from its value in the original run 
is found to be numerically equal to the value of an adjoint variable. 
After n additional runs the entire y-solution to the adjoint problem 
is known and the sensitivities of all input parameters can then be 
computed using the above equation. 

The adjoint-sampling method requires a total of (n+1) runs of 
the primal computer program. A conventional application of the adjoint 
method requires two runs: one run of the primal program and one run 
of the adjoint program. A crude cost criterion is derived in the report 
by comparing the cost of making n additional runs of the primal program 
versus the cost of formulating, coding, and running the adjoint program. 
Under simplifying assumptions it is shown that the adjoint-sampling method 
is less costly than the conventional adjoint method for this linear case 
provided the number of equations n is less than 1 + ( C $ / C R ) , where C5 
denotes the cost of programming the primal problem and C R denotes the cost 
of a computer run. If the programming costs exceed the running costs 
by a factor of 100, for example, then the adjoint-sampling method is less 
costly until the number of equations in the primal problem exceeds 101. 

A second method for making a complete sensitivity analysis of 
the linear case without solving the adjoint problem involves transforming 
the primal problem into a linear programminq problem. The trans
formation is required in order to obtain an equivalent problem in which 
all input parameters are non-negative. This is a simple, standard type 
of transformation well-knowr in linear programming. With this transforma
tion to a linear programming problem a software package is then used 
that yields the solutions to both the primal and the dual versions of the 
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linear programming problem. The x̂  and y solutions of the given linear 
system are then obtained by a simple transformation from the primal 
and dual solutions given by the linear programming output. With this 
approach the complete adjoint sensitivity analysis can be made without 
formulating and solving the adjoint problem and without making additional 
statistical sampling runs of the computer program. 

RECOMMENDATIONS 

Based on the results of this task the following recommendations 
are made: 

• ONWI should support the development and 
application of the adjoint method of 
sensitivity analysis. 

i ONWI should not support the development 
of the Latin hypercube sampling method for 
sensitivity analysis. Limited use of the 
Latin hypercube sampling method may be 
justified for obtaining unbiased estimates 
of the probability density functions for 
computed outputs. 

s ONWI should closely follow developments 
related to other analytical techniques for 
making sensitivity analyses. 

s ONWI should rely as much as possible on 
conventional statistical procedures for 
quantifying the uncertainties of input 
parameters. 

» ONWI should rely on conventional statistical 
designs, such as fractional factorials, for 
limited uncertainty analyses based on 
statistical sampling methods. External 
evidence should first be obtained in order 
to identify which main effects and interactions 
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among the input parameters of the program are 
negligibly small. An experimental design 
should then be used with confounding pro
perties that are consistent with the 
identified negligible effects. 
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1 INTRODUCTION 

ONWI is in the process of developing a performance assessment 
capability for the National Waste Terminal Storage (NWTS) program. This 
capability is intended to include an integrated system of simple models 
which describes the behavior of the overall isolation system to a first 
order of approximation. The models are exoected to involve hundreds of 
input variables and parameters and will be costly to run. Using this 
system of models» ONWI wishes to perform uncertainty analyses of the 
performance of the isolation system. From these analyses, ONWI intends 
to define the uncertainty in the performance predictions et various levels 
of confidence and determine the models and model parameters which make 
the greatest contribution to that uncertainty. 

There have been two different technical approaches {and a number 
of variants) proposed to QfWI about how this work might be accomplished. 
These technical approaches may be classified as "statistical" or "analytical" 
and are represented, for example, by the Latin hypercube sampling method 
and tue adjoint methoJ, respectively. 

The choice between these approaches is important to ONWI for both 
cost and technical reasons. Roughly, analytical methods trade increased 
costs in the initial programming stage for decreased costs during subse
quent stages. The statistical methods typically hâve lower initial costs 
because computer runs are made only for selected combinations of input 
perturbations judged to be important. However, as snore detailed sensitivity 
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analyses are made, the costs of making additional runs may become 
prohibitively large. In addition to cost differentials the two approaches 
also have technical differences. The technical differences stem largely 
from the fact that the statistical approaches treat the computer code 
as a "black box". The sensitivity structure of the black box is deduced 
by analyzing the input-output relations that are exhibited when the 
computer code is repeatedly run using carefully selected combinations 
of perturbed inputs. In contrast, the analytical methods "look inside 
the black box" aF»d make explicit use of the mathematical relations that 
are involved in the simulation models. 

The effort reported below aims to evaluate the appropriateness 
and usefulness of statistical and analytical methods for application 
to ONWI's analyses of uncertainty. 

1.1 BASIC DEFINITIONS AND CONCEPTS 

For clarity of exposition certain terms are defined in this 
section. In some instances the terms are represented in symbolic form 
to better describe the associated concept. The aim is to be simple and 
suggestive, not rigorous. 

Consider a response function of n variables x-j, ..., x n, and 
m parameters a-., ..., a m. The function may be represented by 

R(x_,aJ - R(x-|,. . . ,x n; a-],... sa m). (1) 

It is assumed chat this function can be differentiated with respect to 
the parameters. A Taylor's series expansion of the function at the point 
(x°,a°) consists of terms of the following form: 

-̂ -b da, (2) 
da 

where a derates a "generic" var iable that represents any parameter. As 
shown by the superscript the pa r t i a l der iva t ive 3R/3a° is considered to 
be e q u a t e d at the point ( x ° ,a ° ) . Geometrical ly, the numerical value 
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of the partial derivative is associated with the slope of a tangent plan» 
at this point. The factor da represents a small change from the parameter 
value a° so that 

da = a-a° 

represents a perturbation of a from the reference value a°. The product 
of the partial derivative and the perturbation, shown in Equation (2), 
represents the approximate change in the function R due to the change in 

The exact change in the function could be obtained by re-computing 
the function R with (a°+da) substituted for a°. The approximation given 
by ('-R/3-x0)da will be a good approximation to the exact change in the 
value of R provided da is sufficiently small, 

1.1.1 Definition of Sensitivity 

The partial derivative 3R/3a° is called the sensitivity of the 
function R to a perturbation in a at the point (x_°,a_°). Note that the 
sensitivity can change from point to point. Also note that for a given 
perturbation da, the resulting change in R can be much larger than da 
(if 3R/oa° is large) or much smaller than da (if 3R/3a° is small). 

1.1.2 Definition of Sensitivity Coefficient 

Let dR denote the change in the response function that results 
from the perturbation da. Further, let dR/R denote the fractional (or 
percentage) change that results from the fractional (or percentage) change 
da/a. The sensitivity coefficient is given by the ratio 

dR/R _ d(ln R) f-x 
da/a d(ln a)* { ô } 

Note that this is a dimensionless (pure) number and represents the percentage 
change in output dR/'R relative to the percentage change in input da/a. For 
example, if the sensitivity coefficient for a is 2 then the percentage 
change in the output is twice that of the input. 



4 

1.1.3 Definition of Sensitivity Analysis 

In this report a sensitivity analysis is taken to be an analysis 
that provides quantitative estimates for the sensitivity coefficients 
d(ln R)/d(1n i) associated with some, or all, of the input a's 

"I • 1 • ̂  Definition of Uncertainty 

The term "uncertainty" is broadly used in the literature to 
refer to a variety of different conceots. These include variations in 
computed outputs related to standard deviations of input parameters, to 
the use of ''guesstimates" for input parameter values, to a lack of know
ledge concerning the exact forms for the equations included in the 
associated mathematical models, and to a lack of knowledge concerning 
the models themselves. For this reason the term uncertainty is used 
in this report to refer to any of these variations, with the exception 
tnat "sR/̂ a is generally called a partial aerivative and d(ln R)/d(ln <) 
is generally called a sensitivity coefficient. All other quantities, 
such as da-j, -. ; oroducts such as ( ''R/V'.°)d .; sums of products such 
k i 
T. ('-R/'-'x • °}da., etc., are called uncertainties. 

i = i 1 1 

1.1.5 Definition of Uncertainty Analysis 

In this report an uncertainty analysis is taken to be an analysis 
that provides quantitative estimates for da-, da^/a-, -.•% or related 
measures of input and output variability and generally involves an 
algebraic combination of these estimates with the sensitivity coefficients 
to yield an overall measure of uncertainty. It is noted that, under the 
above definitions, a sensitivity analysis is usually required as input 
to an uncertainty analysis. 

1.2 EXTENSIONS OF CONCEPTS AND DEFINITIONS 
RELATED TO UNCERTAINTY ANALYSIS 

(]) The reader is referred to the text by Frank for extensions 
of the concepts and définit .̂ ns given above. The sensitivity coefficient 
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given in Equation (3) is a static special case of Frank's "relative 
(logarithmic) sensitivity function" which may be time (or frequency) 
dependent. Six other measures of uncertainty are also included in the 
text, together with a classification of parameter variations that include 
'.-variations that do not change the order of associated differential 
equations; g-variations that are associated with uncertainties in the 
initial conditions of differential equations; and '-variations that 
affect the order of the differential equations. 
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? THE STATISTICAL SAMPLING APPROACH 
TO UNCERTAINTY ANALYSIS 

In this section conventional concepts are reviewed that relate 
to the statistic?1 sampling approach to uncertainty analysis. These 
concepts involve the fitting of a response surface to a pattern of dis
crete points that are selected in accord with an experimental design. 
The discussion is focused on the strengths and weaknesses of fitting 
response surfaces. Special attention is given to the number of points 
required to define a response surface. Brief references are made to 
factorial experiments and to the confounding of main effects and inter
actions that occur when such factorials are reduced to designs that 
require fewer runs. The primary purpose of this discussion is to pro
vide a basis for contrasting conventional concepts of experimental 
designs with those associated with the Latin hypercube design. 

The strategy of the statistical approach to uncertainty analysis 
generally consists of regarding a computer code as a "black box" which 
transforms input numerical values into outDut numerical values. Quantita
tive relations between inputs and outouts are identified and studied 
by making repeated runs of the computer code with inputs set at carefully 
selected incremental values ta<en over permissible ranges of the input 
values. In this sense the coniputer code is subjected to a set of experi
mental runs, with each experimental run designed to give additional 
Information concerning the quantitative relation between the input values 
and the output values. With this approach statistical concepts, normally 
associated with the design of experiments, can be applied to analyze the 
"data" frnm the experimental runs. Standard computational procedures 
can then be used to fit general quantitative models that describe the 
approximate relation between inputs and outputs. 

2.1 STATISTICAL RESPONSE SURFACES 

The mathematical model that results from the statistical approach 
is geometrically represented by a "response surface" In an (n + 1) 
dimensional space. The surface represents the magnitude of a selected 
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output over the range of values of each of the n inputs. When the input-
output relations are well-behaved the response surface is usually considered 
to be smooth with smoothly changing "slopes". This permits the use of 
mathematical models that are continuous in the inputs and have continuous 
partial derivatives. After the surface is fitted, the equation repre
senting the surface can be mathematically analyzed to estimate slopes, 
determine approximate locations of maxima, determine contours, etc. 

It is important to note that the response surface is computed 
only at a finite number of selected combinations of discrete values of 
the inputs. Thus, the output points of the response surface represent 
a discrete point-approximation to the "true" continuous surface. 
Even if the response surface is required to pass exactly through each 
discrete output point, there is no guarantee that the fitted response 
surface will correctly represent the output magnitudes for inter
polated or extrapolated values of the inputs. In fact, it is usually 
considered to be undesirable to fit a polynomial response surface 
exactly to a discrete set of output points because the behavior of a 
polynomial surface between the fitted points is frequently unacceptable. 
To avoid overfitting and underfitting it is usually necessary to fit a 
variety of polynomial surfaces with differing polynomial degrees for 
different input variables. That is, the output may be linear in some 
inputs, but in other inputs the output may be better represented by 
quadratic, cubic, or higher degree polynomials. 

The primary technique for fitting response surfaces involves the 
use of a polynomial regression analysis. "Efficient computer software 
makes it possible to fit a variety of regression models, having widely 
different structures, in an effort to identify a suitable regression 
model. Although this approach is feasible and widely used, it must be 
noted that considerable judgment on the part of the analyst must be 
exercisr.d. Judgment is required, for example, in the selection of the 
mathematical structure of possible regression models, in choosing proper 
criteria for identifying a suitable fit at the computed points, in choosing 
criteria for acceptable behavior between computed points, in selection 
of techniques for validating the fitted model, etc. 
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Judgment is also required in the selection of the experimental 
design that is used to obtain the computed points required to define 
the response surface. How many computer runs need to he made? how 
many "levels" of each input parameter should be used in the experimental 
design? How will the resulting data be analyzed? Will the analysis 
identify which input parameters are most important in determining the 
output? Although there is general agreement that these kinds of 
questions should be asked, there is frequent disagreement in the 
answers to these kinds of questions, even among professional statisticians. 
In the following paragraphs the question of the experimental design used 
to select the input values is considered in more detail. 

2.2 STATISTICAL DESIGN OF EXPERIMENTS 

The statistical design of experiments can be illustrated by a 
simple example. Suppose that a computed numerical output, called a 
response R, depends on two numerical inputs, say ?.-> and ay_- This dependence 
is symbolized by writing 

R = R(ai,a?). 

Let a° denote a specified value of an input parameter, and let R" denote 
the resulting response, so that 

R° = R(a-,°,a9°). 

Depending on the model and the data used in the calculations, the specified 
values of the a 1s may be nominal values fixed by system design considera
tions, reference values obtained from the study of an experimental proto
type model, estimated values (least-squares, maximum likelihood) obtained 
from fitting a mathematical model to measurement data, measures of loca
tion (means, medians, or modes) associated with probability density functions 
for the a's, "guesstimates" based on expert opinion, etc. The term 
"nominal value" is used for all of these possibilities in the remainder 
of this report. 
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The uncertainty in the correct value for a is frequently repre
sented by an increment da = a-a°, and by a fractional (or percentage) 
change da/a = (a-a°}/a. Thus, the uncertainty in a is measured in terms 
of a possible deviation of -i from its nominal value o°. 

For the above example, suppose that ida-j and td'«2 represent 
the uncertainties in a-, and o^, respectively. These uncertainties give 
rise to 9 combinations of levels of input yalues that could be run using 
the computer code. Specifically, with a-| set at its low level, coded (-1), 
three runs would be made with a ? set at a low level (-1), nominal level (0), 
and high level (1). These three runs can be symbolized by (a-po^) = 
(-1,-1,), (-1,0), and (-1,1). Similarly, the three levels for ou could 
be run in combination with a-, at level (0) to give (0,- 1), (0,0), and 
(0,1), and with a-j at its high level to give (1,-1), (1,0), (1,1). The 
resulting combinations give 9 points or the response surface. The 
experimental design associated with these 9 points is called a complete 
factorial. In general, with m input parameters and 3 levels for each 
parameter, the number of ^uns required for a complete factorial design 
is given by 3 m. For even a moderate number of input parameters, say 8, 
it is found that 3 or 6,561 runs would be required to (partially) define 
the response surface using a complete factorial design. For computer 
codes which are costly to run and have hundreds of input parameters, it 
is clear that the complete factorial design cannot be used. 

2.2.1 Main L, ects and Interactions 

A rather thorough analysis can be made of the data obtained 
when a complete factorial design is used. The results of such analyses 
are usually expressed in terms of "main effects" and "interactions". 
Roughly, the unconditional main effect of an input is measured in terms 
of the difference between the average response oyer all runs made, with 
the input set at a high level, minus the average response over all runs 
made, with the input set at a low level. Two conditional main effects 
of a, can also be computed. The main effect of a-, can be computed under 
the condition that ou is at a high level, and under the condition that 
a 9 is at a "!ow level. If these two conditional main effects differ 
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appreciably, then :t-, and a 2 are said to interact; that is, the average 
effect on the response of changing a-| depends on the level of o^. Similar 
interpretations of interactions are possible and are useful for combina
tions of more than 2 inputs. 

2.2.2 Required Number of Runs 

It should be noted that the number of levels for each input 
serves as a measure of the polynomial degree that can be associated 
with the fitted response surface. With 2 leve'is for each parameter, only 
linear main effects and linear-by-linear interactions can be identified 
and quantified. The use of 3 levels permits quadratic effects to be 
analyzed, and in general, the use of (K + 1) levels permits the Kth 
degree polynomial effects to be treated. The number of required runs 
for the complete factorial for m inputs, with (K + 1) levels per input, 
is given by (K + 1 ) m . This usually yields a number of runs for a complete 
factorial that is unacceptably large. Yet, in terms of the polynomial 
structure of the associated response surface, it is often conceptually 
oversimple. For example, the 6,561 runs for the 3 Ö complete factorial 
considered above can only account for quadratic effects. 

2.2.3 Reduced Experimental Designs 
and Confounding 

Many different experimental designs have been devised in order 
to reduce the number of runs below that required by the complete factorial. 
However, each reduction in the number of runs entails a loss of informa
tion on the main effects and interactions. That is, for the reduced 
designs the main effects and interactions of some of the inputs cannot 
be estimated from the resulting data because of "confounding". Confounding 
occurs when two different estimation formulas based on the complete 
facotrial become identical because of the fact that certain runs were not 
made. Thus, with the data available from the reduced design the one 
effect cannot be distinguished from the other. In such cases, it is 
common practice to use whatever knowledge there may be about the system 
that would indicate, in advance, which main effects and interactions can 
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be correctly assumed to be negligible. Suppose that in a particular design 
the main effect of a-j is confounded with the interaction effect, a-jXĉ -
Suppose, in addition, that it can correctly be assumed that the interaction 
effect is zero. It follows that the reduced formula for computing either 
the main effect of a-, or the interaction effect a-jXap will, under this 
assumption, give an estimate of the main effect of a-j. 

It is clear that the correct use of reduced experimental designs 
depends on the validity of the assumption that certain specified main 
effects and interactions are zero. In general, the correctness of these 
assumptions depends on external supplementary information. To test the 
correctness of the assumptions using data from the computer runs it would 
be necessary to make certain runs that were formerly excluded from the 
design. 

Based on this discussion it is clear that a reduction in the 
number of runs below that associated with a complete factorial design 
requires external knowledge of certain structural relations between the 
inputs and outputs of the computer code. In strict terms, the computer 
code can no longer be considered to be a "black box". Certain input-output 
relations must be assumed. Examples of the kinds of assumptions required 
are considered next. 

2.2.4 Assumptions and Required Numbers of 
Runs for Reduced Experimental Designs 

In Reference (2) a reduced design of 243 runs is given for a 
case involving 10 inputs with 3 levels each. This is a 1/243 reduction 
from the 3 ^ = 59,049 runs that would be required by a complete factorial 
design. With this design the 10 main effects and 45 two-factor interactions 
can be estimated; 58,993 higher order effects cannot be estimated. On 
this basis it follows that the correct use of this design requires external 
evidence for the validity of 58,993 assumptions. 

Another example from Reference (3) involves 15 factors at 2 
levels each for a total of 256 required runs out of a total of 65,536 runs 
for the complete factorial. All 16 main effects and 114 out of 120 two-
factor interactions can be estimated from the resulting data. Note that 
in order to use this design external knowledge would be required to 
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ind icate that exact ly 6 two-factor in teract ions are zero and that a l l 
other higher order in terac t ions are zero. 

k 
A class of 2 experimental designs, called resolution III, permit 

the estimation of main effects only, under the assumption that all higher 
order interactions are zero. In general, these designs permit the main 
effects of 2-1 inputs to be estimated using 2^ runs. For example, 15 
main effects can be estimated using data from 16 runs; 127 main effects 
using 128 runs, etc. Similar designs, known as Plackett and Burman 
designs, are also available when the number of runs that can be made 
is a multiple of 4. q ' These designs require the minimum number of runs 
and the strongest assumptions. 

2.3 LATIN HYPERCUBh SAMPLING DESIGN 

The Latin hypercube sampling (LHS) design has been advanced as 
an appropriate technique for selecting the levels of input parameters 
to be run using computer codes involving hundreds of variables when the 
outputs are monotone functions of the intputs. The resulting data are 
first analyzed to obtain estimates of the means, variances, and distri
bution functions of the outputs. A subsequent analysis is then based 
on a transformation using ranks and is followed by applying stepwise 
regression. These latter analyses are aimed at determining which input 
variables have the most effect in determining the magnitudes of the 
outputs. A considerable amount of theoretical development and some 
illustrative applications of the approach nave been reported. v~ ; 

The following simple two input example of LHS is based on 
that given in Reference (6). Let the range of a] and 0:2 be divided into 
4 non overlapping intervals associated with equal probabilities. The 
intervals are shown in the following sketch. 

1 2 3 4 I X ^ L ^ J x _ ^ 1. a ] 

1 2 3 4 
! v_k I y j. y I ,-, 
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Randomly selected values of a-, and u ? are obtained within each interval 
as suggested by the x's labeled (1,2,3,4) in the above sketch. Finally, 
suppose that the labels for a-, are permuted at random and give A-J : (3,1,2,4), 
and that an independent random permutation is applied to the labels for 
.12 to give c^:(4,1,3,2). These permutations may be displayed as a matrix 
of 2 i-rows and 4 columns: 

Run 
1 2 3 4 

3 1 2 4 
4 1 3 2 

The LHS design then consists of making 4 computer runs using the (J-J , a-^-level s 
corresponding to the 4 columns of this matrix: (u-[,i2) = (3,4), 0 , 1 ) , 
(2,3), (4,2) for runs 1,2,3,4, respectively. 

In a more general setting it is seen that the LHS design is 
obtained as follows: 

(1) Partition the range of each input variable 
••ij, i = l,..., m into N equiprobable intervals, 
where N denotes the number of runs to be 
made. 

(2) Sample at random within each subinterval 
to determine N levels for a 1 and label 

3 

the levels 1,2,...,N; repeat the proce
dure for each remaining input a. 

(3) Randomly and independently permute the 
labels for each input a, and form a 
design matrix of the resulting rows. 

(4) Make N runs of the computer code using 
the a-levels corresponding to those given 
by successive columns of the design matrix. 

Input 

al 
"2 
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2.3.1 Comparisons Between Latin 
Hypercube Designs and Conventional 
Experimental Designs 

An application of the LHS design is given in Reference (5). 
The application involves N = 200 runs and 7 input variables. Thus, 
for a given input, each interval represents a probability of 1/200 = 
0.005. The resulting design matrix defining the computer runs consists 
of 7 rows, corresponding to the input variables, and 200 columns, 
corresponding to the 200 runs. The application was repeated using 
N = 1000 runs with very little change obtained in the cumulative dis
tribution function of the output. 

At this point it is convenient to contrast the LHS design with 
those mentioned earlier in this report It is first noted that the ratio 
of the number of runs to the number of inputs for the application of 
the LHS design is 200/7. This provides over 28 computer runs per input 
variable. If this ratio were maintained, then a computer code involving 
200 inputs, for example, would require over 5,700 computer runs. Based on 
this example it is difficult to believe that LHS designs are recommended 
to select inputs for computer codes involving hundreds of variables.'3'' 
In contrast, the main effects designs mentioned previously yield main 
effect information on 2k-l variables with 2' runs for a ratio of approx
imately 1 computer run per variable. The ratio differs from unity only 
because the mean response is computed and the mean is not counted as 
a main effect. Moreover, with main effects designs it is known exactly 
what effects and interactions are confounded. This knowledge permits 
future runs to be identified that will reduce or altogether eliminate 
unwanted confounding. Because the LHS designs yield random combinations 
of levels of the inputs, it is impossible to state in advance which 
effects will be confounded and which will not. Again, it seems unreason
able to make expensive computer runs .sing combinations of levels that 
are determined by chance. Extensive literature is available to permit 
an admittedly difficult, but rational, selection of experimental designs 

(7) 
with known theoretical properties. ; At the very least, it seems that 
if one were committed to using the LHS design, it would be prudent to 
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make a careful examination of the combinations of levels that the randomiza
tion produced. If the results were not attractive relative to conven
tional designs, then the randomization procedure should be repeated in 
hopes of improving the properties of the design. 

2.3.2 Latin Hypercube Sampling and 
Sensitivity Analysis 

It should be noted that the primary use of the LHS design is 
to obtain an estimate of the output probability distribution; it is not 
asserted to yield directly thf> relative importance of the various inputs 
in determining the magnitude of the output. Instead, the results obtained 
from the LHS design are first examined to determine if each output is a 
monotone function of each input. If this is trues then the actual levels 
of each input and output variable are replaced by their ranks. As a 
result monotone relations dre made linear. The technique of stepwise 
regression is then used to determine the relative importance of the 
input variables. Thus, it is next necessary to consider the validity 
of stepwise regression to determine relative importance of input 
variables. 

To begin it is noted that software Packages for stepwise regres
sion generally use an F-ratio5 or some variant of an F-ratio, to determine 
which variable at each step "explains" the largest portion of the residual 
variance that remains at that stage. The input variable having the 
largest F-ratio is identified as the next variable to enter the regres
sion model. Ir; this way the stepwise regression procedure identifies 
the importance of the variables: the most important variable is 
identified first, then the second most important variable is identified 
next, etc. 

Unfortunately, this procedure is not free of difficulties. As 
an example of one of tne difficulties consider the following. Suppose 
the levels for the most important variable are partitioned into rela
tively low levels and relatively high levels, say those below and above 
the median, for example. Now consider the problem of identifying the 
second most important input, given the condition that the first input has 
relatively low values. Suppose that this second most important input 
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is found to be .ir. Next, find the second most important input, given 
the condition that the first input has relatively high values. Suppose 
this second most important input is ^ . That is, suppose that the 
second most important input variable depends on the level of the first 
important variable. This is not a contrived rare instance of a data 
structure that is unlikely to occur in actual practice. In fact, a soft
ware package, known as the Automatic Interaction Detector (AID) program, 
identifies best inputs conditional on the levels of previous inputs. Many, 
if not most, real sets of data show different second best variables 
depending on the level of the best (tirst) variable. How does stepwise 
regression perform when used on such a data structure? First of all, 
stepwise regression can only provide a single "second best" variable. 
In the above hypothetical example, the stepwise regression procedure may 
show, for example, that ar is second best, or that a-, is second best, 
or possibly that some other input variable is second best. In general, 
stepwise regression can only give one answer where two answers may be 
required. The variable identified as the second best variable may, in 
fact, be a poor choice over the high range of the first (best) variable. 
Stepwise regression is a smoothing (least-squares) procedure, and in. 
selecting the best succession of inputs the procedure frequently fails 
because the structure of the data set is such that the second best 
variable is different depending on whether the first (best) variable is 
at a high or low level. On this basis, the use of stepwise regression 
to determine the relative importance of input variables is suspect, and 
may yield total misleading average information on the relative importance 
of the input variables. 

In summary, the LHS design and the related techniques of rank 
transformations to achieve linearity, followed by stepwise regression 
to identify the relative importance of input variables, are found to 
be limited to monotone relations, and even within that constraint, 
may well yield incorrect results. For these reasons, the Latin hyper-
cube sampling method is not recommended for sensitivity analysis. When 
reduced experimental designs must be used, external evidence must first 
be obtained in order to identify which main effects and interactions 
are negligibly small. An experimental design should then be used that 
has confounding properties consistent with the identified negligible 
effects. 
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3 ANALYTICAL APPROACHES TO UNCERTAINTY ANALYSIS 

This section of the report is primarily concerned with the 
adjoint method of sensitivity analysis. The method is first discussed 
in expository terms. Following this discussion, certain concepts related 
to total differentials and the statistical propagation of error are 
introduced, and finally a simple example of the adjoint method is developed 
in some detail. 

3.1 THE ADJOINT METHOD 

The adjoint method of sensitivity analysis is a technique that 
has received increasing development over the past decade. Most applica-

f°H9)( tions to date have been made in the areas of nuclear reactor physics. 
The method is rigorous and has been shown to be applicable to a 'wide variety 
of systems of algebraic and differential equations, including linear and 
nonlinear systems.H 1)(12) jh e mathematical origins of the method can 
be found in the calculus of variations^ ' ', the theory of perturbations, 
and in inner-oroduct spaces.v '-|VJ/ 

In general, the adjoint method exploits the fact that many 
mathematical systems of equations can be reformulated to give a different, 
but related, system of adjoint equations. The two sets of equations, primal 
and adjoint, are analogous to the primal and dual formulations of problems 
in linear programming. In making a sensitivity analysis both the primal 
system and the adjoint system of equations are solved. The solutions, in 
turn, are used as coefficients in the "adjoint sensitivity equation" to 
express the approximate numerical change in a "response function" to any 
single input, or to any combination of inputs. 

With the possible exception of those in Reference^ , simple 
examples illustratina the adjoint method of sensitivity analysis have not 
been found in the published literature. Sets of simultaneous linear 
differential equations and eigenvalue problems can be used to illustrate 
the adjoint method. However, for this report these examples s*eem to be 
unnecessarily complex. Consequently, at the risk of oversimplification, 
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a brain-teaser problem, known as the Cork and Bottle Problem, is used 
in the remainder of this report to illustrate the adjoint method of 
sensitivity analysis. Before presenting the problem, several concepts 
are discussed that relate to analytical methods of sensitivity analysis. 

3.1.1 The Total Differential 

Initial analytical approaches to uncertainty analysis are 
usually based on the total differential 

dR = ---er dxi + 
:,X1 

associated with a continuous function 

R = R(x-|,.. . , x n } 3 

where the partial derivatives are assumed to exist and are evaluated at 
some fixed point x &. Note that the partial derivatives are taken with 
respect to variables x, not parameters. Thus, only a highly restricted 
form of uncertainty analysis can be associated with this form. 

The substitution of numerical values for the finite increments 
dx_ into Equation (4) yields a numerical approximation to the change in 
the response function dR. The exact change dR, due to finite increments 
dx, can be obtained only by solving the response function to permit a 
direct calculation of the difference: 

dR = R'-R = R' (x-j+dx-,,.. . ,x n+dx n), 
-R{x-|,. . . , x n ) . 

The usefulness of the approximate expression for dR lies in the 
fact that the response equation need not be solved repeatedly in order to 
obtain an estimate of the effect of small changes in any single variable, or 
combination of the variables. It is clear that the approximation dR given 
by Equation (4) improves and becomes exact as the finite increments dx_ 
approach zero. Conversely, the approximation is likely to degrade as the 

,;,R 
3X< dx, (4; 
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finite increments increase in magnitude. It should be noted that it may 
be difficult to determine the exact ranges of the increments that will 
yield acceptable approximations dR. Some experience indicates that para
meter changes up to 30 percent give satisfactory approximations.^'' 

3.1.2 Propagation of Error 

A standard statistical development is frequently based on Equation 
(4). It is assumed that the dx-j's are random variables with expected values 
equal to 0, and variances equal to op. The fixed point x_° is taken to 
be the mean (x',,... ,"x ). Under these conditions the variance of dR is 
found to be given by'''' 

c 2 = (-^) 2
(A... +(^-) 2a 2 

dP. 3 x1 1 ? xn n 

+ 2(J^_)(üB_)(. f j a +_._+2(iB )(^-)„ a o (5) 
M3x-, M3x 2

; ,l,2 J] u2 M3x n_ 1
M3x n

/' n-l,n n-1 n 

where p. . denotes the correlation between dx,- and dx-;. This equation is 
frequently used in analyses involving "propagation of error", especially 
when the dx!s are taken to be uncorrected. ̂  ' 

3.1.3 Constrained Increments 

In the differential form of Equation (4) the increments dx-j,... , 
dx n are considered to be independent so that values may be arbitrarily 
assigned to these increments. In many instances the increments cannot be 
arbitrarily assigned because they must satisfy some constraining equations. 
In such a case Equation (4) is of little use. As a simple example, suppose 
that x-j and x 2 satisfy the equation 

a.,, X., "^a, ̂ x ^ " 0-j 9 

where a , , , a , „ , and b, have f ixed parameter values. Subst i tu t ing (x ,+dx,) 
1 1 1 2 1 i i 

and (x2+dx2) *or X] and x 2 , and s impl i fy ing y ie lds 

a-ndxT+a-iodx.-, = 0. 



20 

This relation shows that the assignment of any numerical yalue for dx^ 
determines the value of dx^ and conversely. A different approach to 
approximating dR is required when the x's, and therefore the dx's are 
required to be a solution to a given set of equations. In the modified 
approach, it is considered that the x !s are best regarded as functions 
of the parameters of the given set of equations. A given set of numerical 
values for the parameters then yields a particular numerical solution for 
the x's. A change in the numerical value of any parameter is then associated 
with changes in one or more x's which, in turn, results in a change in the 
numerical value of the response function. This chain of relations is 
illustrated by the example developed below. 

3• "i • 4 The Cork and Bottle Problem 

The cork and bottle problem can be used to illustrate the analytical 
approach and certain properties of the adjoint method of sensitivity 
analysis. This problem is a common "brain teaser" and usually takes the 
following form: 

A cork and bottle cost 11 cents. 
The bottle costs 10 cents more than the cork. 
How much does the bottle cost? 

The problem is formulated in a manner to lead the unwary to give the simple 
and incorrect answer that the bottle costs 10 cents and the cork costs 1 cent. 
This answer is incorrect because if the cork costs 1 cent and the bottle 
costs 10 cents more than the cork, then the bottle must cost 11 cents, but 
then the total cost is 12 cents, contradicting the first statement of the 
problem. 

Letting x-, and x^ denote the costs of the bottle and the cork, 
respectively, an algebraic formulation of the problem takes the following 
form: 

x 1 - x 2 = 10 ^ 
R = x-, 
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where the response R denotes the cost of the bottle. The solution to 
these equations is seen to be given by (x-] ,x2)-("IO 1/2, 1/2), so that 
the cost of the bottle is 10 1/2 cents, and the cost of the cork is 
1/2 cent. 

3.1.5 Generalized Cork and Bottle Problem 

The cork and bottle problem can be expressed in the following 
generalized algebraic form: 

a n x l + a 1 2 x 2 = bl , 
a 2 1 x r ö 2 2 x 2 = b2 

with a general response function given by 

R = c-y,+CpXp. 

In words, the generalized cork and bottle problem becomes: 
If aj-j bottles and a-.̂  corks cost b-| cents, 
and if â -j bottles cost bo cents more than a ^ corks, 
then how much do c-, bottles and Cj corks cost? 

In this form the cork and bottle problem is seen to involve 8 parameters: 
a-, -, ,a-i o»a21 > a22' bl ' ^ 2 5 C 1 , a n < ^ c 2 " * n ^ e following development we use the 
adjoint method to quantify the sensitivity of the response function to 
these parameters. 

We begin by supposing that each parameter (except C2) is changed 
by ± 10 percent from the nominal value given in.Equation (6). (The para
meter c is omitted because it is equal to zero in Equation (6).) This 
gives 3 levels for each of 7 input parameters for a total of 3^=2,18? 
different combinations of changes in the input parameters. These changes 
yield an equal number of changes in the response function. Said another 
way, the cork and bottle problem would have to be solved 2,18? times in 
order to obtain the exact change in the resDonse function for each set 
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of parameter variations. It is shown below that all of the changes in 
the response function can be estimated by numerical substitutions into 
a single algebraic adjoint sensitivity equation. The adjoint sensitivity 
equation requires that two problems to be solved: namely, the original 
cork and bottle problem and an "adjoint version" of this problem. Thus, 
2 problems, not 2,187, must be solved to yield an approximate, but general, 
sensitivity equation that in turn permits virtually all sensitivity 
questions to be quantitatively answered. 

As a preliminary to the general development, suppose that the 
coefficient a,-, in the original cork and bottle problem is increased by 
10 percent so that a-j-j is increased from 1.0 to 1.1. (See Equations (6) 
and (7).) What is the approximate change in the cost of the bottle? In 
symbolic terms we seek the value of dR/da-j -j. When a-j-j is changed, the 
values of solution x-j and X£ change. These changes are represented by 
3X-]/3a-i -J and axo/aa-j-.. When X] and X£ change, the value of R changes and 
these changes are represented by 3R/ax-j and 3R/3x2. The net effect of 
the change in a-^ is then given by the estimate 

dR :;R " xl DR 3 x 2 
da-J-] x̂-j 33] i 3x^ â-j i 

From Equation (6) it seen that R=xi so that sR/Sx-j = 1 and bR/bx? = 0 with 
the result that 

dR = — — d a n . 

With da-j -J =0.1 to correspond to a 10 percent increase it is seen that 

•\ 3 x i 
dR = (0.1) 

9 all ' 

Thus, the change in the response is determined except, for the factor 
3x-j/3a-j -J. To complete the calculation it is necessary to find the 
change in x-j that results from the 10 percent increase in a ^ . The 
change in x-. can be found, of course, by solving the set of cork and 
bottle equations with a ^ replaced by l-la^. These equations are given 
by 
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l.lx1 + x 2 = 11 
x-j - X2 = 10 

The exact solution is easily found to be (x' x') = (10,0) so that the 
new response is given by R'=x'=10 cents. The change in the response 
function due to the 10 percent increase in a,, is then given by dR= 
R'-R=10-10.5=-0.500. 

As shown later the following approximate expression for dR 
is obtained using the adjoint method: 

dR = -Xiy-jda-,,, U 

where y-j=0.5 is obtained by solving the adjoint version of the cork and 
bottle problem. Substitution of x-, =10.5, y,=0.5, and da, ,=0.1 yields 
dR=-0.525. The approximate adjoint estimate of dR is seen to be within 
0.025 of the exact value of dR when a-j-j changes by 10 percent. More 
generally, Equation (8) shows th.?t dR=-5.25da-j-j so that the approximate 
change in the response function is a linear function of da-j-i. Thus, 
the approximate change in the response function due to a change in a-j-j 
can be approximated for a range of values of a-p without repeatedly 
solving Equation (6) for each value of a-jj. 
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3.2 PROCEDURE FOR MAKING AN ADJOINT 
SENSITIVITY ANALYSIS 

The following steps, based on Reference (11) are intended to 
describe the procedure required to apply the adjoint method of sensitivity 
analysis. The steps apply to the general form of the cork and bottle 
Droblem. The primal equations consist of a set of simultaneous linear 
equations of the form Ax^b_, together with a response function of the 
form R=x_-_c, where A denotes a square matrix of coefficients, .x denotes 
a vector of variables, b and c denote vectors of parameters, and the 
response function R is a scalar product of the variable vector x and a 
parameter vector c_. More general sets of equations and response func
tions require more general mathematical procedures than thGse used below. 
However, it is believed that the general outline of the procedure holds 
in more general settings. 

Table 1 shows the steps involved in making an adjoint, sensitivity 
analysis. The first step simply establishes the fact that the primal 
problem has a numerical solution x_ and a corresponding value of the 
response function. The differentiation in step 2 yields two equations 
that involve 3x/ 0a. The adjoint relation shown in step 3 permits 3x/:-i 
to be eliminated from the differential of the response equation dR/ds. 
This elimination yields the algebraic adjoint sensitivity equation, so 
that the sensitivity coefficients (dR/R)/(du/a) can be computed in Step 4. 
The numerical results can then be examined to identify which Input para
meters are the most sensitive in determining the magnitude of the response. 
Finally, other measures of uncertainty, such as variances a S may be 
combined with the sensitivity coefficients to yield overall measures of 
uncertainty. These procedures are analogous to those used in the pro
pagation of error. In this adjoint setting it would appear proper to 
refer to uncertainty analysis as the "propagation of parameter uncertainties 
to the response function." 
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TABLE 1. PROCEDURE FOR MAKING A SENSITIVITY 
ANALYSIS USING THE ADJOINT METHOD 
(LINEAR CASE) 

Step Procedure 

1. Solve a consistent set of primal equations Ax=b for 
x_ and evaluate a response function R= x_-c. 

2. Differentiate the primal equations and the response 
function with respect to the generic parameter .<. 

* x ~ x "*" 
3. Use the adjoint relation y-A — = — -A'y to 

eliminate ?>x/̂ a from the differentiated response 
function and thereby obtain the adjoint sensitivity 
equation. 

4. Use the adjoint sensitivity equation to generate a 
table of sensitivity coefficients (dR/R)/ (d -./.*) 
for each parameter a. 

5. Edit the numerical results to identify the inputs 
that are the most important. 

6. Combine the sensitivity coefficients with measures 
of uncertainty to obtain overall measures of 
uncertainty. 
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3.2.1 Adjoint Sensitivity Equation 
for the Generalized Cork and 
Bottle Problem 

The adjoint sensitivity equation for the generalized cork and 
bottle problem is given as follows: 

dR "Cn ^>c2 '•b1 a a ^ % a 1 2 

ST = X1 i t + X2 TT + y l ( ^ ' Xl ITT - X2 ir-J 
'bo odo-i ädoo 

y 2 l 3a X l '-a X 2 3a U U j 

where x., and x 0 denote the solution to the original cork and bottle 
problem, y-j and y^ denote the solution to the adjoint equation given 
below, and a denotes a generic parameter value, meaning that a can be 
replaced by any one of the parameters a-,, ,a,~,a 0i ,a 0 0,b-, ,bp,c-., or Co. 

Table 2 shows an outline of the derviation of Equation (9). 
The equation is shown in vector form at line 10 for the linear case; a 
more general version for a nonlinear problem is also given in the table. 
These derivations are based on those given in Reference (11). As indi
cated by the equation at line 6 of Table 2 the adjoint equation for the 
linear cork and bottle problem is given by A y=c, where A denotes the 
transpose of the matrix A. From Equation (7) these adjoint equations 
are seen to have the following form: 

a 1 ] y-] + a2i-^2 = ci 
(10) 

a l 2 y l " a 2 2 y 2 = C 2 

The solution to these adjoint equations (y-. syp) 5 together with the solu
tions of the primal problem (x,,Xn), are all that is required to make 
computational use of Equation (9). 

3.2.2 Complete Sensitivity Analysis for 
the Cork and Bottle Problem 

The sensitivity analysis of the cork and bottle problem can now 
be completed. As before we begin by solving Equation (6): 



TABLE 2. DERIVATIONS OF ADJOINT 
SENSITIVITY EQUATIONS 

Line Linear Case Nonlinear Case Comme 

gn(x.»b_)=0 Solve primal p 

10 

Linear Case 

Ax=^ 

R =.Ç-x. 

3a 
M x = Ik 
3a — 3a 

. 3X . ik. IÄ M 
3a 

3a 3a — 
d R = x 

da -
3C 3X 
3a 3a 

3n for x, 
2 R=Ç-x_ R = R(x,c) Evaluate respo 

tion. 
3 A + x = __ Q + Ji ~ g D i f fe ren t ia te 

i~ a™ — a™ 3a 3D 3a , , 
problem. 

à A 5Ä „ ik IÄ r 8 Ü = 12- ik Solve for term 
" " " X 3a " " 3b 3a 3x 3a . 

c U R ÖV- , flA d R _ 3 R 3C , 3X 3 R n - x r A.- j. 

5 -r- = x • -r- + T — • c -j— — • — + r— • 7̂~- Differentiate da 3C 3a 3a 3X function. 
6 A^=c G^= — Set up and sol 

equation for 
' f = i - ! t + l î ' ^ f = f ' l f ^ - ^ Substitute (6) 

121 
3 a 

A Ty = y A ~~ ~- • G y = y G — Set up adjoint 
formation. 

n dR 3c , . 3x dR _ 3R 3c . r 3x r , . . . . , o N 

9 = x . + y . / \ _ = . + y-G —- Subst i tute (8) 
da — 3a - 3a da 3C 3a 1~ 3a 
f = x • £ + y(f -f x) f = ^ - ? - r ( S ? ) Substitute (4 
d« " â a 3 a 3 a " d a 3 C 9 a 3 b a a to get adjoi 

tivity equat 

Source: Based on derivations in Reference (11). 
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X-, + Xp = 11 

x, ~ x 9 = 10 

R = = x} 

The solution is given by (x ,x„)=(10.5,0.5) and the response R equals 
10.5 cents. We next form the adjoint equations» based on Equation (10), 
to get 

Y] + Y2 = 1 

y-j - y 2
 = ° • 

These equations have the solution (y-j ,y2) = 0/2,1/2). Equation (9), the 
adjoint sensitivity equation, is now given by 

HR ö C i aC? 3bi 33i -J ria-jo 
f 1 = (10.5) -A + (0.5) -^- + {0.5) (zr1 - 10.5 -^- - 0.5 ^-) 
da da 3a ja da da 

à bo r'3oi 3 3 o o 
+ (0.5)(-r^ - 10.5 ~ - - 0.5 -r^-) (11) 

dcx a a ci a 
Next, we successively set a equal to the various parameters. 

Beginning with a=c-,, Equation (11) shows that dR/dci=10.5. This result 
may be transformed into a sensitivity coefficient by multiplying by C-./R 
to get (dR/R)/(dc1/c1)=10.5c1/R, and with c-pl, R=10.5, it follows that 
the sensitivity coefficient for c-j is equal to 1.0. 

Table 3 shows the results of computing the sensitivity coefficients 
for the cork and bottle parameters. The sensitivity coefficient for Co 
does not exist because Co is equal to zero in the primal cork and bottle 
problem. In terms of a ranking by absolute values, the response is 
decreasingly sensitive to the parameters in the following order: c-],b-], 
a-]! and â -j ,b?,a-|2 a°d ^22-
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TABLE 3. SENSITIVITY COEFFICIENTS 
FOR THE CORK AND BOTTLE 
PROBLEM 

Input 
Parameter, a 

Sensitivity Coefficient, 
(dR/R)/(da/a) 

cl = 1 1 = 1.00 

C2 = 0 (0)* = (0.00) 
bl = n 11/21 = 0.52 

i 1 
i -1/2 = -0.50 

a!2 = i -1/42 = -0.02 

b„ = 10 10/21 = 0.48 

321 = i -1/2 = -0.50 

a22 = -i 1/42 = 0.02 

*In strict terms the sensitivity coefficient 
for C2 does not exist because c? is equal 
to zero in the primal cork and bottle problem. 

4 
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The resul ts are shown graphica l ly in the sketch below: 

+ 
L~ -r 

0 . 5 -

Sensitivity 
Coefficient 0.0-

-0.5-

T 

all a21 

Inout Parameters 

a22 

-4= +-
a 1 2 

The sketch shows that changes in parameters a-i? and a^o are relatively 
unimportant. The negative values for a-i-i and a^i show that percentage 
increases in these parameters are associated with percentage decreases 
in the response. 

3.3 ADDITIONAL RESULTS FOR 
THE LINEAR CASE 

In the course of evaluating the adjoint method of sensitivity 
analysis several practical results were obtained for the linear case. 
These results are reviewed in this portion of the report. In general, 
the results were obtained by attempting to make detailed comparisons 
between the number of computer runs required by the statistical sampling 
approach and by the analytical approach. 
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3.3.1 Numerical Relations Among the 
Sensitivity Coefficients for 
the Linear Case 

Some useful relations among the sensitivity coefficients can 
be obtained for the linear case. To obtain these relations we rewrite 
Equation (9) as follows: 

i = l 

X1 C1 A
 X 2 C 2 ^ , . — + — + yl {Y 

Jl 
xl R 

+ y z ^ il 
R 

a 2 2 , 
x 2 R I 

12, 
(2 ir~' 

The first two terms sum to unity because x-jC-]+X2C2 = R. The terms contained 
in parentheses are equivalent to the primal equations and sum to zero. This 
shows that the sensitivity coefficients of the response sum to unity, and 
the sensitivity coefficients for each primal equation sum to zero. From 
this it follows that the sum of all the sensitivity coefficients is unity. 
The argument can clearly be extended to the general linear case. 

As a numerical example consider the sensitivity coefficients 
for the cork and bottle problem shown in Table 3. The sensitivity 
coefficients for c-, and c 2 sum to unity; those for b-|,a-j-|, and a-j2 sum 
to zero; and those for b - ^ p and a 22 sum to zero. These relations 
can serve as a useful numerical check on the computed sensitivity 
coefficients for a linear primal problem. 

3.3.2 Computed Changes in Output Response 

The sensitivity coefficients can be used to obtain overall 
measures of uncertainty in the response as follows. Let S-j denote a 
sensitivity coefficient so that 

S i = (dR-j/R^do^/a-j), i = 1,. . . ,m, 

where dR^R is the fractional change in the response R due to a frac
tional change dc^/a^. Then 
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dR^/R = (S-j/otj )da-|, i = l,...,m, 

where da-j denotes the uncertainty in parameter a-. The net percentage 
change in R is given by the sum: 

m m 

dR/R= E d R i / R = E S i ( d a i / u i } -
i=l i=l 

Thus, the percentage uncertainty dR/R in the response R is seen to be 

a weighted combination of the percentage uncer ta int ies du^/ ' i in the input 
parameters c^. The weights are the sens i t i v i ty coeff ic ients . 

As an example the sens i t iv i ty coefficients given in Table 3 for 

the cork and bot t le problem yield the following form: 

l R i i^h • U Ä hà-"\ - I r^l 2 

R " l c 1 ' "" 2 r bf j " 2^'a'JY " 42 [ a12 

10, d b2, l,da21> , 1 , d a22 + W^ - 7 ^ + 4T^) H2) 
In this form it is clear that if each parameter is independently assigned 
a + 10 percent change, then da/a assumes three different values: -0.1, 0.0, 

7 
and 0.1. With 7 parameters this yields (3)'=2,187. different sensitivity 
calculations that can be made simply by substitution into Equation (12) 
to obtain the approximate fractional change in the response. The exact 
change in R would require that the primal cork and bottle problem be solved 
2,187 times. It is clear that Equation (12) is an extremely useful result 
even for such a simple problem as the cork and bottle problem. The power 
of the adjoint method is even more impressive when there are large 
numbers of input parameters. The corresponding equation for a generalized 
cork and bottle problem with 200 input parameters would yield an adjoint 
sensitivity equation with 200 terms, one for each da/a, as in Equation (12). 
A plus and minus percentage change in each parameter would then yield 

200 ° 95 (3) = 2.65 x 10 possible response calculations. In this case the 
sensitivity coefficients would be edited to retain only those that are 
relatively large. The sensitivity calculations might even be made on 
demand, whenever specific questions concerning the sensitivity of specific 
parameters arise. 
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3.3.3 Calculation of Main Effects 

Suppose that each input parameter a-,-, i = l, ..., m, is yaried 
by ± p percent. The percent change in the response dR/R, due to such 
changes, is ± Sjp, i = 1, ..., m. The main effect of the change da-j/a-j 
on the response dR/R is obtained as follows. Let dR(+)/R denote the 
average response taken over all levels of all parameters other than i, 
given that da^/a^ = p. In computing the sum of the terms in dR(+)/R, 
the positive and negative contributions of all terms other than i cancel 
out, with the result that dR( + )/R = Ŝ  (do-j/â  ). In a similar manner, 
with dR(-)/R denoting the average response taken over all levels of all 
parameters other than i, given that da^/a- = -p, it follows that 
dR(-)/R = -S-(àa-fa-). The main effect of da-/a- is then given by the 

1 1 1 I I 

difference 

M( a i) = (dR(+)/R) - (dR(-)/R), 

and we find 
M(a i) = 2 S i ( d a i / a i ) , 1 = 1 , ...,m. 

Thus, the main effect of (da-/ctj) on the output response dR/R is propor
tional to (da.,-/».,) with a constant of proportionality equal to twice 
the sensitivity coefficient. 

3.3.4 Statistical Propagation of Uncertainty 

As suggested by Equation (12) the adjoint sensitivity equation 
can be used to identify "worst case" situations. These situations would 
result if all deviations in the input parameters occurred simultaneously, 
together with rppropriate signs, to yield extreme positive or negative 
values for the total deviation in the output response. In many instances 
it would be important to be able to compute these extreme changes. On 
the other hand, it is also true that such extremes are not likely to occur 
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by chance alone. That is, if the deviations among the input parameters 
are generally uncorrected, then some deviations would likely "cancel 
out" other deviationss resulting in more moderate changes in the output 
response. The following statistical arguments can be used to obtain 
estimates of the moderate changes in outputs that are more likely to 
result from changes in inputs. 

Suppose that the average uncertainty in each parameter is zero 
so that 

E{da-} = 0, i = 1,...,m. 

Suppose that the variance in each parameter uncertainty is denoted by a. so 
that 

E{(dai) } = a., i = 1,...,m. 
* i 

Finally let the covariance between pairs of uncertainties da. and da-
f J 

be given by 

E{(dai )(dctj)} = p^a-jOj, i f j, 

where p • ,• denotes the correlation coefficient between da-j and daj. It 
follows that the mean of the overall uncertainty in the response function 
is zero and the variance of the overall uncertainty in the response is 
given by 

m 
2 _ r^ . ,2 2 

° d R - L ( R S ^ ' / a i ) a i 
i = l m 

+ 2 Y, (RS1/a1)(RSj/oj) »iffy 03) 
i=l 

By comparison with Equation (5) it is seen that this result is similar 
to the usual propagation of error equation. In the propagation of error 
formula the evaluated partial derivatives, taken with respect to the 
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variables, 3R/3x-, are replaced in the above equation by the parameter 
sensitivity terms (RS^/a^). 

As a numerical example consider the original cork and bottle 
problem in v̂ hich the uncertainties in the parameters da^ are taken to 
be uncorrected with zero means and variances equal to 0.01. Using 
Equation (13), R=10.55 and the parameter values and sensitivity coefficients 
given in Table 3 it is found that 

i R - R V [ ( S C ] / C I ) 2 * ( s b ] / b , ) 2 

= (10.5)2(0.01)[(1/1)2 + (1/21)2 + (1/2)2 

+ (1/42)2 + (1/21)2 + (1/2)2 + (1/42)2] 

= 83/50 =1.66 

3.3.5 The Statistical Approach Revisited: 
The Adjoint-Sampling Method 

Earlier in this report the main effects design is identified 
as requiring the minimum number of runs using the black-box statistical 
approach to sensitivity analysis. Such a design permits (2k-l) main 
effects to be estimated using 2 runs. In the cork and bottle problem, 
for example, the main effects of the 7 parameters could be estimated 
by solving the problem 8 times. To be valid this approach requires 
that the parameters do not interact. Suppose this is true; then the 
adjoint sensitivity equation for the linear case can be used. From 
Equation (9) it is seen that 

dR/db-, = y-j 

and 

dR/db2 = y 2. 
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These equations show that if b-j is increased by 1 unit, so that db-j =1, 
then the resulting change in the response dR is equal to y-j, an adjoint 
variable. Similarly, if b 2 is increased by 1 unit, then the change in 
the response is equal to y£, the remaining adjoint variable. In other 
words, by making 3 runs, not 8 runs as required by the main effects 
design, the adjoint sensitivity equation can then be used to make a 
complete sensitivity analysis. 

These observations can be generalized and summarized as follows. 
Suppose a primal problem consists of a consistent set of n simultaneous 
equations in n unknowns, A,x=b_, together with a response function R=c-x. 
Then the adjoint sensitivity equation of Table 2 holds: 

dR 8c , ,3b 9A , , , A s 
ua — da 3a 3a — 

To use this equation x_ and y_ must be numerically evaluated. In the adjoint 
approach y_ is obtained by formulating and solving the adjoint version of 
the original problem, so that x_ and y_ are obtained from 2 runs. In the 
"adjoint-sampling" approach y can be obtained by making n runs, with suc
cessive b-values increased by 1 unit for each run. The adjoint-sampling 
approach then requires a total of (n+1) runs in order to use the above 
sensitivity equation. In these terms the "efficiency" of the adjoint-
sampling approach relative to the conventional adjoint approach is given 
by 2/(n+l), the ratio of the number of runs required by the adjoint method 
to the number of runs required by the adjoint-sampling method. 

3.3.6 A Cost Criterion for 
the Linear Case 

The preceding result may be used to derive a cost criterion for 
the linear case. The criterion indicates which method is less costly, 
the conventional adjoint method or the adjoint-sampling method. 

Let Ce and C^ denote the programming costs for the primal and 
adjoint versions of a linear simulation program Ax=b_, involving n equa
tions. The total cost of obtaining the use of Equation (14), the adjoint 
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s e n s i t i v i t y equation, by means of the adjoint-sampl ing approach is 
given by 

Cs + (n+ l )C R , 

where C R denotes the cost of a single computer run. The corresponding 
cost for the adjoint method is given by 

C A + 2CR. 

The conventional adjoint method will be less costly than the adjoint-
sampling method whenever the following inequality holds: 

C A + 2C R < C s + (n+l)CR. 

Equivalently, the conventional adjoint method will be less costly when 
the number of linear equations satisfies the following relation: 

n > 1 + (CA-CS)/CR. 

With the simplifying assumption that the cost of programming the adjoint 
version is twice that of the primal version, so that C A = 2C S, it follows 
that 

n > 1 + Cc/CR. 

Thus, under these assumptions the conventional adjoint method will be less 
costly than the adjoint-sampling method if the number of linear equations 
involved exceeds, approximately, the ratio of the cost of programming the 
primal problem to the cost of a computer run to obtain a solution to the 
primal problem. 

As a numerical example, suppose the cost of writing the program 
is $100,000, and the cost of making one run of the resulting program is 
$1,000. If the number of the linear primal equations exceeds 101, then 
the adjoint method will be less costly; otherwise the adjoint-sampling 
method requiring (n+1) runs is less costly. 
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3.4 LINEAR PROGRAMMING SOLUTIONS 
TO CORK AND BOTTLE PROBLEMS 

In a previous section it is shown that for the linear case the 
adjoint-sampling method can be used to obtain the solutions x_ and y required 
to make computational use of the adjoint sensitivity equation. With the 
adjoint-sampling method it is not necessary to set up and solve the adjoint 
equations. Instead the primal problem is resolved n times, once for each 
primal equation. In this section we show that for the linear case, and 
with appropriate computer software for solving linear programming problems, 
it may even be unnecessary to make the n additional runs associated with 
the adjoint-sampling method. There are two requirements for eliminating 
the n additional runs: (1) the primal problem must be reformulated so 
that it involves variables that are non-negative, and (2) the linear 
programming software must produce the solutions to both the primal problem 
and the dual version of the primal problem. The reformulation in terms of 
non-negative variables is routine and is illustrated below for the cork 
and bottle problem. At least one computer package provides the solution 

(19) of the primal and dual problem. 
The usefulness of the linear programming solution to the gen

eralized cork and bottle problem stems from the fact that some linear pro
gramming packages have been written to handle large numbers of variables. 
One software package, for example, has the following limits on problem 
size. No problem of more than 8,190 rows, 32,760 columns, 32,760 unique, 
nonzero elements or more than 2,045 nonzero elements in a column can be 
processed.(20) 

Linear programming algorithms typically have the following form: 
maximize £-^ subject to the constraints Ax_<b_ and x_>0_. To relate the 
structure of the linear programming problem to the cork and bottle problem 
we require that the A matrix be an n by n square matrix of rank n so that 
the primal problem has a unique solution. We also require the constraints 
to be equality constraints so that Ax_=b_. 

Linear programming algorithms are frequently implemented in two 
phases. In Phase I the algorithm simply determines whether or not the 
constraints have a non-negative solution. If such a solution if found, 
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then the actual optimization procedures are carried out in Phase II. In 
the cork and bottle problem it is clear that Phase II is of little use 
because we have assumed that x is unique, so that R=x.-c is uniquely 
determined and can be neither maximized nor minimized. Moreover, Phase I 
would appear to be of little use because we have assumed that the primal 
problem has a unique solution. Thus, we don't need a linear programming 
algorithm to verify this. However, some linear programming algorithms 
for determining the existence of feasible solutions, x>0_, generate useful 
supplementary information. 

Commonly used algorithms for Phase I start by introducing an 
artificial variable into each constraining equation. The resulting 
unit matrix can then be used as a starting basis for the linear program
ming simplex procedure. The process of finding the solution to the 
constraints then consists of driving the artificial basis vectors out of 
the system of equations by replacing them by legitimate basis vectors. 
When all of the artificial variables are driven out, then the resulting 
solution vector _x is determined. Of interest in the present setting is 
the fact that the final values associated with the artificial variables 
are then equal to the values of the adjoint variables. That is, the 
values of the adjoint variables can be found as supplementary Phase I 
output from standard linear programming software. 

3.4.1 A Numerical Example 

The original cork and bottle problem has the following form: 

Find R = x 
given that xi + x 2 = "̂  

x, - x~ = 10 

An initial linear programming formulation of this problem is given as 
follows: 
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Minimize R = x + wx 0 + wx„ 
3 4 

subject to x, + x 0 + x 0 i I 3 
= 11 

1 + x, 10, 

where the x-values must be non-negative. It is seen that artificial 
variables x-, and x* have been added to the response function. The 
artificial variables are associated with an arbitrarily large cost 
coefficient w in the response function. The constraining equations can 
be written in terms of 5 column vectors PQ, P-, P. as follows: 

M 1 1 1 " r o - n " 
i + x 2 -1 + x 3 0 + x 4 i ~ 10 

L _i — - _ . _ J _ 

It is clear that columns P_ and P. provide a unit matrix for a starting 
basis to the problem. In particular a feasible solution is given by 
x 3 = 11 and x 4 = 10, with x-| = x 2 = 0, and the associated value of the 
response function is then given by R=21w. This response is undesirable 
for two reasons. It involves the artificial values x, and x» and is 
arbitrarily large because of the occurrence of w in the response function. 
The simplex algorithm aims to replace the artificial basis vectors P3 
and P& by the legitimate vectors P-, and P~ and thereby eliminate w from 
the response function. 

We have previously found the solution of the cork and bottle 
problem to be given by (x-. ,X2) = (10.5,0.5) so that the solution x_ Is non-
negative. For the generalized cork and bottle problem it may be desirable 
to allow the x-values to be negative as well as zero or positive. To 
permit this the linear programming formulation must be modified so that 
each x variable is replaced by the difference between two non-negative 
variables. For the present example, we let x-, = xj - xV and let 
x„ = xi - x" where the primed variables are all non-neciative. With 2 2 2 
these substitutions the cork and bottle problem takes the following form: 
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p» 
1 

F' p" 
2 

" 1 
1 + / ; 

i 
i + X 2 

" 1 ' 

J 1 ] 
i fi 

T A 2 
-1 

1 + x 3 

" 1 " 
0 + x 4 J] 

Because the column vectors for P' and P" , for example, are linearly 
dependent, they cannot both appear in the final basis; that is, x' and x'J 

I l cannot both be positive. This means that x will ultimately be equal 
either to x' or x" . 

Finally, the response function is modified as follows: 

Minimize R + wx„ + wx_ 3 4 

This form reflects the fact that x-, in the original response has been 
replaced by x x 7 and that artificial variables havino large cost 

1 coefficients w have been added. 
Table 4 shows the sequence of tableaus associated with the 

linear programming solution to the cork and bottle problem. The basis 
vectors and their associated costs are shown in lines 1 and 2 of columns 
2 and 3. The remaining columns in lines 1 and 2 show the P-vectors with 
the P„-vector given first. Lines 3 and 4 show the z,-c- calculations 
that govern the sequence in which the artificial vectors P and P are 

3 4 
removed and replaced by legitimate vectors of the remaining columns. 
The z.-value is equal to the scalar product of the current cost vector 
and each of the P vectors. In the first tableau, for example, the z. 
scalar products are given by 
Cost P' 

11 
L 1 ^ 

- i 

P' 

and are seen to be 

z. = (21v/, 2w, -2w, 0, 0, w, w) . 
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TABLE 4. LINEAR PROGRAMMING SOLUTION TO THE 
CORK AND BOTTLE PROBLEM 

INITIAL TABLEAU 
0 1 -1 0 0 w w 

i Basis Cost P P i P'-l P 2 P" 
P 2 

P 3 P 4 

1 
P 3 w n 1 -1 1 -1 1 0 

2 P 4 w 10 © -1 -1 1 0 1 

3 z --j -c. 
1 

0 -1 1 0 0 0 0 
4 z .-

J • c j ' 
j w 21 2 -2 0 0 0 0 

SECOND TABLEAU 
0 1 -1 0 0 w w 

i Basis Cost P 
0 

P i P" 
p l 

p ' P 2 P" 
P 2 

P 3 P 4 

1 P 3 w 1 0 0 © -2 1 -1 

2 P\ 1 10 ] -1 -1 1 0 1 

3 zy -c . 
J 

-c. 
J ' 

10 0 0 -1 1 0 1 

4 
zy -c . 

J 
-c. 

J ' 
|w 1 0 0 2 -2 0 _ 9 

FINAL TABLEAU 
0 1 -1 0 0 w w 

i Basis Cost pc ) P l 
ptl 
p l 

p ' V2 P" D 
' 3 

P 4 

1 P- 0 1/2 0 0 1 -1 1/2 -1/2 

2 P i 1 10 1/2 1 -1 0 0 1/2 1/2 

3 

z.--
J 

-c. 
1 J 

-c. 
J 1 

10 1/2 0 0 0 0 1/2 1/2 

4 z.--
J 

-c. 
1 J 

-c. 
J 1 

w 0 0 0 0 0 -w -w 
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The corresponding c^-values are given by the coefficients of the response 
function 

c- - (0, 1, -1, 0, 0, w, w) , 

as shown above the P-vectors in the first row of each tableau, The difference 
between the vectors (i.-c.) is then given by 

J -J 

(z.-c.) = (21w, 2w-l, -2w+l, 0, 0, 0, 0). 
j J 

It is convenient to split the components of this vector into those that 
involve w's and those that don't; indicated as follows: 

z.-Cj = (0, -1, 1, 0, 0, 0, 0} 

and 

z,-c,iw = (21, 2, -2, 0, 0, 0, 0). j J 

These are shown in lines 3 and 4 of the initial tableau. 
The sequence of removing the artificial basis vectors is then 

determined by first identifying the Sargest positive element in the 
Z.J-C-JW row among the vectors P̂  through P̂  . The column corresponding 
to this element will enter the basis in the next tableau. For examples 
the element 2 is largest value for P', , ..., P 4 in the initial tableau 
and indicates that P' will enter the next basis. 

The determination of which vector will leave the current basis 
is made by examining, row by row, the ratios of the P n elements to the 
positive elements of the vector to be introduced into the basis. The row 
element corresponding to the minimum ratio is circled and is called the 
pivot element. The basis vector associated with the row containing the 
pivot element will be removed from the current basis. For example» in 
the initial tableau, the ratios of the Pg elements to those of Pi are 
given by 11/1 and 10/1. The minimum ratio is 10/1, so the pivot element 
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1 is circled. Basis vector P* will then leave the current basis and be 
replaced by vector P\, as shown in the second tableau. The actual replace
ment is accomplished by adding suitable multiples of the pivot row to the 
remaining rows of the tableau in order to transform the incoming basis 
vector into a unit vector. In the initial tableau this is accomplished 
simoly by subtracting row 2 from row 1 for vectors P A, ..., ?.. The 
results are entered into the second tableau. The new basis vectors are 
indicated at the left of the new tableau, together with their cost 
coefficients, and the new z--c- values are computed as before. The pro
cedure continues until all artificial vectors are removed from the 
initial basis. 

The PQ column in the final tableau shows that the solution to 
the cork and bottle problem is given by x'=x =1/2 and x'=x =10 1/2. In 

» j 2 2 1 1 

add i t i on , in l i ne 3 the (z . - c . )-values fo r the a r t i f i c i a l variables Xq 
and x . are shown to be (1 /2, 1/2). These values are ident ica l to the 
values of the ad jo in t variables ( y - j ^ ) found previously fo r the cork 
and bo t t l e problem. Thus, the simplex procedure fo r removing the 
a r t i f i c i a l vectors has generated the values of the ad jo in t var iab les. 

The simplex procedure used in these hand calcu lat ions y ie lds 
the values of the ad jo in t variables in the (z,--c-) row of the f i n a l 
tableau. D i f ferent algorithms fo r l inear programming y i e l d these dual 
values in d i f f e r e n t ways, depending on whether the regular or revised 
simplex algor i thm is used. I f the revised algori thm is used, then i t 
also depends on whether Standard Form I or Standard Form I I is used. 
The de ta i l s may be found in Reference (21), together wi th other relevant 
information concerning t i e s , degeneracy, etc. 
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4 CONCLUSIONS 

The analytical methods are found to be superior to the statistical 
sampling method in logical rigor and numerical accuracy. This finding 
stems primarily from the fact that analytical methods make direct use of 
the mathematical equations that are represented by the computer code. 
Among the analytical methods, the adjoint method is found to be particularly 
well-suited for obtaining the sensitivity coefficients for all input param
eters, taken individually or in combination. With proper attention to 
coding procedures and with the use of currently developing software for 
obtaining partial derivatives (6RESS), the incremental costs for formu
lating and solving the adjoint version of the computer code can be 
minimized. 

Among the statistical sampling methods, the Latin hypercube 
technique is found to be based on procedures that are generally unacceptable 
to classically trained statisticians. This stems directly from the use 
of random procedures to determine which combination of perturbed inputs 
should be run using the computer code. With the use of Latin hypercube 
sampling it is necessary to make rank transformations of the data, followed 
by stepwise regression, in order to obtain questionable sensitivity 
information on individual input parameters. Latin hypercube sampling 
is based on a sampling method that does not control the type or extent 
of confounding among main effects and interactions. As a result, the 
sampling is inferior to conventional experimental designs, such as frac
tional factorials and main-effect designs. The primary virtue of Latin 
hypercube sampling is the fact that it yields unbiased estimates of the 
probability density functions for computer outputs. 

For the linear case it is found that a complete adjoint sensitivity 
analysis can be made without formulating, coding, and solving the adjoint 
version of the primal problem. This can be done in either of two ways. 
One method is based on a special type of statistical sampling, called 
adjoint-sampling in this report. The other method is based on trans
forming the primal problem into a linear programming problem. 
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5 RECOMMENDATIONS 

Based on the results of this task the following recormiendations 
are made: 

t ONHI should support the development and 
application of the adjoint method of 
sensitivity analysis. 

• ONWI should not support the development 
of the Latin hypercube sampling method for 
sensitivity analysis. Limited use of the 
Latin hypercube sampling method may be 
justified for obtaining unbiased estimates 
of the probability density functions for 
computed outputs. 

• ONWI should closely follow developments 
related to other analytical techniques for 
making sensitivity analyses. 

• ONWI should rely as much as possible on 
conventional statistical procedures for 
quantifying the uncertainties of input 
parameters. 

9 ONWI should rely on conventional statistical 
designs, such as fractional factorials, for 
limited uncertainty analyses based on 
statistical sampling methods. External 
evidence should first be obtained in order 
to identify which main effects and inter
actions among the input parameters of the 
program are negligibly small. An experimental 
design should then be used with confounding 
properties that are consistent with the 
identified negligible effects. 
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APPENDIX A 

ALTERNATE DERIVATION OF THE ADJOINT 
SENSITIVITY EQUATION 

The following derivation of the adjoint sensitivity equation is 
based on material provided by Dr. Martin Becker, Rensselaer Polytechnic 
Institute. 

Let a set of equations be expressed in operator form as 
follows: 

K<? - f = 0 5 

where the operator H incorporates difference approximation operations 
and coefficients. The external source term f may correspond to a vector 
of radionuclides emanating from a repository, for examples and <t> may 
correspond to a concentration of radionuclides in the ground as a function 
of position and time. Let a response function related to * be defined 
as follows: 

J = -g T^ s 

where g' denotes the transpose of g. The value of J may correspond to 
dose at a particular location and time. The vector g would then contain 
the conversions from concentrations to dose multipled by the appropriate 
function of position. Because H<{>-f=0 the response function can be 
augmented by adding an arbitrary multiple of H<j>-f to obtain 

J = -gT<}> + <f>*T(H<f>-f), 

where the multiplying vector <f>* is not yet specified. Perturbations in 
J yield the following result 

ôJ = -g Tô$ + 6$*T(H(|)-f) 
T T T 

+ <f>*'H<5c|> + <J>* SH<j> - <j>* 6 f , 



52 

where products of changes are neglected and ôg is taken equal to 0. By 
means of the adjoint relation 

and 

g T ô ^ = <5cf>Tgs 

i t follows that 

<5J = 64>*T(H<j)-f) + 5<t>T(HTc(>*-g) 

- $ * T ô f + (})*TcH^. 

The first term vanishes because H<t>-f=0 and the second term can be made 
to vanish by choosing <p* to be the solution of the adjoint equation: 

HTg>* - g = 0. 

With this choice the perturbation of the response function'is given by 

<5J = -<J)*T6f + cf)*T6Hf. 

This equation shows that effects of changes in the external source of 
and in the operator 6H on the response function. 


