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A FINITE-ELEMENT TREATMENT OF CONCRETE CRACKING AND
THERMAL STRUCTURAL ANALYSIS

by

A. H. Marchertas

The objective of this presentation is to describe the work on analytical

modeling of concrete behavior at the Argonne National Laboratory (AND stress-

ing in particular the approaches we had found to be most promising.

II. HISTORICAL PERSPECTIVE

Our first attempt in analytical modeling of concrete behavior at ANL

began in 1976, and was prompted by the promise that a prestressed concrete

reactor vessel (PCRV) would have very high energy absorbing capability as

primary containment for a liquid metal fast breeder reactor (LMFBR). Such a

PCRV would not only provide a large containment capability, but also serve as

a biological shield, thus requiring no additional space in the building. The

advantages of a PCRV to be used for LMFBR primary containment were thought to

be so great that improved analytical tools were considered necessary for

better evaluation of its feasibility. This led to the development of the

DYNAPCON code1 which incorporates the requirements described next.

The primary containment of a LMFBR was to sustain a hypothetical core

disruptive accident (HCDA). This meant that the PCRV was to be subjected to

Internal dynamic loading. An axisymmetric geometry was found to be generally

well suited to the physical layout, simplifying the analytical modeling consi-

derably. Using the DYNAPCON code, feasibility studies established satis-

factory estimates of the PCRV energy absorbing capability2 to withstand dy-

namic loads far beyond what is currently expected in LMFBR designs.
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Accident scenarios involving sodium fires, sodium and corium spills on

concrete floors and structures provided added impetus for structural concrete

research at ANL. Thermal exposure of concrete, resulting from the above

considerations, raised numerous questions regarding containment integrity.

The degradation of concrete properties with elevated temperatures, that is,

the possible inability of the concrete to transmit loading to the main load-

resisting components — reinforcement and tendons — were of great concern.

The prediction of cracking of concrete and the extent of cracking was impor-

tant in direct sodium-concrete interaction models since it can affect rate of

penetration of hot sodium into the concrete. Thus, far greater requirements

on the concrete constitutive model and its bonding with reinforcement were

expected than had been the case before.

III. CONCRETE MODELING

A linear elastic response with tensile and compressive limits is used for

modeling concrete behavior in compression, and the model is allowed to sustain

stresses up to the uniaxial compressive strength, f̂ .. In tension, cracking is

assumed to initiate when the maximum principal tensile stress of concrete

reaches the uniaxial tensile limit, f£.

The treatment of concrete cracking under dynamic loading can cause con-

siderable difficulties. A basic source of this difficulty is the discrepancy

between the model and crack formation in concrete. Cracking in concrete is a

rather irregular process: As the tensile limit is approached, microcracks

form normal to the direction of the tensile stress, but some load carrying

ability is retained because of the irregularity of the crack pattern and

aggregate interlock. The microcracks then coalesce into larger, isolated

cracks, that further reduce the load carrying ability.



In our initial efforts to model the?e phenomena,3 we incorporated a time

delay factor. In crack formation, the normal stress, instead of vanishing

instantaneously, was reduced to zero linearly over a prescribed characteristic

time. The physical motivation of this time delay was to model the limited

rate of crack growth and the associated energy dissipation.

However, it was found that no single time constant for the decay time was

satisfactory for even modeling the limited experimental data available to

us. Furthermore, the tests of Evans and Marathe1* showed that even at slow

strain rates concrete maintained tensile strength after the tensile limit was

reached, so that the modeling of tensile stress decay strictly in terms of a

time constant did not correlate with this experimental information. There-

fore, the tensile decay was changed to a time-independent phenomenon depending

only on the magnitude of the tensile strain. The normal tensile stress is

thus reduced to zero linearly over a prescribed characteristic strain e^ in

Fig. 1:

where e^ is the normal strain, extending from initiation of cracking to crack

opening, and ee is the strain corresponding to the tensile limit f£.

Another physical aspect neglected in the earlier model that was found to

be of importance is the strain-rate dependence of the tensile and compressive

limits for concrete. McHenry and Shideler5 and McNeeley and Lash6 have pre-

sented data on strain-rate dependence, but the data are unfortunately limited

to maximum strain rates of 10 s"1 for compressive strength and 10"3 s"1 for

tensile strength. Based on these data, the strain-rate dependence of tensile

and compressive strengths was fit by a function



fD/f$ = a + be
C , (2)

where

fp and fg = dynamic and static strength

e = strain rate

a, b, c = constants.

This combination of strain-rate dependence of strength and a strain

dependent tensile stress decay across cracks has significantly improved our

correlations with experiments. However, the data available for these aspects

of concrete behavior are quite limited, and much additional data are needed to

provide a firm foundation for these models. Our studies do indicate that

these factors play a significant role on the response of concrete models, so

the need for this data is great.

Provisions are incorporated within the constitutive model to treat varia-

ble compressive and tensile limits not only with respect to strain rate but

also with temperature.

IV. ANALYTICAL APPROACH

The modeling of concrete as one of the constitutive members of a PCRV was

not very demanding. The primary function of the concrete was to serve as a

filler and transmit the boundary pressure effects to the main load-carrying

components of the PCRV (steel reinforcement and prestressing tendons). A

secondary function of the concrete model was to predict cracking of concrete

and its extent within the PCRV. This capability would provide insight into

"leak-tightness of the PCRV.



The consideration of dynamic loading, provision for sliding of tendons

and the treatment of concrete cracking favored the explict time integration

technique in the analytical simulation of the time parameter.3 The choice of

the explicit temporal integration, especially with respect to the treatment of

concrete cracking appears superior even at this time as opposed to implicit

integration.

One aspect of modeling, which is the provision of PCRV slow prestressing,

caused us some di f f icu l ty . This was f inal ly overcome by the incorporation of

dynamic relaxation within our explicit time integration technique.7 This

provision enabled us to treat transient as well as static problems by way of

the explicit integration scheme.

The consideration of temperature effects into the analytical model was

brought into play also using explicit temporal integration.8 The model thus

solves the following equations

(3)

where [Cj is the lumped capacitance matrix, [K] is the conductivity

matrix, {Q} is the column matrix of nodal internal heat source, {T} is the

nodal temperature column matrix, Jtn.| is the nodal lumped mass matrix, {d} is

the column matrix of nodal accelerations, and {f } , {f } , {f p } are the

column matrices of external, internal and damping forces, respectively.

Explicit integration calculations are accomplished in the sequence as follows:



START
•NODAL TEMPERATURES
ELEMENT STRAINS
ELEMENT STRESSES-
NODAL FORCES

INTERNAL
EXTERNAL
DAMPING

NODAL ACCELERATION
NODAL VELOCITY
NODAL DISPLACEMENT
•t = t + At

END

(CONSTITUTIVE MODEL)

'(CENTRAL DIFFERENCE)

The calculations are made repeatedly in tim steps continually updating the

value of the previous time step. Increment in time is controlled by a stabil-

ity criterion depending on the discretization of the model and material pro-

perties. The damping forces come about by introducing dynamic relaxation

technique

This combination of the conduction equation with the structural formula-

tion provides a very versatile code. Because of explicit time integration and

dynamic relaxation, transient as well as steady state problems may be treated.

V. ILLUSTRATIONS

The illustrations are provided here to demonstrate certain features of

the analytical approach. The results are described briefly; nevertheless,

references are provided for more detailed information.

A. Dynamically Loaded Cantilever Beam

The effect of damping using dynamic relaxation is illustrated by an

example of a cantilever beam shown in Fig. 2. The analytical model for the



DYNAPCON code is made up of 12 x 4 quadrilateral constant velocity-strain

continuum elements. The shear load is distributed on all the nodes at the end

of the niodel. The static end deflection of the beam uting beam theory is

0.867 cm; when this deflection is corrected for the effect of shear, i t be-

comes 0.919 cm. Numerical solution of the beam problem in Fig. 3 shows the

results pertaining to a step load. The effect of damping "is i l lustrated by

three different curves: one with zero damping, and two with damping of 5% and

10% of cr i t ical damping, respectively.

The sample il lustrations show that viscous damping is very effective

in the damping of vibrations. For 5% damping the amplitude of the f i r s t cycle

is reduced by more than 100% of the amplitude of the undamped solution. With

10X of the cr i t ical damping the vibrations look completely damped; stable

equilibrium is reached practically during the f i r s t cycle of vibration.

One significant feature of the ar t i f i c ia l damping is the equilibrium

deflection reached with respect to that of the undamped vibration. In al l of

the three il lustrations the equilibrium deflections reduce to the average

values shown by the undamped solutions.

From the numerical i l lustrations of the simple beam problem i t

appears that the provision of viscous damping holds great promise. I t should

be of considerable help in solving static problems.

B. Internally Pressurized Cylindrical Container1

The experimental data used in this comparison pertains to an inter-

nally pressurized prestressed cylindrical container tested at the University

of I l l i no i s , Urbana.9 This container simulates the containment of a nuclear

reactor, and is shown in Fig. 4. The right-hand side of Fig. 4 identifies the

components of the test structure, while the left-hand side shows the analyti-



cal model used in the comparison. No reinforcement is utilized in the test

structure.

The concrete is characterized by a tensile limit of 3.10 MN/m2, a

compressive limit of 49.23 MN/m2 with an initial elastic modulus of 29.7 GN/m2

and a Poisson's ratio of 0.15. The prestress material has a modulus of 192

GN/m2 and a yield stress of 1655 MN/m2. Before the internal pressurization is

applied, each layer of tendons is prestressed longitudinally to a force of

0.112 MN and prestressed circumferentially to an equivalent pressure of 3.52

MN/m2.

Figure 5 shows the central deformation of the cover with respect to

internal pressure. The close agreement is encouraging since the nonlinearity

of the deflection stems from the cracking in the concrete; without cracking,

the deflection would be Ifnear along the initial slope.

The overall agreement between experiment and calculation is sur-

prisingly good. Since the cover is not reinforced, the quality of comparisons

largely reflect on the crack modeling of concrete. Based on this comparison,

the preliminary formulation of crack formation was believed to be quite ade-

quate for the treatment of concrete cracking under static loading.

C. Dynamically Loaded Simple Beam7

One of the most important factors in the modeling of concrete struc-

tures under dynamic loading is the introduction of strain-rate effect on the

properties of concrete. Because sufficient experimental data are lacking, the

strain rate effect of concrete cracking was inferred from existing tests of

simple structures. The analytical model for concrete within the DYNAPCON code

was, in fact, calibrated

Rather simple test specimens involving substantial cracking are

beams tested at the University of Illinois, Urbana.10 The beam tested is



given in Fig. 6 where the right-hand side shows the characteristics of the

beam and the left-hand side shows the analytical model.

Figure 7 depicts the history of tre applied load and Fig. 8 the

history of the central deflection. Figure 8 gives two sets of experimental

results together with the analytical deflection. The analytical results

represent the best f i t with the experimental data. The constants correspond-

ing to the strain-rate relation for the tensile l imi t in Eq. (2) used in this

example were the following:

a = 0.94

b = 3.79

c = 0.37

I t is noteworthy that even the permanent set of deflections corresponds rather

closely to the analytical results.

D. Concrete Thermal and Structural Behavior8

The coupled thermo-structural formulation8 has been used to calcu-

late the formation of cracks in a basalt-concrete crucible. This crucible was

used in a test11 in which liquid sodium at 600°C was dumped into the base

cavity of the crucible. Posttest examination revealed surface erosion where

the sodium had reacted with the concrete, leaving a cinder-like bed of reac-

tion products. In addition, numerous radial cracks had formed on the top of

the cylindrical wall of the crucible.

The analytical model was discretized into 295 axisymmetric f in i te

elements of quadrilateral cross-section; fine elements adjoined the "hot"

surface, with coarser elements extending toward the "cold" boundary. The

temperature of the in i t ia l surface of the sodium-concrete interface was taken

to be the same as the experimentally recorded temperature inside the concrete

at a depth of 1 cm from the hot surface as shown in Fig. 9. The surface area

outside the heated area of the crucible was assumed to be insulated.



The stress-strain relations for concrete in compression at di f ferent

temperatures were obtained from the l i t e ra tu re 1 2 and are reproduced in Fig.

10. A bi l inear approximation was used for each temperature in which a l inear

elastic response was assumed up to the maximum stress, followed by a purely

plast ic response. The tensile l i m i t was taken to be 0.1 of the corresponding

compressive l im i t for each temperature. In addit ion, the stress beyond the

tensi le l im i t was reduced to zero l inear ly after a strain of 0.0005 m/m. A

Poisson's ration of 0.15 was assumed.

For thermal analysis the density of concrete was assumed to be 2.326

g/cm3, effective specific heat was 0.929 J/g«°C, and thermal conductivity was

0.0182 J/cnus«°C. These properties were assumed to be constant through the

entire range of temperatures.

The dynamic relaxation technique with 5 ys per time step involving

mass-proportional damping of 3% was used for the analytical solut ion. Four

Gaussian integration points per element were taken for the structural calcula-

t ions, while only one integration was used for the thermal calculat ions.

The numerical solution computes the temperature d ist r ibut ion from

the "hot" surface through the crucible body, and yields the corresponding

stress-distr ibut ion history within the discretized model. The f i r s t crack

appears at 70 min at the bottom center of the crucible; 2 min la te r , radial

cracks begin to form at the top inside corner of the wall and propagate down-

ward, so that at 80 min the crack d ist r ibut ion is the one shown in Fig. 11.

Several minutes la te r , radial cracks continue propagating down the cyl indr ical

*«all and new cracks are shown to have originated, as depicted in Fig. 12.

Conical-circumferential cracking is observed in two locations: close to the

inside corner of the crucible and in the mid-region of the bottom slab. I t is

Interesting that these conical-circumferential cracks i n i t i a t e internal ly —



not at the surface of the crucible. The temperature should be uniform in the

bottom slab along the radial direction, so rather small temperature gradients

must initiate cracking. Thus, the specific location in the slab at which

cracks initiate seems to be rather arbitrary. From this time onward, cracks

continue to form and propagate until they join other cracks; however, this

cracking process is slower. Finally, the crack distributions at 100 and 240

min are those shown in Figs. 13 and 14, respectively. It is also observed

that in the bottom slab the cracks closest to the "hot" surface tend to be

normal to the temperature gradient.

The surface cracks of Fig. 14 correspond to the experimentally ob-

served cracking: complete radial cracking on the top of the cylindrical wall

and partial cracking on the sides. Analysis predicts some conical-

circumferential cracks on the bottom of the crucible, but this could not be

substantiated from the data given in Ref. 11.

VI. CURRENT RESEARCH

We are aware of the fact that the use of principal tensi le stress for

simulating propagation of cracking in concrete is not precise. The applica-

t ion of the energy release rate of concrete for th is purpose is thus quite

interest ing. We are presently investigating the feas ib i l i t y of u t i l i z i n g the

"blunt crack" technique13 in our general-purpose thermo-structural code

TEMP-STRESS.8

The need for a better consti tut ive model of concrete for investigated

concrete response under elevated temperatures is quite acute. We are in the

process of surveying the available published formulations. Selection on an

appropriate formulation w i l l be made for a const i tut ive concrete model on the

basis of i t s accuracy, economy, ease of Implementation and need of the least

number of parameters.



The exposure of concrete to high temperatures introduces a number of

additional topics of concern, some of these being the moisture migration,

development of pore pressure with time, etc. The variations of thermo-

mechanical p-operties of concrete are being investigated to weigh their impor-

tance in further modeling considerations.

VII. FINAL COMMENTS

The illustrations selected from previous publications were picked to

display certain aspects of our analytical modeling as it has evolved during

the last 5 or 6 years. Some of these depict what we feel are essential ingre-

dients in further development of the analytical modeling of concrete response.

Undoubtedly the most important of these is explicit time integration.

Although explicit time integration was first thought to be applicable to tran-

sient problems alone, it has since been modified to remedy this situation. By

the introduction of viscous damping — what has become to be known as dynamic

relaxation technique — we find that this procedure works equally well in

static problems.

There are also by-products of the explicit integration scheme which are

very important in modeling of concrete cracking. For example, this procedure

provides a detailed cracking sequence simulation, which is essential in the

history-dependent problems such as cracking propagation. The very simple

coding architecture is another by-product of this approach which is of great

significance to the code developer.

For dynamic problems which involve concrete cracking we find that correc-

tion for the strain-rate effect is essential. Lack of experimental data in

this area is notably lacking.



In thermo-mechanical problems we find that explicit time integration can

be applied with equal confidence. The lumped mass-capacitance calculations

coupled with explicit time integration provide a very convenient way of calcu-

lating thermal stress. The provision of dynamic relaxation and damping make

the technique quite eff icient, not only for transient, but also for steady-

state problems. The architecture of the code is rather simple, so incorpora-

tion of other relevant parameters would be easily accomplished. Therefore,

the formulation based on the explicit time integration is promising for fur-

ther investigations of concrete structures at high temperatures. However, at

high temperatures the lack of experimental data is especially acute.
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Fig. 1. Idealized Stress-Strain Diagram of Concrete

Fig. 2. Details of the Analytical Model of the Cantilevel Beam.

Fig. 3. End Deflection Due to Step Load.

Fig. 4. Configuration of the Test Cylinder and Its Analytical Model.

Fig. 5. Deflection at the Center of the Top Slab.

Fig. 6. Details of the Concrete Test Beam and the Analytical Model.

Fig. 7. History of the Applied Force.

Fig. 8. Central Deflection of the Beam.

Fig. 9. Test Temperatures at the Center of the Slab. (Courtesy of Sandia
National Laboratory.)

Fig. 10. Assumed Stress-Strain Curves for Concrete.

Fig. 11. Predicted Cracking Pattern at 80 min.

Fig. 12. Predicted Cracking Pattern at 83 min.

Fig. 13. Predicted Cracking Pattern at 100 min.

Fig. 14. Predicted Cracking Pattern at 240 min.
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