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The development and improvement of experimental techniques enabling new

and highly accurate data to be obtained on the energy structures of the neutron

cross-sections of nuclei are imposing more stringent requirements on the pro-

cessing and theoretical analysis of these data. One of the most important aims

of such analysis in the resonance region is the evaluation of neutron resonance

parameters on the basis of a given formalism of the theory of nuclear reactions.

For practical applications the most widely used one is the R-matrix formalism,

where the parameters are the following real numbers which are independent of

energy: E (the level energies) and T 2 (the amplitudes of the resonance widths
A AC

in the individual channels c). A knowledge of these parameters is necessary

both for applied nuclear physics and for theoretical studies; they can be used,

in particular, for estimating such important average characteristics of the

compound nucleus as the level density and force function.

However, the task of finding resonance parameters from experimental data

on the energy dependence of cross-sections is subject to a number of difficulties.

These difficulties are not only of a theoretical character associated with the

selection of one version or another of the theory taking into account the

effects necessary (interference between resonances, Doppler effect etc.), but

also involve problems of principle. Whether the set of parameters found is

the only possible one within the context of a single formalism used remains

open. The specific features of processing the experimental data are such that

even with good resolution a number of overlapping resonances (occurring as a

result of the fluctuation in inter-level distances or the Doppler effect) may

be classified as an isolated resonance. Moreover, as will be shown below,

even given a very weak inter-level interference and Doppler effect, unambigu-

ous parametrization of the cross-sections is not always possible.

In the present paper these questions (the choice of the approximation

needed for describing experimentally observed cross-sections, allowance for

inter-level interference and the Doppler effect and the possibility of

ambiguous reproduction of the resonance structure of cross-sections) are
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examined with reference to the parametrization of the total cross-sections

for non-fissionable nuclei in the low-neutron-energy region.

Calculation of inter-level interference in total cross-sections

At low energies where the resonance levels of the nucleus do not overlap,

the energy dependence of neutron cross-sections is well described by the single-

level Breit-Wigner approximation. The behaviour of the cross-sections is

determined by the S-matrix which has the following form [l]

\'/2

S =
mn

cf. Z tr r y

E-E^i —
(1)

where ^"^^Actf* ^ o r t o t al cross-sections (S-neutrons) we have

sin.2cp. (2)

The first term in Eq. (2) describes potential scattering, the second resonance

scattering, and the third the interference between them. Since in the thermal

resonance region most nuclei are well isolated, formulae of the type of Eq. (2)

are commonly used for parametrization of the total cross-sections of such

nuclei. The simple form of these formulae makes it relatively easy to allow

for the Doppler effect, thereby enabling us to use them also at energies higher

than the thermal. However, with a further rise in energy and a corresponding

increase in neutron widths the part played by inter-resonance interference

increases and this approximation cannot be used.

For describing the energy dependence of cross-sections of non-fissionable

nuclei when there is interference between levels, use may be made of the multi-

level R-matrix formalism developed by Luk'yanov [2]. In the approximation of

a large number of independent radiation channels and single-channel elastic

scattering for the diagonal element of the collision matrix this formalism,

which is based on the known ratio between S- and R-matrices of Wigner and

Eisenbud [3], gives
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where

The superscript v refers jointly to possible values of total moment and parity;

r and E are the neutron width and energy of the resonance level; and T is
An A Y

the radiation width of the resonance, which is assumed to be the same for all

levels A(v). For S-neutrons the total cross-section is expressed through the

real (A ) and the imaginary (B ) parts of the function K (E) in the following

way:

6 =
t

'<™%jJv

The multi-level Reich-Moore formula for the cross-sections of fissionable

nuclei [4] also results in this formula provided the fission channels are

excluded from it.

For purposes of illustrating multi-level effects, Figs l(a) and (b) show

the energy dependence of total cross-sections calculated in the context of the

single-level (dashed line) and multi-level (solid Line) formalisms. The

resonance parameters in these figures were obtained by lottery using the Monte-

Carlo method [5]. The distances between levels were assumed to be distributed

in accordance with the Wigner law [6] and the neutron widths in accordance with

the Porter-Thomas law [7]; the radiation widths were taken to be the same for

all levels. For purposes of simplicity it was assumed that all levels had the

same spin and that there is no Doppler effect. Figure l(d) shows in the same

energy scale the positions of resonances and their relative reduced neutron

widths.

Figure l(a) illustrates the case of well-isolated resonances: r << D.

In this case the two curves almost coincide near the resonances and only in the

spaces between them does inter-level interference cause the cross-section's

values to be slightly too small. It should be pointed out that the average

resonance parameters used in Fig. l(a) differ from the parameters for the
197 232

majority of nuclei used in practice such as Au, Th and so on; however,

the corresponding calculations performed for these isotopes in the low-energy

region give a similar result.
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Figure l(b) shows calculations for the case T ~ D. The total cross-

section curve calculated with a single-level formula is in this case situated

considerably higher than the corresponding multi-level curve; in qualitative

terms, however, it still has the basic characteristics of the latter curve.

Finally, the solid line in Fig. l(c) reflects the characteristic shape of the

total cross-section for T » D. A single-level formalism cannot be used in

these conditions.

In order to find the conditions of applicability for the single-level

formalism we use an approximated multi-level model [8]. We introduce two

simplifying assumptions into Eqs (3) and (4). First, the distribution of

resonance levels will be considered equidistant: E^ = E, + AD; and, second,
A V

the neutron widths of all resonances will be assumed to be equal to the average

neutron width r • Here, considering the case of even-even nuclei for purposes

of simplicity, we have

K(E)^ S ctq (rt-iy), where S = i x » u- * •
2 d 2D T> d 2b

We write the diagonal element of the collision matrix in the form

Applying the Mittag-Leffler theory [9], this expression can be transformed as

follows:

Where S << 1 with the accuracy of terms of the first order in terms of S, we

obtain

L

Returning to the original notation, we rewrite the expression for S in the form
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This expression coincides with the single-level approximation (1).

Since in the calculation shown above no assumptions were made regarding

the radiation width r , the condition

- (6)

should be considered a criterion of applicability for the single-level formalism.

Unlike the well-known condition r << D, this condition makes it possible to use

relationships of the type Eq. (2) even where radiation widths (r ) are relatively

high.

For purposes of illustrating the influence of r on the shape of the total
Y _ _

cross-section curve where resonances overlap to a large extent (p >> D), the

dashed line in Fig. l(c) shows the corresponding cross-section for T = 0

(single-channel scattering). When this curve is compared with the solid line

in the same figure (r = 0.12 eV), it will be seen that the inclusion of

radiation channels brings about a significant decrease in the interference gaps

between resonances. Note that the absence of deep furrowing in the curve
a (E), where V >> D and V 4 0, is somewhat in contradiction with the well-
t n y

known predictions of Ericson [10,, 11]. This either indicates the insignificance

of Ericson fluctuations in total cross-sections or the impossibility of calcu-

lating them correctly in the context of the multi-level formalism used above.

Calculation of the Doppler effect:

The presence of thermal motion of target nuclei causing a broadening of

the neutron resonances observed may also in some cases be the cause of

inaccuracy in the determination of resonance parameters.

In the single-level formalism the calculation of the Doppler effect is

sufficiently well developed [12-14], For example, the total cross-section (2)

at low energies, with allowance for the Doppler effect, can be shown in the

form [13]

where a = X(f A = t~\/~r is the Doppler width for the energy (E); A is the atomic
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weight of the isotope; c is a constant determining the effective temperature
E ~ E P

of the target material [14]; £ =-A ; n = — ; U(x,y) and V(x,y) are,

respectively, the real and imaginary parts of the complex probability integral [15],

For purposes of illustrating the influence of the Doppler effect on the

shape of experimentally obse'rved cross-sections, Fig. 2(a) shows a theoretical

curve for the total cross-section as a function of energy in the case in which

the single-level formalism is applicable. Figure 2(b) shows the positions of

the resonances used in the calculation and their reduced neutron widths. The

corresponding average parameters are near those for the isotope Eu. As can

be seen from the figure, the thermal motion of nuclei causes the shape of some

groups of closely-spaced resonances in the experimentally observed neutron

cross-sections which is similar, even with ideal resolution, to that of isolated

resonances; this makes it difficult to determine the number of resonances

in such groups and to reproduce the true resonance structure.

In the multi-level formalism the dependence of cross-sections on energy is

described by the relatively complex function (5), and thus it has so far not

been possible to find a simple and correct way of allowing for the Doppler effect

in this case [16, 17].

Ambiguous reproduction of the resonance structure of cross-sections

Resonance parameters are usually determined from the measured energy

dependence of the cross-section (or transmission) by the following procedure

(the so-called "form" method): the general shape of the experimental curve gives

the positions and widths of resonances approximately, and then in the context of

the formalism chosen these initial parameters are adjusted (usually by the

least-squares method) in order to attain the best possible agreement between

calculated and experimental cross-sections. Clearly, this procedure is by its

very nature somewhat arbitrary: in the given energy range the number of

resonances cannot in fact be determined exactly, and it is possible that weak

resonances will be missed and that certain groups of resonances close to each

other may be taken as being the same. However, when the observed resonances

are sufficiently narrow and sufficiently well separated from each other (for
197 —

example [18] , in the region 0.3-0.7 keV for the isotope Au F = 0.3 eV and
— 232 — —

D = 16 eV; for Th r = 0.07 eV and D = 7 eV; and so on) and

inaccuracies of this type are most often not large. In fact, from the distri-

bution of inter-level distances the probability of a structure consisting of a

number of groups of resonances close to each other with large gaps between the

groups must be very low.
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Where the level densities or resonance widths are high, the task of para-

met rizat ion of cross-sections is made more complicated when the contribution

of interference between resonances becomes appreciable. But even with insignifi-

cant interference between resonances and an insignificant Doppler effect the

resonance parameters cannot always be determined unambiguously.

152
Figure 3 shows experimental values for transmission of the isotope Eu

as a function of energy as measured by the time-of-flight method [19]. The

dashed line represents the results of the processing of these data, based on an

attempt to describe them by means of five resonances, for which the energies

and neutron widths, as well as the radiation widths, had been adjusted. For

data processing, use was made of the RESP programme, a description of which is

given in Ref. [20], with multi-level representation oE cross-sections (5).

Since in this region the Doppler effect is small, it was not taken into account

in the processing. The resonance parameters obtained are shown as dashed lines

in Fig. 3(b). These parameters proved to be very near those obtained by means

of a similar processing procedure in Ref. [19], with the exception of the first

resonance, which was not estimated in that paper.

As can be seen from Fig. 3 the theoretical curve describes the experimental

data relatively well. The parameters obtained do not contradict known average

parameters of neighbouring isotopes, which would tend to suggest that they are

reliable.

However, when attempting to describe ttiese experimental data with 20

resonances situated in the same region, it turned out that the new theoretical

curve (in the figure it is shown as a solid line) was in much better agreement

with the experimental points than the first (dashed) line; the mean-square

deviation £ f V^ /^j ~Tj \ in the calculated values T. from the experi-

mental values TJ for the new curve is twice as low. In the latter case, for each

of the 20 resonances only two parameters - the energy and neutron width - were

adjusted, while the radiation width was taken to be constant for all resonances:

r = o.i ev.
Y

It should be mentioned that, despite the fact that the multi-level forma-

lism was used here for purposes of processing, the corresponding processing

procedure in terms of the single-level formalism produces the same result since

in this case condition (6) is fulfilled.
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Conclusion

In the above we have dwelt only on some of the most frequently encountered

difficulties associated with the estimation of resonance parameters from experi-

mental energy dependences of cross-sections (transmission). It should be pointed

out that, since at low energies the conditionT << D is fulfilled, for most

non-fissionable nuclei inter-level interference effects are mostly insignificant

here. On the other hand, it is necessary to take thermal motion of nuclei into

account even in the low-electron-volt region. As has already been mentioned,

complications of a theoretical nature arise when it is necessary to consider

both these effects in the context of an R-matrix formalism; these complications

increase when an attempt is made to describe the structure of cross-sections for

higher energies within this formalism.

Apart from the theoretical difficulties, the determination of neutron

resonance parameters is also subject to a number of difficulties of an experi-

mental nature. As has been demonstrated above, processing of the data obtained

even with one of the most accurate experimental methods - the time-of-flight

method — does not always result in unambiguous parametrization of measured cross-

sections. Thus, prospects of improving the accuracy of resonance parameter

determination may be linked - apart from improvements in the accuracy of measure-

ment of the cross-section measurements themselves - with the use of additional

experimental data in processing.
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Fig. 1. Total neutron cross-sections calculated in the framework of the multi-

level R-matrix approximation (solid line). The resonance parameters are found

by lottery using the Monte-Carlo method [5]. Their average values are:

(a) r ° = O.OOO35 eV, T = 0.012 eV, and the dashed line (f « D) represents

the same cross-sections calculated in the framework of the single-level approxi-

mation; (b) r° = 0.007 eV, T =0.12 eV, and the dashed line (T ~ D) represents
n y n

the same cross-sections calculated in the framework of the single-level approxi-

mation; (c) T° = 0.1A eV, T = 0.12 eV, and the dashed line (T » D) repre-

sents the case of single-channel scattering (T = 0) and D = 0.2 eV; (d) the

positions of resonances and their relative reduced neutron widths.
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Fig. 2. Total neutron cross-section calculated in the framework of the single-

level approximation with allowance for the Doppler effect (a)j and the positions

of resonances and their reduced neutron widths (b); the radiation widths of all

resonances are the same (T = 0.09 eV).
Y
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Fig. 3. (a) Transmission of the isotope Eu as a function of energy;

- experimental values measured by the time-of-flight method [19];

- - - results obtained by describing them with the aid of five resonances with

radiation widths (left to right) of 100, 122, 216, 137 and 197 mV, in each

case with variations for three parameters E . r and F, ;
K X An *Y

result for a description of them using 20 resonances for which there was
variation in two parameters E and I\ ;

A An

(b) Values derived for energies and neutron widths of these resonances.


