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I . INTRODUCTION

ABSTRACT

The paper sets out to examine the role of interaction in neutrino

statistics with the aid of the MATSUBARA method for calculation of thermo-

dynandc potentials. For this purpose, a first step involves the use of the

V-A interaction Hamilton operator. Estimations show that the relative

effects of this interaction cannot exceed the very small value of 10 . In

a second step i t is shown that even by using the Hamilton operator of the

Weinberg-Salam theory this result does not change. This means that the

neutrino statistics calculated by Kuchovicz do not need to be revised as a

result of interaction effects. Discussions are made on the possibility of

symmetry restoring at a critical temperature kT 3 100 GeV. This Idea is

extended to the grand unification scheme and some speculative conclusions

are drawn.
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Undoubtedly, Bronis^aw Kuchowicz was the first vho considered the problem

of neutrino statistics and,in particular, i ts application to astrophysics! objects

consisting of superdense matter. In 1963 he had already calculated the thermoflynaraic

functions for a non-interacting neutrino gas being in an equilibrium state [1-5].

Only a few special cases had been worked out earlier. In 195T and 1959> Brill

and Wheeler [6,1] discussed the number and energy densities for vanishing

chemical potentials of a neutrino gas in the state of equilibrium. In 1962

Weinberg [8] considered possible consequences of a degenerated neutrino sea

for the formation of the Universe. Two years later after the 1963 paper of
statistics

Kuchowicz, similar formulas of neutrino/had teen independently derived by

Wataghin [9,10]. Kuchowicz had not treated the question of whether or not

the neutrino statistical relations should be modified through the consideration

of interactions within the neutrino gas. In this context he used weak inter-

actions only to show that the neutrino gas within stars vith superdense matter

could reach a thermodynamics equilibrium [5]. A first step in the direction

of taking neutrino interactions into account was done by Borla, Ferrari and

Wataghin [U] , but so far they have only considered creation and annihilation

of pairs of neutrinos, electrons and muons. To do this they introduced the

constraint of lepton-number conservation only.

In the present paper the role of interaction in neutrino statistics
the

is discussed with respect to/V-A interaction, the Weinberg-Salam theory and

the theory of grand unification. Sec.II describes a method for introducing inter-

action into thermodynamieal systems In a straightforward vay. Sec.Ill

handles the V-A interaction as a first step towards a more complete discussion

of the electroveak interactions In neutrino stat is t ics . This Is done in an

estimating manner in Sec.IV. The result is that within the Hagedorn temperature

limit the relative first-order contributions of the interactions to the thermo-

dynamic functions of a pure leptonic system are always smaller than 10 . This

means that Kuchowicz's formulas do not have to be changed vith respect to

neutrino interactions if neutrino statistics are only applied to physical

situations where the chemical potentails and the temperatures are smaller

than 100 HeV. In Sec.Ill ve investigate if a pure leptonic system which Inter-

acts via V-A interactions leads to a well-defined thermodynamlc system having

a vell-defined ground state. A positive ansver is found and several formulas

for the first-order interaction contributions to the pressure P, the entropy

S, the particle number H, the free and Internal energies P and E, and the

distribution functions n(p) are derived.
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The discussion of Sec.IV is prevailed by the idea that the symmetry

breaking in gauge theories can disappear at a critical temperature T .

It is found that the perturbation method of Sees.II and III breaks
-1/2down at the energy value of G for chemical potentails as well as at

corresponding temperatures. This turns out to yield the relation

-1/2
kTc * G a 100 GeV

for a critical temperature. This is just the same critical temperature at

which the symmetry breaking in the Weinberg-Salam model should disappear.

If all masses are produced by symmetry breaking and this symmetry gets

restored at a certain high temperature, the conclusion can be drawn that the

interaction plays an overwhelming role in the neutrino statistics of the early

stages of the Universe.

I I . METHODICAL CONSIDERATIONS

In order to introduce interactions into the s t a t i s t i c s of many-particle

systems, i t Is most convenient to use the grand canonical ensemble- Then

the problem of trace calculation in Fock space is reducible to that in spaces

containing one part icle s ta te . If the volume V, the temperature T and the

chemical potentials p. are given, the other thermodynamic functions may

easily be derived from the known grand thermodynamic potential Y. We obtain

for

the pressure P ~ - \ irrr

the entropy S = - | —

3Y
the particle number K = - | —

T,)^ = const

V,y, = const

T,V - const

the free energy F = Y +

the internal energy E = Y" +

i

+ TS

(2.1)

(2.2)

(2.3)

(2.It)

(2-5)
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ll 11'

The connection

with

and

P = e

Y = -kT in Z

Z = Tr

(k = Boltzmann's constant

(2.6)

(2.7)

(2.8)

can be used to calculate the grand thermodynamic potential Y. Following

Matsubara [12] it is helpful for this purpose to work in the interaction

picture. To this end, the Hamiltonian is split into a free part and a small

interacting one H = H + H where

5w ( 6 ) " Po"
and

After putting^.

-B(H0-uN)

Bloch 'sequat ion can be deduced from (2 .8 ) - (2 .10 )

(2.9)

(2.10)

dB

The usual iteration procedure gives

(2.11)

(2.12)

The operator T orders the time-dependent operators occurring in the Hamiltonian

in the familiar manner:

with per**M.ta.t.'»i. 7T

In order to characterize the mean value of an operator o in the whole Foch

space, i.e. for the free system, the following notation is introduced:

-It-



Tr(pQ<j)

(2.13)

Gaudin [13] has developed a rather simple method of how to calculate the expression

^"p^ with the aid of Wick-type contractions . This in turn leads to analogues

of Feynman graphs. This enables us to prove a linked-cluster theorem and to

calculate the grand thermodynamic potential using only closed graphs according

to the following prescription

Y — 4-

ID a similar way it is possible to deduce the distribution function n(p)

(n(p) = particle number operator of the state p) [lit]:

(2.15)

The "c" on the top of the right bracket means here that all connected graphs

should be taken, whereas in (2.Hi) it indicates that only closed ones should

be used.

But by introducing the V-A interaction into statistics the question

arises of whether this leads to a well-defined thermodynamlo system. V-A

cross-sections violate the unitary limit for very high energies and statistics

require an integration over all energies. This question is especially connected

with the issue of the existence of the ground state of the lepton system.

Hov a system \ ' is considered which contains massive leptons
L. i

(e, u or T ) , their corresponding neutrinos and their antiparticles. The sub-

scripts characterize the type of particles as follows:

1 •* massive lepton

2 -*• massive antilepton corresponding to 1

3 + massless neutrino corresponding to 1,2

It -t- massless antineutrino corresponding to 1,2,3 •

The V-A Hamiltonian is written in that case as

a. **•

(3-1)

In this special representation the V-A operator is redundant because of

III. THE CONSIDERATION OP THE V-A IHTEHACTIOH IN NEUTRINO STATISTICS

Nowadays,when considering- neutrino s t a t i s t i c s , use should be made of

the electroweak scheme of Weinberg {17] and Salam [16]. But there is a

pragmatical reason to res t r ic t ourselves to V-A interactions. Kuchowicz

derived formulas for neutrino s t a t i s t i c s ready for application in theories

on astrophysieal objects containing superdense matter. Wilson [21] has cal-

culated that the highest mean energy of neutrinos within a collapsing star of

8-30 M« should be about 30 MeV. In comparison with the boson masses of the

Weinberg-Salam theory, which are almost about 60 GeV, these lepton energies

are small. In the case of small energies, the charged current parts of

the leptonlc Weinberfi-Salam Lagrangian reduce to those of the V-A theory [23].

Thus, Ba a f i r s t step, i t is reasonable to introduce V-A interactions into

neutrino s t a t i s t i c s . Then, 3.3 & second 3tej>, the neutral current parts will

be analysed and as a third the full Weinberg-Salam theory for higher and

higher energies will be discussed.
-5-

(The notational conventions of BJorken and Drell [lS] are used throughout.)

The weak coupling constant [l<j] Is denoted by

G » (1.1*350 ± 0.0011) • 10" 9 erg cm3

O.U536-1O"32 cm2 (c = 1) (3.2)

The Hamiltonian (3.1) in the interaction picture (£.9) and in the momentum

representation reads:

-6-



H,.

* Sew ac* C-

(3.3)

The <p'3 are the lepton spinors and the a 's are the creation and annihilation

operators of the considered states in the following sense:

«P.) =

for s = 1,3

for s = 2,k

\ _

for s = 1,3

for s = 2,U (3.H)

i s u s e d -In (3.3) the normalization f V

Now expressions (2.lU) and (2.15) should be calculated with respect to

the Hamiltonian (3.3) . But a l l terms with n I 2 are divergent, vhich is due

to the fact that the V-A interaction is not renormalizahle. The closed or

connectfid graphs, respectively, of the f irs t order are [I1*]:

for Eq.(2.lU):

oo

CO

and for

C<
-T-

The lines on the left are massive lepton lines and on the right are maBsless

lepton lines. The solid lines on the other hand represent particles and the

dashed lines antiparticles. (The position of the arrows are only important

for higher orders.)

The correct mathematical translation of these graphs [ih] yields:

1. The contribution in the first order to the grand themodynamic

potential Y.: *

r*i (3 .5)

and

2. The contribution in the first order to the distribution function

of the neutrinos:

(t,

In (3.5) and (3.6) the abbreviation

1
n

-t + e

(3.6)

(3.7)

is used and m denotes the lepton mass. The calculation of the integrals,

sums of spinB and the spinor products in (3-5) and (3.6) leadB to:

£=1 K-

with
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_-jTGV/3m6 f £;T£j~

( 3 -8 )

and

- * _ a-/?G/3

and for the neutrinos (k = 3,U)

(3.12)

vhere

( 3 . 9 )

I t is easily seen that for V. = lu and p = y, the expressions for

E
3

m
and v =

3

V

m

1 —1
Y and n. vanish.as they should. From (2.1) to (2.5) i t is now easy to
calculate a l l the first-order contributions of the V-A interaction to the

thermodynaraic functions. These describe the f ini te temperature behaviour of

a pure leptonic system

(3.10)

(3.11)

with

(3.13)

(3.lit)

= 1

E 1 = F1 + TS 1 .

Now let us discuss the question of whether the thermodynamics of a pure

lepton system are well defined when the interaction is governed by the V-A

theory, taking into account only terms of the first order.

To treat this question it is necessary to investigate the ground state

of the system, i.e. to calculate the thermodynamic functions for the limiting

case when T goes to zero. To do this it is convenient to make use of the

following relations:

11* »° - J 2
+ ° I o

for E < y

E - u

for E > y

I -

lim
T + 0

" - S(E-y)

and

with

lim n°{l-n°) = | S(E-p)

-0
n

(3.15)

(3.16)

(3-IT)

the total particle number for the massive leptons (i - 1,2):

-10-



If the chemical potentials are smaller than or equal to the rest masses for

the several kinds of particles, then it follows from (3.15) that for vanishing

temperature all contributions of the V-A interaction also vanish. This has

nothing to do vith the smallness of the coupling constant 0:

lim Y 1

T •» 0

= lim
T-*-0

S 1 = lira N 1 = 0
1

(3.18)

In such cases the ground state of the pure leptonic system with the V-A inter-

action equals a ground state without interaction.

In the cases v± > x± with m. j™ [ ~
U, 4 ui, the following first-order contributions to the ground state can be

calculated:

(3.19)

That the distribution function in the limiting case gives a 6 function is not a

problem because it should he integrated over the momentum space in order to

get a physical meaning. The expressions (3.19)-(3.23) show that the thermo-

dynajnie groand state is well defined, if a V-A interaction of the first order

Is Introduced into a pure leptonic system.

Furthermore, the expressions (3-8)-(3.11*) are well defined,

so that ve can say that a pure leptonic thennodynamic system can be established,

if it is ass-;n£j that the V-A interaction of the first order takes place. A

comparison with the corresponding expressions for the non-interacting system

[11.] e.g.

(3.2 "»)

T—o » o
(3-20)

(3.21)

* = > * •

(3.22)

with ffi) =
(3.25)

shows that the first-order contributions contain the weak coupling constant G

and two \i factors more than the la t te r . Therefore the V-A Interaction

can only play a role if the chemical potentials \i. are so extremely large

that they are comparable to the inverse square root of the weak coupling

constant, i . e . y. <s*10 cm" •- 100 GeV. These relations with respect to

the chemical potentials should also be expected for the finite temperature

expressions. Nov the dependence upon the temperature has to be investigated.

The comparison of the zero temperature level shows that a rough

estiroatiaii should be sufficient. For simplification the choice y -*-<•• ,

Hi + - • and u, iP, * 0 is made. In order to calculate an upper limit of
t 1 J ^

the relative V-A contribution, Y has to t e estimated by a larger value
0

and Y by a smaller one.

(3.23)

-11-



It follows from (3.8) that

-*3 ~

#1 i x r f x + i x e

1 ^3

and this leads to

(3.26)

In a similar way the estimation of [lit]

^ 0

Y 1

To simplify the ratio —r^ the assumption

this ratio of (3.26) an<TJ (3.27) is s

(3.27)

'2JM1 - m s ii may be made.

-13-

y

(3.£6)

The rough estimate (3'28) shows that the numerator differs from the

denominator mainly by a factor

G(u (3.29)

If the V-A interaction 6hould provide noticeable contributions to the neutrino

statistics, the most extreme high values of the chemical potentials and

temperatures should be taken into acco^snt.

Except for the early stages of the Universe the most extreme

situation in physics is probably experienced in the supernova explosion near

the hard core of a collapsing star. There, the highest values for the muon,

electron and neutrino chemical potentials are [20,21]

U Si 100 keV > (3.30)

whereas the temperatures T are lying about 20 keV. In order to simplify the

calculation of an upper limit of (3.28) the Hagedorn [22] temperature

T m 1012 °K M 100 MeV

will "be used which equals the highest chemical potential

(3.31)

Underthis condit ion the inequa l i ty (3.28) reduces t o

and finally

(3.32)

- l l t -



< e.S * 10
-6

far 100 (3.33)

Because similar estimations for the other tliermodynaraic functions lead to the

same result, the smallness of thi3 value shows that the V-A interaction plays

no role with respect to the'Vell-known" physical objects which Kuchovicz had

in mind when he established neutrino stat is t ics. In conclusion, the V-A

interaction does not give rise to a change of Kuchovicz's neutrino statistical

formulas.

In a speculative physical area, hovever, the V-A interaction of first

order could play an important role if values for the chemical potentials of

leptons or of the temperatures could be realized which are about 100 GeV.

Certainly the perturbation method used vi l l break down at such high values of

chemical potentials and temperatures because the assumed smallness of the

interaction is no longer true. It is not by accident that the same order of

magnitude lOOGeV enters In the folloving discussion of the Weinberg-Salam

theory with respect to neutrino statistics and, in fact, obtains a crit ical

meaning.

IV. THE WEINBEBG-SALAM THEORY AND NEUTRINO STATISTICS

The result of the rough estimation in Sec.Ill allows us to consider

the neutral current parts of the Weloberg Salam Lagrangian within the Hagedorn

temperature limit only, with respect to the order of magnitude of their

contributions to the thermodynamic lepton system.

By considering neutral current leptonic interactions the spinor

expression in (3-5) would change to [23]

i (.pun) eH-l +

The Weinberg angle 9 as derived from experimental results [2U] has the

folloving value:

sin2e = 0.23 . (̂ .2

2 1
This means that the expression 2 sin 6 - r In (l(.l) nearly vanishes. It

leads us to the conclusion that the first-order neutral current contributions

are of the same order as those which have been calculated In Sec.III. This

is in agreement with calculations by 't Hooft [25]. vho shoved that the

cross-sectiona of neutrino electron scattering in the Weinberg-Salam theory
2

are in the case of sin 6 < 0.5 smaller or In the same order of magnitude as

of the V-A interaction scheme.

The consideration of the electroveak interaction in neutrino statisticB,

similar as in the V-A scheme, leads to the conclusion that the role of the

interaction in neutrino statistics Is negligible vithin the energy limit of

Hagedorn's temperature. The relative contributions of the interactions

discussed to the thermodynamic functions of a pure leptonic system are always

smaller than 10 even if the chemical potentials and the temperature have

extreme values in the region of 100 MeV.

If physicists think about the early stages of the Universe, then much larger

energies than those indicated by the Hagedorn temperature would be conceivable.
-1/2

The calculations In Sec.Ill showed that above energies of G x 100 GeV

the perturbation theory of Sec.II breaks down, because the interaction terms

are then growing up to the same order of magnitude as the non-interaction

ones. It may be interesting to know the finite temperature behaviour of the

Weinberg-Salam interaction in that energy region.

Already in 19J2 Kirzhrtita and LInde [26] discussed the possibility that

above a critical temperature T in analogy to ordered systems In solid state

physics, the symmetry breaking of the electroweak interaction should disappear,
-1/2

They conjectured that the value of T should be in the region of G ,

where G is the veak coupling constant.

Tvo years later Weinberg [2?] extended the analysis of Kirzhnita

and Llnde with a complete confirmation of the more qualitative conclusions of

Kirzhnlt* and Linde. Weinberg showed how to calculate T in gauge theories

and discussed the difficulty to obtain an exact value because in Just that

energy region of T the perturbatlve method breaks down.

During the same time Dol*n and Jackiw [28] calculated the effective '

potentials for gauge theories with the aid of the diagrammatic functional methods

(see also [29]). Weinberg's considerations of the minimum of that potential

lead to Implicit statements about T . According to the results of Weinberg [27],

Dolan and Jackiw [28],this critical temperature T is proportional to the

vacuum expectation value v > which generates the spontaneous symmetry

breaking

-15-
-16-



T •**-* v

The effect that the symmetry of gauge theories vill be restored above a critical

temperature T is only true for symmetry breaking with the aid of scalar fields

as Dolan and Jackiv [28] have pointed out. Theories vith dynamical "broken

symmetries remain broken up to any temperature. The classical Weinberg-Salam

theory handles scalar fields for the symmetry breaking and hence the order of

magnitude of T is deducible from C*»3) and the relation [23]

_

2V2

This again shows that

1/2
kT « G

kT *» 100 CJeV
c

(lt.lt)

(it.5)

(it.6)

In 197U Harrington and Yildiz [30] found that for gauge theories with

broken symmetries there also exists a c r i t i ca l chemical potential tJ . They

deduced that u has a similar behaviour as T in (It.3), so that for the

electroweak interaction the relation [38]

can be obtained.
it, c* 100 GeV .7)

Because until now Higgs particles have not been found, there is a trend

for explaining the symmetry breaking due to the electroveak interaction without

scalar fields (see e.g. Susskind [31]). Then it may be that the ease of

the dynamical broken symmetry takes place and the phase transition due to the

investigations of Doland and Jackiv [28] does not occur. But despite this

trend, I vill adhere to the assumption that the symmetry breaking with scalar

fields is correct and hence the symmetry breaking vill disappear at Tc.

Following this idea I will shortly discuss the following consequences for the

state, which vouia occur above T *

1) The Goldstone bosons become massless;

2) All leptons have no mass;

3) The weak interaction is as long ranged as the electromagnetic
ones.

The question arises of how to distinguish electrons from neutrinos!

For low energies it is known that neutrinos exist in one helicity

state only, contrary to massive leptons. At energies above kT this

distinguishing property may disappear. Is the consequence of this that all

leptons may become indistinguishable, i.e. aj.1 leptons are neutrinos? These

questions could be answered if in future experiments, higher energies than

100 GeV could be available and e.g. they look for the existence of right-

handed neutrinos.

If we now consider the grand unification scheme [32-35] and follow

Polyakov [36] and Susskind [37] who suspected that quarks could leave their

confinement at certain critical temperatures , then similar questions arise

for all massive particles, if it is assumed that all masses are produced by

spontaneous symmetry breaking and these symmetries are altogether restored

at an extreme high temperature. That this could be possible is indicated by

the fact that the symmetry-breaking procedure of grand unification theories

uses also scalar fields, see e.g. Fritzsch and Minkowski [3U].

If we denote a particle without mass and carrying a spin of 5- as a

neutrino, then all fermions above the symmetry restoring temperature are

neutrinos, neutrinos with colours, flavours, etc. But through which attributes

is it possible to realize these different neutrinos? In the case of all

particles being massless and all interactions being of equal strength, the

group-theoretic formalism to order particles in e.g. SU(2) doublets or SU{3)

octets is only a formal-device. The resulting state 1B highly degenerate:

difference without difference?

Perhaps Salam's idea [39] that in the early stages of the Universe the

space time could have 11 dimensions, can give an answer' because then it may

be that every family of quantum numbers has its own space. Maybe Weinberg [27]

is right, when he conjectured that the Universe in cooling down coagulates

in such a way that there are regions with different symmetry-breaking

directions. If this happens, similarly as in a piece of iron, then the inter-

action within neutrino statistics will get an overwhelming role for the

explanation of our world.

I am sure that it is in the spirit of Kuchowiez when I quote

Wheeler [7] at the end of these considerations: "If we want to know why spin

g- and Ferini-Dirac statistics occur among the elementary particles, it is

natural to begin by asking about the why and how of neutrinos. Neutrino

physics is central to elementary particle physics".

-17- -18-
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