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SYNOPSIS 

A new robust method is proposed for the calculation of the median and the relative standard deviation 
for a set of data containing unsymmetrically placed outliers. Examples of the advantages of the new method 
are given, the findings being confirmed by Monte Carlo tests. 

SAMEVATTING 
Daar word 'n nuwe sterk metode voorgestel vir die berekening van die mediaan en die relatiewe 

standaardafwyking vir 'n stel data met uitskieterr. wat onsimmetries geplaas is. Daar word voorbeelde van 
die voordele van die nuwe metode aangegee en die bevindings word deur Monte Carlo-toetse bevestig. 
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1. INTRODUCTION 
Ellis' has shown the necessity for robust methods, and their use in the determination of standard 

deviation (SD) and relative standard deviation (RSD). 
Robust methods are statistical methods that are designed for the nullification or minimization of the 

effect of outliers, i.e., unsymmetrical data that are far removed from the average of the remaining data. 
The robust system originally proposed by Ellis has been used successfully for several years at the Council 

for Mineral Technology (Mintek). It involves the arrangement of the data in numerical order, and the 
subsequent rejection of the one-sixth portion at each extremity. However, at Mintek mass-spectrometric 
data are often unsymmetrical, and all the outliers are often at one of the extremities, either all high or 
all low. In these instances the robust method does not give the correct result. 

An attempt is made in this report to illustrate these robust methods, and to demonstrate why the rejection 
of unsymmetrical outliers is preferable to symmetrical rejection under such circumstances. 

Numerous sets of data are considered. In some instances the outliers can be seen visually, and would 
therefore be rejected on sight. However, when large sets of results are processed, sue as those from mass-
spectrometric, X-ray-fluv rescence, and neutron-activation analyses, or in fields such as the assignment of 
values to reference materials, the sets of results are often too large for visual inspection and are processed 
within the computer. In such cases, computerized rejection of outliers becomes essential. 

2. EQUIPMENT 
The computer used in this investigation is a Southwest Technical Products Computer, Model MP6809, 

with 56 kilobytes of available memory. The system features a DMAFI 8-inch dual floppy-disc drive. The 
discs used are double-sided floppy discs, 8 inches in diameter, of double density, and each with the capacity 
of one megabyte. The management and code system of the computer is a Technical Systems Corporation 
FLEX 9-2.6, which has a disc-file catalogue and directory, and which can edit, debug, append, and split 
files in BASIC and EXTENDED BASIC lai ?uages. The visible-display unit is a Data Systems WH19 video 
terminal, and a permanent copy is obtained from a Centronics 730 printer. 

3. THE ROBUST RELATIVE STANDARD DEVIATION 
The theory and calculations for the roti'st relative standard deviation (RoRSD) were described 

previously2, but the most important points are summarized here. 
The word robust in this context denotes a lack of sensitivity, in the results represented by the RSD, 

to undesired effects such as the inclusion of data that are not truly representative, or the displacement of 
data because of gross error or bias. 

The method used for the derivation of the SD in the presence of gross errors and systematically 
distributed data is relatively independent of data outside the dominant Gaussian peak of the histogram 
that represents the distribution of duplicate data. This method involves the rejection of one-sixth of the 
data at both the upper and the lower extremities, leaving two-thirds (or 66,7 per cent) of the total data. 
In a normal (Gaussian) distribution 1 x SD limits on either side of the mean will enclose 68,27 per cent 
of the total data. Since 68,27 and 66,7 per cent are very close, the range of the remaining data can be regarded 
as a good rough approximation of 2 x SD of the dominant histogram peak, and as relatively independent 
of outliers. 

In Table 1, Example A represents an approximately Gaussian distribution. Example B represents the 
same distribution with the highest value (5,5) displaced to 25,5. The displacement causes considerable changes 
in the mean, the SD, and the RSD *v\\,, 'ssed in decimals. The displacement has not changed the median 
(MED), the robust standard deviation (RoSD), or the RoRSD. Thus, the RoRSD is regarded as definitely 
more robust than is the RSD. 

The derivation of ;>n RoRSD that will be only slightly affected by outliers is possible, and it can then 
be used for an assessment of the data without recourse to an involved rejection proces». 

RSD is expressed as a decimal by the formula 

SD RSD, decimal = — , 

where SD is the standard deviation, and x is the mean value of the data. The non-robust values SD and 
x are changed to robust values by the application of the following formula where Rh is an approximation 
to 2 x SD after rejection of one-sixth of the values on either side of the mean, and Md is the median: 

H h 
RoRSD, decimal = - — - n • 2xMd 

i 



ROBUST RELATIVE STANDARD DEVIATION 

TABLE I 

Effect of displacement on statistics 

(Examples A B 
•*. 1.5 1.5 ^ 
x2 2,2 2.2 
x, 2.4 2.4 
x* 2.6 2.6 
x t 2.8 2.8 
x* 3.1 3.1 
X-, 

Xt 
3.3 
3.4 

3.3 
3.4 

' Identical in both examples 

X; 3.6 3.6 
X\a 3.7 3.7 
•*ti 3.9 3.9 
* i : 4.2 4.2 
Xn 4.4 4.4 
Xu 4.6 4.6 
* I 5 4.8 4,8 á 

x,* 5.5 25,5 Displacement 
Sum 56.0 76,0 

Displacement 

Mean 3.5 4.75 
SD 1,0589 5.6084 
Rh 2,4 to 4,6 2.4 to 4,6 

= 2,2 = 2,2 
RoSD 1,1 1.1 
Median 3,5 3,5 
RSD 0,30 1 18 
RoRSD 0,314 0,314 

Key: 
SD 
Rh 

RoSD 
RSD 
RoRSD 

- conventional standard deviation 
n 

= range of remaining data after rejection of - data at both extremities 
6 

-- robust standard deviation 
= conventional relative standard deviation 
= robust (symmetrical) relative standard deviation 

4. THE REJECTION OF UNSYMMETRICAL DATA 
In the data from a mass spectrometer, the outliers are very often either all high or all low. In these 

instances, symmetrical rejection of the same number of values (one-sixth) from the top and the bottom 
leads to a better result than that achieved when no rejection is made, but it is still not adequate. An alternative 
approach for unsymmetrical data is described below. 

5. CALCULATIONS 
The calculation of MED and RoRSD was discussed in Section 3, where the rejection involved one-

sixth of the data from the two extremities of the sorted data. 
In the new method, the data are sorted as before into numerical order, but one-third of the total is 

rejected and can come from either extremity, or from both. 
12 in Table 2,12 data points are available and, as -=- = 4,4 points can be rejected. The rejection method 

is as follows. 

(1) Determine MED. 

(2) Determine RA where RA = MED 
Wl (the smallest value). 

2 



ROBUST RELATIVE STANDARD DEVIATION 

(3) Determine RZ where RZ = ^ ( , h e » « * " v a l u e ) 

(4» Compare RA, RZ. 

(5) If RA is larger, reject Wl; otherwise reject WZ. 

(6) The number of data points is now Z - I. 

(7) Return to Step 1, and continue in this fashion until 4 points 

(i.e., —=-— '•) have been rejected. 

(8) Determine the unsymmetrical median (NMED) and the non-robust (unsymmetrical) relative standard 
deviation (NRoRSD). 

TABLE 2 

Mean (or median) and RSD produced by three different statistical procedures 

Case 
A B C D E F 

99 9 7 7 7 99 
100 10 8 8 100 100 
101 101 9 9 101 101 
102 102 10 102 102 102 
103 103 103 103 103 103 
104 104 104 104 104 104 
105 105 105 105 105 105 
106 106 106 106 106 106 
107 107 107 107 107 800 
108 108 108 108 800 900 
109 1000 109 109 900 1000 
110 1100 110 1000 1000 1100 

X 104,5 246 74,0 156 295 385 
RSD 0,035 1.53 0,65 1,73 1,25 1,1 

MED 104,5 104,5 104,5 104,5 104,5 104,5 
RoRSD 0,033 0,033 0,476 0,47 3,09 4.0 

NMED 104,5 104,5 106,5 105,5 103,5 102,5 
NRoRSD 0,033 0,033 0,033 0,033 0,034 0,034 

Key: 
x 
RSD 
MED 
RoRSD 
NMED 
NRoRSD 

conventional mean 
conventional relative standard deviation 
median 
robust (symmetrical) relative standard deviation 
unsymmetrical median 
unsymmetrical (robust) relative standard deviation 

THE COMPUTER PROGRAMME 
These steps have been incorporated in a computer programme, a print-out of which is shown in Figure 1. 
The following points can be noted. 
1. The first section up to Step 9120 is the data-collection and storage section. 
2. The x and RSD are then calculated and printed ('o Step 9180). 
3. Immediately afterwards, the data are arranged in ascending order up to Step 9240. 
4. The rejection number is determined in Step 9250, after which this number of points is rejected either 

from the lower or higher extremity (Step 9350 refers), and the result is printed in Step 9510. 



ROBUST RELATIVE STANDARD DEVIATION 

FIGURE 1. A computer programme for the rejection of unsymmetrical data 

9000 PRINT#0," RSD.& RORSD. " 
9010 PRINT* 0, 
9020 DIMW(IOO) 
9030 R 1 = 0 : R2 = 0 : N 9 = 0 : H = 0 
9040 PRINT'ENT. DATA(- 1)" 
9050 H = H+I 
9060 PRINT"DATA<" ; H ; > » " . 
9070 INPUT R 
9080 IF R = - I GOTO 9120 
9090 W(H) = R 
9100 R1=R1+W(H): R2 = R2 +W(H)A 2:N9 = N9+1 
9110 GOTO 9050 
9120 N9 = H - 1 
9130 S = SQR((N9*R2 - RI ,2)/(N9 ,2 - N9)> 
9140 M = R1/N9 
9150 CO = S/M*1.0 
9160 DIGITS 5 
9170 PRINT* 0, 
9180 PRINTfO, 'MEAN = " ;M; 'RSD=";CO, 
9190 PRINT* 0, 
9200 FORG = l T O N 9 - l 
9210 FORH = G + l T O N 9 
9220 IF W(G) < = W(H) GOTO 9240 
9230 SWAP W(G),W(H) 
9240 NEXT HrNEXT G 
9250 R = INT(N9/3) 
9260 PRINT#0, 
927C PRINT* 0."— REJECTED VALUES —" 
9280 F O R N C = l T O K + l 
9290 NM = INT(N9/2)+l 
9300 WA=W(NM) 
9310 IF NM - 1 = N9/2 THEN WA = (W(NM) +W(NM-l) ) /2 
9320 IF NC = R + I GOTO 9470 
9330 RA = WA/W(1) 
9340 RZ = W(N9)/WA 
9350 IF RZ > = RA THEN GOTO 9420 
9360 PRINT*0,W(l) 
9370 FORJ = I T O N 9 - l 
9380 W(J) = W(J + I) 
9390 NEXT J 
9400 N 9 = N 9 - I 
9410 GOTO 9450 
9420 REM 
9430 PRINT* 0,W(N9) 
9440 N 9 = N 9 - 1 
9450 REM 
9460 NEXT NC . 
9470 RH = W(N9)-W(1) 
9480 SF = RH/WA»0.5 
9490 WF = WA 
9500 PRINT* 0, 
9510 PRINT*0, "MEDIAN = " ;WF;"RORSD = " ;SF 
9520 PRINT* 0, 
9530 GOTO 9030 

4 
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7. COMPARISON OF METHODS 
Table 2 shows 5 distinct sets of results, with the MED. RoRSD. NMED. and the corresponding 

N RoRSD. as well as the conventional mean (x) and the RSD. 
It can be seen that all three systems give the same results in the first instance only. Example A. where 

no outliers are present. In all the other instances, the x and RSD give means that are influenced by outliers. 
In Example B. where the outliers occur in a symmetrical distribution, the two robust methods agree. 

For Examples C, D, E. and F, where the distribution of the outliers is not symmetrical, it Jan be seen 
that in every instance the rejection of unsymmetrical data gives results that are more precise and more 
accurate. 

8. MONTE CARLO TESTS 
Monte Carlo tests are computer tests in which extremely large quantities of random numbers generated 

by the computer are fed into a programme. In this work, the programme was modified slightly to 
accommodate these tests. 

3.1. No Outliers 
Ten random numbers generated between 45 and 65 were added together. This produced a number 

between 450 and 650. (These are the possible limits, but in practice the values were between 499,9 and 617.3.) 
Then 50 such numbers were produced, all three sets of statistics were calculated on these, and the statistics 
were than stored. 

The entire process was repeated 30 times, the mean and RSD were calculated for the 30 sets of statistics. 
The results are presented in Table 3, Column (at. Here the pattern is similar to that in each of the 30 sets, 
viz, there is no significant difference in the central value produced by any of the three methods. Thus, 
it can quite confidently be stated that the mean value for 1500 data points (30 x 50), each derived from 
10 random numbers between 45 and 65, lies between 545 and 555 (mean ± 2xSD). Furthermore, this is 
the result that would be expected whether the data were evaluated by the conventional mean (x), the robust 
median (MED), or the unsymmetrical robust median obtained after the rejection of unsymmetrical data 
(NMED). 

TABLE 3 

Results obtained on Monte Carlo tests 

X 

RSD 

(a) No ouiliers (b) Low outliers (c) High and low outliers 
X 

RSD 
549,9 

0,031 
383,4 

0,65 
4935 

2.14 

MED 
RoRSD 

548,5 
0,029 

542,4 
0,50 

549.0 
6.92 

NMED 
NRoRSD 

546,7 
0,029 

548,4 
0,041 

549,0 
0,048 

Key: 
x = conventional mean 
RSD = conventional relative standard deviation 
MED = median 
RoRSD = rofcust (symmetrical) relative standard deviation 
NMED = unsymmetrical median 
NRoRSD - unsymmetrical (robust) relative standard deviation 

8.2. Low Outliers 
The test was repeated, but each time that a value of less than 535 was derived, this value was divided 

by 50 to produce an outlier. Up to 16 such outliers were permitted in each run of 50 numbers (i.e., 50/3 
is approximately equal to 16). A typical run is presented in Table 4. Tiien, for the 50 numbers (including 
the 16 outliers), the three statistical methods were invoked. As before, this was continued for 30 such runs. 

5 



ROBUST RELATIVE STANDARD DEVIATION 

and finally the mean and RSD of these were computed. The results are shown in Tabic 3, Column (b). 
Here it can be seen that the mean is low with a very high RSD. the median is slightly low with a poor 
RSD, and the unsymmetrical mean is well within the expected range with an acceptable RSD. 

TABLE 4 

A typical example of a computer run, showing 50 numbers including 16 low outliers 

11.4 10,7 10,3 11,5 535 10,5 551 563 551 542 554 565 
56* 540 53Ê 11,3 10,7 559 553 558 12 11.4 11,5 9,97 
11.5 10,5 10,1 548 10,4 551 11,6 529 526 532 575 54: 
565 512 555 564 537 570 551 538 557 566 544 563 566 
567 

MEAN = 378 RSD = 0,675 
MEDIAN = 541 RoRSD = 0,51 
NMED = 552 NRoRSD = 0,0574 

8.3. High and Low Outliers 
Finally, the test was repeated for a third time, but, in addition to low outliers, high outliers were produced 

by the multiplication of values greater than 565 by 50, and by the same procedure as before, again with 
a limit of 16 outliers. Table 3, Column (c) shows the results. It can be seen that the mean value is far too 
high, with an unacceptably high RSD of 2,14; the median is correct, but the RSD is also unacceptably high, 
whereas the unsymmetrical results are again completefv acceptable. Hence, the new method produces the 
most acceptable results without outliers, with unsymmetrical outliers (all low), or with randomly placed 
high and low outliers. 

9. CONCLUSIONS 
The results obtained with tne new method are as good as those with other methods, but, in the presence 

of unsymmetrical outliers, the average values and RSDs obtained by the unsymmetrical approach are always 
preferable. 

This programme was used extensively with great success, and provided what is considered to be the 
most reliable method for the determination of the median and the robust standard deviation. 

Although the data sets considered were sets of mass-spectrometric data, confirmed by Monte Carlo 
tests, the conclusions reached can confidently be applied to any set of analytical data where unsymmetrical 
outliers are thought to be present. The Monte Carlo tests also indicated that the median and RSD obtained 
from this method are acceptable, whether the data have unsymmetrical or symmetrical outliers, or no outliers 
at all. 
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Corrigenda: Report M55 

Page 4: Step* 9330 and 9340 of the computer programme for the rejection 
unsymmetrical data should read as follows: 

9330 RA = WA - W !) 
9340 RZ = W(N9) - WA 

200 HANS S-RUOOM RO. RAN08URG 
ALL CORRESPONDENCE TO: 

PRIVATE BAG X3015. RANCBURG. 
2125 SOUTH AFRICA 

TEL ADO MINTEKSA JOHANNESBURG 
TELEX 4-24867 SA 

TEL (011)793-3511 


