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ABSTRACT

The dynamic electric and magnetic polarisabilities of the nucleon are

calculated taking the photon-nucleon resonance vertex-function ambiguity

parameters into account. The annihilation channel in the Compton scattering

amplitude is also evaluated from the chiral effective Lagrangian. It is

found that the electric and magnetic polarisabilities of the proton are of

the same order of magnitude.

I. INTRODUCTION

Recently there has been considerable interest in the electric and

magnetic polarisabilities of elementary particles and in this note we give an

estimate of the resonance contributions to the electromagnetic polarisabilities

of the nucleon taking into account the well-known ambiguity in the electro-

magnetic couplings of the resonances. We also give an estimate of the two-pion

contribution to the relevant t-channel process within the framework of chiral

effective Lagrangian and show that the theoretical estimates cannot as yet

decide whether the electric polarisability of the proton is greater or less

than the magnetic polarisaloility.

When a low-energy photon is scattered off a proton, the scattering

amplitude can be expanded in powers of the photon energy v and Low as well
2)

as Gell-Mann and Goldbeger have shown that the coefficients of the zeroth ana

first powers of v involve only the electric charge e, the anomalous magnetic

moment < and the mass of the nucleon m. Subsequently, it was shown by

Klein , Baldln and others that the amplitude for Compton scattering to

second-order in v is determined by two more structure constants, called

generalized or dynamic electric (a) and magnetic (5) polarisabilities of the

nucleon. These have been shown to determine the longest range interaction

between two objects at least one of vhich is neutral and they also play an

important role in nuclear and astrophysical investigations.

For the sum a + ? of the polarisabilities, one can construct a sum

rule that relates this quantity to the integral of the total photo-absorption

cross-section. For this purpose, one writes down a dispersion relation for the

forward scattering spin non-flip amplitude and uses the optical theorem to

obtain

(1)

Using the experimental values of the total photo-absorption cross-
6)

sec t i on , i t has been found t h a t
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a + 6 = lit.3 t 0.3 (2)

-1*3 3
in units of 10 cm .

9)Experimentally, Goldansk.ii' et al. were the first to determine the

electric and magnetic polarisabilities of the proton from Compton scattering

at v = 55 MeV. They obtained
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a - 9 ± 2

10)

= 2 ± 2 (3)

Subsequently, B.aranov et al. using new and more accurate experimental

data for the energies from 50 to 110 MeV obtained the following values:

a = 2.2 I « 11.9 (9)
P P

and they conclude that the discrepancy is probably due to the incorrect

treatment of the t-channel annihilation process.

10.7 ±1.1 B = -0.7 ± 1-6 . (1*)

• Using a modified expression for the differential cross-section including the

contribution of the n -meson pole, these were later changed to the values

13.9 + 2.1 = 19.9 ±.l*.l (5)

12}12}
Matone and Propseri have also re-analyzed the experimental data and they

found

a p = 12.it ± 0 . 6 = 1.8 £ 0.9 (6)

Now a theoretical estimate of 3 and fi separately requires a sum

rule for a - & and Bernabe'u, Ericson and Ferro-Fontan 1 3' constructed for

this purpose a backward dispersion relation for the spin-averaged Compton

scattering amplitude. Neglecting the contribution of the annihilation

channel y + y •*• N + N completely, they obtained,

3 = h
p (7)

in complete disagreement with the quoted experimental results. The ordering

5 > a is in accord with the expectation that the most important excited

state of the nucleon is the A{l£30) resonance which contributes to the

magnetic polarisability jl

A detailed analysis of the experimental data was therefore undertaken

by various authors to clarify the situation. Akhmedov and Fil'kov have

taken into account contributions of terms in the differential cross-section

with v (n > k) and have given the following values:

= 20.0 ± 1.1 -6.1 ± 1.6 (8)

In fact, the principal difficulty in the evaluation of the sum rule for

a - B is that it is dominated by the t-channel annihilation process

Y + y "* U + 5 which can only be estimated approximately. Guisau and

Eadescu have expressed the absorptive part of the two-pion contribution to

the annihilation channel as a product of the amplitudes for the processes

Y + Y •* " * " and i t i + m i for which only Born approximation amplitudes

were retained. This gives

= 13.3 e = o.8
p

(10}

However, Bernabeu and Tarrach have pointed out that the use of the

Born approximation can be easily dispensed with since the partial-wave helicity

amplitude for the process TT + TT + H + N in the isospin 1 = 0 and spin J - 0

state is now well known. However, the corresponding amplitude for the process

Y + Y * T + n is not known and depending on various assumptions for this

amplitude, one gets for (a - 9 ) values ranging from -30 to 13. They have
P P

however made the important observation that a result compatible with a > S

is obtained only when the amplitude for y + y •+ TJ + n process is taken

around its Born value. Both these suggestions are incorporated in the present

work. Guisau and Radeseu 17) have also presented a re-evaluation of the two-

pion contribution to the sum rule for a - B using a H/D method and they

find

(3 - g ) = 10.98
p p 2w (11)

Since the denominator function they have U3ed effectively simulates an fe-meson,

this result is expected. We shall however find that without assuming a two-

pion resonance like the £-meson for which there is no experimental evidence,

the two-pion contribution from chiral effective Lagrangian comes out much lew,

thus detsroying the ordering a > I .

However using the same method they find that the sum rule for the difference

a - $ gives the values
P P

-3-
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II. LAGRAHGIM APPROACH

F i r s t we obta in t h e resonance con t r ibu t ions . We note t h a t t he Y N M 1 2 3 0 ) -

ver tex fwict ion can "be w r i t t e n in t h e form

Since the scattering amplitude must be independent of the choice of A,

it is usual to take in such calculations A = -1 which reduces the propagator

to its usual form [lk) and the vertex function becomes

(12)

where w i s the pion mass and x ( A ) i s a function of some parameter A

which occurs in the propagator function

where

(19)

3> iM i

(13)

Writing now the Compton scattering amplitude in the form

T| +y.K fl + ^ fTj+ /-KT4)

where M is the mass of the resonance and

T4 (20)

The invariance of the interaction Lagrangian under the point transformation

(15)

leads to the constraint equation

(16)

Solving this equation, one

it, (A) = Y * i
(17)

K*

we get the following contributions to the invariant amplitudes:

(21)

V(22)

for i = 1,3,5 and 6, where
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'9 =

The £-dependent parts of the amplitudes essentially take into account

the off-shell contribution of the resonance couplings and ve note that they
1 19)

disappear completely for 5 = - r- which is the value used by Peocei in

his evaluation of the threshold photo-production amplitude. We further remark

that the above amplitudes satisfy the constraint equations at t = O,

5' , -3M
T,(5,O? T, . 2 r5

and at t = - {s-m2}/s = -kk2 ,

V r 2

We can now give the definition of the electromagnetic polarisabilities.

There are two essentially equivalent ways of defining them in terms of the

Compton scattering invariant amplitudes. Akhmedov and Fil'kov
lU)

have shown
p

that if the invariant amplitudes T.(s,t) at s = m are written in the form

and (25)

for i = 1,3,5 and 6, then the electromagnetic polarisatilities are given by
the t-dependent part of the subtraction functions *.:

for i = 2 and It, where

ft - - (M —0[(H +*) (3M-*
T)- 4 w'M^

(26)

The alternative definition is given by

= - 1

t° = 1
(27)

-7-
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calculated at s = m and t = 0, vhere c denotes the continuum contribution

only, i.e. A = A - A . Here A,'a are the six invariant amplitudes
20)

defined by Bardeen and Tung and they are connected with the T.'s by

the relations

1 * rt)jl

-** f
(28)

The constraint equations (2U) follow from these relations. Furthermore, using

(27) and (28), we can write

(29)

to be evaluated at s = ra and t = 0.

Using (22) and (23), we then find from both definitions that the A-

contribution is given by

% (30)

2 p _? P
where CQ = e C,/6Mv . Simplifying, we can write

(31)

This result can be compared with the dispersive evaluation of the sum rule (l).

The forward scattering amplitude is

(32)

where s = W = m + 2mv, so that the optical theorem gives

We further obtain

= co

which on substitution in (l) gives

Co

(33)

This agrees with (31) for ^ = - r- as1 expected. Taking only i(123O) resonance

into account, it is clear from (31) however that the experimental value of

a + E for proton cannot be reproduced for acceptable values of C, . We

must therefore introduce the H*(l520) resonance and following the same

procedure as above, we finally obtain the resonance contributions in the

form:

(3U)

and

-9-
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W A

<R
, / -

(35)

where a = 1/137, C 3
P = 0.35 and C^ = 0.22. Evaluating these expressions we

get

a = 2.1*5 + 15-61Y + 19-31Y2 - 6.96Y' - 18.23Y'2

= 11-40 - 27. 9.59Y'2 (36)

It is interesting to note that only Y = Y' = 0 gives reasonable value of

a + J :

(37)

but (a - B ) comes out to be -8.95 which is to be compared with -7.lt used bya B )
Guisau and Radescu

<wr; (39)

We will use the first integral for the evaluation of the two-pion contribution.
21)Mow the t-channel absorptive parts in (39) can be shown to be ,

ft? CH

- -»«*•

(1*0)

vhich gives

(in)

III. EVALUATION OF THE TWO-PION COHTRIBUTION

in
As shown by Akhmedov and Fil'kov , we can write dispersion relations

for T\(m ,t) with respect to t and s and at fixed u = m with one

subtraction at t = 0 and obtain for i = 1,3,

(38)

This gives from (26),

where g| (t) and f| (t) are the S-wave partial-wave helicity amplitudes

for the processes y + y •*• IT + ir and H + TT + H + N , respectively. As

suggested by Bernabeu and Tarrach , we take for the former amplitude the Born
22)

approximation result ,

m
(1*2)

For f (t), we follow the successful prescription proposed by Brovn and
+23)

Durso who have shown that starting from the effective chiral Lagrangian,

t IT

-11-

in which the pion-field + is coupled to the nucleon by pseudo-vector

coupling, we obtain by a straightforward calculation,

-12-
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4*
vhere

liitl

(1*3)

(1*1*)

IV. DISCUSSIOH

13)
Following Berns-beu et al. ""• , a correction to (1*6) can be added due

to the asymptotic behaviour of the A, amplitude. The backward dispersion

relation assumes that A. •*• 0 as s •+ ™ but the one-nucleon contribution is

Using (1*2) and (1*3), we thus have from (111),

(1*5)

which then requires that the continuum contribution for large s must be

where K and K are the anomalous magnetic moments of the proton and

neutron, respectively. This gives the following correction:

with p = m/u .

Evaluating the integral for an upper limit of 20 as suggested "by

Guisau and Radescu , we get

(a - = 6.33

Adding this correction, we get

which is much less.than the value obtained by them.

Thus collecting our results, we get

a_ + g_ = 13.85

which gives

- 8 = -8.95 + 6.33 = 2.62

% = 5.61 I p = 8.23 .

3 p = 6..8 = 7.02 (1*8)

These dynamic electric and magnetic polarisabilities of the nucleon

have been distinguished by Schroder from the proper polarisabilities
1 2 1 2

cc and S defined by the effective potential V(r) = - -g- o£ or - — SB

in the presence of the external electric or magnetic field. It has been

suggested that the following relationship holds:

o( - * i
4n 4m (1*9)

Far the proton, the electric charge radius squared is 0.66 fm amd K • 1.79

so that the correction is 3.36 + 0.5U = 3.92. For the neutron the correction

- 1 3 - -1k-



turns out to be zero. Thus using (1)8) and (1*9), the electric polarisability

ap comes out to be 6.8 + 3-92 = 10.72 compared to 11.5 obtained by Schroder.

This will however violate the sum rule unless £ is correspondingly decreased,

It seems to us therefore from the result (1*7) that the theoretical estimates

of ap and jĵ  using the currently accepted annihilation channel amplitudes

do not rule out the possibility of the ordering a < J5 . Clearly only

accurate experiments can decide this issue.
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