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I. INTRODUCTION

1).
In a pioneering paper, Anderson suggested the absence of the

electronic diffusion in certain random lattices under certain conditions. In

a hypothetical experiment a particle was assumed to be initially (t = 0}

at a given site "0" with a wave function | 0 ^ , Anderson posed the problem in

the following way: What is the probability of finding it at the same site

"0" after an infinite time has elapsed? For t > 0, the wave function

will be
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ABSTRACT

A model is proposed to calculate the average probability and the

average size of the localization domain for an electron being localized

at a given site In a Cayley tree lattice. The numerical results are

presented in the limit of weak disorder in the case of Cauchy distri-

bution for site energies. Attention is paid to the states near the

mobility edge in the localized regime. Particularly, features exhibited

in the linear chain case are observed for the first time for higher

dimens ions.
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The quantity of interest is

2)
It may be shown easily that

(2)

with

TT
>(£-*) ,

(3)

(10

where Gm(.zl is the Green function defined as the representation of the

resolvant (z = IH) in the tight-binding "basis. In disordered systems, these

parameters depend strongly on the configuration and a statistical description

requires the knowledge of configuration averages of the type ^ P Q Q ^ E ^ ^ •

University of' Oran, Es-Senia, Algeria.

From the physical point of view, the quantity of the form O Q

or / G (E + is) G Q(E - i s ) ^ relates to the localized character of the

eigenstates and is directly related to the transport properties and

particularly in the phonon-assisted hopping conduction theory where the

overlap between localized states is required. For a convincing calculation

of the average probability /poo(E)*> , one cannot expect good results "by

using the usual effective medium approximation. Apart from the linear chain

case ^ , very little has been done 5 ) ) 'to calculate < P
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object .of this paper is to present a formalism for the emula t ion of the

average probability ^pOQ(E)^> , once <̂ p (E) ̂  is known,a variety of

quantities may be obtained like the average size of the localization domain

and the to ta l extent of the eigenfunetions. The problem is solved in the

limit of weak disorder because the "behaviour of the eigenfunctions in this

regime is extremely important if one expects to understand how the periodic

limit is achieved.

Particular attention is devoted to the states near the mobility edge

in the localized regime. The nature of these states are of great interest

from a practical point of view since they play a role so significant in the

electronic properties of the technologically important amorphous-semi-
7)conductors and covalent glasses and from a fundamental point of view

because they tell us how localized'states change to extended states. Numerical

calculations reveal information about the total extent and shape of the eigen-

functions. Certain rather remarkable features exhibited in the linear chain

case are observed for the first time for higher dimensions as was conjectured

by Economou et al.

II, FORMALISM

Anderson had started with the tight-binding one-band one-electron

in the site representation

and the disorder only in site energies, the Cayley tree lattice displays the

fundamental property of a disorder system: namely a mobility edge separating
states

localized;in the band tails from extended states in the interior of the band.

The topology of the lattice is such that the renormalized perturbation series

for the self-energy is truncated to its leading term

(6)

at the origin of the Cayley tree and

K ,1

(7)

at the interior of the Cayley tree. K is the connectivity of the lattice,

i.e. the co-ordination number less one. Apart from the origin " j " , all the

sites are equivalent since they are K closed self-avoiding walks emanating

from each of them while they are K+l from the origin. The self energies

on all these equivalent sites are statistically at par.

Kumar et al. have presented a criterion for the existence of localized

states overlapping with a given site "0" equivalent to that of Anderson in

terms of the derivative of the self energy. The diagonal element of the

Green function in configuration space is given by

S

(5)

vhere |i"^ is an atomic-like orbital centered around the lattice point "i".

The disorder is introduced by assuming that the site energies are a set of

statistically independent random variables given by a common probability

distribution P,(y of width y* which is taken as a measure of the degree

5f disorder. The electron can hop only to nearest neighbour sites and the

matrix elements V. are chosen to be equal to a constant V which will be

taken as our unit of energy.

The lattice for tiie present model is a Cayley tree for which the one-

particle Green function may be expressed in a closed form due to the absence

of intersecting paths. Although this lattice is without a physical nature

(8)

The pale E = £„ + S
Q(

E) describes the energy of a localized state of the

system and the residue

(9)

evaluated at the pole gives the squared amplitude of the wave function

at the site "0". The residue |aQ | is equivalent to Eq.CO.
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In the case of infinite disordered systems, the complete spectrum

of the Hamiltonian can be separated into two regions: a)extendea region H ,̂

which constitutes a branch cut for GQ_ Cz1 along the real azis; in this
region the self energy is non-analytic and i ts derivative does not exist,

consequently the probability Pn(-.(
E1 i s zero; b) localized region Ĥ

constituted by a dense set of poles vhich does not constitute a true branch
for

cut for G Az]-t exceptja set of measure zero the self-energy is analytic

on the real axis, the derivative exists and the probability Pnn(E) has a

value between 0 and 1.
"00v

The two regions are separated by the mobility edge. Thus the problem

is first to isolate the localized regime and to compute the average

probability <̂ p ( E ) ^ . The determination of the mobility edge has been

solved by Breaini et al. in the case of a Cauchy distribution for site

energies, so we have the knowledge of the mobility edge.

Sine*the site energies £ are random variables, the self energies

and their derivatives are also given by probability distribution,

respectively PS(SQ) and PY(Y0) "here Y
o = "

d SQ(E)/dE, and Fv(*0)

has the following important property. While for the localized states the

self energy is real, except on a set of measure zero, we consider its

properties if one gives a small imaginary part n to the energy E. In this

way, the self-energy becomes a complex variable and we know. that

sgn{Im S (E)} = -sgn {Im E} and (d SQ(E)/dE) < 0 for n = 0. Thus the

probability distribution P {Y ) must be a one-sided function, i.e. P y ^ O = °

for Y < 0. The average probability may be written as

.00

(10)

Consequently, the determination of these quantities reduces to finding the
probability distributions for ttie self-energy derivative.

On differentiating Eq.,(.7). one gets

(12)

The problem may be treated by a self—consistent method in the sense that

the probability distribution for Y. which when used on the right-hand side

of Eq, (.12) generates the same probability distribution .for YQ. The self-

consistent probability distribution PY (O is given by the Radon transform
13)

•w-i-fj^-l
(13)

where P[t. ,S.,f.] is the Joint probability distribution of ti •> S±i.E) and

Y.. We have not been able to make any use of the self-consistent probability

distribution Py(Y0) given by Eq.(13), so at this point we must look for

solutions less general. Towards this end, considerable simplifications are

introduced if one assumes that the random variables £^, S.j_(E) and Y^ are

statistically independent. The joint probability distribution becomes

Uh)

We shall argue that the quantity ^p (E)^ measures the size of the

localization domain. In this present tight-binding model, the squared

amplitude of the wave function | $ \ at the site "0" is given by (9)-

On the other hand, if the wave function is spread over L si tes, using

the probability interpretation, then the squared amplitude is also -""l/L.

Thus ^p (
0 0 12)

domain via

(E) "> is directly related to the average size of the localization

- 5 -

9)
On substituting UM in (13), i t is easy to show that the Laplace

transform of PV(Y_) is •

' (15)

where P™(x = E) is the probability distribution for the sum
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y. - 0.61

with

Tie inverse Laplace tranaforn 9JT Etj,, U.91 is. of the form

(21)

2 , ,

One can solve the non^linear integral equation in the limit of zero disorder
and they refine the calculation ty using the probability distribution Py(u)
obtained as an asymptotic form in the limit of weak disorder. If one
concentrated on the ordered case, P»(£) is a delta distribution and P,.(x+E)
is from (16):

The coefficient a is a shifting factor while the inverse of the second

factor is a Pearson curve with a long tail. At this point, we need the

knowledge of the coefficient oi. in view of determining the probability

distribution PY(YQ).

The problem of solving the non-linear integral Eq,(15) is

considerably simplified in the case of a Cauchy distribution for the site

energies

P. U) = V*
(22)

where p is the most probable value of the real part of the self-energy,

in the ordered Cayley tree vi = j/kV . Substitution of (17) in (15) gives

the functional relation

(18)

of the original distributionOn returning to the Fourier transform Py{t)

PV(Y_) one can see that Eq.(18) is of the form of the functional equation

defining stable infinitely divisible distributions . Since the

probability distribution is a onesided function , it may be shown

that the solution of E4.(l8) is given by

where a, c, a are real coefficients, such that

a > 0, c >, 0 and 0 < a <

-7-

(19)

(20)

In this case, the self energy is also given by a Cauchy distribution peaked
9)at ii and of width T such that

KY

An exact expression for P (x+E) is found

(23)

(zh)

Here we have used the properties of the Cauchy distribution, namely the

sum of two Cauchy distributions is again a Cauchy distribution with mean

equal to the algebraic sum of the means and width equal to the sum of the

widths. Substitution of (19) and (SU) in Eq.(15) yields after integration

in the limit of weak disorder
10)

i.e. 1 »

(25)

with
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Comparison of coefficients of and yields the following relations:

"(26)

(21)

In the limit of weak disorder et is given "by

o( _ (28)

vhile for extended states the overlap |a | with any site "0" vanishes to

0{tf ), where N is the number of sites of the system, the mobility edge is

becomes infinite with probability
9)

. As one reaches the mobility

defined as the energy for which Y
0

•unity, i .e . the coefficient a is infinite
edge, i t is easy to see from (£6) and (27) that and «i—>1 and the
probability distribution PV(Y-) becomes a delta function shifted off to

infinity like
12) 0

("
a.

V*
(29)

Consequently, according to Eq.(lO), near the mobility edge the average

probability ia given by

(30)

and the average size of the localization domain

-9-

(31)

On the other hand, the quantity <

total extent of the eigengunction
TOO may be related to the average

in units of atomic spacing

(32)

The average density of states and the average probability

have both the dimension 1/E, therefore the quantity <̂ L~ ( E ) ^ " (or
r0O

eq.uivalently ^ L ff.(E)^) is related to the so-called participation ratio

giving the number of sites over which the wave function is spread. However

in a Cayley tree lattice the extent of localization must be interpreted

with care. The argument given by Srivastava et al. is convincing: unlike

real lattices the wave function is not enclosed in a certain volume in r

space, thus the quantity ^ L (E) / ~

the eigenstate penetrates, i.e. ^ L~

avoiding walks.

L~ (E)

describes how far down the tree

/ " gives the number of self-

We have the knowledge of the average density of states ̂ip.'

for a disordered Cayley tree with Cauchy distribution for site energies

which ha's been calculated exactly by Erivastava et al. using Lloyd's model

How the quantities of interest ^pQ0(E) ̂  , ̂ L ~ 1 ( E ) ^ " 1 , ^ L ~ ^ f ( E ) ^

may be computed in the localized regime in the limit of weak disorder.

16)

Hi. DISCUSSION OF BESULTS

The average probability ^p__(E)S has been calculated numerically.

In the limit of weak disorder, the mobility edge has been determined

following Brezini et al. and ^ p o _ ( E ) ^ computed in the localized regime

taking the mobility edge as the zero in energy. The probability distribution

P (Y ) has been approximated by a delta distribution in the case where the

coefficient oC is greater than 0.98 which gives the range of validity for

the model such that 2 ^ * ^ E 4 3.5 (V units).



The results for <nQtE)>. , <P 0 0^)-> and -1

= 0,1 and K = 3, u has Tseen calculatedare shown in Fig. l for the value

previously . in the vicinity of the mobility edge, in ttie localized
region of the density of s ta tes , the extent of the wave function falls rapidly
from infinity to a very small value. One can deduce a behaviour of the form

for E >, E c in the limit E -» E c with 0 = 1 near the transition and so the

extent of the state becomes infinite at the transition energy in agreement

with the contentions of Mott 1 T . The exponent 0 seems to depend strongly

on the dimension of the lattice, one should conjecture that

where d is the dimension of the lattice, which predicts results in very close

agreement with other models given in Table I,

A monotonic increase in with increasing E from E

is seen. Unfortunately, one cannot compare the present data with the finding

of Srivastava et al. for E far in the tail. In the comparison in the

vicinity of the mobility edge, one can observe that the behaviour they found

for the quantities ^ L ~ ^ f ( E ) ^ ~ and ^P 0 0(E)"^ between E = 0 and

E = 0,5 is questionable. One has to remember that they used the results

for the mobility edge obtained by Kumar et al. which have not been valid In

the limit of weak disorder.

Near the mobility edge, the average size of the localization domain

^ L tE) yr diverges linearly. This statement may be used as a criterion

to describe the localized delocalized transition in disordered systems in

the sense that the domain size diverges, the wave function becomes un-

renormalizable such as the Bloch function in periodic system.

L (E) ̂ ~ 1 is greater

present result can be interpreted as meaning that

Another feature exhibited in Fig.l is that

than

the eigenfunctions occupy a small part of the "space available" to them which

is characterized by ^L~ (E) ̂ " . This finding is congruent with the

results obtained by Economou et al. for the linear chain case. The

qualitative arguments proposed hy Economou et 8,1. may be summarized, as

follows. The quantity ^ L ^ (E)"^ IS related to the average reduction

of the amplitude per atomic spacing. Coherent superposition of the amplitudes

produces the variation of amplitude for each atomic spacing fluctuates

considerably around its average value. Consequently constructive interference

will increase the values of the eigenfunction in some regions, since the

eigenfunctions are normalized this should happen at the expense of other

regions where destructive interference takes place. For the first time,

these aspects of this behaviour, conjectured ~oy Economou et al. from the linear

chain case, have been observed for higher dimensions. This finding gives

us ground for believing that these aspects will exist in 2-D and 3-D cases.

In summary, we have been able to determine the nature of the eigen-

functions in the localized regime near the mobility edge by calculating a

variety of quantities directly related to transport properties. The nature

of wave functions has been found to be of special meaning. In addition,

we have obtained results for the total extent of the eigenfunctions as a

function of the dimension of the lattice and verified for the first time

aspects predicted by Economou et al•in the vicinity of the mobility edge.
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Dimension "̂s"""»»^__^

CO

3

Present data

1

0.67

SrivBStava
et al.

1

0.60

Heydock
(ReflB)

0.67

Abram
et a l .

0.60

Comparison of the exponent V for different dimensions predicted by

various* theories.
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