
REFERENGt IC, 32,172
INTERNAL REPORT

(Limited distribution)

International Atomic Energy Agency

and

V United Nations Educational Scientific and Cultural Organization

1' INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

TOWARDS A COMPREHENSIVE THEORY FOE He II:

II. A TEMPERATURE-DEPENDENT FIELD-THEORETIC APPROACH *

J. Chela-Flores **

International Centre for Theoretical Physics, Trieste, Italy,
and

Departamento de Fisica, Universidad Simon Bolivar, Caracas, Venezuela,

and

1. INTRODUCTION

1.1 The variational principle in lov temperature physic_s

The necessity for appealing to a powerful field-theoretic approach in
1)the problems of low temperature physics was recognized a long time ago. Cook

2)
used Eckart's variational principle , in order to obtain the London equations

3) 10
of superconductivity . More recently, the full microscopic theory has
been studied in a Lagrangian formalism . The hydrodynamic equations of

the two-fluid model developed by Tisza for lie II were inferred from the
• 1

Hamilton principle of particle mechanics , but some difficulties were

pointed out, including the failure by the theory to satisfy the lav of con-

servation of momentum ; besides a significant remark was made by Silsel

namely that Tisza's equations are valid only in the limit of lov velocities.

Zilsel went on to derive the dissipationless tvo-fluid equations of motion for

liquid helium four giving explicitly its thermodynamic and hydrodynamic

properties, taking Into account interactions of elementary excitations with

a very vide range of applicability, particularly with regard to velocity and

temperature. Jackson has discussed some criticisms put forward

against Zilsel's approach * and has given a new Lagrangian derivation.
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ABSTRACT

New experimental aspects of He II are used as a guide towards a

comprehensive theory in which non-zero temperature U(l) and SU(£) gauge

fields are incorporated into a gauge hierarchy of effective Lagrangians. We

conjecture that an SU(n) gauge-theoretic description of the superfluidity of
1,
He may Toe obtained in the limit n •* ». We Indicate, however, how experiments

may be understood in the zeroth, first and second order of the hierarchy.
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1.2 Recent developments in high-energy physics

The above applications of the action principle formalism benefit

from a direct connection between symmetry principles and conservation laws.

It is therefore very convenient to formulate physical laws by means of such

variational methods.

In the last few years considerable progress in understanding field

theory has taken place, mainly with respect to the problem of the gravitational

force as well as high-energy collisions, which have led to a detailed

theory of quark interactions, namely the thoery of quantum chromodynamlcs '

It is therefore natural to enquire whether such progress in the physics of

the high energies can throw some new light on the remaining problems in the

physics of the low temperatures.

These recent field-theoretic developments go beyond the straightforward

Lagrangian formulations mentioned above in the context of superconductivity

and superfluidity. Hew concepts, rich in content, have entered realistic
19)field theories, such as non-Abelian gauge fields , and various applications

20)
of topology . While the latter concept has entered the domain of low
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temperature physics with respect to the problem of superfluidity of He-three 21)

there are yet no applications of the concepts introduced by Yang and Mills 19)

For the "benefit of the uninitiated reader in low temperature physics,

and in view of the further developments we expect in future work, we have seen

it appropriate to include the rather technical appendix (but, on the other hand,

it reproduces well-known work).

1.3 Racent experimental developments in He II

Recent developments have also occurred in our experimental understanding

of He II. We now have reasons to believe that,

i) Unusually high velocities should be incorporated in a hydrodynamie

description of Landau's two-fluid model, since critical velocities for super-

fluid flov through micron-size orifices were observed by Schofield

reach values as high as 10 m sec ;

22}
to

ii) Propagation of collective waves on the surface of He II films,
23)

one atomic layer thick, has been observed ;

iii} A better understanding of the He II atomic order has been
2k)accumulating , so that unprecedented accuracy at large wave-vector transfer

Q and lov temperature T is now available. In particular measurements for

-l
Q < 5.1 A x

for S(Q,T) in the temperature range 1.36 < T < U,2l* K at s.v.p. are now

available;

iv) Neutron scattering determination of the momentum distribution

function, n(p) at large wave vector transfer Q has presented us with a

very strong experimental result which a He II theory has to describe.

Sears et al. report that at 1°K about 13? of all atoms are in their

lowest mode.

transitions between the two fluids are important

Landau's theory *

12)
, thus going beyond

We may interpret ii) as evidence In favour of taking hydrodynamics of

He II as having a greater range of validity than the Navier-Stokes theory for

classical fluids . A mixing of scales is to be expected: quantum effects

do occur on a macroscopic level, while He hydrodynamics extends its range of

validity to a microscopic level, thus the Landau two-fluid model does not
28) 29)

provide the required quantum continuum theory .

The new experiments iii) and iv) are closely related. They underline

the fact that regardless of whether London's point of view ' on the

microscopic origin of superfluidity is correct or not, the eventual microscopic

theory we are still searching for, must address itself to the "counting process",

namely to the determination of the momentum distribution function n(p) for

the lowest mode of p , as well as to the shape of S(Q,T) for all Q and all

T {f T j ) ; the accuracy of the recent experiments lead us to have such

expectations of the predictive power of the eventual microscopic theory.

1.5 Towards a complete description of He II

Our point of view in the present work, as well as the one immediately
32) k

preceding it , is closely related to Jackson's approach to liquid He;

namely, we feel that a unified theory of superfluidity is necessary, in which

previous successful approaches are incorporated into the new work. Thus,

all the good features of the preceding theory adopted will become good

features of the new comprehensive theory. However, the new work will, in some

manner, extend its range of validity, so as to address itself to the new

phenomena being explored in the nineteen eighties.

Jackson has based his new worK on the success of the correlated basis

function description of He II, which accounts for experimentally determined

properties of liquid He with some success " .

1.1* Theoretical implications of recent experiments

Hew constraints arise in the theory in view of the recent results

i)-iv). From i} it is clear that proper account must be taken in a Zilsel-

type of approach, of interactions amongst elementary excitations in such a

way that high fluid velocities may come within the scope of theory. More precisely

1.6 The Hartree liquid as a limiting case of an Abelian gauge theory

On the other hand, the simple Hartree liquid approach to He II has
36),3T)been very successful in incorporating a large number of features of He II

By its very formulation, it lends itself easily to treatment by the well-known

formalisms of field theory, as it has been impressively shown recently by
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Anandan , when he raised the exciting possibility of using He II as the

means for the first laboratory test of general relativity. We hope to show in

Sec.II below that the Hartree liquid model '*3<> m a J r s6I-Ve as the limiting

case of a temperature dependent Abelian gauge theory of He II as the new gauge

field decouples from the theory. In this manner we set up a programme of work

in which we are guaranteed that, at least, the new more comprehensive theory

to be constructed will carry over the proper description of ion mobility in

the bulk fluid, vortex structure, critical velocity phenomena, and so forth 36)

Since we have the recent experimental results irt mind i)-iv) of

Subsec.1.3, we prefer following Gross and Fitaevskii, to begin with the wave

function for the N-helium atom system of real He II, namely T(r. ,r.,... ,r.T;t)

and we make the Hartree approximation, which in turn implies that each single-

particle wave function 1(1 must satisfy

' )/(?-* (1)

Here A denotes an average parameter, while V denotes the average inter-

action to which each single-particle is subject to by the effect of the others;
* h

finally, m, denotes the mass of a He quasiparticle.

In view of what was said in Subsec.1.3 we attempt to construct a

Lagrangian density which reproduces (2), but which will lead us to a

temperature dependent gauge theory by turning gauge invariance of the first
39)

kind into gauge invariance of the second Kind as explained by Utiyama
StO)

In the case of zero temperature this has already been done :

(2J

Here we have considered the Lagrangian density as the zeroth approximation

to the hierarchy of effective Lagrangians, which will describe He II. In

the above equation,and henceforth, we use a system of units such that

-5-

h =

where k is Boltsmann's constant. In Eq. (2) we have introduced trivial

corrections to the correct form of the Lagrangian density, which were pointed

Ul) 1(0)
out , after the publication of the U(l) gauge theory

In order to complete the programme initiated at the beginning of

Subsec.1.5 the rest of this paper is laid out as follows. In Sec.II we give
itO)

the basic arguments required to raise the earlier zero-temperature

formalism to include temperature variations. In Sec.Ill we give a brief

account of the hydrodynamics, indicating the differences and similarities

between first the zero-temperature theory and T ^ 0 theory; next with the

limiting case of the gauge field uncoupled, as well as with the gauge field

coupled. In See.IV, we give a brief illustration of the calculation of the

liquid structure factor at this lowest stage of the hierarchy of effective

Lagrangians of the full comprehensive approach to He II. In Sec.V we sketch

the second stage of the proposed hierarchy by developing a non-Abelian gauge

theory with a limiting case (uncoupled field) coinciding with a pairing theory

of bosons with an already quenched energy gap. In Sec.VI, we conjecture that

the hierarchy of successive effective Lagrangians for He II leads to a general

SU(n) gauge theory. Finally, in Sec.VII, we summarize and conclude.

II. A TEMPERATUBE-DEFENDENT U(n = l) GAUGE THEORY

The main Idea is to regard our system of strongly-interacting particles
1,2)

as an assembly of weakly-interacting quasiparticles . The conventional

methods of statistical mechanics, formulated in terms of the grand canonical
h.3) 1,1,)

ensemble, can then be directly applied in the usual manner ' . Since

many of the resulting equations are in a more or less one-to-one correspondence

with their zero-temperature counterpart we shall be quite brief in presenting

the formal background. The function (i(x,t) denotes the expectation value

4,Vy of the annihilation field operator, the averaging procedure being

performed in the familiar statistical-mechanical manner for a gas of Bose

quasiparticles within the framework of the grand canonical ensemble:

.-/? H ( -r) (3)

where Z is the grand partition function
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and S is the usual temperature parameter, which is simply T

present system of units.

in the

By turning the gauge invariance of the first kind (global symmetry)

of the Lagrangian density (2) into gauge invariance of the second kind (local

symmetry) we are led to a new action principle

J - (5)

where the effective Lagrangian density for the first stage of the gauge

hierarchy is given by

r J, * • _ *

As usual, the simplest scalar Lagrangian density of the gauge field u,

(T)

has been added here, and derivatives have been replaced by their covariant

counterparts. The constant [mi] x is required for dimensional consistency.

We work in terms of a temperature-dependent Hamiltonian H(T) adjusted

to the chemical potential u = u(T):

H(r) = H - fti (8)
H denoting the original Hamiltonian of the system, inferred from the above

Lagrangian density through the standard variational method, and

-7-

A
yv = (9)

h
denoting the number operator.

In Eq..(2) the energy parameter X is given by

_ U V
(10)

a being the entropy of the weakly-interacting gas of Bose quasiparticles;

this is related to the Bose-EInstein distribution function t* through the

equation :

(11)

where

L =
(12)

TWith our choice of units 6 • T , and 6+ is the quasipartiele energy.

The corresponding Euler-Lagrangian equations of motion are

and

= -£ £

,t) bJt
3t

where a subscript T has now been attached to 41 to denote its implicit

dependence on temperature.

-8-
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The underlying theory is a two-fluid picture ; the field u may

be conjectured to represent the velocity field of one of these two fluids. It

would be fruitful, at some later stage, to clarify this picture by unmasking

the explicit connections of i|i and u with thermodynamic quantities, in the

manner of Landau's two-fluid theory . For the moment, we have incorporated

superfluidity into the system via the additional gauge symmetry which goes

beyond that of the Hartree-liquid model. Accordingly, superfluidity and Bose-

Einstein condensation are not necessarily interwoven in the present framework,

whose generality may best be appreciated by viewing the Lagrangian ansatz of

Eq.(6) as merely a first step in a hierarchy of more and more refined effective

Lagrangians. which result as the system is explored further 3£^ (cf. Secs.V and

VI).

In the limit of vanishing gauge field u, Eq.(l3) simply reduces to

a temperature-dependent non-linear Schrb'dinger equation:

Thus, in the limiting case, the U(l) gauge theory combines the most attractive

features of both the present U(l) approach, as well as the weak coupling type

of theory (cf. Subsec.1.5). In this sense, it is a temperature-dependent

version of the so-called hybrid approach .

3.1 The Hartree-liguid limit

We shall first derive the hydrodynamic equations in the limiting case

of a vanishing small gauge field (low velocity approximation). Substituting

Eq..(l6) into (15) and equating real parts, we obtain

(IT)Uz.t)* a. • IK (£, tj 4 SJZ *|= o
and from the imaginary parts we obtain

(18)

where

(19)

This is a generalized, temperature-dependent functional of the interaction.

We note that Eq.(lT) is again the continuity equation, which is identical
I4O)

in form to its zero-temperature counterpart , save for the implicit

temperature dependence of R and S , Further, Eq.(lT) is the temperature-

dependent Bernoulli equation, which is extremely rich in content.

III. U(n = 1) HYDRODYNAMICS

The hydrodynamics equations follow from the familiar Madelung

transformation :

(16)

where R^x.t) and ST(x,t) are both real quantities: IL is the square root

of the local fluid density. We look at two different cases.

-9-

3.2 The U(l) full equations

Next, we retain the gauge field, as was done in the U(l} zero-temperature
ko)

case . Taking imaginary parts leads us once again to a Bernoulli equation
ho)

(18) with a correcting term including the gauge field . However, we wish

to show explicitly the effect of taking real parts. Then we find

(20)

This led us to expect a two-fluid picture, in which p(x,t,T) is the density

of a fluid, which when added to the density of a second interpenetrating fluid

of density t(x,t,T)retrieves the total bulk density PTOm •'
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This determines the hydrodynamic continuity equation for the second fluid as:

(22)

for, in this case, we recover the expected continuity equation for the bulk

fluid:

(23)+ O_ -J = O

where the total current is given by

(21*)

Thus, just as in the T = 0 case, at elevated temperatures we are also led to

the FrShlich relation 1*5)

However, it should be stressed that our equations (20) and (22) do not coincide

with the FrOhlich two-fluid He II theory.

It should also be mentioned, in passing, that our two-fluid picture

does not coincide vith Landau's either. Yet, the possibility of

implement ing Puttennan's programme within our theory is not ruled

out (see Sees.I and IV). Since Eqs.(l6)-(£l4) are formally identical with
1*0)

the zero-temperature limit already studied , it follows that linear and

circular vortices may be suitable described. We prefer to refer the reader

to the published work, and explore in the next section, as an illustration,

some of the features of the liquid structure factor, for which there are some

interesting features, and illustrate how the present Abelian gauge theory

should be viewed only as a first stage in a hierarchy of ever more accurate

effective Lagrangians of possibly non-Abelian gauge theories. We shall return

to this important remark in Sec.VI.

-11-

IV. U(n = 1) APPROXIMATE CALCULATION OF ATOMIC ORDER

As a first step, and for our comparison purposes, we adopt the same

set of approximations already used in previous work at zero temperature ,

namely,

(a) the term — 3-» Sm(x,t) is neglected, implying the low-fluid-

velocity limit;

(b) a stationary fluid is assumed, in the sense that -3 S (x,t)
t i

is set equal to a constant, E , say;

(c) a spherically symmetric solution is used - that is, P(X,T) =

p(r,T) = R^(r);

(d) we confine our attention to the long wavelength (low-Q) limit

only; and

(e) we employ, once again, a purely delta-function interaction;

-s') = us (26)

While approximations (a)-(d) are physically quite sound, (e) has been adopted

only for mathematical convenience. It must therefore be abandoned in favour

of a more realistic He-He interaction if the proper contact with experiment

is to be made.

With this set of approximations, Eqs.(lS) and (19) reduce to a non-

linear differential equation for p(r,T), namely,

where

+Tcr

(27)

(28)

Bq.(2T) can be solved by direct integration to yield, after some trivial

manipulations, the following expression for the pair correlation function

g(r,T):

(29)
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P^ being the almost temperature-independent fluid density (= O.lU^O gm/cm ,

or 2.1B x 10 particles A ), and r the equally temperature independent

.0 A) . The parameter A = A(T) is"effective" hard-core radius

given by

A(T) = E. U (30)

In these expressions

(36)

whereas C(3) is the usual Riemann zeta function (= 1.20206), euid

as can be inferred at once from previous manipulations.

It is important to observe that U, the strength parameter of the delta-

function interaction, is temperature-dependent; this is evident from Eq..{30),

since p^, hardly depends on the temperature. The key point here is that

V is an effective interaction, which is a function of the properties of the

medium. Clearly, with a more realistic potential, T should play a more

conspicuous role.

Having obtained g(r,T) we can derive the liquid structure factor

S{Q,T) exactly as outlined in the zero-temperature theory , taking proper
32)

care of all the analytic details '. The final result is, in the small-Q

limit,

sS(Q,T) = , (T)QK

where

S.CT) = i- **?mr.
lJjT);

(31)

(32)

(33)

f, and f- being some temperature-dependent numerical factors defined by

71 A*- 2A*(o<
1/ /12/

+ A
7

(334)

(35)

(3T)

which is trivial to evaluate numerically.

Prior to comparing these results with the available experimental data,

we should point out some of the important physical implications of the fore-

going equations.

First, Eq.{29) still reflects the gas-like aspects of He II, long

recognized by Gross and Pitaevskii . However, this is a natural con-

sequence of using a delta-function interaction; better results will undoubtedly

arise with more realistic interactions.

Second, there should be a temperature independent linear term in Q,

which should persist in the limit T + 0. It is Feynman's linear term ,

which is nothing but the phonon contribution. It is not clear whether this

will appear if a realistic potential is employed, where the all-important long-

range attractive tail is explicitly retained, or whether it is somehow linked

with the other approximations introduced above to simplify the calculations

(for example, the limit of a vanishing gauge field u ) , or even if th« U(l)

level of the effective Lagrangian dC fi is not adequate (cf. Sec.VI).

Further analysis is certainly called for to resolve this question. In this

connection the aim here is to do at least as well as other fairly successful

attempts in the field ' .

Returning to Eq.(3l), it is instructive to examine the low-temperature

behaviour (T < 0.5 K) of S(Q,T). In this regime the specific heat satisfies

the familiar T -law, so that the entropy a -v T , as has been confirmed

experimentally

Thus

Moreover

T

so that, in the low-T limit.

-13-

-T, in the present system of units

T

-llt-
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""' ">•* n •*- a7~ (39)

where SQ Q is just the zero-temperature result; it is a non-zero constant

in agreement with Price's general theory of density fluctuations 53)
The

term aT is reminiscent of Goldstein's well-known thermodynamic relation ;

whereas the last term, bTQ£, implies that the curvature of S(Q,T) in the low-

Q and low-T limits is linearly dependent on the temperature. This seems to

conform well enough vith the available experimental data
210,55),56)

In

addition, except for the absence of the linear term in Q, Eq.(39) agrees

by and large with Isihara's recent results , which have been derived within

the framework of an earlier temperature-dependent theory . It remains

to be seen whether future experiments at even lower T and Q will vindicate

our predictions.

where ^f* denotes the effective Lagrangian of the second stage of the gauge

gauge hierarchy- For simplicity we have made the same assumption (e) as in

Sec.IV. Here we have expressed the total field operator <fi(x,t} in terms

of the free Hamiltonian eigenfunctions

(hi)

and considered $ , A = + or -. Just as in the case of our first step in

the hierarchy (Abelian gauge field), we remark that such a Lagrangian

density is invariant under global symmetry (gauge invariance of the first

kind)

(U3)

V. SU(n = 2) GAUGE THEORY FOR He II

5-1 Unitary symmetry of the boson-fairing Lagrangian

Having gained experience with the non-zero temperature gauge theory,

we see indications that perhaps one ought to explore the next step in the

mentioned hierarchy of effective Lagrangians.

The next simplest approach to He II, which uses equations of

evolution for macrowave functions is a theory with a two-particle condensate ,

the first example of which Is the theory of boson pairing of Valatin and

Butler . Subsequent studies have shown that the presence of the energy

gap is a difficulty with this approach .

The corresponding Lagrangian formulation of this theory may be inferred

from a recent paper (with some corrections) in analogy with the work of

4" =
-U/i (fco)

where a is some constant.

Bringing out the SU(2) group in analogy with Nambu's

£

and with Pauli's T matrix we may write the Lagrangian as

5.2

(1(5)

Further symmetries of the second order effective Laarangian

We next turn the gauge invariance of the first kind C O ) into a gauge

invarianee of the second kind, which requires a Yang-Mills gauge field u

to compensate for the constant a acquiring space dependence.

-16-
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In order to incorporate the work of Yang and Mills in ,< , we

proceed as follows.

(a) We prefer to begin by introducing a relativistic formalism, in

which space and time co-ordinates are on equal footing. We only require

special relativity, unlike Anandan, who coupled the Gross-Pitaevskii formalism

(our zeroth approximation) to the general relativity equations in order to

study the effect of gravity on He II.

(b) Once we know how to write our *f fL in flat space, the non-

relativistie limit, which concerns us, may be extracted for low (He II)

particle velocities.

(c) In flat space the SU(2) gauge field may then be coupled to our

matter equations in the usual way, thus justifying our long-vindecl way of

writing X[ft .

(d) We restrict ourselves at this level of the hierarchy to absolute

zero temperature.

(e) Further, for simplicity, we discuss the Lorentz-invariant form of

X it • The generalization to <tef^ in (f) below is evident. Since in the

Schrodinger non-relativistic picture p. ->• -i3 and E •* i3 and the non-
o • "̂ ^ i

relativistic energy E = p /2m, we see that when using the special relativistic

E = p + m , we shall also be led to the Anandan-like equation

(1*6)

where Q denotes the d'Alembertian, but in our case we raise indices with

Minkowski's n instead of Anandan's full metric g

(f) This, in turn, implies that the effective Lagrangian JTfi. must

be generalized to the relativistie form

(1*7)

(g) Finally, we are led to the effective Lagrangian:

where for convenience we have supposed that X = 0.

(1*8)

where k is a dimensional parameter, and g is related to the structure

constant of the Su(2) group. For practical applications, only the limit

of low fluid velocities need be considered.

We have thus inferred a more involved gauge theory for superfluidity

in which, by analogy with our experience in Sees.II and III, the gauge

field will have an interpretation of a fluid velocity.

VI. TOWABDS AM SU(n) THEORY

6.1 U(l) versus SU(2) gauge theories of He II

The criticisms raised earlier ~" to the pairing theory with

no gauge fields can no longer be applied to this non-Abelian pairing theory,

since we have an intrinsic (gauge) flow velocity field, which has an effect

of quenching the gap, since the velocity of the liquid is the analogue to

the magnetic field in the case of superconductivity. We expect that applying

the Madelung transformation to the field equations, will give us a (non-

Abelian) hydrodynamics of He II, following closely our work of Sec.III.

The unsatisfactory points of the present approach - namely, the low value
29)

of the condensate fraction in the zero temperature limit , or the missing

linear term in the S(Q,T) structure factor (Eq.(3l)) - can perhaps have a

somewhat closer agreement with experiment.

However,as forcefully pointed out in Befs.63,61*, experiments i-annot

decide if the concept of a one-particle condensate I(I can be replaced by

the idea of a two-particle condensate (of Cooper pairs, or even dimers ,

for example).

-17- -18.-



6.2 5U(3) gauge theory pf He II and beyond

We have already seen in SecV that the earliest two-particle condensate

theory, in terms of Cooper pair correlations, ^ , A = +,-, is due to
M) fill

Valatin and Butler . In fact, March and Galasievicz ' have argued that

a ground state wave function cannot be constructed as a product of pairs if

the condensate fraction vanishes. We conclude that at least three atom

correlations ought, then, to be included in the gauge hierarchy. If such

were the case, then an internal SU(3) space with the triplet:

t }

VII. CONCLUSION

/

would be defined, and the associated Su(3) gauge theory of bosons would lead

us, following the same steps as in this section, to the third stage of the

h i h lhierarchy to an effective Lagrangian X lr A relativistic SU{3) gauge

theory of fermlorts is well known as quantum ehromodynamics . However

there is no reason vhy bigger multiplets would not be correlated into

clusters , thus leading us to SU(n) gauge theories. By following the

method indicated in Sec.V, we vould be able to study the n stage of the

hierarchy, in terms of the effective Lagrangian <f ̂ i .

In fact, we may conjecture that as n "*••">, the SU(n •* °°) gauge

theory gives the correct description to superfluidity. Since n in the non-

relativistic problem of He II has a maximum value, namely n = H-Q™,

where n^m i s t h e total number of helium atoms, *j 10 2 3

atoasv'cc, the mathematical limit is, in our case, a very good approximation.

We have taken the limit, activated by the recent conjecture " )

that SU(n •* °°) gauge theory is mathematically well defined. Yet "t Hooft

type of fermion gauge theories carry chiral symmetry, and asymptotic freedom.

Hone of these properties are required from an SU(n -»• ») boson gauge theory

of superfluidity, and it is quite plausible that if a proof is obtained in

't Hooft1s fermion case, the conjecture might be realized in practice in

our boson theory. Although it is clearly too early to decide this question

by theory or experiment, ve have succeeded to point out a scheme In vhich

gradual progress in the field still allows us to work out properties of He II

at each stage of the gauge hierarchy as shown In Sees.Ill and IV.

in tnis paper we have taken the preliminary steps toward a

comprehensive theory for He II. In particular

i) We have generalized the theory to arbitrary temperatures.

ii) By so doing we have obtained a better insight on the Abelian U(l)

gauge field u itself;

iii) we have incorporated the two-particle condensate in an SU(2)

gauge theory for superfluidity, with the coupled velocity field

u •

iv) in view of difficulties of the March-Galasiewicz type, which

require correlations of more than 2 bosons, we are led, as in

Sec.V, to an SU(3) gauge theory, at least. The hierarchy of

effective Lagrangians is conjectured to lead eventually to an

SU(n) gauge theory in which every particle of the superfluid

participates in the n-P
aI"ticle correlation underlining the theory.

We feel that the new and old experimental aspects of the superfluidity

of He II can find a proper description in the various stages of the gauge

hierarchy of the conjectured comprehensive SU(n •* ») gauge theory, since we

have understood how the U(l) simplest approximation works, and we have shown

how to turn the global symmetry of the two-particle condensate theory into

a local SU(2) gauge symmetry of the type of Yang and Mills .
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APPENDIX

In general, consider a unitary transformation that mixes the field

components <|i :

where

uuf =

(A.I)

(A.2)

Here 0 .are (n * n) unitary matrices, which may be chosen to have determinant

1. The set of all these matrices closes a group. It is customary to

parametrize the U's by n - 1, o 's where

19)
is called a eovariant derivative. Yang and Mills showed that the analogue

of the electromagnetic field F ^ has the form

F

(A.7)

and it transforms according to

(A.8)

The matrices

relations

(A.3)

'4 6 *

are elements of an algebra, defined by the commutation

(A.U)

where f1JK are the structure constants ijk = l,...,n.

The requirement that the phases a, are co-ordinate dependent

(local) • induces s. generalization of the electrodynamic gauge invariance-

The requirement that the theory be invariant under a local SU(n) (cf.

Eq.. (A,3)) leads to the introduction of the analogue of the vector potential,

namely, an (n x n) Hermitian matrix [uutxJl^g. There are n -1 gauge

fields u that form elements of the matrix uu that form elements of the matrix

(A.5)

The combination

df - (A.6)
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