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ABSTRACT

The evolution kernel for the free Dirac field ia calculated using

the Wilson lattice fermions. We discuss the difficulties due to vhich

this calculation has not been previously performed In the continuum theory.

The continuum limit is taken, and the complete energy eigenfunctions as

well as the propagator are then evaluated in a new manner using the kernel.

The time evolution kernel, or the transition amplitude, is defined for

quantum fields as the matrix elements of exp(-itH) between arbitrary initial

and final field configurations, where t is the phyiscal time and H the

Hamiltonian operator. This kernel contains the complete content of the

quantum field theory.

For the free boson field, the kernel has been evaluated by Feynman

and Hibbs [l]. We do a similar calculation for the free Dirac field and

which, within the authors knowledge, has not been performed before. There

are a number of problems with the fermions which are not present in the boson

case. Firstly, note that for the free boson field, the evolution kernel is

given by the finite time classical action with the appropriate boundary

conditions on the classical field. However, in the fermion case the "classical"

Dirac Lagrangian is zero, giving an incorrect result for the kernel. The

incorrect result stems from the ambiguity in incorporating the boundary

conditions for the finite time Dirac action. Secondly, there seems to be no

consistent way of specifying the initial and final field configurations In the

continuum fermion path Integral needed to evaluate the kernel. The ambiguities

of the continuum fermion path integral have been noted by other authors [2].

We use Wilson's [3] discretization of the Dirac Lagrangian to avoid

the ambiguities of the continuum theory, Wilson's formulation incorporates

the boundary values in an unambiguous manner as well as specifying a particular

(and consistent) way of defining the initial and final field configurations

for the fermiona.

The paper is organized as follows. In Sec.II we define the problem

and the relevant notation. In Sec.Ill we evaluate the evolution kernel and

take the continuum limit. In Sec.IV we calculate the energy eigenfunctions

and in Sec.V the propagator. Lastly, in Sec.VI we briefly discuss our

results.

II.
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DEFINITIONS

The Dirac Lagrangian in four-dimensional continuum Euclidean space is

) (2.1)

where IfCx) and i|)(x) are four component anticommuting spinors, m is the

mass, and we use the following representation for the Euclidean gamma matrices

(a are the Pauli matrices):
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(2.2)

The fermion variables for the lattice are defined on a four-dimensional hyper-

cubic lat t ice, and the lattice Dirac Lagrangion (up to a minus sign due to

our definition of the action) is [3]

£ = -

where 3 , <|i are the latt ice fermion va":. ; '=s, n is a four-dimensional

lattice point, u is a unit vector in the p-directIon, and for lattice

spacing a

i 3 \ ^

(2.It)

Note that ve have taken the time lattice spacing equal to the spatial lattice

spacing, and vill take the symmetric limit of a -+ 0 to obtain the continuum

limit. We could equivalently have started with continuous three-space and

a time lattice, tut we choose the more symmetric approach.

To calculate the evolution kernel, we neea the action for finite

(Euclidean) time. We hence consider a finite open lattice of H sites in

the time direction and a periodic lattice of L3 sites for the spatial

dimensions. We are essentially concerned vith the coupling in the time

direction; hence, using the periodicity of the spatial lattice, we define

the Fourier transform in the spatial co-ordinates

31 e** = £ -J-21 e" l^ / L

r|»n.

-3-

This gives for the Lagran&ian (dropping the subscript 0 on the time co-

ordinates and the arrow on p)

vhere, using scalar product only in the spatial indices

L = (1 -
(2.6)

+ t y. (2.7)

We define the upper and lower two-component spinors, denoted Dy subscript u

and S. , respectively, by

(2.3)

Note that from our definition of

operators for the upper and lower components

Lagrangian (suppressing the momentum index)

in (2,2), — (1 ± y } are the projection

Hence we obtain for the

2K (2.9)

We see from the above that C5 oi"!1 ) at time n is propagated to [y + 1 '^

at time n+1 by the Lagrangian. Hote also that for the boundary values,

at time t = 0 (ijL , L j do not couple to later times and that for t = T
Uu vft

(if ,!(/„ ) do not couple to earlier times, (This property does not hold for

the continuum time theory.} Hence we choose [3] as the init ial fermion

field configuration, only the set of co-ordinate eigenstates {| $+ >^u ^ 1

defined on the spatial lat t ice. Similarly, we choose for the final fermion

fi«ld configuration the conjugate co-ordinate eigenstates {^t* i ^ j j ' •

Thenp eigenstates are discussed in Appx.A, where fermion calculus is treated.



We define the evolution kernel as the amplitude that the field

configuration | JH- ^*- ̂  will be in the conjugate configuration

< if+ \|f* I after time T. That i s , the evolution kernel K is defined by
nu nil1

and

(3.!*')

(3 . It")

III. EVOLUTION KERNEL

We can express K(if f,, J, î  ; T) as a Feynman path integral over

the anticoiamuting fermion field variables, with appropriate boundary conditions

on the integration variables. Let T = Sa, and impose the boundary conditions

(3.1)

(3.1')

Define the nev variables z > C by

Since satisfy the boundary conditions, we have

(3.5)

(3.6)

We obtain K by integrating over all the fei-mion field variables

from n = 1 to If - 1, and have

T I T

where (suppressing the momentum summation)

Hence, the new variables ? , Z are independent of the boundary values,

and form a so-called open boundary fermion system. Making the change of

variables in S gives

c _ „ ? ? I > -4-2f5

(3.7)

(3.3)

The integration variables z , Z have decoupled from the classical solution

5 , 1 and we have the result

S is the action for finite time T. Note that the boundary values

appear in S only in the nearest-neighbour time coupling term. Since S

is quadratic, we can perform the path integral for K by solving the

"classical" field equation with the given boundary conditions. Suppose

1 , £ satisfy the field equation and the given boundary condition, that is

(3.4)

-5-
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where
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(3.10) (3.17)

lt*t
(3.10'}

the normalization constant C(T) is evaluated in Appx.E.

We now solve for % , % . Note from (3.10) that only the boundary

values of Z appear in the solution. Hence we need the time dependence of

only £ ; using the field equation (3.M gives

4-

Making the ansatz

= e
Xn

(3.11)

(3.12)

(3.13)

(3.1M

There is a similar equation for f -

Substituting the above solution for

the momentum index, the result

in (3.10) gives, restoring

where

(3.20)

and solving the field equations (3.11), (3.12) with the boundary conditions

(3,1) gives the solution

with

i nt

Z.00
i- <r\

-sh>(n-lO
(i-

(3.15)

(3.16)

The result (.3<l8) is exact, and can be used to study lattice fermions. For

example, a direct calculation for ££ with N = 2 verifies our result. The

result for d = 2 can be obtained from (3.13) by replacing B-o by 2K sinp

and considering the 1(1 and ip to be doublets.

Since there is no renormalization for our case, we take the continuum

limit of a —» 0 as this simplifies matters. We define the. following

dimensional quantities:

T = KCL . i = bo.

- r\CL

(3.21)

-7-
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To t.jJte tht; li.-i« a —f 0, we rescale the fi^i'ls <,, E ualcg {£,»*;

and keep only the non-vanishing terms, We hence have, in analogy to (3.15;.

j
(i -T) <. <r

and

We then obtain from (3.10)

(3.23)

(3.2!*)

(.3.25)

The normalization constant C(T) is given by (B.9) giving the final result

(3.26)

Vs make the following observations. Firstly, the result for H. ia

dimensionally correct. Secondly, the break-up of the spinors into upper and

lower components for the lattice survives the continuum limit; that is, the

initial and final continuum field configurations are given by {J

. respectively, although the continuum theory did not

, ifu(x)}

and {5 (x), ill.t
u *

have this to start with. Thirdly, the solutions for the continuum £(t)

-9-

and £(t) can be derived directly from the continuum theory. However, the

filiation for J-v(£,f) i s not obtainable from the continuum theory, and these

boundary terms would have to be introduced by hand. This would lead to

ambiguities since there is no rule specifying what the boundary terms should

be. Of course, a continuum action with the correct boundary terms can be

written using the lattice results as a guide and would simply be a way of

reproducing the lattice calculation. We will not consider this problem

here.

In summary, although the continuum limit removes all the lattice

structure, the result is nevertheless rootea in the lattice theory since

the discretized theory leads to a particular and well-defined continuum

limit, which is otherwise not obtainable directly from the continuum theory.

IV. ENERGY A1JD ENERGY EIGENFUHCTIOBS

We can define the Hamiltonian using the evolution kernel by noting

that

+ .3)

where we have used {A.S^and H(5,i|

(.3.26) for the kernel, we have

is the Hamiltonian functional. Using

Dropping a constant gives, from Ct.3) and (•*.!*)

- j ̂ ( ir.

-10-



which is the Dirac Harailtocii . H(5,i|0 is a functional of fco'-ii the f'eld

configuration ^ ( x ) , 1> (x) as well as the conjugate co-ordinates

& ( x ) , i|),(x), and is analogous to the function H(p,x) defined on the phase

space for a single particle.

The evolution kernel contains the complete eigeienergies and eigen-

functions of the quantum field, and ve will 'jse it to derive these [l]. Let

E and i *, *)> be the eigenenergies and eigenfunctions. Using the

completeness equation (A.17) to define matrix elements and scalar products

of the wave functions, we have

(it.6)

The time evolution operator can be written as

-TH - -TEne = 21 e 1$
n

(It. 7)

where the sum is over all the eigenfunctions , and

T£n

(it.8)

(It.9)

where the conjugate $> is defined in (A.l) ana the last equation above is

due to the factorization of the kernel in momentum space. We will hence solve

for each p separately.

To evaluate E^

e

and • , note that in the Kernel K, besides an

overall factor of e in C ( T ) , only powers of e~ appear in fill). Hence,

expanding K in powers of e yields (far each p)

-11-

K = e ( K. •+

Dote that the expansion for K terminates due to the anticommutation of the

fermions. Hence, comparing (Jt.lO) and (lt.ll) we have the eigenenergies

(It.12)

To obtain 4^, we equate the coefficients of the respective

exponential terms in (U.10) and (St.ll), and this yields, after some algebra,

all the eigenfunctions. The calculation is done in Appx.C, and we summarize

the results here. For each momentum p, there are five eigenenergies and

sixteen eigenfunctions, which are orthonormal. Using the term excitation for

a particle or antiparticle operator applied on the vacuum and the term pair

for the particle-antiparticle case we have the following eigenenergies and

eigenfunctions:

1) 2 = _2o) : a unique vacuum SI

2) E = -u : four wave functions of single excitation

3) Ep = 0 ; six vave functions, four of which are pairs
and two are two excitation states

h) E = m I four wave functions which are a single excitation
mixed with excitation and pair

5) E, = 2u) : one wave function being a superposition of vacuum,
single pair and two pairs.

These sixteen orthonormal eigenfunctions form a complete basis for the

Hilbert space of states and is a consequence of the exclusion principle

which allows only sixteen states for each momentum p.

As an example, we calculate the vacuum state,

from (It,10) and (3.26)

Let T -too, then



= e

.no

From (it. 13) and (U.llt} we have for the vacuum energy and the vacuum eigea-

function

(it.15)

The energy for the vacuum is a negative divergent quantity and GO

is the constant dropped in Ct.1*) in obtaining H(ij>,s(i). Both these divergent

quantities arise due to the ordering of operators chosen and can be removed

by appropriately re-ordering the Hamiltonian. We hovever do not do this

since firstly only energies vith E subtracted will enter our calculations

as in (5.18); and secondly the re-ordering for the Hamiltonian would alter

the Lagrangian which is not desirable for the path integral approach. Bote

the vacuum we are using is the "old-fashioned" Dirac vacuum with al l the

negative energy states occupied. For the vacuum state, note that for T + »

the co-ordinates (f ,ty ) and (Jj.*u) referring to the later and earlier

times completely factorize in K, and hence allows for defining the vacuum

state n . This factorization is a reflection of the uniqueness of the

vacuum, and non-factorization would be an indication of the multiplicity of

vacuum states, linked with symmetry breaking. The vacuum consists of the

superposition of particle-antiparticle pairs of all momentum p. The

constituents are correlated over spatial distance of m~ and their spins

are coupled ~by the helicity operator p-cr/1 p j •

-13-

V. PROPAGATOR

We calculate the propagator using the evolution kernel and the vacuum

state. Recall that, for T ̂ 0 , the propagator la

where 1(1° . * p lQ
 arB the Heisenberg operators.

Prom standard field theory [It], the Euclidean propagator i s , in

matrix notation

V = ( 5 - 2 )

-f.d-
2. UJ

(5.3)

Ttse Helsenberg operators have the time evolution

-TH
(5.It)

TH - _TH
( 5 . 5 )

with t , $ being the Schrodinger operators.

Ignoring from now on the momentum conserving 6 functions, and using

the completeness equation {A.If) gives

(5.6)



V
•4 s* <

H

(5-7)

J2 <% gj

(5.8)

(5.9)

W(h,h) =

where

~ b • cr

(5.15)

The exponential of the effective action A is equal to the product of the

vacuum wave functionals,the evolution kernel and the metric and from (3.26),

(4.18) is (p s y(T»

A -

Hence, using

(5.16)

and

H - (5.11)

We evaluate the generating functional for A as this is useful for evaluating

the n-point functions. Let h , E te the four component fermionic sources;

define

(5.17)

We see from Eqs,(_5.3) and (5.15) tbat we have the required result,

We now evaluate the propagator Ga^ using the eigenfuoctions, as

this illustrates our results. We will use the notation of Ĝ JJ, G" etc,

p"! pt
for t he 2 x 2 matr ix e n t r i e s in ( 5 . 3 ) . We have in genera l

= e

-15- -16-



where *re have used ['».''). It can be easily proved that oniy the first excited

level,that is, states with En = - <j , contribute to (5.18). Hence

G = e

uhcre. the states ^ , . . . , 4 ^ are given by (C,17)-(C.£0). We evaluate G*

as an example, He have, using

VI. EISCUSSIOI;

C5.2O)

fsf
that

rM-h*t>)

- C O T

(5.21)

(5.22)

vhere we have used the orthonormality Eq,.(C.kO) to obtain (5,22).

The wave functions in Appx.C are given in the helicity basis. To evaluate

(5.22) we transform back to the original basis and using the completeness

equation (A.If) have, in matrix notation

The free fermion evolution kernel was evaluated using the lattice

formulation to avoid the ambiguities of the continuum. The result for the

kernel is or, example of the lattice giving a continuum limit (even for a

linear theory) which is not obtainable from the continuum theory. The non-

standard field co-ordinates % (x) ^ 0 W were used due to the lattice

approach. It should be possible to re-cast the continuum Dirac theory using

ip , iji as the dynamical degrees of freedom instead of the conventional
U id

choice of .1(1 .

The main difficulty with our treatment is the question of chiral

symmetry. For our choice of the y 's, the matrix y, interchanges upper

and lower components. Hence it is not clear as to how to define chiral trans-

formations on our space of states. Note also that other ways of defining

the lattice reunions [6] cannot be used to do our calculation since it

crucially hinges on the nearest-neighbour coupling and the use of (1 ± y.)

In the Lagrangian.

The calculation performed can be extended to interacting fermions and

consists of perturbatively calculating with an open boundary interacting

fermion system. The boundary values enter via the classical solution

which acts as a background field for the quantum variables [7].

The evolution kernel can be used to calculate the transition

amplitudes for non-local field configurations like vortices, strings, etc.

It also provides a different perspective for studying field theories.

(5.23)

Similarly, all the other elements of G „ can be calculated using the states

of the first excited level. The propagator for the free Euclidean Fermi

field, has also been given a new derivation using the methods of constructive

field theory [5].
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APPENDIX A

FERMION CALCULUS

" ", -Op Op.
Let G = G(ij) , iff ) be some operator with some definite ordering

of operators defined. Then from the above definitions

Integration over the anticommuting fermion variable is well known [8],

so we review only those features necessajv for our calculation. Let

f "V ]
$ = ! ., I and Iji = (1(1 <Ji ) be the four-component Dirac spinors which

^ ^ * ) U X.
anticomraute.

To define operators and wave functions, we choose [3] ij! I(I as the

as the conjugate variables, i f is theco-ordinate variables and J u

analogue of the x-co-ordinate and l!' "''£ that of the p-co-ordinate of one-

particle quantum mechanics. Conjugation is defined by the following operations:

</. I 4i( ̂  '= ft 1 % % ? (A.6)

(A-7)

where G(5,iii) is a function of the fermion variables.

Let |f y be a wave function and ^g| be the conjugate wave

function. Then

(A.I)

2. The order of tile fermion variables are reversed;

3- All the coefficients are complex conjugated.

The co-ordinate operators if t(i and their eigenstates ]$ i(i

as well as their conjugate equations are defined as usual by

(A.8)

where cross denotes conjugation. To define the scalar product of the wave

function with a conjugate wave function, note that it must satisfy

(A.2) 1. < f | f > VO and < f | f > ~ 0 i f f | f > = 0 (A.10)

(A.3)
2 , (A.11)

Op
creates spin up and spin down particles when applied on the vacuum and

does the same for antiparticles.

The scalar product of the co-ordinate eigenstate with i t s conjugate

eigenstate is

(A-5)

Suppose |e. ̂  and a r e a complete orthonormal loasis and

(A.12)

(A.12')

The scalar product using fermion integration is in general defined by the

metric T(?,!|i) as

-19- -20-



To obtain our choice of scalar product given tiy (A.12') we have, for our

definition of conjugation

For the field theory, we will use the metric defined on three-space by

The exponent is dimensionless for the Dirac spinors *, i> as is necessary.

A more general metric chosen by Wilson [3] depends on the Lagrangian . and

Is given on a spatial lattice by

(A.15)

In the limit of a—»0, ve have

Hence, in the naive continuum limit, the Wilson metric reduces to (A.lU'J.

The metric (A.lU) is equivalent to the completeness equation

X -

-21-

The trace of an operator G is, using the completeness equation,

(A.18)

For antiperioaic trace <-?4 - with the metric remaining

unchanged. To multiply strings of matrices, the completeness equation ha3

to be repeatedly used.



APPENDIX B

Similarly, using (A.19) and (B,3)

HORMA.LIZATION CONSTANT

We calculate the normalization constant in the continuum limit.

Recall that from (2.10) and (3.25)

K =

= cC-v)

(B.I)

(B.2)

where

(v (B.3)

Hence, from (B.I) and (B.2)

CCT)= IT/JLY~= IT / w

- W -t-

and C(T) is given by (3.10'}• To directly calculate C(T), we have to do a

fermion path integral with the fermion variables at t = 0 and t • T set

equal to zero. We avoid this problem by instead evaluating the antiperiodic

trace of K and expOft) separately; this will then give us C(T). Hote

that ve could equally have taken the periodic trace to obtain C{T).

Using standard finite time methods [9], we have from (B,l)

T*. K = (B.5)

where Tr stands for the antiperiodic trace.

-23-
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APPEHBIX C

ENERGY EIGENFUSCTIONS

We evaluate the eigenenergies and eigenfuncticns for the free Dirac

field. We work In the momentum three-space, and will ignore the momentum

index since the field factorizes in this representation.

Recall from (3.26) and (k.9)

OO J

pCT)

= X e :4 ,-

r

t ) •

(c.i)

(c-2)

"o simplify the algebra, we work in the sOT-called helicity hasis [10]. Let

the Fault matrices be

(C.3)

Then we have

j"* • |>
(C.ll)

(C.5)

where

, (c.6)

-25-

u =

(C.T)

The matrix U rotates the spin of the doublets to lie parallel (or anti-

parallel) to their three-momentum p, the upper component having helicity +1

and the lower component of the doublet having helicity -1. We choose the

helicity basis by

(C.8)

(C.8-)

For the doublets, we use the notation

4,1

T u
(C9)

In the new basis, we have

(CIO)

To expand K in powers of e , we expand shuT and v~ (T) to 0(e ),

write out the exponential term and the normalization constant to 0(e" ),

and obtain

-26-



Using Eqs.(C.ll) and (C.2), and after some algebra we obtain the
results given 'below.

I . E„ = -2CO: ground s ta te ; non-degenerate

II. E n = -<tf: First excited level; four-fold degenerate

(C.12)

(C.13)

IC, =
(C.15)

i«i

(C.17)

(C.18)

(C.19)

(C.20)

(C.21)

The first excited level consists of a single excitation on the vacuum.

-27-
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I I I . Ep = 0 : Second excited level; six-fold degenerate

' / "l "*"*

(C.23)

(C.2U)

(C.25)

(C.26)

(C27)

(C.28)

(C.29)

(C.30)

The states ^^j $g and }> are the spin^one pair state and *._. is the

pair atate. State3 4>g and *.„ are the tvo excitation states.

-28-



IV. E = tt) : Third excited level ; four-fold degnerate

S
h (C.32)

(C.33)

(C.3U)

N =

(C.35)

(C.36)

(C.37)

These states are a superposition of a single excitation and em excitation and

a pair .

V. Ei = 2[J : Fourth excited; non—degenerate

(C-38)

(C.39)

-29-

The state 4 consists of a mix of no par t ic le , one pair and two pairs .

Note the similarity in form of $ ,- with the vacuTim state SI

In summary, the energy spectrum of the free fermion field, for each
momentum p , consists of five energy levels and sixteen eigenftmctions.
These eigenfunctions axe orthonormal, that is

„ \

and form a complete hasis for the Hilbert space of s ta tes .

The eigenfunctions for the full field theory are elements of the

Hilbert space formed "by the tensor product over p, and are given by

V) (C.1.1)

and the eigenenergies by

(C.U2)

These "basis states can be used as a complete basis for doing perturbation

theory, and are an alternative to the usual Fock-space approach [10].

-30-
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