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With the advent of supergrsvity theories ~ the Vierbein fonttalisE

has come into extensive use. Basically a Vierbein, .converts a flat

metric in Cartesian co-ordinates, g.

according to the equation

into a general metric,

(1)

In some sense, then, the Vierbein may be regarded as a "four-dimensional square

root" of the general metric tensor. In fact this applies in more or less the

same sense that the Dirac spinor is regarded as "the square root of the

Minkowski It-vector". The curved space-time generalization of the flat apace-

time Dirac matrices, Y- > given by the commutation relat ions,
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ABSTRACT

Recent developments in supergravi ty have brought the n-dimensional

Vierbein formalism in to prominence. Here we provide a p r e sc r i p t i on for

wr i t ing down a Vierbein given an a r b i t r a r y ( in general non-diagonal) metric

t ensor in a Riemannian or pseudo-Riemannian space.

(3)

These generalized Y-matrices are frequency used when dealing with spinor
fields in general relat ivi ty . It would be useful to be able to write
dovm Vierbeins in an arbitrary space-time. Further, higher dimensional
Vierbeins would be useful when dealing, for example, with the eleven-
dimensional supergravity which reduces to SU(8) supergravity , or in tiieher
dimensional theories of the Kaluza-Klein variety such as those of Chodos and
Detweiler or Halpern . In this paiser we provide a prescription to be able
to write down a Vierbein given a metric in any number of dimensions.

Before swing on we need to introduce certain notation. To make that

notation clear we shall f i r s t discuss the Vierbein prescription In 2-dimensions

in full deta i l , in 3-dimensions in somewhat less deta i l , and in li-dlmensions

in much less detai l . First we notice that for a diagonal metric tensor in

an arbitrary number of dimensions the Vierbein can always be written as
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(It)

where we have dropped the summation convention for the present. Hotice that

ve could have other solutions in which the Vierbein need not become the

identity when we revert to flat space in Cartesian co-ordinates. We shall

not be much concerned with such prescriptions, but shall require that our

general prescription reducesto Eq.(lt) in the case that the metric tensor

tends to the diagonal form.
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For a two-dimensional Riemannian metric there are two prescription;:

for the Vierbein which, satisfy our criteria

r

- a ) IsK12'' sl

(i,a = 1,2)

(5)

and the equivalent expression obtained by interchanging g and g „. An

example of the type of Vierbein which ve are not bothering about here, is

11' el

Notice that the diagonal elements of the metric tensor cannot be zero here.

Hotice, also, that the signs of each row must go together (positive with

positive and negative with negative) but for separate rows are independent.

If the metric is non-Riemannian (writing the co-ordinates as 0 and 1

co-ordinates^ the Vierbein will now be written as

0
* (soi " sOo

sii)/goo)

(i,a = 0,1)

(5")

replacing the q" column (q .$ m) by the corresponding part of the k column
q •+ k

will be denoted by D(ra) . We are now in a position to generalize the two-

dinensional prescription to higher dimensions.

The required three-dimensional Vierbeins in a Riemannian space are

(6)

provided that D(l), D(2), D(3) ? 0. Clearly DC3) 5* 0 if the metric is non-

singular. We also have prescriptions which interchange the 1,2,3 co-

ordinates. Even if one of the prescriptions goes singular, one of the others

must be non-singular in the Riemannian space. For a pseudo-Riemannian space

this need not be true, nevertheless, there will exist the solutions which we

are discarding on account of our criterion. For example

2gOl S02/g03 = ±

SO3/2SO2 = ± \ ;

> 4 (6'

£03/2g01 =

In this case the dia*wnal elements of the metric tensor can be zero. If

S-p. = 0 no problem arises, but if gQ<. = 0 we have to interchange g _ and

-g in Efl.(5"). (Here we have taken the convention that the metric is

positive for a time-like vector). In the case that both the diagonal

components are zero, the Vierbein components must satisfy the equations

0 0
e0 e l 601'

(5'")

none of whose infinitely many solutions can satisfy our earlier requirements.

We now present some notation which will be used shortly. Consider

the entire (symmetric) matrix g b (a,b = 1 n ) . We shall denote the

determinant of the submatrix composed of the first m rows and m columns

by D(m). The determinant of the submatrix obtained by replacing the p

row (p ̂ m ) by the corresponding part of the j row of the entire matrix

will be denoted by D(m)

P + J
and the determinant of the submatrix obtained by

-3-

where g , = 0 and the Cartesian metric signature is (+,-,-) .

We will not discuss such solutions further.

For the four-dimensional Vierbeins in a Riemannian space the required

prescription is

e s

DO)

O
(7)

where the sign ambiguity is left implicit for convenience. Again, the required

prescriptions will be given by Eq.(7) and all possible rela"bellings of the

co-ordinates. We assume that there will exist one prescription, at least,

which is non-singular, i.e. we are not dealing with the cases where this

assumption does not hold.
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To be able to write the formulae for ttie Vierbeins more compactly we

define D(0) = +1 in a Riemannian space and -1 in a apace-time. More general

cases can be similarly dealt with. The pattern emerging leads us to expect

tha t , given an n-aimensional metric tensor, g , such that for some suitable

numbering of co-ordinates D(m) f 0 for a l l a ^ n , our Vierbeins will be given

by

i „< a

(3)

We nov have to demonstrate that the term in the brackets, call it H ,is

zero. Again expanding for i « a - 1

To verify this conjecture consider the expression

(9)

where g1. - 1 i f i = j and 0 otherwise (or with -1 instead of 1 for

the space co-ordinates in a apace-time metric). We want to verify that

G -u = 8 v TM-S would be done by expanding Eq.(9) using Eq.. (8) and verifyingab ab
that the coefficient of g ^ is unity and of a l l g c d , c # a, d 4 b ia zero.
How, from Eq.. (8), the summation ia over a l l i ia and j ,£ b. Thus

D(i)- P
(10)

Let a = inf.(a,b). Then, expanding out for i • a we have

r - (li)

Nov the first term on the right-hand side of Eq.(ll) can be expanded to give

Inserting Eq,.(12) into Eq.. (11) we see that

Du-ODU)]•
(13)

Using Eq.(12) with a replaced by

see that the coefficients of

a. -1 for the second term in Eq.. (I1*), we

cancel and we get

H.L=
Dd-l)

(15)

g and
a-3,b

This procedure can be repeated for the coefficients of

so on by expanding out i = a - 2, i = a - 3 , and so on, successively. In the

first case we get a determinant which is zero, in the next two determinants

which cancel, in the next a determinant of determinants which is zero, and so

on. We can continue this procedure till we reach g , for which we already

know the formula works, from Eq.(7). Thus we see that G

Vierbeins are given by Eq.. (8).
ab

g , and so the
ab

Apart from the main theme of this paper there are two points of

mathematical interest in a prescription for writing down Vierbeins. The first

point is that we have provided a procedure for evaluating the "square roots"

of a symmetric matrix. It is immediately apparent that there are many

linearly independent square roots of symmetric matrices. It would be

interesting to find out the number of linearly independent Hermitian square

roots of unity for an n x n identity matrix. • For the 2 * 2 case there

are the four Paul! spin matrices. What do we have for higher dimensions?

The secona point of interest is the fact that the Vierbein may be

regarded as a co-ordinate transformation. Thus we can write

(16)
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Beading Eq.(l6) with Eq.. ( l ) , we would have a set of n(.n+l)/2 non-linear,

par t ia l differential equations of the n functions u , of the n variables

x a , in terms of the n{n+l)/2 functions gat>(*C) (b ^ .a ) . In the case of a

Riemannian metric ve get e l l ip t ica l equations

(IT)

whicft have the solutions

i, e
u (x dxa (18)

Eqs.(lT) can be further generalized in two ways. By making the e a b ( x )

pseudo-Biemannian we get more general equations having a sum up to some value,

i = m, and a difference from i = m + l to i = n . A further generalization

is by taking the "g in Eq. (1) to be a diagonal metric tensor. This

introduces a coefficient (s± . ) into the summation in Eq.(17)- These

generalized equations are solved by dividing the integrand in Eq.(l8) by

REFERENCES

1) P. van Nieuvenbuizen and D.Z. Freeman, Supergrayity {Dorth-Holland,

Amsterdam 1979);

S.Vf. Hawking and M. RoJ-ek, Supersravity and Super space (Cambridge

University Press, 1961);

P. van Mieuwenhuizen, Phys. Rep. 68^, 192 (198l).

2) W.I. Bade and H. Jehle, Hev. Hod. Phys. 25_, Tl1! (1953).

3) D. Brill and J.A. Wheeler, Hev. Mod. Phys. 2£, i)65 (1957)-

1*) T.I. Curtwright and P.0.0. Freund in Superaravity (Ref.l);

W. Nahm, Hucl. Phys. B135., 1^9 (1978);

See also P. van Hieuwenhuizen in Ref.l.

5) Th. Kaluza, Sitzsunger Preuss. Akad. Wiss. Phys. Math. Kl.LIV, 966

(1921);

0. Klein, Z. Phys. 37, 315 (1926);

E. Witten, "Search for a realistic Kaluza-Klein theory", Princeton

preprint;

A. Chodos and S. Detweiler, Phys. Rev. Dgl, 2167 (i960);

L. Halpern, Physics and Contemporary Needs, Vol.5, Eds. A. Qadir

and Riazuddin (Plenum publishers, in press};

See also Gen. Bel. Grav. 8_, 623 (1977).

ACKNOWLEDGMENTS

We would like to thank Faheem Hussain for some useful discussions.

One of us (A.Q.) would like to thank Professor Abdus Salam, the International

Atomic Energy Agency and UNESCO for hospitality at the International Centre

for Theoretical Physics, Trieste.

-7-



The operators a- and a+ are attained by inverting E^Ul l and us tug the.

orthonormality relat ions, Eq, (,15), so that

IV. CGHCLUSIQHS

' f c t -

r t

(27a)

(2Tb)

where the integral is performed over the t = 0 space-like hypersurface.

Quantization of the scalar fieia in Minkovski eo-orainates is well

known. The field operator * is expanded in the Minkowski modes ^

(denoted by a tar) for ui > 0

We have studied the quantization of a scalar field in the metric of a

relativistic rotating observer. We are able to unambiguously define

positive energy modes in this metric, which is neither static (g

independent of time) nor stationary (gQ = 0 for u ^ 0 ) ! The vacuum in

this metric does not differ from the Minkovski vacuum, a result identical

to that obtained by quantizing in a Galilean rotating frame. It appears

that the mere existence of a surface on which the metric is singular is not

sufficient to produce a vacuum which is different from the Minkovski

vacuum. To produce a different vacuum it seems that it may be necessary
13)

to have an event horizon ,

(28)

with

f (29a)

•5.*-. f (29*)

£'

where the ?'s are normalized over a t> = 0 hypersurface. Note that because

of the co-ordinate transformation, Eq.(T), the t' = 0 hypersurfaee coincides

vith the t = 0 hypersurface.

If we now substitute Eq., (22) into Eas.(29) we obtain the Bogoliubov

transformations
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O t = . CX. X+= a? (30)

so that there i s no mode mixing and hence no radiation observed by the

rotating observer. -10-
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