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ABSTRACT

A model incorporating the nonlinear Schrodinger equation and its

generalizations is considered and the stability of its periodic-in-time

solutions under the restriction of a fixed charge Q is analysed. It is shown

that the necessary condition for the stability Is given by the inequality

9Q/3CO <.O, where U is the parameter of periodicity of the solution in

time. In particular, one specific class of Lagrangians is considered and,

in addition, the sufficient conditions for the stability of the soliton

solutions are also determined. This study thus examines both the necessary

and the sufficient conditions for the stability of the solutions of

nonlinear Schrodinger equation and some of its generalizations.
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IffiESODUCTIOH

Among the nethods of analysing the s tabi l i ty of a soliton solution,

the effectiveness of Lyapunov method has been very well demonstrated in

recent years [1-8]. I t appears, however, that i t has not been uti l ized for

the study of nonlinear Schrodinger (HLS) equation which is well known to

possess a great deal of relevance to quite a few situations of physical inte-

rest, I t i s , therefore, with the purpose of demonstrating the applicability

of Lyapunovs method to the s tabi l i ty analysis of the SILS equation that in

the following we study a 'generalized. NLS equation

4> -

Eq. ( l ) i s 'generalizedi in the sense that F is an arbitrary function of \V\

thus giving Eq. ( l ) an arbitrary order of nonlinearity, and the disperive term

in (l) can have the corresponding degree. For our study in the following we

consider F = 4r(4"P) i m being integer and n a real number. Eq. (l) Is

obtainable from the Lagrangian density

X. = i L i(<<* -
We assume that Eq. ( l) admits a periodic_in-time complex solution

(2 )

The quantities corresponding to the charge (number of particles)

and the energy can be suitably defined and easily shown to be conserved.

That is to say , the charge

and the ener „ _ ^

are conserved quantities of this system.

II STABILITY ANALYSIS

Lyapunov * method is based upon perturbing a given soliton solution

<J> at some in i t i a l instance t=0 , and then studying the free development

(according to the equation of motion) of the perturbed solution ^ at some



later time t>0 .

As the Lagrangian is invariant under translations and gauge

transformations and the original soliton solution &> also remains

unperturbed under these transformations, a set U can therefore be considered

as the set of unperturbed soliton solutions obtained from (2) by these

transformations [5/1. We shall consider the perturbed soliton$ ^ U and shall

assume that i t exists in the 6-network of the set U. The perturbed solution

$ can be defined as • j .
-Kbit

where 5(X,t> is a small perturbation on tj) ', |)$!t« I|U<*)I| and OJ pa

hefore, is parameter of the periodicity of the solution in time.

In order to measure the perturbations J^t.t) » the difference

between <J) and $ , we introduce a metric 0 , a scalar functional with

the following properties;

(a) >0,

(c) p(4> $ ) ^ f(4>,(l')+ (Triangular inequality)

The metric 0 measures not only the initial but also the current

perturbations.

Definition of Stability

<p is stable with respect to the metric p if for any E

exists 5 >0 such that for 9(<t>.$)£ S &t time t=0 , the inequality

holds for any t ^ P.

For the soliton solution (£> to be stable , the necessary and

sufficient condition is that there must exist a Lyapunov functional

with the following properties :

there

; positive definite and continuous with respect to

(2>V[$3 does not increase along the trajectories of motion, and

(3)VC$1 admits an infinitessimally small higher limit.

Moreover, if we consider the Lyapunov functional of the following

V =* E - (3)

then as E and Q are conserved quantities, V should also be an integral of

motion,

let us choose the metric in the following way

so that all transformations which do not perturb the field are

automatically excluded*

In order to determine the conditions which make V positive definite,

we must study, tht variations in V. It should he noted that the stability

analysis of the soliton solution aeeds a subsidiary condition. In fact all

the systems in nature are stable with respect to a certain set of subsidiary

conditions; i.e. ,they are conditionally stable. Physically it means that the

subsidiary conditions put limitations on the set of perturbations such that

the soliton being perturbed can preserve its stability. In the following we

impose fixation of charge as the subsidiary condition on the system:

(5)

= O (6)

With this condition, we obtain

AV = A E {TJ

As the energy of the system has the extremum on the set of solutions ,

we get

We use condition (5) in linear approximation, i.e. ,

type

Since the perturbations 5 are assumed to "be very small compared

to the field <J> itself, we can neglect hVfO(y) and higher terms and

approximate



AV V (8)

Thus the positive definiteness of the variations in V is completely given "by

the positive definiteness of o V

We now express 0 V in the following way;

where

K =
3u:

and (• >*) denotes the integral in L,,. Here K ia a self-conjugate differential
operator. Substituting the solution (2) in Eq (l) , differentiating the
resulting equation with respect to Ul ana choosing ^ ^ iX^ , U j J we get

where Qw ia the derivative of the charge of the unperturbed field (2) with

respect to U. .The s tabi l i ty condition 6v>0nov implies that

flC < 0. (10)

The condition (10) is a necessary condition for the stability of the

soliton solution (2) of system (1). The domain In u» -space where (10) holds

Is called the stability domain.

The above analysis can, in fact , be done for more general systems

given by the Lagrangian density

— cp cp*] — F C T 8 T ) I (ii)
Statement: The necessary condition for the stability of solution (2) in system

(ll) with a. subsidiary condition (6) can be given by'(lO).

Proof: Considering the condition of fixation of charge (6) we can get the

integral with the similar self-conjugate operator as K and in a manner

it)

similar to the one given above, the stability condition is again W,j^" which

proves the statement.

To ensure stability we should find out the sufficient conditions tod

For this we shall study the equation of motion for the class of solutions (2).

From the equation of motion one can guess the explicit dependence of u on 00

in the solution (2), then by differentiating u by ui and using (10) one can

obtain the required sufficient conditions. Tor this purpose let us perform the

following transformations in the equation of motion:

U = ± ws

IF™

IT,

(11)

As a result of this we get an equation for V in s-coordinate space which

turns out to be independent of lO showing that 1/ is u> -independent and

thus the transformations ( l l ) project out the explicit dependence of u on (*>•

Using transformations ( l l ) in Eq (10), we obtain

This inequality can be satisfied under .different sets of values of m, 1= / . i

OJ and M= T̂  ,i' • We f i rs t note that since m and n cannot be negative(n-1)
and since n has to be greater than 1 for the equation of motion (1) to possess
a nonlinear character and thus admit a soliton solution, the factor f is ,
therefore, positive only when l<m^B.+l and negative only when n>m+l. We
also note that the situation considered here applies to only Integral values of
m; the quantity n can, however, assume integral as well as fractional values.
On the other hand, conclusions arrived at in the following apply only to the
case when the factor N is an integer and not a fraction.

In the light of the above, the various cases and the corresponding
conditions for the s tabi l i ty of solution (2) are summerized in Table 1 below:
This Table indicates, .for example, that when m (which is taken to be greater
than or equal to 2) is even, ui is positive and H is even, then the soliton
solution of Eq (l) is stable under the condition l<_n<m+l

As a concrete example, let us consider the case of n=2 and m=2 which

6



gives the standard NLS equation III CONCLUSIONS

->" T * X • « i •> < ( 1 3 )

In this case N=-l and - Table-1 shows that both for W positive as well as
negative the soliton solution is stable because n satisfies the condition
l<n<m+l . Thus, as expected [9] , the soliton solution of Eq. (13) is stable
in the entire W > 0 region. Moreover, in the case of Eq, (13) , the Lyapunov
functional V has , due to the form of the nonlinear term in the corresponding
Lagnangian, only four non-zero variations. With the help of Eq (5) i t can be
shown easily that the contribution of 8 V and & V together are zero This
means that the positive definiteness of the variations in V is completely
determined by the positive definiteness of 5 V. The stabi l i ty analysis ,
therefore, does not require the assumption of smallness of the perturbations.
This is physically clear from the fact that the potential VslvPin the
Lagrangian has only one minimum and the perturbations of arbitrary strength
cannot force the field to move out of the potential well .

One can generalize the conclusions about the s tabi l i ty of the

standard NLS (Eq.(13)) to HLS-type equations with nonintegral values of n. For

example, with n=2 amd n=3/2, the equation of motion (1) takes the form

whose soliton solution of the type (2) , if i t exists, is stable according to

Table 1 because n lies in the domain l < n < 3 .

The analysis of the stability of soliton solutions of systems

described by the nonlinear evolution equation (l) shows that the necessary

condition for the stability of these solitons under a subsidiary condition of

the fixation of charge is connected with the charge of the system. Since charge

depends upon the kinetic part of the Lagrangian, our analysis brings forth the

explicit dependence of the stability of the solution on the kinetics of the

Lagrangian, It has further been shown that besides the kinetic part, the

nonlinearity of the Lagrangian also determines the conditions of stability. It

therefore turns out that the charge/an! ffiForder ofnonfinearity together

determine both the necessary and the sufficient conditions for the stability

of soliton solutions.
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TABLE 1

Coot

( i )

(11)

(iii)

(iv)

( v )

(vi)

(vii)

(viii)

litions of
he factoi

m

even

even

even

even

odd

odd

odd

odd

Stability
f

>o

<ro
<o

>o

>o
< 0

< 0

for the various combinations of

H

even

odd

even

odd

even

odd

even

odd

3ign of f
satisfying Ea (ICO

-

-

-

-

Vm and
m, to , H,/the sign

Stability condition

Kn<m+1

Kn<m+1

n>m+l

l < n < m + l

n>m+l

n>m+l

Kn<m+1

n>m+l
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