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ABSTRACT
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which i s asymptot ica l ly free in t h e phase which has d i s c r e t e

Y^-invariance.
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I . INTRODUCTION

Permions are an essential ingredient in nature. The
proliferation exhibited by three families of quarks and leptons
and the associated spin-one gauge and spin-zero Higgs particles
within the context of the fundamental underlying grand unified
theory of fundamental particles strengthens the need for a more
elementary and more economical set of objects ( preferably
fermions ) of which the above may be regarded as composite
part icles.

A recent attempt in this direction was made by the CERN
group with the aim of constructing an effective unified
theory with fermions only

In this paper we shall study a four-dimensional conformal
2)invariant pure spinor model proposed in the mid-fifties .

It is the only possible confonnally invariant pure spinor
model which contains no derivatives higher than the f i r s t .
The classical solutions of this model has recently been shown

4)to correspond to instantons and merons . These solutions
reflect the spontaneous symmetry breaking of the conformal
invarian.ee. I t would be an interesting academic problem on
i t s own right to see whether this model with such rich
geometrical content could be quantized.

Furthermore, since our quantization method crucially
depends on the polynomialization of the Gursey model by
the introduction of auxiliary scalar fields which gain
dynamical character after quantization the Gursey model
also emerges as a possible toy candidate of an effective
unified theory with fermions only.

The model is defined by the lagrangian

(1.1)
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A claas of exact solutions of this model was found lay Kortel

a while ago using the Heisenberg ansatz, which in the

euclidean space read as

with
(1.2)

± i

and "c" is a constant spinor. The solution is invariant under

the o(5) subgroup of the conformal group. Note that to get

this solution it is necessary to have g\ 0 .

This model has also been shown by Kortel to have another

solution

(1.4)

which is invariant under euclidean rotations and dilations.

It is interesting to study the properties of small quantum

fluctuations about these solutions. In the usual interpretation

the lagrangian becomes
(1.5)

-t

It is interesting to note that both the instanton and

meron-type solutions given in eq, (1.2) and eq. (1. 4) and

the equations for the small quantum fluctuations about these

solutions, eq.s (1.7a) and (1.7b), come up in other conformal

invariant models in two, and four dimensions. For example,

the Gross-Neveu model ** , the <Jv model, alone and coupled

to fermions via a Yukawa type coupling, with and without a
i

Gursey type fermion self-interaction, all have the similar
7)

type instanton and meron solutions . It is as if the

classical solutions are determined by the symmetry irrespective

of the lagrangian. This may be a manifestation of the fact

that full conformal symmetry determines the two and three
point functions of a theory' ) and this may carry

over to classical solutions .which break the symmetry in

a specified manner.

Furthermore the quantum fluctuations about theae solutions

have the same properties and the transition matrix elements

between the different vacua can be calculated in the similar
9) 10)manner in the presence of instantons' ' and merons

This similarity between the different conformal invariant
u

models made us suspect that perhaps the Gursey model might be

renormalizable since all the other conformal invariant models

are. We give our treatment of the quantization of the Gursey

model in the next section where we show that a phase of the

model exists in which this indeed is the case. A -preliml:-̂ - ver-

sion'of this work was. given in reference 11.

The equations of motion for the quantum part are obtained as

$^*= -^TK, A

(1.7a)

(1.7b)f
for the instanton and meronlike solutions respectively.
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II. QUANTIZATION

For the fermion field , the composite operator

does not exist in perturbation theory. Therefore the

Gursey model, as it stands, does not make sense in the context

of quantum theory, and one needs a transformation to turn it

into an equivalent polynomial form. luckily enough we can

transform Gursey1a lagrangian into a classically equivalent

polynomial form by introducing an auxiliary scalar field <p

ft (2.1)

with g'= g(~^) • The equivalence can be easily seen from the

equations of motion of the t|> field, which is juat a constraint

= O

We find it more convenient to work with a more linearized

lagrangian which contains the constraint of the previous

lagrangian explicitly with the help of a lagrange multiplier

field X .

(2.2)

ln =
(2.3)

The equivalence of this lagrangian to the original lagrangian,

eq. (1.1) , at the classical level again can be seen with the

help of the equations of motion for the p̂ and ^- fields,

which are constraints :

% O

The original Gursey lagrangian is invariant under the

discrete og - transformation
-5-

(2.4)

( 2 < 5 )

This discrete symmetry, which will prevent («p from acquiring

a mass in perturbation theory, exhibits itself in J_ as the

symmetry under

(2.6)

To quantize the system consistently, we proceed through

the path integral method. Since we introduced two auxiliary

fields to turn -L into an equivalent polynomial form,

we end up in a constrained system. The only non-trivial

part in the quantization of constrained systems is the
32 )

calculation of the Faddeev-Popov determinant . In

addition to the usual spinor- Dirac primary constraints,

TT =

IT = &£.

(2.7)

(2.8)

the system has two more primary constraints

4 =.
6(*o<b)

I
. u

(2.9)

(2.10)
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Thus there are altogether ten primary constraints.

One can easily compute the canonical and the primary

hamiltonians

>^ - X

determines d , and

(2.12)

where c and d are four component spinor coefficients and

a and b are scalars. All the coefficients are functions

of the fields and the momenta.

The consistency requirement for all the primary constraints

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

determines c . But

and

yield two new secondary constraints.

To check whether ©

we compute { ©

and

and

gives one relation among a, t>, c and d , and

% lead to ternary constraints,

(2.20)

-° (2.21)

gives one relation between b, c and d . Thus we see that all

the Lagrange multipliers are determined. We have obtained all

the constraints ; the constraint algebra closes now as can be

checked readily. All our constraints are of second class.

Next we compute the determinant Det \ e i > e j j where

^©C,©j"|j is the matrix of all second class constraints

The spinor-Dirac constraints have no relevant ( field-dependant)

contribution to the determinant. We find that the field-

dependent part is <$* • Thus the Faddeev-Popov determinant is

Denoting generically all the fields by X > and all the

corresponding canonical momenta by TV , the generating

functional for the Green's functions of the quantized Gursey

model can be written as

(2.23)

Performing all the integrations over the canonical momenta

we obtain

.in r,
y

(2.24)



We can add the

. (2.25)

term as an effective piece into the lagrangian "by introducing

two anticommuting ghost fields c and c* . Then the generating

functional finally becomes

where

Note that the spinor field couples to the X

same manner. Redefining the fields as

X
we can write «£eff as follows

Thus the Lagrange multiplier field

apinor sector.

(2.26)

^ ^ (2.27)

and <p in the

(2.28)

(2.29)

is decoupled from the

The integration over the spinor fields yields the effective

lagrangian expressed in terms of *f and X fields only.

S€,, = - cTr 4* Of+tf) +e f jvx [*(X-v)\ f^ca-Vj
H (2.3D

Differentiating with respect to CP and X fields result in

the following condition that should be satisfied if the tadpoles

are absent :

(2.32)
Sf

and

(2.33)

where -v and s are the vacuum expectation values of the fields

^ and X respectively.

A consistent solution which satisfies both equations is

S= Ji o
(2.34)

which sets the vacuum expectation value of both fields to zero.
10)

We see that this model differs from that of Gross-Neveu ,

because here the discrete "?f£"-symmetry is not dynamically

broken. Hence no mass is generated for the fermion dynamically.

The inverse propagator for the *"f field is obtained as

= !'

(2.35)

Here we have used dimensional regularization for the momentum

integrals, and £. = 4-n. The common practice is to take £=(lny\ )

to translate into the ultraviolet cut-off scheme.

The usual scalar propagator will be obtained if in eq.(2.35)

we define *

-1

-9-

0 ' (2.36)

we see that y propagates as a massless scalar field.

Note that "g" appears as the effective coupling of an

"asymptotically free " theory. The infrared problems which

may be caused by the existence of the massless particles in the

model should be looked into. We defer this point at the moment.

We see that the ".X" field does not propagate and A and
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fields do not mix, since

Vit

vat

(2.37)

(2.38)

So, omitting the nonpropagating field , > 5 and the

ghosts, we see that we can reduce the theory to an asymptotically

free theory of a massless spinor and a magslesg composite

scalar. Here the composite scalar is made out of fundamental

fennions.

it

We see that the Gursey model may lead to a consistent

quantum field theory of composite particles made out of fundamental

fermions in the discrete 6 --symmetric phase. We could not

consistently quantize the system to give a renormalizable field

theory when chose the other solutions of eq.s (2.32) and (2.33).

This suggests that the presence of the &,.-symmetry in the

quantized version is an essential requirement for the renorma-

lizability of the model. One may recall other models, for

example the sine-Gordon model, where the different values of a

parameter in the theory set in different phases . Since

the coupling constant is not free to be specified arbitrarily,

it is the vacuum expectation value of the yf field which

fixes our phase. Furthermore, like in the sine-Gordon model,

all the possible phases may not be renormalizable.

One can study scattering processes in this model. The

nontrivial M*^ scattering will involve, at the lowest order,
2

the diagrams give* .in Pig. 1 . These diagrams go as g f,(p.,p~),

whereas the ">pl|)-̂  M ^ ^ ^ P process, which involve the

diagrams given in Pig. 2 at the lowest order, will go as

g f2(P-iPf>)« This shows that the production process is suppressed,

for short distances, with respect to scattering. On the other

hand a single fermion travels freely, since its propagator

-11-

with its corrections, go as 0(g ), Fig.3

III. CONCLUDING REMARKS

Our results indicate that the Gursey model may lead to

a consistent quantum field theory of composite particles made

out of fundamental fermions in the symmetric phase, with an

asymptotically free coupling strength, in four dimensions.

This model, as it stands, clearly is incomplete to be

taken as an underlying theory for the present standard theories.

There are several natural extensions to the scheme discussed

here. Vectoriike extension with a non-abelian structure has

already been done by the present authors '. The next thing

to do to elevate the model to a completely realistic stage would

be to modify it such that the dynamical generation of both

scalar and vector composites simultaneously take place. Work

in this direction is under progress.
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