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ABSTRACT

A temperature-dependent theory is presented for Hell, vhioh i s based
on both a gauge-theoretic formulation as well as a mean-field (Hartree) approach.
A simple model calculation is then performed vithin th is framework for the
liquid structure factor of the system. In particular, explicit expressions are
obtained for the low-momentum-transfer and low-temperature l imi ts , which seem
to conform with the available experimental data. Further, the curvature of the
structure factor is predicted, under these circumstances, to be only mildly
dependent on.temperature. Throughout we compare and contrast with other
theoretical attempts, including Feynnan's.
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1. INTRODUCTION

Notwithstanding the considerable l i terature on the liquid structure

factor for Hell ~ J , there are s t i l l gome puzzling features which have hitherto

eluded a satisfactory explanation. Foremost among these is the near-quadratic

dependence on momentum transfer in the long-wavelength l imit , which apparently

persists even at the lowest attainable temperatures. Besides, in this l imit ,

the temperature dependence of the curvature seems to be rather weak.

To the best of our knowledge, only three attempts, have so far addressed

themselveB Specifically to explaining th is near-quadratic "behaviour. The f i rs t

is a gauge-theoretic approach , the second is a somewhat modified version of
7 ft

the weak-coupling theory of Gross and Pitaevskii ; whereas the third is a
"hybrid approach"' , based on the f i r s t two, which aims at combining the most
appealing elements of each.

Unfortunately, however, a l l these are temperature-independent theories;
their range of validity i s therefore rather United, In this paper we try to
make the necessary amendments by formulating a temperature-dependent theory for
Hell (Section 2). We then present and discuss, in Section 3, & model calculation
for the temperature-dependent liquid structure factor, with special emphasis on
the low-temperature and long-wavelength l imits. Wherever possible, we compare
vith the available experimental data and with other theoretical attempts. Finally,
in Section U, we propose several ways for generalizing the present work.

2 . FORMALISM

I t is well known that liquid helium-U exhibits not only l iquid-l ike, but
also gas-like as well as solid-like fea tures 1 0 ' 1 1 . This may have been the
principal reason behind the multiplicity of theories professing to account for
the bizarre properties of th is system. I t may also explain why a comprehensive
theory for liquid He is s t i l l lacking.

Our philosophy in th is connection is to be rather eclect ic , in the sense
that we attempt to combine the most successful ingredients of as many theories
as possible. This we have already done for the ground state »°.10< However,
to establish the proper contact with experiment, we shall now proceed to incor-
porate the temperature into our picture.

The main idea i s to regard our system of strongly-interacting particles
12as an assembly of weakly-interacting quasiparticles. in the spir i t of Landau .

The conventional methods of s t a t i s t i ca l mechanics, formulated in terms of the

grand canonical ensemble, can then be directly applied in the usual manner •

Since many of the resulting equations are in a more or less one-to-one



oorreEpondence with their zero-temperature counterparts, we stia._.L oe (±uii,t:
brief in presenting the formal background.

- Our f i rs t and foremost task is to construct a temperature-dependent

gauge theory for Hell. To this end, we choose the following Lagrangisn density

ag a preliminary ansatz for the complete action integral:

Here and throughout this work we use a system of units such that

mj = 1,

where mj is the mass of a He quasiparticle and k-g is Boltzmann's constant.
The function 4i(x, t ) denotes the expectation value < 1/1 > of the annihilation
field operator, the averaging procedure being performed in the familiar s t a t i s t i ca l -
mechanical manner for a gas of Bose quasipartieles within the framework of the
grand canonical ensemble. We work in tensa of a temperature-dependent hamiltonian
H(T) adjusted to the chemical potential u = M(T):

U(T) ^
A

(2)

H denoting the original hamiltonian of the system, inferred from the above

Lagrangian density through the standard variations! method, and H

denoting the number operator. The thermodynamic average of is, then,

k k

(3)

¥here ZQ ia the grand partition function

"pi-/* {"0

,-1and B is the usual temperature parameter, which is simply T in the present

system of units. In Eqn. (l) the energy parameter K is given by
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(5.)

a being t:be entropy of' the weakly-interacting gas of Bose' quasiparticles; this

is related to the Bose-Einstein distribution function f> through the equation

(6)

Further V(x - x') represents the binary He-He interaction, whose vital role

in this problem will be elaborated belov.

To proceed further, it is possible to adopt the conventional view and

argue that Hell may be understood in terms of the foregoing ijj-function. Here,

however, we turn the argument around and claim that gauge invariance is a

fundamental symmetry of nature, from vhich there follows the desired ifi. It will

be recalled, in this respect, that Eqn. Cl) has invariance of the first kind .

We now assume that gauge invariance of the second kind also holds and therefore

aim at deriving the whole theory from an action principle, in which the coupling

of the gauge field to * is dictated by symmetry requirements. This follows

closely the steps of Yang and Mills ; in our case, however, we shall have the

benefit of a much simpler Abelian theory, unlike the comparatively more sophis-

ticated non-Abelian theory of, say, isospin symmetry.

We start, then, with a Lagrangian density which already incorporates the

gauge field and which obeys an action principle:

(T)

z *

As usual, the simplest scalar Lagrangian density of the gauge field u ,

has been added here, and derivatives have been replaced by their covariant

counterparts. The constant ["̂ "h, required for dimensional consistency.



The corresponding Euler-Lagrange equations of motion are
The hydrodynamics follows from the familiar Madelung transformation

(8)

and

(9)

(11)

where B^x, t) and ST(x, t) are both real quantities: R̂ , is the square

root of the local fluid density p(r, T) and 3 S is the velocity field,

x

Substituting Eqn, (ll) into (10), and equating real and imaginary parts, we

finally obtain

(12)

where a subscript T has now been attached to ty to denote its implicit

dependence on temperature.
k •+

The underlying theory is a two-fluid picture ; the field u may be

conjectured to represent the velocity field of one of these tvo fluids. It

would be fruitful, at some later stage, to clarify this picture by unmasking
the explicit connections of I|J and u with thermodynamic quantities, in the

12manner of Landau's two-fluid theory . For the moment, we have Incorporated

superfluidity into the system via the additional gauge symmetry which goes

beyond that of the Hartree-liquid model. Accordingly, superfluidity and Bose-

Einatein condensation are not necessarily interwoven in the present framework,

whose generality may test be appreciated by viewing the Lagrangian ansatz of

Eq. (7) as merely a first step in a hierarchy of more and more refined effective
n in

Lagrangians, which could result as the system is explored further ' .

In the limit of vanishing gauge field u,Eqn.(S) simply reduces to a

temperature-dependent nonlinear Schi-Hdinger equation:

(10)

from the Imaginary part ; and

-* (£ , ft.*)(13)

from the real part. In Eqn. (13) E{V] is given by

=[} %$(&)-I] (lit)

this is the generalized, temperature-dependent functional of the interaction.

We note that Eqn. (12) ia again the continuity equation, which is identical

in form to i t s zero-temperature counterpart, save for the Implicit temperature

dependence of IL, and S . Further, Eqn. (13) is the temperature-dependent

Bernoulli equation, which is extremely rich in content, as has already been
Q 10

amply demonstrated . For the present purposes, we shall treat this equation

as the starting point for calculating the liquid structure factor S(Q, T).

Thus this limiting case °^ the gauge theory combines the most attractive features

of both the gauge-theoretic approach and the veak-coupling type of theory. In

this sense, i t is just a temperature-dependent version of the so-called hybrid

approach *

-5- -6-



3. A MODEL CALCULATION FOE S(Q, T)

As a first step, and for comparison purposes, we adopt the same set of

approximations already used in previous work at zero temperature - namely,

(a) the term j 3^ S (x, t) is neglected, implying the low-fluid-velocity
x

limit;

{t>) a stationary fluid is assumed, in the sense that -3 S ( i , t ) is set

equal to a constant, E , say;

(c) a spherically symmetric solution is used - that Is, p(x, T) = p(r, T)

Eqn. (lT) can "be solved "by direct integration to yield, after same "trivial

manipulations, the folloving expression fOT the pair correlation function

g(r, T):

J DO
(19)

PB being the almost temperature-independent fluid density (= 0.llt50 gm/cm , or
2.18 x 10~2 particles/A1 ) , and r o the equally temperature-independent
"effective" hard-core radius (=2.0 S) . The parameter A = A(T) is given by

AM-E.=r u,
(d)

(e)

ve confine our attention to the long-wavelength (lov-Q) limit only; and.

we employ, once again, a purely delta-function interaction:

v(t-Z') - (15)

While approximations (a)-(d) are physically quite sound, (e) has been adopted

only for mathematical convenience. It must therefore be abandoned in favour of

a more realistic He-He interaction if the proper contact with experiment ia to be

made.

With this set of approximations, Eqns. (13) and (lit) reduce to a nonlinear

differential equation for p(r, T) - namely,

'•)/(*/*) = 0 ; (16)

as can be inferred at once from previous manipulations.

It is important to observe that U, the strength parameter of the delta-

function interaction, is temperature-dependent; this is evident from Ectn. (20),

sicce p^ hardly depends on the temperature. The key point here is that V Is

an effective interaction, which is a function of the properties of the medium.

Clearly, with a more realistic potential, T should play a more conspicuous

role.

Having obtained g(r , T), we can derive the liquid structure factor

S(Q, T) exactly as outlined in the zero-temperature theory , taking proper care

of all the analytic details
q i
'* The final result is, in the small-Q limit,

(21)

where

if (17)

where

(18)

(22)

(S3)

and f being some temperature-dependent numerical factors defined by

-T-
-8-



V (zh)

(25 }

f i I ; and fg ->• T (28)

so that-, in the low-T l imit ,

(29)

In these expressions

-i

whereas 5(3) i s the usual Riexienn zeta function (=1.20206), and

(26)

- Jo
(27)

which is trivial to evaluate: numerically.

Prior to comparing these results with the available experimental dita,

we should point out some of the important physical implications of the foregoing

equations.

First, Eo.n. (19) still reflects the gas-like aspects of Hell, long
T ft

recognized by Gross and Pitaevstii . However, this is a natural consequence

of using a delta-function interaction; better results will undoubtedly arise

with more realistic interactions.

Second, Feynman's linear term ' in the S(Q, T) expansion, Eqn. (21),

is missing. It is not clear whether this will appear if a realistic potential

is employed, where the all-important long-range attractive tail is explicitly

retained, or whether it is somehow linked with the other approximations Intro-

duced above to simplify the calculations (for example, the limit of a vanishing

gauge field u ) . Further analysis is certainly called for to resolve this

question. At any rate, it is curious to observe that the linear term obtained
22

in Feenberg's EPA theory is almost negligibly small. The same trend may also

be detected in recent varlational calculations which invoke Monte Carlo methods

Returning to Eqn. (21), it is instructive to examine the lov-temperature

behaviour (T < 0.5 K) of S(Q, T ) . In this regime the specific heat satisfies

the familiar T -law, so that the entropy o i< T , as has been confirmed experi-
2U 25

mentally . Moreover, pN ^ -T, in the present system of units . Thus

- 9 -
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where S i s Just the zero-temperature resul t ; i t is a non-zero constant in
agreement with Price's general theory of density fluctuations , The term aT
is reminiscent of Goldstein's well-known thermodynamic relation ; whereas the
last term, bTQ, implies that the curvature of S(Q, T) in the low-Q and low-
T limits is linearly dependent on the temperature. This seems to conform well

enough with the available experimental data1-3 In addition, except for the
absence of the linear term in ft, Eqn. (£9) agrees by and large with Isihara 's

recent resul ts , which have been derived within the framework of an earl ier
29temperature-dependent theory . It remains to be seen whether future experiments

at even lower T and Q will vindicate our predictions.

It. SUMMABY AND CONCLUSIONS

In this work we have formulated a temperature-dependent theory for Hell,

which is based on a gauge-theoretic approach as well as a simple mean-fleld-

theoretie approach. In the zero-temperature limit, this reduces to our previous
q 10

work. * . The generality and universality of the underlying philosophy implies

that the theory is considerably richer than would appear from the preceding

approximate calculations. Consequently, an obvious next step Is to undertake

a more ambitious calculation with a realistic He-He Interaction, in which case

we could aim at obtaining S(Q, T) even at higher T and Q. At the same time,

It would be an illuminating exercise to try ana establish the foregoing two-fluid

picture on more solid foundations, by elucidating its underlying physics, on the

one hand, and relating its parameters to thermodynamic data, on the other. Of

equal interest Is to generalize Eqns. (7)-(lM for complex \, in order to study

nonequilibrium processes and the associated diasipative phenomena.

Finally, to complement the present programme, an alternative approach to

Hell may be formulated In terms of a temperature-dependent density-functional

formalism, along the lines already developed in other related contexts " .

This is now under investigation.

-10-
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