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ABSTRACT

We extend the discussion of the possible superfluidity of the cosmic

background of neutrinos beyond the arguments based on the gap equation,

originally given by Ginzburg and Kharkov. We show how to develop a simple

Ginzburg-Landau liquid model, in analogy vith superconductivity. We use

it to shov how an analysis of the energy spectrum of the Universe can be

formulated to include general relutivistic effects on the superfluid

neutrinos. Finally, in view of the Hawking and Collins careful discussion

on the rotation and distortion of a spatially homogeneous and isotropic

Universe, ve discuss the vortex dynamics that might be generated on the

superfluid by rotations (allowed by the almost isotropy of the microwave

background of photons) of up to 2 * 10 second of arc/century, but

conclude that rotations of this order of magnitude would be sufficiently

strong to deter the existence of the superfluid state.
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I . INTHODUCTIOH

In principle, the problem of matter in the Universe is extremely

complex, since amongst its possible components, we find ,

a) mass condensations

b) diffuse gas

c) electromagnetic radiation
d)

e)

f)

g)

radio, microwave, infra-red, optical and
ultraviolet background

X-rays

relativistic particles
h) gravitational radiation

i) neutrino background.

Yet, several of these components have not been observed.

It will be particularly difficult to clarify the contribution of

the neutrinos, although the coming of the D.U.M.A.U.D. detectors might
2)

improve the present situation

In view of the above-mentioned difficulties,ve believe it is important

to study the possible contribution of (i) to the energy spectrum of the

Universe, from a theoretical point of view. Within the scope of the possible

features of the neutrino background is its possible superfluidity, firBt
3) k)

conjectured by Ginzburg and Zharkov . This work is discussed carefully

in Sec.II.

We extend the Oinzburg-Zharkov discussion showing two aspects of

superfluid neutrinos which go beyond the dimensional discussions of 1967,

baaed entirely on the gap equation. We, therefore, outline in Sec.Ill, a

simple theoretical model of the neutrino fluid. We point out hov our non-

relativistic discussion (since the fluid is a macroscopic occupation of a

single quantum state) may be extended into curved space, thus presenting a

freawork in terms of which detailed cosmological problems may be considered.

Then, in Sec.IV, we investigate in the present context, the most

important effect in the mechanical (as opposed to thermal) destruction of

superfluidity, namely its vortification and its related increase in the

energy spectrum of the Universe. We analyse the range of possible values of

the relevant parameters, in order to find out whether the experimental or

theoretical constraints exclude the phenomenon of superfluidity (which would
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not arise anyway if the vortification is too severe). Preliminary attempts

on the subject of this paper were reported, but not published (see Refs.5 and

6).

II. SUPERFLUIDITY IB THE COSMIC BACKGROUND

given by

According to the microscopic theory, the superconductivity gap is
3)

(1)

In their notation V is the Fermi velocity, while X is the

strength of the phonon-indueed interaction of the correlated conduction

electrons forming the Cooper pair. W is the Debye energy and A the gap.

Finally, El denotes the Fermi energy.

The discussion of Ginzburg and Zharkov yields, by analogy with Eq.(l),

the following form for the neutrino paired gap ':

exp {-
(2)

(of the order of 10 M in natural units h = c = 1, where M

where, by Cooper's theorem , we would expect pairing for the neutrino

(fermion) distribution with a universal weak interaction of coupling strength

is

the proton mass). In the analogous case of the superconductivity, such

pairing phenomenon is generated by the electron (fermion) distribution with

a phonon induced interaction.of coupling strength |\ j . In Eq.(2) the

Fermi velocity V_ was not replaced by the velocity of light <:, as in Ref .3,
r

in view of the possibility of the neutrino being a massive particle. A

reactor experiment has shown some indications of neutrino oscillations
9)there is also an indication for a non-zero neutrino mass . Yet., other

experiments searching for neutrino oscillations are compatible with no \»

oscillations , but the numerical changes introduced by setting

V = c or Vjp f c are not significant for our qualitative conclusions.

a).
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III. HYDRODYNAMIC APPROACH TO THE QUESTION OF SUPERFLUID NEUTHIHOS

Our natural s t a r t i n g point would be a r e l a t i v i s t i c Dirac Lagrangian

for reunions i n t e r a c t i n g in pairs .whose mass i s small but non-vanishing

(according to the b e s t experimental upper bounds of 60 eV for the e l e c t r o n -

neutr ino , for example).

Yet , our point of view may be c l a r i f i e d by r e c a l l i n g the arguments o f

Adler et a l . 1 1 ' > ' , where they conjecture the p o s s i b i l i t y of pa ir ing o f

mass less p a r t i c l e s in space-t ime with a non-Minkowskian m e t r i c , s i n c e for

flat spaces such a possibility is excluded.

In our discussions the Adler et al. arguments do not apply, since we

are assuming massive neutrinos, thus bringing neutrino superfluidity to a

close analogy with the ease of conduction electron superconductivity, or He

superfluidity. To sumnarize, we shall substitute a theory with non-Minkowskian

metric, by another with a flat metric, but applying to massive particles.

In order to achieve our programme we follow the method of Andrianov-

Popov 1 3 ^ ' 1 * ' , in which we start by assuming that we may construct a hydro-

dynamic action S for the boson-like paired neutrinos, in order to calculate

the critical temperature Tc and the gap, which would coincide with the action

of Ginzburg and Zharkov (using the superconductivity analogy). Keeping terms

up to the fourth order in the bosons, we would have an action Ŝ  of the

type of (non-relativistic) Ginsburg-Landau. The non-relativistic character

becomes evident, since the neutrino-pairs have vanishing total momentum Q.

Therefore,the hydrodynamie action may be written as

.3 , 1
d x (4iT

which leads to the following equation, as a "classical" solution,

_ * . I , I 2 .

(3)

i3 t * « - (It)

In order to discuss the covariant aspect of the fluid, once the

classical liquid ia assumed to be part (or the whole) of the source of curved

space, we simply recall how Madelung introduced a hydrodynamieal approach to

quantum mechanics by identifying a probability density p

P = M 2 (5)
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and a velocity

u = - grad * (6)

where

= R exp ( i S/h)

(Ev t + S)

(7)

(8)

and Ev is a constant.. Then, Eq.U) may be shown in the usual way to be

equivalent to the hydrodynamic equation

t x ^ (9)

do)

where • is a quantum pressure

(11)

The ideal fluid equations (9) and (10} are incorporated as the source of

curved space in the usual manner by writing the energy-momentum tensor

summarising these equations as:

*N>

(12}

Then the Bianchi identities would ensure Einstein's equations to be valid,

, ( v )
(13)

The question of whether the cosmic neutrinos (or other types, as those produced

in supernova explosions), are a sizable part of the energy spectrum of the

Universe, is still unclear. If they were a major part, then Eq.(13) would not

need any corrections. Otherwise, one wouia presumably have to add a matter
(m)

contribution in a second T

The process itself of making covariant the hydrodynamic equations is

imposed on us, since the interaction of matter with neutrinos is negligible.

-5-

To summarize this section therefore, ve have shown so far that the

dynamics of the new neutrino superfluid may be discussed in a fairly

traditional manner, and that its existence in a curved cosmological space,

should not lead to any difficulties.

IV. VORTEX DYNAMICS

Given the results of the previous sections, we are faced with the

possibility of the remarkable phenomenon of a new superfluid state of mst"ter.

In view of the relevance in a cosmological discussion based on a theory like

General Relativity (where matter define3 the geometric structure of space),

it is of fundamental importance to analyse the question of whether the

phenomenon is automatically excluded, in view of our knowledge of the parameters

which appear in the gap formula (2). Ginzburg and Zharkov went part of the way,

by estimating the order of magnitude of & , They find that for remote eras

in the history of the Friedroann Universe the phenomenon might have been

appreciable.

Faced with the possibility of

16)
i) non-vanishing neutrino masses with upper bounds of some 60 eV ,

at least for the electron-neutrino,

j i ) different possibili t ies for a value of l^jl«

i i i ) a theoretical estimate for E ,
t

the question of neutrino superfluidity turns out to be a difficult matter at

present.

Yet, returning to the central question in the theory of Quantum Liquids

and Solids, we always have an external mechanism vhich ensures, underneath the

critical temperature for the phenomenon, the destruction of the phenomenon.

In the case of the quantum solid, namely a superconductor, the external agent

is a magnetic field, sufficiently strong to gradually destroy superconductivity
18)

by transition into a mixed state, in which the Abrikosov vortices appear

Similarly, in the case of an orthodox quantum liquid, namely He-II, the external

agent is a rotation fi of the fluid, which produces a vortex state, and provided

il < Jl , a certain critical angular velocity, the superfluidity persists.

Hence, in the present case of a cosmic superfluid a very important

question remains to be discussed, namely the vortex state generated by the

rotation of the Universe. The possibility arises that the upper bound for the

universal rotation of Hawking and Collins , !!„.,, might be such that

-6-



IV * 0 i in which case universal rotation is not an important physical

effect to discuss, for i t would not be capable of destroying superfluidity.

Therefore, in order to obtain a clear picture of the problem of the possible

destruction of superfluidity by an external agent (rotation), in th is section

we look at the qualitative aspects allowed by the various ranges between which

experimentally the relevant parameters are known to l i e .

For this purpose, we use the well-known formula for the cr i t ica l

angular velocities, between which the vortex states are known to exist , as
21)

in the case of pulsars

l o g

Here £„ is the coherence length, which in the B.C.S. theory is given by

(1*0

21)

(15)

while R is the scale of the total amount of the superfluid (in pulsars

K = 5 km - 10 tan).

Since the vortex core is of order of magnitude equal to E_, for a

meaningful discussion, we must allow various vortices to occur in our model

Universe, so we assume that

B = K KQ (16)

so that K is a numerical parameter equal to a small integer.

given by

On the other hand, the second critical angular velocity fi is
21) C2

2ra E, '
V O (IT)

V. DISCUSSION AND CONCLUSION

We have l e a r n t in the course of the present work t h a t in s p i t e of the

r e s t r i c t i v e n e s s of the upper bound flj,c> i t i s s t i l l far too la rge t o y i e l d

any s ign i f ican t information.

We remark tha t for very small values of the neutrino mass the fic and

Q curves-would increase s u f f i c i e n t l y , so tha t the Havking-Collins parameter
C2

-7-

iL,- could lie between J! and 8 , in much the same fashion as m the case
BC cn c0

21)of pulsar physics , where the dynamic rotation lies between the critical

rotations. Yet, what comes out of this aspect of our research ia that

fL >* 1 for a very large range of the values of the neutrino mass.

In order to give a numerical idea of how small m must be (in order

to give much significance to Sl^n) our Eq.(2) yields a value of the order

-10 28.at -v 6 x 10 exp (-10 /MeV, a ridiculously small energy, yet higher than the

Veinberg estimate for the Fermi energy of a degenerate neutrino sea, in the

case of Steady State Cosmology (cf. Eq.(l9} below). In this estimate

we have allowed the possibility of a neutrino mass of 10-20 eV (slightly lower,

or higher, values do: not make significant differences to our conclusions), a

Fermi energy of 3 X 10 eV, corresponding go a Universe filled with a shallow

17)
degenerate Fermi sea of neutrinos , following Weinberg's oscillating

Einstenian model.

A second point worth emphasising is that, whether or not the phenomenon

of superfluid behaviour occurs for the neutrino background, is of vital

importance for a proper formulation of cosmological models based on General

Relativity. The reason is that the total cosmic matter density Pi*™ has

a form

PTOT X 4" + p' (18)

where p 1 is equal to all the other contributions (a to h in Sec.I)and where

p are the neutrino densities (i * e, u, t,...). If superfluidity occurs

(and we have shown that the present data does not rule it out), then the

pairing effect will lower P , and hence has an effect on the matter content

of the Universe.

One point which requires further comment i3 that in going from Eq.(l)

to Eq,(2) we have only used the plausibility argument due to Ginzburg and

Zharkov (cf. Refs. 3 and U). Yet, we do not say that the neutrinos are non-

relativistic, the pairs of (relativistic neutrinos)are described in a first

approximation as a non-relativistic "pseudomolecule", since p (pair) * 0.

Thus, as a qualitative guide as to what might happen,one assumes, for the

massive neutrinos, a pairing phenomenon of particles whose energy e lies

within the range suggested in Ref.3, namely -E < e < E_ (in otter words,

the attractive interaction between the neutrinos acts in the given range).

As it turns out during the course of our discussion the errors in-

volved in allowing the energy range for interaction to extend as far as the

-8 -
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Fermi energy, would probably not be too important, in view of the large Value

of the.physical quantities.

We must also emphasise the fact that the theory has not been node in

curved space, since even Lorentainvariance, has not yet been brought into the

picture. Therefore, we are vorking in an euclidean space picture for the

Universe. The superfluid neutrinos are embedded in such a space. This leads

us to estimate a scale of distance typical of this model Universe. Since the

vortex radius is of order £ for a meaningful discussion of vortex dynamics,

we restrict our considerations to a. Universe, characterized by a few times

this magnitude (introducing the constant K of this article), and refer to

a universe of radius K = K 5. •

One of the points of our article is that we are drawing conclusions

in the question of superfluidity of neutrinos with the data on which ve are

certain, namely, ve refer, in cases of poor knovledge of a parameter, to its

upper and lover bounds which are known. Yet is clear that some parameters

are ill understood.

The critical temperature T , through the B.C.S. results, is proportional

to the gap, a very small parameter. But for non-relativistic fermions the

change in the chemical potential in the superfluid state is only of order

(T /T—) ; so at first sight it vould seem that no significant effect should

be expected in cosmology. However, we must not forget that since the Fermi

temperature (E^/kg), at best is poorly understood, it allows for the eventual

possibility that the quotient (T A\J be appreciable. For example Weinberg
C F

(Ref.1T, Eq.,123) estimates theoretically that in some cosmological models

1 MeV exp(-1036)/kB (19)

To conclude, we forsee that any improvement in our present knowledge

of the experimental or, theoretical parameters involved in our discussion,

would lead to a clearer picture of the possible existence of the very important

superfluid nature of the cosmic neutrino background. Yet we would like to

emphasise that besides showing explicitly how the superfluid cosmic neutrinos

can be studied in the context of cosmology, the main conclusion of this work

is that, in view of the order of magnitudes involved in the gap formula, it

seems plausible that at the present time the maximum rotations allowed by

the Hawking and Collins upper bound, are sufficiently strong to deter the

existence of the superfluid state (0 „ > fi ).
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