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ABSTRACT

Any discussion on finite-dimensional formulation of quantum mechanics

involves the Sylvester matrix (finite Fourier transform). In the usual

formulation, a remarkable relation exists that gives the Fourier transform

as the exponential of the Hamiltonian of a simple harmonic oscillator.

In this paper, assuming that such a relation holds also in the finite

dimensional case, we extract the logarithm of the Sylvester matrix and

in some eases this can be interpreted as the Hamiltonian of the truncated

oscillator. We calculate the Hamiltonian matrix explicitly for some

special cases of n = 3,^-

The Sylvester aatrix (finite Fourier transform) plays a fundamental

role in the discussions on finite-dimensional formulation of quantum mechanics

Cbased on Weyl's commutation relations) discussed by one of us (T.S.S.) in a

series of recent publications [Santhanam, 1977; Santhanam and

Tekuaalla 1976]. Mathematical properties of this unitary matrix have been

studied ear l ier by Alladi Ramafcrishnan and his collaborators in a different

context on the study of generalized Clifford algebras [Alladi Ramakrishnan

1972]. This matrix defined as

J _

I 1
t 6
1 fc"

satisfies the following properties:

1) It is unitary, i.e. SS+ = S+S = I;

2) The matrix S is the parity operator and is given by

(1)

(2)

l o o
o o o
o o o

o < o

o o o
o o 1
O 1 O

O O O

(3)

irrespective of the dimension of the matrix.

3) Like the usual Fourier transform it satisfies the equation

again irrespective of the dimension.

k) The matrix S will diagonalize any circulant matrix.
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A remarkable property" of the usual Fourier transform operator

it can be written as [Jauch 1968; Wolf 1972]
E is tliat

s - (5)

where q_ is the eigenvalue of the position operator. This representation

of S follows from Eq.(k) and recognizing that what appears in the exponent

of Eq.. (5) is the number operator for the simple harmonic oscillator,

N = H - -r, where H is the Hamiltonian. The spectrum of If as is known, is

desc-rete and is on integer, S can also be written as the exponential of

other types of parity operators [MariwCl- 1966}. Since the matrix S

is the complete analogue of S in finite dimensions, its logarithm (though

non-unique) may correspond to the Eamiltonian of the finite-dimensional

oscillator. With this programme in mind, we have calculated the logarithm

of the Sylvester matrix in the simple cases when n » 3,^. In more general

cases, the calculation becomes more tedious, though the method will still

be correct.

and
From Eq.(M, it is clear that the eigenvalues of S are simply ±1

±i. There is then a degeneracy of the eigenvalues. The first problem

will be to determine this. Luckily Eq0.(l)-(k) can be repeatedly used to
*)

fix this. If a,b,c and d denote the multiplicity of the roots taken

in the order (l, -1, i, - i ) , Eq.(l) implies that [Gradshteyn and Ryzhik 1963]

II;1
TV S - _i_

'(6)

and hence

S -

1 + J.

^ = •+ K + i

n. = it k + 3

n - 1+ k

(7)

*) After we worked out this we saw the paper of Aiislander and Tollimieri (1979)

(Bull. Am. Hath. Soc. i, Ho.6, 81*7-897) where the Gauss sums are discussed

in length and several proofs are given. See also McChellan and Parks,

"Eigenvalue and eigenvector decomposition of the discrete Fourier transform",

IEEE Trans. Audio and Eleetroacoust, March (1972), 66-lh.
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where

K = 0,1,2,3,...

From Eq.(3) we infer that

We also have

Tr S = (a+b) - (c+d)

= 1 for n odd

= 2 for n even

I4
Tr S = n = a+b + c+d

(8)

(9)

Using Eqs.(7), (8) and (9) we find that

a

b

c

d

n=l+K+l

K+l

K

K

K

n=UK+£

K+l

K+l

K

K

n=l*K+3

K+l

K+l

K+l

K

n=k¥,

K+l

K

K

K-1

Now that the multiplicity problem is completely settled, the next step

will be to find the matrix which will diagonaliae. In view of the

multiplicities involved, this is rather complicated; Luckily the method has

been worked out by Kim (15T9). We will Just outline his procedure and

immediately use this for our problem.

If we have two matrices A and B (of dimension n) which satisfy

the same minimal characteristic equation (of degree r) then there exists a

matrix T given by

which satisfies the equation

fc.

= TAB B (11)
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Eq.(lO) has already been shown to hold when .A an<3 B are. involutional

matrices tAlladi ".sunaltrlshnan 1972].. The next thing is to recognize that

there exists a diagonal matrix A (by suitable ordering of its characteristic

roots) equivalent to a matrix A such that they are connected by a non-

singular matrix T (consisting of the eigenvectors of A). We shall

illustrate the method for the ease a = k.

Here

5 = J-
2-

1 JL J. i
1 . -1 ...

l -i i -i

1 -. - i. •

(12)

and

S = 0 I O
1 o o

(13)

The diagonal matrix A (which makes the diagonal!zing matrix T non-

singular) is given by

1 0 0 0
O 1 O O

A = o o • t o
o o o +i

Ilk)

The matrix T is given by

T - ± u-
3.

\
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(15)

By using a unitary transformation that will mate the (2 x 2) tlock in T to

a triangular form, the matrix T can tie transformed as

T -

1 C-i)!,

(16)

where the constants are

- i
3.

(17)

The vhole advantage of the procedure, as is clear from the form of
-1 T

U, is that i t makes the diagonalizing matrix U orthogonal so that U ' O •
Thus, the logarithm of the Sylvester matrix is given by

ATT si ~ Ao-j-S = U 4«frA TJ'L

*• (18)

We shall Just give the result for the cases n » 3.1*. The symmetric matrices

H,, Ĥ ., turn out to be

(19)

i- -1

- i 5k

- i

(20)
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As was mentioned ear l ier , the metliod is quite general and can be
worked out for arbitrary n.

I t has recently been.shovn [Jagannathan, Santhanam ana Vasudevan 1982.;
Jagannathan and Santhanam- 1982] that the case for which
n = 3, the iog S so obtained yields the correct equations of motion of the
truncated oscil lator.
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